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§ 1. Introduction 


In part I” some theorems concerning the structure of symmetric operator 
have been applied. Our present objective consists in the verification of those 
theorems by studying the structure theory of the algebra in question, appearing 
in the expression for the density operator of the form 


p(9”, oa P* (ai) B* (Gn!) PCGn) PGi) > 
‘ 

The structure theory. of the algebra corresponds to an extension mainly in 
the two directions of the former theories of P. Jordan? and H. Osteitag.®» They 
dealt namely with electrons only, while our theory is applicable to Fermi particles 
with arbitrary intrinsic degrees of freedom. They took only the exchange 
operators into consideration, while ours is available to obtain representations of all 
the kinds of permutation operators. The structure theory obtained is analogous. 
to the scheme of group algebra due to Weyl,” which is included in our theory 
as a matter of course. 

A special attention is paid for the exchange operators, which represent ex- 
changes of spins or of charges, or both of spin and charge for electrons or for 
nucleons. And also some remarks on the relations to the full linear group and 
spinor theory are pointed out. 

If one wants to dispense with the group theory, he will find in the following 
an interesting way recognizing old things from a new point of view, although 


there are no fundamentally new results. 
§ 2. Permutation operators. 


The density operator p(q”, 9”) takes the following form. If we separate the 


intrinsic state functions, 


ul 


ie ~ ~ & Ord, Oorahg’” ‘Or, An Bran *Orsthy Gry Prt (41) Pry (2) 
TE OG 


Bran) Pr, (G1) Pg (G2!) °° Pr, On’) » 
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where any intrinsic state, is denoted by 4. One used to specialize the operator 
in this manner taking average over the intrinsic states, as quantum numbers 
concerning orbital states were separable from those concerning intrinsic states. 
(Russel-Saunders’ case). Put 


* oe hae e +¥ oa 
andy Opn On 4, = OX (Ay Toho, ’ nda ds 


(2-1) 


Bry dy Deady” ‘ "ara ihe Cc (711, Toho, at) nbn) - 


We ask for the structure of the operator }}C*C. The permutation of x orbital 
states are transformed into those of satinttidete states. As we have already 
mentioned, the intrinsic state 4, is attached to the oibital state 7,, etc. The 
intrinsic state of the state 7, may be denoted by A(7,) instead of 4. A permu- 
tation of the orbital state is designated by 

4 deltoee eee be 


and a permutation of the intrinsic states is designated by 


1 2! very oad | 
, “7 : =R. 2-3 

Blesreeseiane na 
If we rearrange the orbital states, the arguments of A(v), in their own natural 
Order 1, )2p.-++++s , 2, the intrinsic states are accordingly rearranged in the order 
RGL)y AC) sien AW): 

i, 25 ee) n! —__ p-l ; 

20), 4@), 0) aby [FPOR: ite 


It means the arrangement A(1), A(2), ---, A(z) is obtained from the natural 
arrangement by the operation 


[7] Cea 80 oP aay: 


We consider in the above formulation only such a special case that there are 2 
different orbital and intrinsic states. For the other cases we have only to modify 
our description slightly. 


The operator in question is expressed by 
x C¥(rshis Vohoy +, tndn) C(rf{dry todos +, nl! dn) 
=o S(-1)?9C*(1V, 2.2, +, nal, PR) CLV, 22, «+, 20’, OR) . (2-5) 


Here PR and QR mean permutations with respect to intrinsic states, and 
(—1)?*°=+1 if P and Q are both odd or even permutations and —1 for the 


other cases. Pa means sum over all the allowable intrinsic states and R runs 


over the non-equivalent permutations. Henceforth we shall use the notation 
C(; PR) instead of C(11’, 2.2!) ..., yx, Py, 
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Now our objective is the operator in the following form : 
3S C*(; PR)C(; QR) => C*(; R)C(;QP7R) 
R 
=3)C*(; POAR)C(; R)=QP7= sible 
R 


§ 3. Structure of symmetric algebras 


It is a rather mathematical problem to study the structure theory of the 
operator. We shall start with a Kronecker product composed of the so-called 
elementary algebras. Every elementary algebra describes an orbital state and 
has the following 2* primitive idempotents 


t= (1—N,)(1—X,)---—M), 
(: ye N,A— aes TD.) 


3-1 
(4 yen Na iti — —V> Vp, 41°* “UI —Mp 1) Np (1 —Wp,41) + A - Me) 
| 


eo =NV,N,---N, - 

Elementary algebra #, desciibes an orbital energy state and has subalgebras 
whose principal idempotents VV(/) are given as follows: 

N(0) =(1—M™,) I—M,) ++ 1—,), 

NI) = 3 (1-4) -+- 1 —Np_1) Ne 1 — N41) 1), 

wf) el) me SG)? AE SV 2) N,V pha) 

ee (1—Wp,-1) Vp, 1 — Np,vi)**1—M:), 

ee. “ 

Here V(/) indicates that the state is ffold occupied. These subalgebras are 
total matric algebras whose quantities have the following form 


(3-2) 


k 
CPE) COT O) degree (4), (3-3) 
where f means the occupation number and symbol (;’) means set (4’) of intrinsic 


states in C which may be different from set (4) in C*. These quantities are 


briefly denoted by 
e(S Jaa (3-4) 


It holds the associative law: 
OG ere eh )pra=e(S) aw Oop . 
A quantity of the direct power of elementary algebras has the form 


C*(:; P) CC:3 Q), (3-5) 
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where the sets of the orbital and intrinsic states are denoted by symbols (2 
and (;) respectively. 

This direct power A has the principal idempotent U(/) corresponding to a 
prescribed orbital configuration (f) and this idempotent is given by the product 
of principal idempotents of the elementary algebras Fas follows: 


OCP) = NV, (1) N(t,)--- n(n) , 


(f)*= (im, Toy °° "y Hn) 5 


: : NR k Eh Aas. 
and U(/) is the direct sum of (egy Hy bese) primitive idempotents of the 


algebra A. The algebra U(f)AU(/) is generated by elements 
Bia el sae, (3-7) 


with the same orbital states in both C* and C. We can readily see that the 
algebra JM; generated by such elements C*(;P) C(;Q) with the same orbital 
and intrinsic states in both C* and C is contained in the algebra U(f)AU(/S). 
M, is marked by a certain spin magnetic quantum number M= (JZ, MM, ---, M,), 
which means the fist intrinsic state is M4-fold occupied, the second state is J/,- 


k-1 
fold occupied, and the last £-th state is M4=(x—Sj &,)-fold occupied. Hereby 
a f=1 


we understand the permutation operators in question generate a subalgebra of My, 
and thus symmetric algebra of type 2, is determined. In the following we shall 
consider especially the structure of symmetric algebra of type unity, which has 
at most as many centrums as the number of classes of the symmetric group 7. 
By a suitable linear combination of quantities of the centrum of symmetric algebra 
in question, we can obtain the unity quantity of an ideal marked by a prescribed 
quantum number of multiplets designated by a partition of ~: (A,, dy, ---, Ay), 


& 
Si = 7. 
f= 
Let quantities of the centrum belonging to magnetic quantum number JZ be 
4, Zy,°**,Z,+ Then the unity quantity e(4) is given as follows: (Appedix. II) 
ANS CGS, Cx) =a), 
e(A)e(A’) =e(A) dyn, . 


#: number of the quantities of symmetric algebra, 
ea; )e,. coaracter, m: multiplicity. 


(3-6) 


(3-8) 


The unity quantities thus obtained make this symmetric algebra (8) break up 
into ideals as follows: 


OS) = CS) e(Ay) + (8) e(A,) +++ + CS) e(Ag), (3-9a) 


(S)e(A,) =e(4,) (8) =1(Ap), (3-9b) 
(the A,-th ideal). 


This algebraic operation composing the unity quantity of “elements of the centrum” 
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_is equivalent to that well-known reduction of the Kronecker power (“ die spezielle 
symmetrische Transformation 3),” of Weyl) furnished by the transformation 
induced on the tensors of rank z under the influence of k-dimensional rotation c,. 
We understand that every quantity of the representation module of a simple ideal 
marked by a certain term of spin multiplets is an eigenfunction belonging to the 
intrinsic quantum number. 

Now we ask for the other kinds of the orbital configurations of type Ty. 
Symmetric algebras, centra and unity quantities of ideals of type 7, are uniquely 
derived from the above mentioned similar quantities of type unity. If all the 
quantities of symmetric algebra composing the centrum of type unity are replaced 
by the corresponding quantities of symmetric algebra of type 7,;, we. get the 
centrum of type 2, To be explicit, let two elements of symmetric group be R, 
S and one of the quantities of the centrum of type unity be 


i =s 5 (mod. 7,), 
say 
Z2= bh +6384 6,7 (3- 10a) 
and then we get 
Z,= (62+ bs) BR, + bpT, - (3-10b) 
as a quantity of the centrum of type z;, where the correspondence between FR, 
S and &,, S; is uniquely determined. Let the unity quantity of an ideal be 


pe (2-11a) 
Z,=6,h +6,8, (2-11b) 
tse ect en (2-11c) 


R=S=U (mod. 7). 
Then we get 
b= (CO r+ 60s + Coby) Ry + Coby Vy, , (3-12) 
ly b= ey 
as an unity quantity belonging to one of the intrinsic quantum numbers. One 
“can generally define the traces of the regular representation of symmetric algebra 
by the coefficients of the operators. For example : 
trace Re =c,bz (A: order of (S)). (3-13) 
The theorem that the trace of P, is developed by the traces of quantities of 
symmetric algebra of type unity is readily obtained from (3-12), (8-13). For 
example : 
; trace, Ry=M! (be +0bst bv) 


cae (trace #+trace S+trace U), (3-14) 
&t 
_ where 
g= ; the order of the subgroup 7,. 
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§4, The case of many electrons 


We shall consider a special case that the number of intrinsic states is two, 
namely £=2. The elementary algebra has four primitive idempotents : 


Gg a, Fale. 

(= 0% a, alateN AIl—W_), 
Q=a, et ata. U=N,)N5 
e,=a, a. a=(A1—-N,) A—-V_). 


(4-1) 


The symmetric algebra of type unity belonging to a prescribed magnetic quantum 
number M, has as many simple ideals as the number of different total spin 
quantum numbers S, which satisfy the following inequality 


S2S2|M), Ma Z-e, (4-2) 


where p is the number of minus spin in the configuration of intrinsic states under 
consideration. An arbitrary permutation operator belonging to a given magnetic 
quantum number takes the form 


Pye ClCH) COI (4-3) 


where the set of intrinsic states (;}) belongs to magnetic quantum number J. 
Especially the exchange operator exchanging two orbital states r and s is ex- 
pressed by 


(Ys)ar,= OF (5 RY CC; (75) R) 
= 3 3a LD, (4-4) 
where ¢@,, is a quantity of the subalgebra of elementary algebra (1) F,V(1) 


and U(1, 1, +, L)=M,(1)M.(1)---M,(1). The non-trivial part of this operator 
is denoted by .X,,, namely 
eS! pay ERR ESP (4-5) 
ABH A= 
and this operator takes the following alternative form 


oe il 
Aig Ue latGr:S,) : (4-6) 
if one replaces the algebra oD with degree two by the quaternion 
algebra as follows: 
1L=e,;+ és 


(Qi 2) . 5 
T= Cyet la, C= —1lya+2ly,, FG =e,,—l5., 


6=6%% 46°F +6, (4.7) 
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The most important character of symmetric algebra (8) is the commuta- 
tivity with the direct power of two dimensional full linear groups which are re- 
presented by : 


12 
E>) 1a Cm» (4-8) 
ink 


where ¢, is one of the bases of elementary algebra F,. Any element of the 
algebra defined by the direct sum of symmetric algebras (S,,) belonging to allow- 
able magnetic quantum numbers : 


Us) Si (4-9) 


i Mrs 


ps 


(S,) = 


which is commutative with the direct power of L, denoted by [Z,|": 
(S.)[L,}"=[L2]" OS) - (5-10) 


Hereby we are led to the well-known theorem that the state belonging to total 
spin S has (2S+1)f degeneracy and this state appears in every state of magnetic 
quantum number JM; only once, whose absolute value is not larger than S, 
because [Z,]* must have / equivalent irreducible representations of degree 2S+1, 
if the representation of (S') contains 2S+1 equivalent irreducible parts of degree 
f. This is the well-known reciprocal relation. 


§5. The case of four intrinsic degrees of freedom 


We shall consider A,, a direct power of #'s, which is defined in Section 3. 
We ask for the structure of symmetric algebra of type unity, which is the sub- 
algebra of B, defined by 


B,=V(, 1, -, 1).A4,U(1, 1, ---, 1) 
SU ly ty aR BK eB Lt 1 (5-1) 


where 
Gd, 1, --; YAWN) NY, 


N,(1) =a 1-Nn) (= Ns) (L-Vn) 
4 Na(1—Na) (1 Nos) LN) (5-2) 
+ N3(1—Nin) 1-2) 1—,4) 
4 Nu(1 Nu) (1—Men) 1M) « 
The quantities of B, are given by 
| C*(:; PR) C(:;' QR), 


and the quantities of symmetric algebra of type unity belonging to a prescribed 
‘magnetic quantum number 17 take the form 


Tre nS 
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=e lo (ope dey CC: pe )ie 


Here symbol (;) means a set of intrinsic states which belong to magnetic 
quantum number M=(M, 1, MM, M,) representing a partition of NV=IZ4+M, 
+M,+M, Every intrinsic state is designated ‘by double suffices (—, —), 
(—, +), (+, —), (4+, +) by which we imply that the state of the particle 
is proton with (—) spin, proton with (4+) spin, neutron with (—) spin and 
neutron with (+) spin, respectively. Other interpretations might be possible. 
For instance, we may understand elementary algebra describing one proton with 
four degrees of freedom in the sense of Bhabha. In the following, however, we 
shall content with the phenomenological treatment of nucleon intrinsic states. 
Now all symmetric algebras are semisimple and break up into simple algebras 
marked by Wigner’s super multiplets (S, 7, Y).” The numbers 5, 7, Y are 
related to a partition V=A,+A,+ A,+ A, in the following manner : 


S=> At AA.) , (5-3a) 
fae (A,—4,+ 4,—4,) , (9-38b) 
Va (AA 4e+-4,) , (5-3c) 


A, 22 Ay 2 A, = As, 
and 


A,=>M, A+A; => M,+M,, 
A,+4A;,+ A, = M,+M,4+M, or A, mM,. 


(5-4) 


These inequalities are obtained from the branching rule, whose proof in Weyl’s 
book? remains valid in our scheme, too. Especially we ask for the expression 


for the exchange operator ((vs)), which exchanges the orbital states x and s result- 
ing in the following form 


(= BER) C5 DR) 


4 4 

= 3 Bi ehh eit, Wi 1)---Na(1) (5-5) 
4 4 

E5151 AD, ey, OL eared), 
A=1 Al=1 


where eX}, is a quantity of 4V,(1) #{V,(1) (total matric algebra). The non-trivial 
part of the operator is denoted by X,,, namely 


Race en - (5. 6) 


If one remembers that algebra HF, is isomorphic to Sedenion algebra (Appendix 
VI) with 16 elements _ Cor ots Cig, Ave takes the alternative form 


=o ae nT 
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YAS aaa | (5-7) 


whose analogy to Dirac’s exchange operator is to be stressed. 
We introduce fuither the following operators, 


2731= pa i,k=1,2 Ce ef + Du 4k 834 eo, (5 : 8a) 
wal s 
Las >I 4,k=1,3 fee ay +3) ,k=2,4 ef es, (5 - 8b) 
—= Yat (7) s) s 
2re3 21 nnialie Ces + Lanes Ge ee, (5+8c) 


which are commutative with ,,. Hereby the relationship to the vector model 
of spin and isotopic spin is established by assuming that G,=W(1)F,W(1) is a 
direct product of two simple algebra of degree two as follows: 


Goh xi: (5-9) . 


We assume further the idempotents of /, are ¢, (— spin) and e». (+ spin) and 
those of F,/ are ¢,, (proton) and ¢,,/ (neutron), then Z,, Z, and Z, take the well- 
known form 


Lous (1,1,+6,-6,) (1,/1,/ +7) : Bartlett, (5-10a) 
2 25,9 = (1,/1,/+7,-7,) (1,1,+ 00%) : Heisenberg, (5-10b) 
Zna= (1,1, +6,-0,) (1,/1,’+7,+7,) : Majorana, (5-10c) 


where o and T are three dimensional vector operators, whose components are 


=Cy— else » (5-11a) 


(3) 


Ley tle, FP Hlytly, CG =—1lyttly, F 
and 
RSE ORM Pa (O tah ete K 
Veg eel, CO Stl Kee! COS leg! Bien) ct? ey! —eg ,, (SA db) 
respectively. By the definition, we get 
Xps=Zy3,1 t+ Zy3,2t Z75,3 + (5-12) 
We meet in the theory of nuclear force with the operator 


Y,,= C+ CiZ,6,1+ C1 21,2+ CsZ 0,5 « (5-13) 
The coefficients C,, C, Cx C, are given by Breit and Feenberg and Kemmer 


3] 


from the saturation property of nuclear force.” Y,, is also commutative with ,,. 


§ 6. Summary 


The algebraic structure of permutation operators has been studied. In parti- 
cular, the properties of exchange operators concerning ordinary spin and isotopic 
spin are examined from our standpoint. Appendix contains some examples of 
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various kinds of the representations of creation and annihilation operators, and 
also those of symmetric algebra of order twenty-four followed by some remarks 
on the orthogonality relations, an infinitesimal transformation concerning the ex- 
change operator and Sedenion algebra. 

The author would like to express his gratitude to Professor K. Husimi for 
the stimulating lectures and valuable discussions. 


Appendix I. The representations of 9*(¢7) and ¢(@) 


According to the theory of second quantization, the representation of creation 
operator ¢*(g) (annihilation operator ¢(g)) is defined in z-subspace (-Teilraum) .” 
If one writes the density operator in the form, 


e(q", oa g* (91) +++ O* (Gn )P (Gn) PC 91) 


the representation of g*(g) is given by the relation, 


¢* (9) O* (41, noes G.)=Vntl O* (a, Gis 2" 4s Qn)» 
1 
O* (41, re? Qn) = i ae g* (9) oe al (Qn) ’ 
7 } 


and the representation of ¢(¢) is obtained from the commutation relation as 
follows : ; 


2(Q) O* (G1 ++» Qn) 
pats = é—1 ¢* 3 oe n 
| So 5t L) 09 qi) O* (O15 **2y Qi-19 Gitly “**y gn) (VW 22 te (+1) O*( ay, anes Qn) P(Q)> 
where +1 for Bose statistics and —1 for Fermi statistics. 
Multiplying the operator of Bose statistics 


il ; foo} ioe) 
A= * (s ole hres (Si entin 
— — 


n | 


from the right side, and taking the trace in z-subspace by the restriction operator 
used in Section 1 of part I, 


O (ty, +++) Wn) = Orin, 2+ Gf 


Ny nn ’ 
Tita ete 70 


one gets the usual formulae” as follows 
7 ¥ ~ 


tracemsnP* (9) O* (ay =) n= Vn+1 FG, a 5 Qn), 


* aa 
trace@_y¢(g) O* (gy, °-+, Qn) =X 0(9—9:) F(gy os Gi-1) Fests °**) On) /V 1, 
where 


trace O* (gy, +++; In) U=V (G1 ++") On o) eee (+) ; 
qi g: = 2, Sn 7m! re det p, (Gx) 
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and 
trace (ny P* (91, +++, gn) 9(g)u=0. 


Here the creation and annihilation operators create and annihilate just one particle 
as their names suggests us. The alternative conventional definition is given by 
the relations, 


9*(9) D( du" On) = Bi Ce 1)° 8 (@— 94) O(n 1) /V n+ (£1) O(n) 9*(2), 


Ne BOSS) Qn) = Vvn+l Pa, Gi» "*"s Qn) : 


Appendix I. Centra, ideals, regular representations 
and the reciprocal algebra 


According to the interpretation of Part I, the density matrix is obtained by 
taking the trace of the following operator : 
2 U0(g"s a) Uy = 3% Da) 2 2 (OP DF AQT AP). 
my 
where / indicates an orbital configuration, P, is a permutation operator of type 
mz, and g, is the order of the subgroup 7y. 

Now our problem is reduced to obtain the trace of P,, quantities of sym-- 
metric algebra (S;). In the following we consider an example obtaining centra 
and ideals of symmetric algebra belonging to an orbital configuration f*= (1, 1, 
1,1) and magnetic quantum number M=(1,1,1,1)”. 

Hence the direct product 4/= F,% x F,° x #,® x #,® is to be restricted to the 
algebra Bi =C7(1,1,1,1) 4/7(1,1,1,1). Any element Py is given by, 


Py=%) C*(;R) C(; PR) (11-1) 
=31€*(:R) C(: RP), (11-2) 


where P and Q mean, contrary to Section 2, permutations of the order of the 
particles. In the last expression the notations R and AP do not operate on (eee 
suffices of intrinsic states, but on (: ), those of orbital states. 

The centrum has five independent quantities corresponding to the classes of 
the symmetric group with four unary cycles, one binary cycle, two binary cycles, 
one trinary cycle and one quaternary cycle respectively. 


Zanwmm=Lu 5 
Zuyayn= Py summed over the second class, 


Zujan=>1 Pu summed over the third class, 
ae 

Zupym = >3 Pu summed over the fourth class, 
BB 


Zajay= >i Pu summed over the fifth class. 
ve) 
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From the multiplication table of these elements, one gets readily is on 
belonging to the five multiplets, {41, {3,1}, 2,25, 591g Phe Vokes Bhs e€ 
unity quantities of the ideals are as follows: 


1 fe 
e { 4 } ae. ov (Zu GA) OD + Z 3) (ea + Zz (9j)(K1) <0 Z ctgKy @ 4 Zcignay) 
{3,1} + Zesxy@— Zap x) — Lise) » 


1 
e{2,2} FEY Q2Zamaw +22 (45) «x2 —Zisnyn) , 


it p 
ejay Lyd ee B26 UO — Zana — Zee + Zuizy)s 


il 
A I re Oe oe (Zman—Zanwmo + Zawo— Zag) 


Taking the trace with respect to {3,1{, one gets 


trace Zing ym = trace a= wii f=. 


: trace Za) q)= trace ((12))=4%(12) f=3, 


F trace Zepan=trace ((12)(84)=2{ (12) (84) }f=—3, (11-3) 
a trace Zeesay=strace ((123)\((4)) =f (123) (4) } f=0 
= trace Zen =trace ((1234))=r{ (1284) } f= —3 


where x means the character and f is the multiplicity of the multiplets {3,1}, 
in magnetic quantum number JZ In our case which gives the normal represen- 
tation, f must be equal to x(£). The degree of the simple ideal and propriety 
of ideal suffix can be reexamined by the formula of simple characteristic. For 
the other orbital configurations, say f*=(2,2), the centrum is easily obtained 
noticing that P==PS if S isin the subgroup 7. Then there are only six inde- 
pendent quantities of the algebra instead of twenty-four quantities and only three 
quantities of the centrum instead of five quantities. If some quantities in the 
expression of the unity quantities of the ideals are identified, as above mentioned, 
the three unity quantities-of the ideals are obtained, 


1h G A 
€(2,2),1 = ei (2,91 + Z2,9),9+ Z(2,9),8) ’ 


1 . : . 
é (29,2 (22 (0,9) 1— Zo,9) 2+ 2Z ¢0,9,5) ’ (11-4) 
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1 " 
eB 22,3 —> Ce sit ee, ee 


If one wants to compare these quantities of the centrum with those of the 


centrum of type unity, one will see the connection between them in the follow- 
ing relations 


Zogwow > Zi MMM =Ze,9,15 

Zann > Zenwmwm=Ze,9,2+2Z¢, 2,19 

Z i3)(a0) The Zine =Ze,9, 1+ Z 0,2 > (II -D) 
Z(452)0) 1's ibe M=2Z¢,9),25 


2,2) ,2 


From (11-3), (11-4) and puis one finds 


trace ¢,),5 ((13))((24)) 6.5 =2 { trace{s,1}((12))((34)) + trace{s,1}((1234)) } = —3. 


To obtain the ideals, it will be better to start with the three quantities of 
the centrum directly by means of the following multiplication table. 


Z(2, 2) ° 4Z¢, 9),1+2Z(2 9), gt4Z (9, 9), 3 


siya a9- 


Z(2,9),3 Ze 2),2 Z(2,2)1 


Z(9,9),2 Z(2,2),3 


Table 1 


The regular representation of symmetric algebra S is obtained by regarding 
the linear set of the quantities of symmetric algebra, on which the representation 
is considered, as the linear set over the algebra V, a subfield of (8), generated 
by the idempotents of the centrum. Let three orthogonal linear sets, which are 
equivalent to the three ideals of (8), be 


L,: Si, 
Pee Sy oes VEG ¥e es), 
Vi RSP as hte BL 
Then one gets one dimensional, two dimensional and three dimensional irreducible 
representations as linear transformations on Lay by and Le respectively: 
Next we add some remarks on the so-called reciprocal algebra. One can 


regard ($8) as a linear transformation on a linear set of order six over a field 
” Kin other words, as a subfield of B. Any one of the elements of S corresponds 


~ to a transformation 
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R—- R*r =kP. 
Another type of the transformation is as follows: 
R-— R'=PR. 


These transformations are summed up to a subfield (S~*) of B, which is recipro- 
cal to (S) and has the same centrum as (&). Explicitly 


EYE mO*(: R) COPRE) ste, 


Se 2 C¥& GR) CCAPE aetc. 


Appendix III. The orthogonality of characters 


Any element of symmetric algebra takes the following form in the A-th 
simple ideal. 


iA 
P(A) = Py(Ajeg(A) , €i3(A) Cn (A) =e (A) On0 nn . 
Characters are defined by 
Ta 
#)(P)=tace LO) = x Et), 


where f, is the multiplicity of the multiplets {4} in the algebra B. The com- 
pleteness of characters can be secured, if set 

DI (4) £y(4)4n/ (4) =H Oqm , 

a 


, 
aE 
2 (a!) 


where /’ means the order of the algebra (8) (the number of the quantities) and 


Bea@)ea@) = 


n(a) is the number of quantities contained in the a-th quantity of the centrum. 
A runs over as many allowable multiplets quantum numbers as number of quantities 
of the centrum. These follow from the fact that for any quantity of the A-th 
simple ideal, the operator 


2 P™ (A)e,(A) P(A) 


is a scalar multiple of the unity quantity e(A). 


Appendix IV 


One will readily find the following relationship for the traces with respect to 
B”, by the definition of F and [D,]" 


trace R[L,|"=3) x,(R)z,([L,]") =0,% --- ,%, 
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2 n 


—o tad 5 OF be s! ka,=n, 


@=1 k=1 


where ¢, is an eigen value of Z{? and R belongs to a class denoted by the parti- 
tion (4), +++; G,) of 2.™ : 
From the first orthogonality relation of the traces, x, ([£,}") is solved by 


a(CLP) = 5 AK) (1)... (2) 


(@) dy! +++ dy! 


This is the so-called simple characteristic taking the same expression as parti- 
tion function 70.” 


Appendix VY. An infinitesimal transformation | 


In the theory of the Ising model one meets with the operator 


2 


N 
ie *¥' 2 SS (ho 1 ntit?dn:d Gnaidls 


n=1 2, n=1 


eae 


a sum of Dirac’s exchange operators. We separate out the operator I,lqs1 
+09o®, from ¢MoO,+00o2,. The former might be treated by means of the 
canonical transformation. Here we introduce a two dimensional vector operator 
and further anticommutative operators analogous to the spinor analysis as follows: 


Qn=(o, o®), 
> > Bi pa > 
= a fay 
5,=0P 9 a3 Spt Fe nen = 20am lime 


Using the normal coordinates the ice D! takes following form 


Nie 
aS Qn° Ona=i x a peste Q%.= > ) o,R, , 


n=1 =X]. iB k=—N/, 
where 
Qrk 
W;,= COS , 
INV 
Ula pee ea 
— o,eX 
2 . Von 2 ae N 
and 


RRR, = RK, ’ R, R= RR, =0, 
Let the real and imaginary parts of R, be X, and Y, respectively, then one 


finds. 
AgseAxs Y,=Y,. 


s 


: ‘ 26 : 
Further, exp (—@X,) means a rotation of the imaginary angle a3 about X-axis. 


~ aie 
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Appendix VI. Total matric algebra of degree four 


The isomorphism of a total matric algebra of degree four to the algebra 


generated by the four anticommutative quantities is as follows. 


Adda bond ZO woo 


BeBe BiBi=20n  (é, F=1,2,3,4), 
ey= (1+8,) 1-788), lxo= (14+ ,)(1+78,8:2), 
€y3== (1—f,) (1-77; 8s), y= (1—f,) (1 +25,92), 
eo= — (14+/,) (8, +782), n= (1+8,) (P:— 782) Bs; » 
éy= —1(14+8,) 1-288.) Bs esr = 4 1—F,) 1-288) Bs » 
y= —1(14+f,) (8:4 42), é,=1(1—f,) (8,— 7), 
en= —i(1—8,) (2, —i,), eo =i(L+8,) (8.4482), 
eumi(l +B) (+288) Bo Ze.) en ee 
éy= — A—8,) (6: +282) Bs és= (1—8,) (B1— 22) Bs « 
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On the Theory of Cooperative Phenomena* 
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We obtain the low temperature expansions of partition functions for several crystal types by 
direct counting of complexions and then discuss the typical cooperative phenomena. 
(1) Spontaneous magnetizations of the three dimensional Ising ferromagnets (in case of the simple 
cubic, the body centered cubic and the face centered cubic) are given. 
(2) Using the grand partition function for the face centered cubic lattice, the properties of the 
regular solution are discussed. We get there a condition for the appearance of an upper consolute 
temperature or a lower consolute temperature, taking account of the effects on free volume of 
each molecule due to the species of the nearest neighbor molecules. 
(8) Considering the regular solution as a mixture of holes and molecules, we are led to the 
properties of liquid. 
(4) Using the grand partition function for the triangular lattice, we discuss the adsorption 


phenomenon as the localized monolayer. 


§ 1. introduction 


In recent years the ingenious developments in the mathematical theory of 
cooperative phenomena have been made by several authors.” But unfortunately 
no rigorous theory has hitherto succeeded in solving the three dimentional model 
corresponding to the real crystal. And it seems difficult to get a rigorous theory . 
applicable to all types of the real crystals, such as the body centered cubic and 
the face centered cubic. 

For the present stage, we will try to expand the partition functions for 
several crystal types by direct counting of the complexions. This method of 
counting contains no newer part at all, and indeed it was used by Bloch? to ob- 
tain the partition functions of ferromagnetic lattices. Lately we heard Gigs: 
Rushbrooke® had independently treated of the theory of regular solution along 
the same line as we had. His counting is, however, only for the simple cubic 
lattice, so it may be permitted for us to publish the results by our elementary 


countings. 


* The main content of this paper was read at the annual meeting of the Physical Society of Japan 
held at the Tokyo University on April 27, 1949 and at the Kyushu Branch meetings of the same society 
‘on October 1, and December 11, 1949 and was published in Busseiron Kenkyu No. 14, p. 1; No. 15, 


“p. 99; No. 20, p.55 and p. 102 (1949) in Japanese. 
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§2. Method of direct counting of complexions 


Since the theory of the Ising model of a ferromagnet is analogously extended 
to the theories of the other cooperative phenomena, for example, the theory of 
regular solution, the hole theory of liquid and the theory of localized monolayers 
of the gas adsorption, we shall begin by constructing the partition functions of 
the Ising models for the several crystal types at low temperatures. 

We shall deal with an assembly of JV spins, each of magnetic moment m. 
Each spin is assumed capable of interacting only with its nearest neighbors and 
of having either the same or the oposite direction along an external magnetic 
field H. Then as an interaction energy between two neighboring spins we shall 
denote —/ when they are parallel, and 7 when antiparallel. 

Writing 


i—4 4 C— p-mH[kT and poe*=e 7" , (1) 


these quantities are small at low temperatures, so we may expand the partition 
function as a power series in them. By direct counting of complexions, we may 
obtain a partition function for VV spins 


f= YEN, My, Ny) ("4 (a) (8) 


(VAt+Ny =X) 


2N 4 M, 
=(@)BN ES g(V; My, Myereene (2) 
eNoiea | 


where V,=number of spins parallel to H, NV,=number of spins antiparallel to 
Hf and Ny=number of pairs of neighbors, one of which is parallel and the other 
is antiparallel to 7. For example in case of the face centered cubic lattice, we 
have 


A “{1 + Wai + af [ eae ( > N(N-1) -6N) | 
+a! [ sae"+ 42. +. (6N2—1201) B84 a (2-39. + 422) *| 


+0 [2VB"+ 24.784 193.4 (824126) P44] + | 
which leads to an expression for f by taking AV-th root. . 
Such countings for several crystal types give the following results : 


the 2-dimensional triangular lattice—* 


f=a'p- [1+ a°F 4 04(36%—38%) + a8 (29 + 93° 278 +. 16°) 


* There is a rigorous theory in this case!) as well as in case of the square lattice, but we shall add 
it here, because it may be applied to adsorption phenomenon on localized monolayers which will be dis- 
cussed in the next section, and it may be compared with another types of crystal. 
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+ 0° (38% + 124% + 75 — 165° 4 24984 — 106/99) 
+ a (6° + 216% 4 21° —171 94 6548" + ...) 
+ a (14f + 426° 4+. 1584 2588 + ...) 
+a (6% + 308° + 10584 + 387%...) 
+ 2! (68 + 6084 +216 8% + -..) +.u3(27/34 4.783% +...) 
+a® (B84 + 868% + ---) +2°( 248 + ...) 
+ 0% (QB8 4...) 4---], (3) 
the simple cubic lattice—* 
fHo78 (1+ 0B? + a (88 — 36") +o (158% —33 8 + 18%) 
+ (38° +.835%— 3098” + 3602" — 1378") 
+a (486% + 42994 — 26768 + 50558" — 4041+ -.-) 
+a (1884 + 4968 + 16322°— 213668 + -..) 
+ a" (88% +3788" 4.39068 + ---) 
+ a® (8% +3068" + ---) 
+ a (2494 ---) +--+], ) (4) 
the body centered cubic lattice— 
feo-8-*[1 4 2B 4 8 (48 — 48") + 08 (288 — 608" 4.329%) 
+ 0° (128% + 1489 — 762 4+. 8683" — 2666") 
+ a (12/F* +2165 4+ 1274/5" + ...) 
fa2(3h44+--)t--], (5) 
the face centered cubic lattice— 
feos [14.07 +04 (684 — 68") 
+ a8(8 8" + 428% — 114" + 64) 
bab (28? + 248" + 1238 + 1349" 4 --) ++], (6) 
§ 3. Application to typical cooperative phenomena 
(i) Ferromagnetism 


If we use the partition function obtained in the preceding section, the magnetic 
moment of the Ising ferromagnet consisting of /V spins is readily given by 


* G. S. Rushbrooke and A. J. Wakefield®) have calculated to f° and our independent calculation 


to B52 exactly coincides. 
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MeNm 28h wa DEL. (= Nm) (7) 
ac Ou. 


Then inserting the expression of f into (7) and making a tend to 1 (namely 
H 0), we have the “ spontaneous magnetization ”’ : 


the simple cubic lattice— 


M _1_ 992 128% +148" — 908% + 1928 — 792" +2148 — 77163 
Moy 


4232620 — 795124 252054" ---, (8) 


the body centered cubic lattice— 


Jl __ 99168 + 189° — 1689" +3848" —3148%— 1184" 4 62649 
M 


— 97446 — 101746%4.---, (9) 


the face centered cubic lattice— 


- 129" 243! 4 2698 489" —29529% 4.7203 — 4388” 


— 192° 9849 10082%—..- . (10) 


From (8), (9) and (10), we may plot the curves of spontaneous magnetization 
versus temperatures. Probably these curves are invalid near the Curie temperatures, 
since the low temperature partition functions will diverge near there. In spite of 
these circumstances it will be possible to expect that we may roughly determine 
the Curie point for each crystal type, by careful numerical examination of the 
above power series. These discussions will be done in detail and besides with 
an alternative method of combining with the high temperature partition functions. 
by some of us in the separate paper. 

(ii) Regular Solution 


The partition function for the whole assembly consisting of V4 molecules 4 
and VV, molecules 4, treated as a single system, can be written in the form 


fo Na Nos Naw) 00 AF ET ae ent ee eee 

— GED) 
where V4, is the number of AB pairs of neighbors and g(Ny, Wp, Miz) is the 
number of distinguishable arrangements of the V4, molecules A and NW, molecules 
_£ with specified value of V4, and the definitions of wy, 24, 64, U4 etc. are usual 
ones.* Corresponding to (11) for the partition function for given Wy, Wz, the 


grand partition function for given 24, Az, (A=e**? and f is the corresponding 
. . . > 
chemical potential) is 


* See, Fowler and Guggenheim; Stazistical Thermodynamics. pp. 351-352 and p. 362. 


“ ’ iat 


oh ae Tae 
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a= ee 2s (Na Np, Naz) e NanwanlAl (b4v yea SZ Met Na 
x Gyiry eB tATUET Wy Way We (12) 
Writing for brevity 
E =A baa elMAt eT VAT gos te a pleat Ae ERA). & Pee AnleT (13) 
(12) becomes 


lcm | 
loaf 
i! 


~ 3 2M: NV, Nis) nan 426 Nae V2, (14) 


V4, Np Nap 


Since the term in & is proportional to the probability of the configuration of 
specified V,, VW, and WV4,, the average values of V, and WV, are given by 
Reh ee eran Nee, ee (15) 
OF 4 08 2 


Therefore, if we write for small €=&,/E, 


Z ; 1 
Bayer N; N,N. Wae(S. joa Va__ Seer eye At 1 SE 
= ve x a 4B) QAR ( uh 5) =. RB ( ) 1,4) 
(16) 
and for small €7"=€,/€, 
z 1 
s=h Bey es Max Wie) 909“ En/bu)"7= 33 AA ES ee Ace 7 
‘Ve, pe {=7AG 
. (16’) 
the mole-fractions are given by 
pik Sean —¢ 9log AE) and #,=1—x, (for small ¢) (17) 
Nit+Nzg oF 
or 
par ng B10 ACD aha ej ST— 2). (for small €*). (174) 
Nutz a(e*) 


Now we will deal with the face centered cubic lattice (g=12). Noting the 
relation between the present notations and those of ferromagnetism 


af=a—>é,, atPP=ai®>F, and &—ya«n(=7) (18) 
and comparing (16) and (16’) with (2) and (6), we are led to 
AE) =1 +84? + & (6 — 6") +8°( 87" + 42° — 1147" + 647") 
+! (27°? 4+ 2475+ 1237" + 13478 + +++) eo (19) 
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and 
A (=) a it +617 te é-* (677 — 67") +€-*(87" is 427° — 1147* as 647°) 
est (278 + 2478 + 1237 + 1347” +--+) +e (19") 


Then, substituting this into (17) and (17’), we obtain the mole-fraction 44 in 
the form 


d log A(é) 
#46)= aa 


ne: {Ey}? 4.222 (672 —6y") + 38°(87" +427"— 1147" + 647") 


4 48! (276 + 247 + 1237 + 1344" + +++) +++} 
for €< 1 (small concentration of A molecules) (20) 


and 


baa) S175 (67) = 1 et BAe) 


a=) 
MI ET EOP — GP) + BEM By 4 AD — 11+ 647 
4 4E4 (Dy 4 Dy 41237! 4 134924 ++) oe} 
for § >1 (small concentration of B molecules). (20’) 


In order to examine the behavior in the vicinity of €=1, we must take the sum 
SAA (E*) +534 (E)* (21) 
instead of an individual term. Whereby the mole-fraction +, becomes 


6 (6) = 2a) AE) AOA 29(E)) | 
1+E"(A(E*) /AE) )* 

Since for a thermodynamical assembly, VV is very large, &’=O0 when §<1 and 

E-"=—0 when €>1. Therefore we obtain 


(22) 


. ~ ae . b=} Ae — aL 
and 
. fy IG ys f-1 pian! 1 
Jim 66) =lim (1-2, ("))=9(1+0) rap (24) 


where the inequalities are given by numerical caluculation of (20) and (20’) 
for, sufficiently small y. On the other hand, if we use the relation [+4(€)].1 
=[+,(¢") ]e21 which is obvious from (20) and ey! (22) leads to 


[9(F)],-1=9(1) = (25) 


“species of nearest neighbors, 
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This fact means mathematically that §=1 is the singular point of the expression 
(22) and three values 0(1—0), 6(1) and 6(1+0) correspond at this point, in 
other words, 6(¢) has the triple roots at €=1. The physical meaning of this 
fact is that at low temperatures we have phase separation into two phases, of 
concentrations 6(1—0) and #(1+0) and that the phase-boundary is given by 
[4(€) ]e-1z0= (power series in 7). (26) 
Remembering JV is large and using (15), (16) and (16’), we get the results” 
Gy=E/A(E) and °€,=1/A(F) for small € 
or (27) 
Gy L/ACE-9) 9 candy Eg F—1/A(E-)) ws fortsmall 51, 
Assuming a perfect gas phase in equilibrium with the solution, that is, assuming 
the relations 
Pal Pa=Ea and Pal pe=ce (28) 
where #, and #, denote the partial vapor pressures and suffix 0 means that of 
pure vapor, thus we can show the partial vapor pressure curve for a small value 
of 7(<1) in Fig. 1. Moreover, phase boundary curve shown in Fig. 2 is 
obtained by (26). Here Ze corresponds to the divergence point of [A(¢) a= 
[A(€-) ].-1. Comparison between (26) and (10) shows that this phase boundary 
curve of the regular solution is essentially equivalent to the spontaneous magneti- 
zation curve of the ferromagnet. 


0.8 
0.6 
° 
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=/° 9° 
yy x 0.2 
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A 
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—0.2 
—0.4 
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—0.8 
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A remark on a lower consolute temperature should be finally added. If we 
Rit into account the effects on the free volume of each molecule due to the 
and use the approximation of the geometric mean 


24 T. Tanaka, H. Karsumorr and S. TosHima 
of free volumes proposed by S. One,® e.g. vj > v%4Van" When x of g nearest 
neighbors around a molecule A are molecules A and g—+ are molecules 4, where 
Yap is the free volume of a molecule A with z nearest neighbor molecules 2 and 
Unay Vag and Vpz are given by the similar definitions,* we get the same grand 
partition function as before except that we must substitute 


/ 
— p—2WaRle T __({ UarVpa yet ts — ( 2vanlsT+log 
ane Axl Ue Can = (4ntee Van=e 


Usa UBER 


VAA UBR ) 
VABUBA/« 


(29) 


Therefore the necessary and sufficient condition for occurrence of phase separation 


is 
: Vaal 
et! yn/kT + log (Zsaten ) > 210 45/hTo - (30) 
UVsRpURa 
In other words, 
, Vaav 
for Wa,.> 0, “Fw! co og 
Var UBA 
and (31) 
Vasa 
fort, <0) tiswys/kT op ilog 442) 
UsBUpa 


The second condition of (31) suggests the appearance of a lower consolute tem- 
perature. The phase boundary curves for several positive and negative values of 
Wz are shown in Fig. 3 and Fig. 4 respectively. 


tog Yan Vas 03 
A 


e J : ue ; £8 
n this case v4g=vp4 is clear, but on purpose we distinguish v4y from vgy, since in the hole 
? 


theory of liquid which will be discussed later we must distinguish between them 


1 ee ule foe 
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(iii) Hole. Theory of Liquid 

If we take a mixture of holes and molecules for a model of liquid,® we can 
follow the steps of the above argument on the regular solution. In fact, substi- 
tuting 


Vasa > O Ven—1 
—{ 21/2 
Van—t fs, Veg—>rl and 74n > 77*(c/w) =e {sw/2hP + log (w/t )} (32) 


E,—2€& Es 1 


we can obtain the grand partition functions for small € (gas phase) and for large 
€ (liquid phase). It is obvious that §=1 corresponds to the condensation point. 
And if we write the densities of gas phase and liquid phase by fg and p, res- 
pectively, the relation between 4,=9,/(¢¢+ pr) and £7/w can be obtained. This 
relation is essentially equivalent to the spontaneous magnetization. In addition 
we may get the equation of state as the power series in ¢ (gas phase) and in 
€-? (liquid phase). 
(iv) Gas Adsorption Phenomenon as Localized Monolayers 

In order to treat of the adsorption phenomenon of gas molecules on the solid 
surface, we shall consider the lattice points on the solid surface as the triangular 
net. Thus from (3) we may obtain the grand partition functions for small ¢ 
(small number of adsorbed moleciles) and for large € (large number of adsorbed 


molecules) substituting 
af?=af fae, Em et W tw kr 
, and ft > y=e"/*?, (33) 
apa > 1 } 


where p is the chemical potential of gas molecules and w is a potential energy 
between two neighboring molecules and W is a potential energy ieee gas 
molecule and solid surface. These grand partition functions are very similar to 
those of the hole theory of liquid without considering free volumes ; 
AQ) H14 S98 +839!) + (2! + 9g 277 + 167") 

+ £4(3y' + 1275+ 77? — 1657" +2497"'— 106") 

+ € (6784+ 217? +214" —171y"— 6547" + ---) 

4-65 (1479 + 427° + 154" — 2587" + --) 

+ €7 (7? +307" + 1057" + 38° + vee) 

+6 (67! + 607" + 2164" + 1-6) +69 (27y" +787" + +++) 

+22 (3y" +8677 + vee) OM (24yP + +++) 


4 §2 (27? + He) SB a (34) 
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A(é-*) = (the same expression as the above one but §—§7"). (34’) 


By the similar discussion as the theory of regular solution, we have the relation 
between the fraction of the sites that are occupied and the vapor pressures of 
regular monolayers. Thus we may plot the curves of the adsorption isotherm for 


several values of 7 (Fig. 5). 


0 0.5 1.0 
—=0 


Fig. 5 


§4. Concluding remarks 


The numbers of various complexions, g(JV4, Vpn, Vaz)’s, were counted by 
means of an elementary method for two and three dimensional lattices. The re- 
sults were used to construct the partition functions for the regular cooperative 
assemblies. For two dimensional lattices many authors have given exact solutions 
in the case €=1. But for three dimensional lattices and even for two dimensional 
lattices when ¢ is not equal to unity, we have still to resort to approximate 
methods, and the result obtained in this article may be used for the checking of 
the validity of the approximations. 

In conclusion, this work is indebted to the Ministry of Education for the 
research grant. 
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Nuclear Excitation by Electromagnetic Interaction 


Toshinosuke Muto and Makoto Tanirujr 
Institute of Science and Technology, University of Tokyo 


(Received September 19, 1950) 
§ 1. Introduction 


Since the z-and p-mesons were recently discovered experimentally in the 
cosmic ray observations and later produced artificially in the laboratory by the 
impact of the charged particle of the extremely high energies upon the various 
kinds of targets, the reliable informations about these new particles have been 
accumulated rather rapidly, thus enabling us to make the detailed theoretical 
discussions of the interaction of these particles with matter. In-fact, the entire 
range of the characteristic processes, in which the high energy # meson passes 
through the matter, losing its energy mainly through the ionization loss, and 
then is captured in the bound states around the nucleus, finally subjecting to the 
spontaneous decay or being captured by the nucleus through the charge exchange 
reactions, has been elucidated to a considerable extent by the thorough theoretical _ 
consideration of Fermi, - Weisskopf, Teller,’ Wheeler, Tiomno” and others.” 
Although the main features of the processes due to the interaction of # meson 
with ‘matter may be considered to be clarified by the mentioned authors, the 
closer examinations reveal that some processes accessible on the basis of the 
present-day theory still remain unattacked so far. 

According to Chang’s experiments” on cosmic ray # meson stopped in the 
plate absorbers within the cloud chamber, there appear the soft 7-rays which 
attributed to the processes of Bohr orbit transitions” of #-meson 


ns from the excited states left after the charge exchange 
sidered 


are reasonably 
and the nuclear transitio 
reaction... The other possible type of y-ray emission, however, may be con 
to be realized from the excited nucleus by the electromagnetic interaction of /# 
In order to decide whether the mentioned process is 
not, it is .required to work out 
ocess and particularly its 
The complications of such 


meson with the nucleus. 
responsible for a part of Chang’s y-rays or 
theoretically the cross section of the mentioned pr 
magnitude dependent upon the energy of #-meson. 

investigation, however, come from the intricacy of nucleonic dynamics. In order 
to make any progress at all, it will be necessary to use some of the nuclear 
model proposed so far for avoiding the well-known mathematical difficulties 
‘involved. For this purpose we have taken, for the following calculation, the 
‘liquid drop model of heavy atomic nuclei, which have been used successfully so 
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far in making clear a number of physical properties of nuclear phenomena except 
for the case of the extremely high energy reactions of atomic nuclei, in which 
case the rather individual motion of each nucleon may be considered to play an 
important role as shown by Serber.? On the other hand, it will be worth- 
while working the characteristic behaviour of the liquid drop model in such a 
nuclear reaction in view of extending the field of validity by an application of 
the liquid drop model to some other nuclear phenomena than the hitherto 
discussed one.” 


§ 2. Quantized liquid drop model of atomic nuclei” 


As is well-known, the nuclear liquid drop is capable of making a rotation 
as a whole, the surface vibration and the volume vibration, of which the surface 
vibration may reasonably considered to be responsible for the soft 7-ray emission 
observed in Chang’s observations from the view point of the energy considerations. 

According to Flitigge,” the Hamiltonian of the surface vibration of a 
spherical liquid drop may be written as 


=£{ |dO/°d e+ A a) =) —2¢°| a, (1) 


where ¢ denotes the mass density of ae 7 its surface tension, @ the velocity 
Pere atial. € the surface displacement, dz the volume element and dS the 
surface element. 


The expansion of the velocity potential and the surface displacement into 
the spherical harmonics eae 


P= sa pS ue > ioe ais Be am puime }P (cos 0) v ; 

l=0 m=-1 

o tf iL} 5 y (2) 
es ma 2 poy Ame? + Oa or te (Cos 0). 


From the boundary condition the following relation is derived: 
d is 
Hp mt Bom Rules (3) 

where £, represents the nuclear radius of the spherical shape without the surface 


vibration, being proportional to 1A. (A=mass number). 
Putting @) into. (1), we get 


4x (dtm)! ,_ © x 
eal slike Psdig eras WC2) {Cham thin ta in) + 


ae ee (Gem Fi Ohin a Dim ym) | ’ (4) 
z 
where 


= 1 (Pmko'/7)/t(Z—1) C—2) }” 5). 
is the characteristic aT ae: associated with the l-st normal mode of vibration 
and p,, denotes the particle density. 
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Making use of the relation 
= Dy m=t Wi Cm 5 (6) 
at 
which is derived from the equation of motion, and fuither the abbreviations 
Z (2241 (l—m)!\"?/2 th ’ 
o; a Ee hig" i i he 
st Kabvetay 2-1 ey Qe ae (7) 
RE Made (14m) | STNG fas 


(=nucleon’s mass). 


Qn 


Hamiltonian (4) may be readily simplified into the following form 


co L 


TBs 3 Ko, (dm O45 -+ 0, aye). (8) 


2=0 m=-—/ 
In order to quantize the surface vibration of the mentioned model along the 
ordinary manner, we shall hereafter introduce the quantum condition 
iors Ariat |= Oru Ocal ’ (9) 
the other commutators being zero. 
On account of (9), the eigenvalue of (8) may easily be evaluated to become 


a 4 
aay S| (Him + 1/2) her : (10) 
Z=0 m=— 


where 7,,, represents the integral positive number including zero value. In such 
a representation, @,, and a,% are well-known to represent the emission and 
absorption operators corresponding to the normal mode of vibration specified by 
Z and m respectively. 


§ 3. Electromagnetic interaction of the nuclear liquid drop model 
with p-meson 
According to the Klein-M#ller’s procedure” in the correspondence-quantum- 
electrodynamics, the electromagnetic field associated with the transition of “4 meson 
' may be described, as usual, by the four vector potential. 


Arh 4p! ae *~ adh \ 
a rs ra 
(p—p')*-(=—) 
é () 
“Ay =477" Sun! op 3? Opp =e (Ppr Pp)» 
om) 


_where p, Z and p’, & represent the momenta and energies of -meson before 
and after the scattering process respectively, @ Dirac’s spin vector, and and 
- . i . 
— %» the spinor wave functions associated with the @ and 7 respectively. 
; Next, the interaction of the liquid drop model with the electromagnetic 
setts | 


Waren 


SES RET GS 
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field (11) induced by the scattering of “-meson may be written as 
R T 2a 
=| iH = \ dp \ sit oat | H'dp (12) 
0 0 0 
=AH,+H,1+ Mets; 
where 4’ expresses the interaction energy density, 


Pee EA oo has P Arch : ‘ho Rh? 
At Oe (ED) 


p and ¢=pv=—pV® being the charge and current density within the nucleus 
respectively. 
The substitution of (2) into (12) and (13) gives 


1 (Papn) VP +c(drihp) }, (13) 


fo} i 
H= >) > Ki Gr (cos 0) Le? ay tes” aX} (us tty): (14) 
7=0 m=—1 


Gy 8 
AM, .= Sis {—Kinv =m) (<—m—1) Om+1 gtimtlye! de 


7=0 m=—1 


+ KY C+ m) + m—1) Ong eee ay Ss} Gui (te— ity) Hy), (15) 


{+ Kin V (L4m) (L4m—1) Ons 0 a 


—KiaV (Em) Fina) Gp etme a2} 5 (a, ity ug), (16) 


© Tt 
f1y2= 21 UKE m) (+m) O”, (cos 4’) [eam teen a, It (ti; Ce Up) y 
(17) 
where 
KiS1 | lands 
; OYE 6 RE Tab (18.1) 
Kids 2, =~3/2 = 
Ks ie) 58 OF > RO a Aip@), (18.2) 
e W+1 (l—m)! |? on 
67" (cos a”) =| - en PP,” (cos), (18.3) 
d—=p—7, g—!alRo e=E—-E’, ¢a**, (18.4) 
h he 
{pr Jer 
Goss e I, Pot =Upy € ‘ (18.5) 


Since (14), (15), (16) and (17) are seen to involve linearly the operators 
Gm and am, the electromagnetic interaction (12) may be considered to induce 
the nuclear excitation accompanied by the inelastic scattering of “-meson. 
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§ 4. Cross section 


The scattering cross section of “-meson accompanied by the nuclear excita- 
tion may be readily evaluated by the ordinary method in the perturbation theory, 
in which case the square of the scattering matrix element is to be averaged over 
the spin of the incident meson, and summed over both spins of the scattered 
meson and the quantum number m. 

Thus, we have, denoting the final state density by px, 

dW== 3} LS IGAIYE oe (19) 
Rim ~ QD wit 
Peon spin 
for the differential probability for the mentioned scattering. 
s Expressing by do, the differential cross section of the p-meson scattering 
accompanied by the excitation of the /-th normal mode of surface vibration, we 
have, from (19), 


—6n(2Z\ (Re \(L\ REE 241 (mY 
n° et) 3 12-1) FFE ek GD: ee 
K@OD =AKCD + EVLD) +E D+KWLD}, (20') 


where XK"! and X'!! correspond to the scattering without the spin change, while 
K'' and K‘! the one with the spin change. Further, we obtain 


oe ee 2 O/—1) ser tm 
ENG) +k") = ae ge | 2 37+ qd m) OF (cos 6) pig 


2 Wiper ey tool aa! FF 2 
—V2—n? On, (cos 6’) (+B) 7 +2( = EA (Bu! + P— Pq cos W) 


+21,/%7—1( 2 )z 31 O” (cos 6’) { pp’ + P— Pg cos 64/3 4U—m) 6P(cos Op 


2/+ 1 
—VP— nt? Om, (cos 0) (A+ D7, (21) 
and 
| K"2,94+K"Z97) = =f val C+) (d—m+1) O7-'(cos 0) pg 


—V(l+m) (l+m—1) 0m5' (cos 9’) (A—-F’) ral 


+ ie m)(L+m—1) O7*'(cos ") ng 


— VU=m) G—m—1) 9%5"(cos 8) (2-F’) all 
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42 fy ea at (£)unm sin 0’ O07 (cos 6) x 


x SN (<—m—1) 67-"(cos &) 
VV 274 | 


+ V (l—m) (¢+m—1) 97*"(cos 0") |pa 


—| vem) (2+ m—1( O75' (cos 6”) 


+7 = my 0 =mad) Os 0”) |@—2) 2, (22) 


where 
G=(£ + f°—277' cos 6,,)'", JGcos#=p—F' cos G,, (23) 
pores, ware,  yHho, (24) 
c 
na he. ea 2 +&, ¢ 2 (24’) 
h h he 
p= PR, ; BaE*® ’ Srv pee (25) 
h he 
PAP fo Ete eg — Bln iesh Tae (26") 
h he 
A=mass number, Z=nuclear charge, (26) 
M=nuclear mass, M’=meson mass=2107, . (26’) 


Integrating do, with respect to the direction of the scattered “-meson, we 
get for the total cross section, 


Py eG) ‘p+p! 
a= 120{< Z (&& \e)e bye SE) aes »KG9)dq. (27) 
Me PF 42—-l)JeanFG— 

The integral in (27) can not be expressed by ey analytical functions 
but its evaluation is forced to be carried out by the numerical method in which 
the characteristic properties of the scattering nucleus should be actually specified. 

‘We, therefore, shall work out the mentioned cross section for the case of Pb” 
nucleus, since the liquid drop model is well-known to be safely valid for the 
heavier nuclei (4 > 50). 

Inserting the value of the surface tension 7, derived from the mass formula 

of gPb, the energies of the excited states belonging to /=2 and /=3 become 
e,=1.09 Mev (¢=2); 

and e212 » (==3), (28) 

respectively. Using (20) and (27), we have evaluated numerically the angular 

distribution of the scattered meson and the energy dependences of the total 

cross section, which results are shown graphically in Fig. 1 and 2. 
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§4. Discussion of the results 


As seen in Fig. 1, for the inelastic scattering of #-meson accompanied by 
the 7=2 mode of surface vibration of the liquid drop model, there appears the 
maximum intensity in the direction of about 10° with respect to the incident 
beam and the scattering in the larger angles decreases rather slowly, thus the 
appreciable amount of intensity being still remained in the large angle scattering. 
Further, the forward scattering is seen to become rather predominant with the 
increase of the #-meson energy. With the increase of the energy loss of #-meson, 
the backward scattering associated with the excitation of the /=3 mode of surface 
vibration is found to become of appreciable amount in contrast to that of the 
former case. These states of affairs in the angular distribution of “-mesons are 
clearly seen to be in sharp contrast to those of the inelastic scattering associated 
with both atom-excitation and -ionization process, which are evaluated by putting 
the “-meson mass in place of the electron mass in the ordinary scattering formula 


valid for the electron.” 
Fig. 1 
Angular distribution of the scattered 4 mesons 
(scatterer = Pb07) 
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4 Fig. 2 The magnitudes of the 


Total cross section of the inelastic total cross sections and their 
scattering of the # mesons 


(scatterer=Pb07) 


energy-dependences are des- 
cribed in Fig. 2. The main 
features of the total cross sec- 
tion dependent upon the energy 
of incident #-meson are that 
the predominant maximum 
makes its appearance at some 
energy a little higher than the 
threshold one and, after reach- 
ing the maximum, the cross 


60 


section decreases rather mono- 
tonously with the incident 


ec ¢=3 Excitation (A=10™) 
energies. The magnitude of 
the cross sections for several 
MeV of incident energies are 
found to be of 10~*%cm?* or 
10-* cm* according as the 


7=2 mode of surface vibration 


[=2 ¥ixcitation (A=10*) 
20 
or its 7=3 one is excited. In 
this connection, it should 
be remarked that, for the case 
of the excitation and ioniza- 
8 tion of a valency electron of 

Incident energy (in MeV) the neutral atom by the p#- 
meson impact, the cross sections are shown, for the incident energies of 1 MeV 
from 7 MeV,9 to become of approximately 107%cm?~10-"%cm? and 10-%cm?~ 
10~*"cm? respectively, which values are found to be extremely large compared 
with the cross section of the nuclear excitation by #-meson impact under 
consideration. We, therefore, may conclude that the nuclear excitation due 
to the electromagnetic interaction of #-meson becomes of less importance in 
comparison with the ionization process for the relatively low energy region of 
mesons, particularly taking into account the relatively low accuracy available in 
the cosmic ray measurements. 


§ 5. Inelastic scattering of protons” 


The differential and total cross sections (20) and (27) of the inelastic 
scattering accompanied by the nuclear excitation will be effectively valid for 
protons by the replacement of “#-meson mass J’ by the proton mass since both 
#-meson and proton are known to be described by the spinor wave functions and, 
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Fig. 3 
Angular distribution of the scattered protons and its total cross-section 
(scatterer=Pb07) 


= un 
a bo 
» : a 
-N ; dy 
x QQ 
aS q s/s 
Fr e 
~ 
i 
w 
y 150 
: 
= 


3.0 MeV 
(A=8.29 10") 


2.0 MeV 100) 
(4=1.00= 10" 
a 6 8 
Incident Energy (in McV) 


UOT}V}IONY Z=7 0} Burpuodsarzs09 (;u19) 
WOI}e}IOXa E=7 0} Surpuodsarz1090 


25McV (£=1.54x 10") 


50 


3.0 MeV (8=1,12 x 10") 


ae 4.0 MeV (B=8.81 x 10M) 


Ce 


Se 


0 45? : 90 135° , 180° 


Angle of scattering 


further, the mutual interactions with the nucleus here considered are restricted 
merely to be of the electromagnetic one. We, therefore, have worked numerically 
the angular distribution and the total cross section of the inelastically scattered 
proton by Pb’, which results are shown graphically in Fig. 3. On account of 


the different range of the permissible energies and momenta according to the 


tion laws, the characteristic behaviours of the angular distribution of the 
protons are clearly seen to be quite different from those of the scattered 

In fact, the remarkable features of the former may be considered, as 
to lie in the predominant forward scattering and, further, the 
intensity in a direction of 


conserva 
scattered 
j-mesons. 
seen in Fig. 3, 


appearance of the second maximum of scattered 


relatively large angle in addition to the sharp maximum in the small angle 


“direction in the case of the excitation of /=3 mode of vibration for the incident 
" energies of 3.0MEV .and 4.0MEV. It should be remarked that the second 


wei we 
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maximum in the scattered intensity seems to increase in magnitude with the 
increase of incident energies of proton. The total cross sections for the proton 
scattering are roughly 10 times smaller than those for the p-meson scattering 
and their energy dependences are seen to be quite similar qualitatively to those 
of the “#-meson scattering. 

Now, we have already a vast experimental observations of the inelastic 
scattering of protons by atomic nucleus, a large part of which may be considered 
to be mainly caused by the proper nucleonic interaction, providing the useful 
informations about the quantum states in the nucleus. In such experiments, 
therefore, it seems to be hardly possible to discriminate the inelastic scattering 
due to the electromagnetic interaction from that due to the proper nucleonic one, 
which situation makes it quite difficult to make a reasonable comparison of the 
present computations with the experimental observations. The most favorable 
condition of experiments to observe the scattering process under consideration 
may be supposed, from the theoretical side, to prepare a proton beam of suitable 
energies sufficiently below the Coulomb barrier, which, in additioa, are required 
not to lie in the resonance region of the nuclear levels. In view of the above 
situations, therefore, the detailed-analysis of the inelastic scattering of protons by 
the nucleus shall be reserved in later occasion. 

The present work has been supported by the Scientific Research Expenditure 
of the Education Ministry. 
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In the quantum mechanics of atoms and molecules, many eigenvalue problems are solved in good 
agreement with experiments. While, in the quantum mechanics of wave fields, the problem is so com- 
plicated because of its infinite degrees of freedom that we had to abandon the hope of obtaining the solution. 
The recent vivid development in the quantum electrodynamics had brovght brilliant informations on such 
problems as scattering, production and capture. These calculations are essentially based on the S$ matrix 
formalism)2) and shows the usefulness of the concept of S matrix, in which it is assumed that the 
interaction is switched on adiabatically in the remote past and switched cff again adiabatically in the 
remote future. And as its result, the kinetic energy and momentum of the total system is conserved. But 
in some respect, the use of S matrix in the eigenvalue problem seems to be inadequate, since the truly 
conserved quantity should be the total energy including the potential (or interaction) energy, but not the 
mere kinetic energy. This fact seems to show us that the total energy is not an adiabatic invariant, and 
we should not use the concept of “ remote past or future” in the eigenvalue problem. 

In this short note, we discuss how to formulate the problem, and how the qualitative nature of the 
eigenvalues will be. And in this problem, it is pointed out that we should always carefully doubt the 


properties of operators if they are surely hermitian, surely unitary. - 


§1; Formulation 


The eigenvalue problem of the wave fields can be formulated in a covariant 
way as the natural generalization of the problem in the ordinary quantum 
mechanics. Such a formulation is desirable in order to clarify the Lorentz 
invariant character of the eigenvalues. From now on we always employ the 
interaction rep-esentation for this puipose. 

The ‘notations used are as follows: 

= (4,98, 2) gs (Kp (Hii -00)s 
dX=daidvdv'dx', 
dF, = (dx'di'dx', dxtdvdx, dx'di'dx', dx'dx"dx*). 

The distinction between cogradient and contragradient suffices enables us to 
use only real variables and not to pay attention to the operators whether they 
are hermitian or anti-hermitian. As for other vectors, the same distinction should 


be understood. 


(a) The energy momentum operator 
The total Lagrangian density of interacting fields is separated into two parts : : 


L=L,+L;, 


AT eS 
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where Z, and Z, refer to the free and interaction parts respectively. Then the 
canonical energy momentum tensor of free fields is given by 


¥ L 
Ti= | PSs OL, a 5 an 5 0 dh | 


Ox* a( pean 
a Vw . OL; = OWL, 
B @axt OV ) 
Ox” 


where U,U* and V represent the charged and neutral fields wave functions 
respectively, and we. have the following divergence equation : 


OT /Ox= 


As the immediate consequence of the above equation, the energy momentum 
operator §8° of free fields defined by the following equation does not depend on 
the choice of the space-like surface C. 


Cc 
w=] TdF, (1) 
Since §8° is the displacement operator® in the interaction representation, we have 
for arbitrary physical quantity S(XY) or U[C] 
i oO 
[B.", SCX) J=—— SCX), 
ant 


(2) 
: visgivENtey 2 
[B,°, v[c}\==] ves 


where it must be noticed that the operator U[C] should be completely determined 
by the field quantities in the neighbourhood of the surface C. 
Now the total energy momentum operator ‘$8, is given by 


BB+ |X) dF ys - 4 (3) 


where H(X) is the interaction Hamiltonian density. According to the conser- 
vation law,” it satisfies the following equation: 


AB. 2 7 Ss 
er Lacy HOO =O oO 
‘Solving (4), we have | 
BALCIHTIC, Co] BLO] TIG CT", (5) 


where 7[C,C,] is the generalized transformation function defined by 


laxt ACX)}7IC, Cl=0,. Li Gintea lee 


Note on the Eigenvalue Problem in the Quantum Field T. heory 39 


(b) Stationary state 


The stationary state in the ordinary quantum mechanics is defined as the 
eigenstate of the Hamiltonian: (W—Z)¢=0. 


As its natural generalization, we define “the stationary state” relativistically as 
the eigenstate of the energy momentum operator , i.e. 


(P—p)¥ p[C]=0. (6) 


This is a simultaneous eigenvalue equation and is compatible with each 
other because of the commutation relation : 


(B. B1=[4e,f ar[ (y+ 48 


) > 4 z x 


ene lee 

; A(x") +49 |=, 
since the Poisson bracket in the integrand vanishes so long as the integrability 
condition is satisfied. Moreover (6) is compatible with the generalized Schrédinger 
equation by (4). Our problem is to obtain the eigenvalue p. 

In order to solve this problem, we assume two postulates : 
Postulate (1). Though the state vector space ©, the set of all state vectors, is @ 
continuously infinite dimensional space, we can apply the theory of Hilbert space. 
Postulate (JI). $8 zs an hermite operator, and its eigenvectors form a complete 
system in the space ©. 

Since the operator [C] changes only by an unitary transformation for the 
deformation of the space-like surface C, its spectrum of eigenvalues does not 


depend on the surface C. 


§2. The case of free fields 


In this section, we will solve the eigenvalue problem of free fields, which, 
though at first sight seems to be trivial, is very instructive for the further purpose. 
When there are several fields qwithout interaction, the state vector space © 


is given by the direct product of individual ones: 

G6=C'x G*x.--x 6", 
and the total energy momentum operator is the sum of individual ones: 

P= PO 4 PO 4 +P”. 
The operator $8, the energy momentum of the s-th field, must be written in 
the strict sense of the word, as follows: 

BO = TO x Tx. X PX XI, 
where I® and 9° are the unit and energy momentum operators in the space 
GS, respectively. The eigenvalue problem of the free fields is characterized by 


the following equation : 
(P'—p)1=0, 
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which is separated into eigenvalue equations of individual fields : 


(Bp) =0, 

with 
fsa UF ie 009 6 tied Gi a (7) 
To discuss the eigenvalue problem of an isolated field, we will illustrate by 

the electromagnetic and electron-positron fields. We begin with the definition of 
the vacuum state. According’ to Schwinger®, the vacuum 7,° of the isolated s-th 
field is such a state for which the eigenvalue of any time-like component of the 
energy momentum four vector, is an absolute minimum. And as was’shown 
by him, the vacuum expectation value of the symmetrical energy momentum 
tensor is of the form: 

(Or )o=K 0". 
and therefore 


64 Cc 64 
(B,)o=| (7) aF.=| (6,2) iF =| KadF,. 
In the case of the electromagnetic field, we fortunately have K=O, and it yields 


33°, =0. 
In the case of the electron-positron field, however, the c-number XK does not 


vanish and, indeed, is divergent. 

There can be no objection, however, to altering the definition of the energy 
momentum tensor by the addition of a suitable multiple of 0,’, which is so chosen 
that the vacuum expectation value of 6,’ is zero, as stated by Schwinger. The 
same procedure is applicable to the other kinds of fields. 

And the altering does not change the content of this paper, since only 
commutation relations are utilized. 

With this understanding, we always have 

Byo°= 0. (8) 
Then the total vacuum is given by 7=y,)'y,°---y”. 

Since the vacuum is the minimum energy state, the eigenvalues of any time- 
like component of 8° are never negative, i.e., 120. And since the vacuum state 
is unique, a state with the eigenvalue g'=0 must be the vacuum, for f'=0 
requires p=O. 

After defining the vacuum state, we will proceed to the eigenvalue problem 
in the s-th field. This field is considered to be an ensemble of particles with 
the definite rest mass, spin and charge, and the wave function to be the operator 
creating and annihilating the paiticles. So that the Fourier component of the 
wave function represents the operator of creation or annihilation of a particle 


with definite energy-momentum p, and charge state, spin orientation expressed 
by a symbol 4. 
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Now such a creation operator as mentioned above be d* (p,), then it satisfies 
the following commutation relation: 


Bo" (p.) |=pie* (p,), (p,°+m’?=0). 
Let 7° be a state defined by 
=O" (Dr) O* Dy )O* (Dir) Yo" 
then by the above commutation relation and the definition of the vacuum, we get 
Bix = B (O* (9.) o* (Dh) +70") 
=[B%, O*(a9.) 0% (Dir) ++] 10° + 8* (Da O* (Di) «0 CB 0) 
= (XI Pa) (5* (pi) o* (Dy) 40) = (I Dav: 


Thus the eigenvalue problem of the s-th field is completely solved, and the 
eigenvalues and eigenvectors are 


PHP, C=O (Di) (Dy) Ae 


The state vectors {y*} will form a complete system in the space © for the 
various choice of py,’s. 

As for the total free fields, the constrtiction of the solution from the above 
_ results and (7) is a ‘trivial work. 


§ 3. The case of interacting fields 


In order to discuss the eigenvalue problem of interacting fields, we construct 
a transformation operator U[C], which is not unitary but useful for our case. 
The operator U[C] is defined by 


ro) og c C(X1) OX 1) 
ulcl= 3 (=*) | ax) aX | XA) HX) HX), (9) 
n=0 
where the volume integral j“¢X should be performed in Tati-Tomonaga’s sense”, 
but not from —oo to C. That is, expressing the integrand by Fourier integral 


G(X) = G (Ie) (db), 


we define the volume integral by 


| ax: G(X) = | | (db) G (ke) et. (ke = hh) 


k 


The operator U[C] satisfies the following functional differential equation as easily 


be shown 


cee oe ee 
{2+ Se) }oICl=0. | 1 RY 
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Combining the equations (2) and (10), one obtains at once 
c 
DB. ULC =— (| a 2(X) OIC} (11) 
This equation is considered to be the relativistic generalization of Méller’s 
equation® : 
TW-WV=VF, (12) 


where W,V and ¥ are the kinetic, potential energies and wave matrix, and 
correspond to §,°, jdF,H(X) and U[C] respectively. The equation (11) is 
satisfied by various choice of the operator U[C], and in fact, it is possible 
to construct a solution which satisfies the outgoing wave condition from 7[C, Cy] 
by a suitable averaging with respect to the surface C,”. 

Thus a complete correspondence to Méller’s S matrix theory is possible, 
but we will not discuss it here since they are out of our question. Here it must 
be remembered that U[C] is completely determined by the neighbourhood of the 
surface C, for the operators which does not satisfy this condition (11) is no 
more valid. For instance 


(Be, 716 Gli=—(| dF, H(X) )TEC, G+ TUG, CM) ex )). 
By the formula (11), one easily obtains . 
BICIWIC]=B,01C]+([ae(X)) VIC] 
=[B", UIC]]+ 010] B+([ aX) CLC] 
=—( | dFH(X)) U[C]+U[C| B,-+ (\ar,77(x)) U[C] 
=U[C] 8," (13) 
It is interesting to compare (13) with the following relation : 


BulC] TLC, GI=T1C, C] BCI. 


Now it must be noticed that the operator U[C] has not its inverse U Gee 
which is defined by 


| ULCl"U[(ClaJ{(C\o(cpP=h 
If there were such operator U[C], then by the following identity derived from (13) 
U[C}"B,LC] U[C]=%,", 


we have the complete information on the spectrum of 98,, that it is identical 
with the case of free fields. But as will be demonstrated later, J, has eigenvalues 
that $3," has not, so the existence of U [C]" is fictitious. As the eigenvalue 


Note on the Eigenvalue Problem in the Quantum Field Theory 43 


problem of the free fields is completely solved, we will utilize its solution, the 


eigenvalue g and the corresponding eigenvector Yp, i.e. 


(P'—p)xp=0, (14) 
especially we know 7‘ = 0. Now put 
¥ pLCJ=U[C] xp, (15) 
then from (13) and (14), we get 
(PLC]—p) ¥ p[C]=0. (16) 


Therefore, so long as ¥p[C] does not vanish, ¥p[C] is the eigenvector of % 
corresponding to the eigenvalue p. . . 

The equation (16) shows that the energy momentum operator S8[C] of inter- 
acting fields includes the eigenvalues identical with the free fields. 

The eigenvector of the hermite operator $8[C] are orthogonal to each other, 
so if there were such a state vector as 


U(C]z=0, (17) 
then from the completeness of the set {yp}, y is expanded as 
L= a) x: 


and 
U[C]y= Dap) ¥ oC); 
therefore, there must be eigenvectors 7p satisfying 
U[C]zp=9, (18) 


because of the orthogonality of ¥’s. 
Let the set of state vectors satisfying (17) be ®,, i.e. 


R={x|T[C ]x=0, xeS}, 


then y’s satisfying (18) are the bases of the space R. The space © is decompos- 


ed into two subspaces R, and R,: | 
G=R,+R,, Ri LR. (19) 


It seems to us that G6=, and R, is a null set, but it is not proved yet. 
It is clear that G=M, for the free fields, since U[C]=1 in this case. Thus we 
get the eigenvectors Y's, by the transformation U[C] on y's belonging to the 
space ft, Now the set of linear combinations of %’s obtained in (15) be W,, i.e. 


Wav |PHU(C)y 16S or Ri. (20) 


If the interaction is absent, YW, coincides with ©, but not in the present case. 


- So we will decompose © into two subspaces 9, and YW, analogous to (19): 


avy 


S=B, +B, WLW. (21) 
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. . . * bd te 
As will be shown later, ¥8, is an infinte dimensional space so long as the inte 


action is present. i; 
With the help of these subspaces, U(C) and PB, are expressed as follows: 


(RR) (B,)  (B) 
vio-a FG 


(W.) 


(W2) 


We have obtained the eigenvalues of $8 belonging to the subspace Y,, but 
the part to YW, is not diagonalized yet. 
For YeMW,, yeS, we have 


(¥, U(C)yx) =0. 


Therefore immediately we get 
(U'(C)¥, x) =0, (23) 


where u'(C) is the adjoint operator of U(C). Since y is arbitrarily chosen, we 
get from (23) 


U'(C)’=0, for TW, 
If we define A and MW by 


A=U'(C)U(C), M=U(C)U'(C), 
then A and JM are the unnormalized projection operators of the subspaces R, 
and %, respectively and intimately related to the normalization of the operator 
GLC). Lhey satisty. 
(A, B°)= (M, B) =0. 

Next we will try to prove the existence of the subspace ¥,, or the non- 
existence of the operator U(C)™. 

Consider the vacuum state 7° defined in § 3, 

Ny =U: (25) 

Then it is clear that 


Bu=(B+) dkHX)) w=("aRH(X)) 1X0, (28) 


since /7(X) involves creation operators. 
If XX, were a null set, then { 


 p C]} form a complete system of 6, and ¥5 
can be expanded in ¥’s: 


= DV aP?[C] Fpl C]. (27) 
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For a Hamiltonian density H(X) which does not involve the normal dependent 


part, we have in general 


(ATS yo (Yo AX) %) =0. (28) 


The proof is restricted only to these cases. 
Combining (25) and (28), we get 


(Lo Bo) =0. (29) 
Inserting (27) into (29), we have 
x Plap[C] F pL C]|"=0. (30) 


But since ~* 2 0 for ,, it is necessary to assume ap[C]=0 for ps0. So we 
know 
H=a[C] PLC], 
and therefore 
y=, 

which contradicts to (26). This result means that YW, is not a null set, and 
(30) requires the existence of the eigenvalues 7’ < 0. 

So let an eigenvalue with ‘<0 be p, then from the Lorentz invariance of 
the whole theory, Zp is also an eigenvalue, where Z is an arbitrary Lorentz trans- 


formation. 
For instance consider the following transformation : 


with B//p and (8 p)>0. Then we readily see 
0 >f >p". 


Continuing such processes, we know that there are infinitely many states with 


| negative energy which do not belong to VW. 


This fact shows that the subspace YW, has really an infinite dimension. In 
the above discussion, we have utilized the Lorentz degeneracy of the eigenvalues. 
In order to obtain the energy levels of bound states, however, we should solve 


the eigenvalue problem of the rest mass of a given system rather than the 


=) Ee ES 


energy eigenvalue. In short we must solve 
(p'—p') ¥ =0, 


with the additional condition 


pu y=0, 


“which enables us to get rid of the Lorentz degeneracy, and corresponds to the 


separation of the freedom of the centre of mass. 


s 


46 K. NIsHIJIMA 


§ 4. Canonical transformation 


In the previous section, we have discussed the general features of the 
eigenvalue problem, but when we proceed to actual problems, a concrete method 
is required. The most important and familiar one is. the method of canonical 
transformations. P 

So we give here a theorem useful for practical purposes. 

Theorem: Ifa pa operator S[C] satisfies the following two conditions : 


(1) ster(s = eae LHX), 


a) 
aes 


then the following formula is obtained : 


Ome sufi S{cl, 


Ster(B.'+ [A 4aF,) S[Cc]=8,0+ J ” A(X) dF. 


(proof) 
SLEW (B+ | AX) a) SICIHB.+ SICH TB, SICH 


“ {9 S[C}"H(X) S[C] 4h, 


=3,'+ aF,(45 tale et +S(C}'H(X)S{C]) 

=, + Penidscries ele ey: se) + Ster 'H(X)S{C}} 
=3'+ [def SIT (P54) sicl-4 | 

=Bi4[ ako +H) —F P| y+ [dk AD. QE 


An example of such a unitary transformation” is given by 
v7 Cc 
Sf[C}Sexp (4{ H(X)dX). (31) 


We do not suffer from the pole 1/k° in Tati-Tomonaga’s integral in this case, 
since the first order Hamiltonian causes only virtual processes, so that {°AT (Xx) dX 
is heimitian and S,[C] is unitary. 

Though at first sight it seems possible to eliminate the interaction Hamiltonian 
by successive canonical transformations, it is indeed impossible. For if it were 
possible, 48 will always has the same eigenvalues with 8°, in contrast to the 


¢ 
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result obtained in the previous section. 


For instance, the ordinary canonical transformation® applied after the previous 
canonical transformation SiC] is 


2¢C(X) C( XT) 


SC ]=exp {-* ax’ (a "(X), H}}. (32) 


The application of this transformation to unbound states would be valid, but no 
more valid to bound states, for the integral contains the pole 1/K? and the 
transformed Hamiltonian can cause real processes. 

What we must notice here is the word “bound state”? which should be 
understood as a state belonging to a discrete level of the rest mass. Therefore 
in the strict sense of the word, S.[C] is not unitary and the unitarity is destroyed 
in the bound states. 

In general careless use of an incorrect canonical transformation gives up the 
bound states. The reason why we couldn’t obtain the bound states by the use 
of the operator U[C] is thus clarified. 
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Note added in proof In the former part of section 4, we have concluded that the energy 
momentum four vector includes identical eigenvalues with the free case, but in order to obtain 
the correct level shift due to self energy an attention should be paid to separate the total 
energy momentum, The correct separation is 


C Cc 
Bu=(Buo+ | diy EZ seif )+ | ime Zee?) aku. 


Thus Hint —H seif must be employed in the integrand of the operator U/(C) and free parti- 


cles have renormalized masses instead of bare ones. The author is indebted to Mr. G. Takeda 


on this point. 
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The effects of nuclear motion on the energy levels of the hydrogen atom are studied by means of 
the relativistic 16-component wave equation. The former works of Breit and Brown and of Breit and 
Meyerott are rearranged at first from a somewhat different point of view. Next, it is shown that the original 
16-component wave equation is reducible to a two-component radial equation in special case that the total 
angular momentum J” vanishes, and the latter equation is solved by expansion -in power series in B(= 
m|[M). 1n general cases in which F is not zero, only expansion of the equation in power series in a? 
(a=e?/c%) enables us to solve the equation successively. This procedure is essentially equivalent to that 
of Bechert and Meixner, but the process of approximation seems to become clearer in our treatment 
and some refinement in results is obtained. The result for the correction due to nuclear motion -on the 
fine structure is shown to be in close agreement with those of former works. The correction factor for 
the hyperfine structure splittings is given by (1+ )-% as usual for the two extreme hyperfine components 
jult+s, F=l+1 and j=l}, F=/-1, but is shown to be given by a new factor (1+f)-? for the 
other two components j=/+}, #=/. Experimental proof of this factor would be very difficult, however, 
because the term responsible for this correction factor is absent in the energy expression for s terms, so 
that this appears only for the components of non-vanishing / terms. Finally some considerations are given 
about the validity of our results, with special reference to an iterated term of Breit’s interaction Y. 


§1. Introduction 


The effect of nuclear mass motion on the energy levels of hydrogen atoms 
was first studied by Darwin” as a prequantum-mechanical, problem and later by 
Bechert and Meixner? and also by Lowen” by quantum mechanical method. 
Recently after discovery of the Lamb shift, and that of the discrepancies of 
experimental value of the hyperfine separation of the ground state of hydrogen 
with theory”, more accurate determination of the fine and the hyperfine structure 
has become of great importance. In connection with this, Breit and his collabora- 

“tors°- have re-examined the problem and carried out similar calculations. Though 
it -has been proved that the Lamb shift as well as the discrepancies of the hyper- 
fine separation can be essentially explained both from the new quantum-electro- 
dynamical point of view, by taking interactions with radiation field into considera- 
tion, it is still important for strict proof of the theory to give an answer for the: 
two-particle problem without such modification as accurately as possible. With 
this purpose we have made also similar calculations to those mentioned above 
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-and obtained some refinement in the former results. This paper gives the proces- 
ses and the results of our calculations, clarifving their relation to other works 
especially with regard to the process of approximation. Before entering our work, 
however, we shall summarize the results hitherto obtained. 

Darwin” derived in his paper in 1920 an expression for the retarded potential 
between two charged particles accurate to oider 7%z,/c? relative to the Coulomb 
potential, where v, and v, are the velocities of the two particles, and applied it 
to calculation of the hydrogen spectrum by Sommeifeld’s old quantum theory. 
His result gave, as a correction for the non-relativistic Rvdberg energy; the Bohr’s 
simple reduced mass correction factor (1+/)7', where B=m/M, m and M are, 
respectively, the masses of an electron and a proton, and besides, though he could 
not give, of course, the correct fine structure of the terms, an additional energy 


expressed by 


Soa (l) 
873 (1+/) 


in units of mc*, where « is the fine structure constant and # is the principal quan- 
tum number. This additional energy is of the same order as that of the hyper- 
fine structure splittings as seen below, but depends only on the principal quantum 
number. This energy shall be called the “ Darwin’s term” hereafter. Later in 
1935 Bechert and Meixnei” calculated the effect on the fine structure and found 
that it was also representable by the reduced mass correction factor (1 +) with 
an additional energy equivalent to the Darwin’s teim, though they neglected 
terms of relative order # and of higher orders. Their calculation was based on 
the reduction of the relativistic 16-component equation for a proton and an elec- 
tron to a 4-component wave equation, including Breit’s interaction Y which isa 
quantum mechanical equivalent to the Darwin’s expression ie the retarded sasels' ye 
tial (see below). Lowen” staited also fiom the same equation, but he applied 
the so-called “‘ large component” approximation only to proton Bisa ceancy 
the equation to 8-component in place of 4-component equation. Be calculation 
4was not, however, carried out far enough to deduce any conclusion about the 
fine structure and the hyperfine structure of hydrogen. . 
The calculations of Breit and his collaborators developed since 1947 also lie 


in the same line as that of the Lowen’s. The effect on the fine structure was 


calculated by Breit and Brown” by method of taking the expectation value of 


that part of the interaction Y which is independent of nuclear spin, after reducing 
the equation to 8-component equation. They discussed the validity of mice 
proximation from various view-points in detail, though their result obtained 
to the first power in # agreed entirely with those of Bechert and Meixner and 
of Darwin. The effect on the hyperfine structure, on the other hand, was cal- 
culated by Breit and Meyerott”® by taking, this time, the remaining part & yy 
“which depends on the nuclear spin and was found to be represented by a correc- 
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tion factor (1+f)7* oz, on account of the validity of approximation, by 1—32. 
Comparison of the theoretical value of the hyperfine separatioa of the ground state 
of hydrogen with experiment has been actually done by taking account of this 
correction factor and experimental values of the fine structure constant 4 obtained 
from it has been discussed by Bethe and others”. Recently Breit, Brown and 
Arfken® have improved the former work and discussed a higher order effect ap- 
peating except for s terms. 
In the next section of this paper the calculations of Breit and Brown® and 
of Breit and Meyerott” are rearranged at first from a somewhat different point 
of view and shown to be equivalent to a second-order pertuibation calculatioa. 
In §3 the 16-component equation including the interaction Y is reduced to a 
dimensionless form for future reference. The eigenfunctions of the angular part 
corresponding to a given total angular momentum /, JZ, are constructed and the 
matrix elements of the angular part of various operators are obtained also for 
future use. Actual elimination of the angular part from the equatioa is carried 
out in §4 for special case /=O and each of two iesulting radial equations with 
four components, each corresponding to the #1), or 5%), state respectively, is shown 
to be reducible to a new equation with two components. The latter may be solved 
easily by expansion in, power series in # for both cases; the first order pertuzba- 
tion energy is obtained up to the order u’, being in accord with former results. 
In §5 the 16-component equation is solved for general values of F successively 
by expansion in power series in «. The equation in the zeroth approximatioa 
reduces to the Schroedinger equation with reduced mass w/(1+/) and energies 
of order a* are obtained in the next approximation. This procedure of approxima- 
tioa is essentially equivalent to Breit’s general reduction™? of 16-component to 
4-component equation and hence our results also agree with that of Bechert and 
Meixner or of Breit and others, though these are restricted in the first power 
of 8. The process of approximation, however, seems to have become more obvious 
in our treatment, and besides, effects of order $ and of higher order neglected 
in Bechert and Meixner have been evaluated rigorously, as well as the perturbation 
energy between different hyperfine components. The result for the fine structure 
gives the simple reduced mass correction factor (1+/)- rigorously, i.e. with 
no approximation regarding the entrance of #; that for the hyperfine structure 
gives also the correction factor (1+f)~ in agreement with Breit and Meyerott 
for the two hyperfine components 7=/+4, F=/+1 and j=l—4, F=l—1 \ofea 
given term, but a different factor (1+ )~ for the other two components j=l +h, 
f=1. This latter factor, however, comes out of a te:m which disappears in the 
energy expression for s terms (=0), so the hyperfine separation of the ground 
state of hydrogen, or generally, of every s state is not affected by this asymmetric — 
factor, being given for the component 7=4, F=0 also by the factor (1+) or 
1—38. The term in question which is proportional to #° has been neglected in 
| Bechert and Meixner. This effect corresponds to the one called “ special mass 
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effect’ by Breit and others”. For s terms, in fact, special treatmeat is necessary 
in the calculation by expansion in a? and this modification of theory is shown in 
the last subsection of §5, actually giving the symmetric factor (1+/)~* for every 
component of s terms. 

In thé last section the validity of approximation in our calculation is discus- 
sed with special reference to iteration energy of Breit’s interaction Y which has 
been omitted throughout in our calculation. The effect of the asymmetric factor 
on the hyperfine separation of terms with non-vanishing /-value is mentioned 
briefly. 

In Appendix the hyperfine structure formula for hydrogenlike atoms is derived 
by regarding the nucleus as a fixed dipole for a Dirac electron. Our derivation 
seems to be more general than that of Breit and others®™ 
requires no modification for s terms. In the first subsection (A-1) a few pre- 
parations for this are made. 


, especially because it 


Notations 


c=velocity of light, 

%=Planck’s constant divided by 2z, 

e=electronic charge, 

m=electronic mass, 

M=mass of proton, 

B=m/M=1/p, z=1/(1+ 8), 

u=e/ch=fine structure constant, 

a=’ /me’=Bohr radius, 

., 2.; 2y, Py= the Dirac’s four matrices for electron and proton respectively, 
po= — (K/ic) (0/dt)—V/e, 

E= Mec? + me*e=total energy of the system, 

V=—e/r=meuv=the Coulomb potential between proton and electron, 

V= (e/r)4{ (4.43,) + (4%) (41) /r’} =Breit’s interaction, 

Y= (2/r)S=mceuwuS, 

S=43{(60nu)+ (9.1") (05;7") /r"}, 

u=—v=1/p, r=ap, 

”=a,p=position vector of electron relative to proton, 

P. Py=Momenta of electron and proton respectively, 

p=—ime oX7 =momentum of the relative motion, 

=gradient vector in atomic units, 
sh=40,4, Ih=}40yh=spin vectors of electroa and proton respectively, 
li, 1, m=orbital angular momentum of the relative motion and the quantum 
numbers of its magnitude and z-component, 

ga=l+s8; and 7, m=the quantum numbers of magnitude and g-component of J, 
| F=j+T; and F, M,=the quantum numbers of magnitude and z-componrent of #, 


kath; x= +2 for l=7+4 respectively, 
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n=principal quantum number, 
O(a?) A=the part of order @& of A, 
(A) =expectation value of A. 


§2. 8-Component approximation of Breit and others : 


2-1. Wave equation of the system 
The wave equation of the system of a proton and an electron including Breit’s 
interaction Y may be written as 


{ p—Oo+ Bu MC + B.mc?—c(AaypPm) —c(a,p,) = ie VY}? =0, (2) 


where & is the 16-component wave function of the system of which “ large” 
components for both particles precede its small ones for convenience, contrary 
to customary convention. The operator cf, is equivalent for definite total energy Z to 


chh=LE—V, 


where V is the Coulomb potential between the two particles. The interaction 
Y is given by 


Y= (2/2r){ (Geen) + (a9) (An) /7*}. (2a) 
Assuming that the total momentum vanishes: p.+p)»=0, one has 
P.=—Pu=D, 
and Eq.(2) may be then replaced by 
{—ch) + BuMe + B.mc?+c(ayp) —c(ap)+V}¥=0, (2’) 


which depends on the relative coordinates alone. Since total angular momentum 
#F=j+I commutes with every operator appearing in (2’), eigenfunctions of the 
system are characterized by the quantum numbers ¥ and M, defined by 


EPP =F(F+1)0, FE =U. 
2-2. 8-Component approximation as a second-order perturbation theory 


The calculations of Breit and Brown® and of Breit and Meyerott? are shown 
to be expressible in the form of a second-order perturbation calculation as in the 
following. We shall take as a zeroth approximation to Eq.(2’) the Hamiltonian 


H® =P yMC+#z,, 
where # is the Dirac’s Hamiltonian for a fixed nucleus 

HM,=V+ B.mc’—c(a,p), (3) 
and as a perturbation to WH the remaining part of E.q.(27) 


HH = ¢( ay) As¥, 
Then we have the zeroth-order eigenfunctions 
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F°=(0,0) or F=(0, 9) 
with the aid of any one of the eigenfunctions of H,, 9: 
H,O=£E,@, 
and the eigenvalues 
E©=Me+E, or L°=—Me’+E,, 


corresponding to positive-. or negative-energy states of the proton respectively ; 
@ represents a 8-component function here. 

The first-order perturbation energy EZ” always vanishes since H™ contains 
@y linearly which interchanges the large and the small components of %, 
The second order energy EZ is given by 


BY = SYP |'/(EP—EP), x 
where suffices z, f refer to initial and final states respectively. Assuming that 
an initial state belongs to positive-, and final states belong to negative-energy 
states of proton respectively and neglecting the difference 4,,—E,, compared to 
2Mc’, i.e. putting LO -B=2Me + Ly — £yyj=2Me, one has in place of (4) 

LOS (FTO), /2Me, (4’) 
where the symbol ( ) means the expectation value. Since 

(1°)? =2(ayp)?+¢(aup)V+cY(ayp)+Y°, (4a) 


it is easily verified that the Breit and Brown’s and the Breit and Meyerott’s 
calculations are equivalent to evaluation of the expectation value of (4a) except 
the last term which means an iteration of the interaction Y. In fact, one has 


(ayup) ‘ =p’, 


and linearizing c(ayp)VY+cY(ayp) in Oy with the aid of the relation: 
(aay) (ay0)= (ab) +7 (Cy [ax 6]), a and 6 being any vectors commuting with Oy, 


and besides, using some other relations similar to Eqs.(25) below, it follows 


c(ayp) V+cV(ayp) = (ce’/r){ (4) +74") PP) } 
+ (ch /r*) (6y[a,x7]). (4b) 


~The expectation value of cp’ and of the part of (4b) independent of nuclear 
“spin Gy gives, being divided by 2J@’, up to the energy of order mec*a4 


EO = (wc—E2) /2Me, (5) 


“as Breit and Brown have shown. £® proves to be equal, in the first power of 
Ney, to the simple reduced mass correction to the Rydberg and the fine structure 


| 


energies plus the Darwin’s term (1) (see § 4-3, especially Eqs. (16) and (17a)). 
The spin-dependent part of (4b) is identical with the expression for the 
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hyperfine splitting energy due to a fixed idealized proton having one nuclea 
magneton px=eh/2Mc, as is shown in Eq.(A7’) in Appendix. Breit and Meyerot 
have found the correction factor (1+/)~* by evaluating corrections due to the 
nuclear motion to the integral | fear, essential for the hypeifine structure theory, 


‘ | 


§ 3. Eigenfunctions of the system and the matrix elements of 
angular operators 


3-1. The equation in terms of 4-component wave functions 
Decomposition of the 16-component ¥ into four 4.:component wave functions 
by 
Poel Ce he ee (6) 
yields from Eq.(2’) 
(Me +me+V—E)g—c(o.p)y+c(6,p)o+ V'7=9, 
—c(o.p) 9+ (Me—me+V—E)y+VG+c(Oup)y=9, (7) 
c(Oyp)o+V'y¢+ (—Me+me+V—E)G—¢(o.p)z=0, 
Vo+c(Oyp)y—c(O.p) G+ (—-Me—mice + V—£)7=9, 


sie 


where 
VY’ =(e°/2r){ (6.04) + (6,7) (6x7) /7}, (2a’) 


and ¢, y correspond to positive, @, 7 to negative-energy states of proton on the 
one hand, while, on the other hand, ¢, 9 correspond to positive-, 7, 7 to negative 
energy states of electron, each having four components respectively. 

To facilitate the expansion in power series in P or a we shall write the 
whole equations of (7) with dimensionless quantities, dividing these by mc? anc 
introducing the atomic units for length by r=a,e. Further replacing y by zy 
@ by 7@ and ¥ by —y we obtain 


(1+e°v—¢)9—4(6.V) 1 +4(Ou V7 )G—@uSz=0, 
4(6,.V)¢+(—-14+v—e)y+uuSG+a(OnV)7=0, 
—4a(dyV) e+ euSyt+ (—244 14+e0—2) G—4(6.V)x=0, 
—a'uS~—a(onW) 4+ 4(6.V)G + (—2p—1+4 ov—e)¥=0, | 
denoting (Z—Mc’)/me’=e, M/m=p(=1/8), V/me=av, V'/me=auS, p/me= 


—120. Vv; where —v=u=l1/p, S=H{ (O.0 5) + (6,0) (03,0) /e°} and V is the gradien 
operator with tespect to p. 


(7) 


3-2. FM,-cigenfunctionsS™ 


The two-component 4,/,m,-eigenfunctions for a single electron can be constructe 
by the ordinary normalized spherical harmonics V(Jm,)’s for two allowed Z-value 
/*=7+% for a given 7 respectively as follows: 
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i peek OES aca 
, 9b 5} = 


6(7*) VE, m,+4) 


where 


a(d*) = V (l* =m, +4) /(21= +1), 
| b(0*) = + V (lt +m, +4) /Q+1), 

and the two components correspond to the states o..= +1 respectively. The Y 
(Z,47,m;) is also normalized since {a@(/*) }?+{6(2*) P=1. Quite similarly, four-com- 
ponent normalized jFM,-functions for the system of a proton and an electron 
can be constructed by the /jm,-eigenfunctions just obtained above as follows: 


alpor, 7; Mr—4) | 
b( f°) VG, J*, Me+) 
where the first two components refer to the state Gus +l, the other two. refer 
to the state oy,=—1, and a(/) and 4({/) are obtaized by replacing 7 by 7 and 
m, by My in a(Z) and (2) respectively. The 7’s can take two values fr=F4h 
for a given F and for each of these the /’s can take also two values Pais 
respectively. We shall denote these four values of 7 by [tt= ft+4=F+1, 0% 
=" —-t=f, [*-=7-4+4=F and (--=7- —3=F-—1, and also the four-component 
Y(Lj*,7,M,)’s corresponding to these /-values by Y**,’ ote Vandy pate 
simplicity ; that is 

| yit=V(lt+y*,EM;), YE = YE le) (8’) 


Y(1,j*,F My) _ (8) 


Finally 16-component FJ/Z,-eigenfunctions ¥ for the system of a proton and an 
electron may be obtained by taking each component of (6) as a product of a 
radial function with one of these four-component /J/,-eigenfunctions ; that is, 
with any VY of (8’) g=9(p) V(7,F,Mr), and so on for other components. 


3-3. Matrix elements of angular operators in lj My-scheme 


The angular part of the matrix elements of any scalar product operator such 
as appearing in Eqs.(7’) can easily be found in the above defined /7/°1/,-scheme 
by the method developed in Chap. 3 of the Condon-Shortley’s book”. We shall 
give here the elements of such operators for future use. 

First one has the non-vanishing elements of the operator (o,V) between 


the states of same 7- but different /-values : 


\ 
> 
) 


| 


(L471 6.) |247) = G/ap) + A+) /e=de (9a) 


where #=+(/+4) anid the integration of radial parts is not written explicitly. 


“(This is the same as in the following.) For those of the operator (6,Y), using 


‘the symbols just defined above, one finds between the states with /-values differ- 
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ing by one from each other 
GCE AAA |( Cu ) Ps 9s P= ds; E 
Ca ak | (OV) 22,7, #7) =f de_s (9b) 
COTTE (GaV ETF )=—2V fees 
CF |\(CuV) 2 UF )=—-2Vv Ff de, 


<< aay 


wm Where e.g. dy, =(d/dp) + (1 +2x**)/o with #*=44t=4(7*+4) and f=1/Q2F 
S +1), Vo =VWF(f+1). Similarly one obtains the matrix elements of (6.0,,) and 


(6,0) (610) /p? appearing in Y’; the former do not vanish only between the 
states with same /, while the latter do not vanish between the states with 
same / and with 7 differing by two from each other. They are given by 

G2 | OG A 4, i 

C7 F | C.6u)\0-7 WF) =—f2F +3), | 

(2 afew (0.05; ) US fee) => —f(2F—1), ( (9c), 

Uae eee | (6.6%) |f77, F)=—4V f, 


and 
C* AF |(6.0) (Cup) /e|l*,77,7F ) =f, 
CPI, F | (G.2) Cup) /e\l*, 7, =f, (9d) 
2*,9,"F | (6.0) Cue) /elF,7,-F ) =—2V ff. 

Further for the operators useful in §5 one has in a similar fashion 

(LA/(62) 14) =A +x), (10a) 

and 
27,77 F| (Gul) ft ,47 °F ) = — (F +2), 
Cais) (0,0) Ses gn an = —fF(2F +3) 5 
(tf | (ox) et pe =f(F+ 1) (2F--1), (10b) 
fs POU 9, 2) =F 
CAF | Oud) tg“ F)=2VF 


3-4. Correct eigenfunctions for the total system 


It follows from the non-vanishing matrix elements given by (9) that the 


correct eigenfunctions of our equation (2’) or (7!) should be given by either one 
of the following two linear combinations: 


A ea A (11) 


where 


WET ES 
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Px (p)V** oy = 

byes of Xa+() Y F* ie f Yee 

af Wiese |: =F ihe bP lh city) 
Has (eV {e\0) vs 


and the radial functions ¢.,(p), ¥.+() etc. should be determined by Egqs.(7’) 
hereafter. On substituting (9a), (9b), (9c), and (9d) in Egs.(7’) for ¥, or 
¥., elimination of the angular functions Y+* etc. from the equations may be 
carried out straightforwardly, leaving us a set of simultaneous equations for eight 
radial functions in each case. Nevertheless, the set of Egqs.(7’) will be left 
unreduced for later use, except in special case #=0 which will be treated in the 
next section. 


§4. Solution by expansion in power series in 8(=1/M) 


for special case #=0 


4.1. Reduction to two-component equations 


Since in special case F=O only allowed value of 7 is j*=4, %, and ¥, de- 
fined by (11) reduce simply to 7, and Y_, which correspond to’ fr, and S1j, 
states respectively. These shall be denoted by ¥, and Y_ for simplicity. After 
eliminating the angular parts from (7') for Us, by the use of Eqs.(9) and re- 
placing every double suffix ++ simply by +, one has 

(1+ oo—ex) $2. (0) —2dg(12(0) +a (P)) — S272. (0) = 0, 
ads, (Gz (0) 72 (P)) +(—-1+e0— es) os (9) + a°uSG4.(0) =9, 
oda, (¢2(P) —¥2(P)) +4°uSz7a(p) +(—24 41 + 0°v—es)Gs(p) =9, Ge 
—auS 44 (p) +d (y+ (P) + 9x (p)) + (—24-1 + u?u—€4)%+() =o 


where Sy denotes the matiix elements of the operator S given by (9c) and (9d) : 
Cs fo Pte Ee Pe 
(12) is readily shown to be reducible to a 


» and XY, iatroduced by 


‘ 


Each set of the simultaneous E4s. 
pair of new simultaneous equations for two functions Pp 


Ps=P2—-U4) Ng =Yat Pa 


respectively, owing to special condition (6,V7)=—(6.V) for F =0, Furher 
introducing two-component funciions.by-@s%= (04> 12) one has then 
Hain = lads (12’) 
with 
Hs=AY +PA's: (12a) 
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l+ev —ad; 
eA , (12b) 
ads —1+a7v 
1—(e,—08v)* + aS? = —2u(e,—Wut+ @uS,)dz 
VLA pra (12c) 
Qa(e,—v?v + auSz)dy 1— (¢, —o°v)*? + a4? S~” 


Thus far no approximation has been introduced or no term has been omitted from 
Eqs.(7’). Eqs.(12’) may be solved now by expansion in power series in P 
according to usual perturbation theory as will be shown in the following. 


4.2. Solution by expansion in power series in B 


Substitution of the expansions 
co co ao 
a= TP, f= SPY and Ha TPHY 
v=0 : y=0 v=0 
in (12’) yields first in the zeroth approximation 
DEP Hey”, (13) 


which expresses, as properly expected, the radial equation of Dirac for x= +1 
respectively. Hence from the Gordon-Darwin’s solutions one may put, say, 


PEA (0) = (g4n(P), Sem(0)) (13a) 
and : 
fam =e, =[1 + {a/(n—h47) PI? (13b) 


with £=1, where y= V— 2 and x indicates the principal quantum number. Z,,’ 
becomes from (13) for the unperturbed orthogonal systems ¢ 


AT! =(1—¢4) /24+ +e) (cx—atv) + ate#/2—2 (#4? _ 
+H,", 


and substitution of (13b) for e? yields 


AY, = (Le) /24+ (146) (uty) 4 at28/2 


Co) as 
amie 6. Fes (14) 
with e 
¢ ( Sz —e 4+ v—u7uS,,/2) 0) 
"= —a “( = + 
x Ou 0 Sys eae ito —atuS/9)) (14a) 


and 


H Sn= — een + (146) 22, —2f ee : ), 
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* and «so on. 


4.3. Ligenvalues of order B 


The first-order perturbation energy e, is easily calculated by taking the | 
expectation value of (14); that is 


i 
eG AT Dade 


We shall obtain this up to the order a! in units of mc? by expanding it further 
in power series in @. Taking into account that the small component Taaisa on 
order @ compared with g, and by means of the exact relation’: 


|, Pap gi(o) 3 (1-2) /2 (15a) 


with normalization | o'dp-{g2(p)+fi(p) }=1, one has first for energy of order 


Bo! 


O(a?) -eP,= O(a) -(1—22”) /2= 07/20" (16) 
in agreement with Eq.(5) in § 2-2, showing, from the expansion 
eO=1— “w m1 a“ ( 1 sy 3 Yaa (13b’) 
on 2 \ k  4n 3 


the simple reduced mass correction to the Rydberg energy —0o?/2n*, though only 


in the first power of /. 
The energy of order fu* becomes from (14) and (14a), noting —v=u=1/p 
and (13b’) for £=1, 


O (ut) +, = O( us) « (Left) /2— (oA/2n?) + (1+ Sx) OW) + <p> 
+ (a/2)(14+2Sz) -O (a) + <p? > +2@(1+Ss) 
< O() -[ pp Sant (S*s/2)-O(@) + <*> (17) 


We have by similar calculation to that of Bechert’” 


O (48): ("odo f0°(—) =(@/20*) A-1/20) ford A eR AEB) 


and besides, known relations for nuclear charge Ze 
O(a). <p> =Z/n*, (15c) 
OG) <2 > =Z?/W(l+4). (15d) 


Further noting S,=0, S-=—2 from (9c) and (9d) Eq.(17) yields finally for 
the two hyperfine levels respectively 
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O (a4) -e®, =O(at) « (1—ef””) /2— (2/3*) ot for npy,, F=9, (17') 
O(a) +e, =O (at) - (1—ef”) /2—(2/n*) at for nsy,, F=0. 


Here the last term in Eq.(17) propo:tional to Sf arising from an iteration of 
the interaction VY is omitted as has been done throughout in similar calculatio 1s, 
inclusive of two-electron problem™. We shall give a brief account for reasons 
why it should be done so. Actually it is shown soon below that reserving this 
term gives an uncorrect result for the hyperfine splittings. 


- The first term in Eq.(17’) gives from (13b’) 


fee dig 4 fl 8 ou he 
Otay: we = \— : 17a 
Clin ag On ( EP al Be ee 


showing that the correction to the fine structure can be expressed, in the first 
power of /, also by the simple reduced mass correction factor with the Darwin’s 
additional teim. This result corresponds exactly to Eq.(5) in § 2-2. 

The latter parts of (17’) correspond to the hyperfine structure splittings of the 
two levels due to an idealized proton having one nuclear magneton, as is readily 
shown from the general formulas (A17) in Appendix. If we reserve here the 
term proportional to Si, it would give, in addition to (17’), + (4/2°) 84 for usy, 
while zero for 7f,), in obvious contradiction with experiment. Since the hyperfine 
splittings themselves are of order fa* in units of mc*, so the correction to them 
as well as the higher order correction in & to the fine structure, should be obtained 
only by evaluating the second order energy e2,; this would need a very laborious 
work and was not treated in this paper. 
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x 10-4 According to our theoretical result. 
for the temperature-shift of the 
eneigy gap in semiconductor and in- 
sulator derived in Part I”, the tem- 
perature coefficient P in the formula 
is observed to depend sensibly upon 
the sound velocities in the mentioned 
crystals, and the mobilities and effec- 
tive masses of both electrons and 

| positive holes at the ends of the 

“ energy bands, the reliable estimates 


0 : se 
0.5 1.0 1.5 of which quantities are now hardly 
x 106 cm/sec 


Fig. 1. Temperature coefficients B of Si versus 
the various values of its sound velocity ¢ which 
is not measured directly. are at variance with each other at 


— —— CP=104 ev? present. So, for Si, Ge and Diamond, 
pier rae oe we have worked numerically a and 8 
in our formula for the temperature effect of the energy gap, corresponding to a 
number of possible values of the mentioned physical quantities involved, which 
_ results shall be reported here. 

As for Si, the temperature coefficient 9 dependent upon the sound velocity 
is shown graphically in Fig. 1, since we have unfoitunately no direct measurement 
of the sound velocity in Si at present. 

For Ge (M=121.5x10™ gr, a=2.823 x 10-8 cm), we get easily, after put- 
ting the numerical values of the various physical quantities into the equation (20) 
of -Past I, 

E-=F,—0.548 x en x 10%, (1— #8 } 
c acs : 


6,” ae 


possible unfortunately in view of the 
situation that the measured values 


9° 
a 


ae DAGON 10° (1 « 202 \Pak,—u- BT ev. 
2\ War 


: 
£6 
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(9<€7T; C, in ev, ¢ in cm/sec). 
Further, it follows, for the sound velocity c, the mean kinetic energies CA 
ane Gy, 
c=0.445 x 10° cm/sec from Debye temperature”, 
=0.5357 x 10° cm/sec from Shockley-Bardeen’s lette:”, 
C2=24.0 (ev)? from Seitz’s computation of the mobilities”, 
=11.2 (ev)? from the measured mobility”, 
=4.15 (ev)? from the measurement of J. R. Haynes (refer to Shockley- 
Bardeen’s lettei” mentioned above), 
=5.56 (ev)? from Pearson’s measurement”, 
=3.24 (ev)® from Dunlap’s measurement®, 
C2/C2=2.06 (e,=e=1) from Shockley-Bardeen’s lettér®, 
=1.5 (€,=¢,=1) Pearson’s and Dunlap’s observations.”® 
Similarly for Diamond (4/=20.1x10-™% gr, a@=1.79x10-*cm, c=1.75 x 10° 


cm/sec), we have; inserting the required values into the general formula of 


Part 1°, 


«Ler Cae 60s fe ecta 
PLR Mori's [+ 141.6 IO | 
Sita . ae, a afG 


— 5.110%! ii (1+ ee \r=E,— a—BT ev, 
1 
eT. C, in evy-¢-in-em/sec). 
Further, it follows, for C,? and C,’, 


CP=936 (ev)* from Seitz’s computation of the mobilities”, 
=1460 (ev)* from the measurement of Bell Telephone Lab”., 
=162 (ev)* from the Hall effect measurement of Klick-Maurer®, 
CP/C*) 54.5 (€,=e,=1) from the mobilities ~4,=900 and pv, > 200, 
in which we shall tentatively assume the extreme values of 4,=200 and the cor- 
responding C,/C?=4.5 in the actual evaluation of a and 8 for Diamond. 


CP=37.4 (ev)? and C?/C2=0.813 (e,=e,=1) from the recent measurement 
of Pearlstein and Sutton.” 


Table} 1. Ge 
eee | ax 108 Bx 104 | a Z fos fix 108 a 108 Be 102.) 210, vite 10% | ¢ x10" Bx 104 
0.40 100 0.96 AT 0.45 18 0.17 19 0.18 meh 0.11 
45 90 76 42 36 16 13 17 15 ~ 10 8 
50 80 62 38 29 14 11 15 12 9 ff 
55 74. 51 34 24 13 9 14 10 8 6 
60 67 43 31 20 12 7 13. YRS) S 7 5 
1.00 40 16 19 a if 3 if 3 4 2 


AE=Ly—a—fT ev. 
My*=e\m, Nlg*=eqm (ey=eg=1). 
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Table 2. Diamond 


Seitz Bell Lab. Klick-Maurer Pearlstein et al 

ax1i0! Bx 104 ZA ax10* Bx 104 | ax104 Bx104 | ax104 Bx 104 

6300 87 = | = 9800 4 So comet eaten 83 0.12 

AE=Ey—a—BT ev. 
my* =e, Mo* = eon (e;=e.=1). 
eatee The numerical values of a and for Ge 
ev/deg. and Diamond are shown, corresponding 
0.8 to each value of the mentioned physical 
quantities involved, in the accompanying 
ns tables and graphs. 

Taking into consideration the unfavourable 
conditions which tie accurate knowledges 
a of the various kinds of physical quantities 
characteristic for the mentioned crystals are 
0.0 ol still lacking as far as we know, the quan - 
SS titative comparison of our results with those 
0 ee : of the available measurements seems to be 
a ee 166 Ne premature but the order of magnitude of P 
Fig. 2. Temperature coefficients 2 of is found to be in fair agreement with the 
Ge versus the various values of its sound observed result of Si (B=3~x 1074 ev/ 
velocity ¢ which is not measured directry. degree) 10° As for Ge, the observed value 


(8=1.1 x 10-4 ev/degree)™ seems to be rather large in comparison with those of our 
calculation, the difference being probably due to the effect of the thermal expansion. 
The above mentioned observed values for Si and Ge were obtained through the 
detailed analysis of the resistivities and the Hall constants at relatively high tem- 
perature range (72500°X). From the photoelectric data at lower temperature 
range (90°~290°K for Si and 80°~300°X for Ge), we get B=4.7~5 x 107% 
ev/degree for Si and P=4.6 x 10~‘ ev/degree for Ge™ respectively. The examina- 
tion of our theoretical formula valid at high and low temperatures shows that 
there exists really the suitable low temperature region in which the temperature 
coefficient f has relatively large values compared with the high temperature ones. 
Such theoretical situation seems to be responsible for a part of the mentioned, 
disagreements between the high and low temperature values of 8, although the 
other possible causes for such disagreements may be considered to exist in addition 
to the above mentioned ones, as pointed out by Johnson and Fan”. As for 
Diamond, we unfortunately have no measurement of 8 as far as we know, and 
the discussion of § for such case shall be reserved for later occasion. 
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In the preceding paper of the same author,!) 
he has investigated only those cases where the 
field equations have no functional dependence among 
themselves, or more exactly, the action integral 
admits no groups of transformations depending on 
arbitrary functions. If we consider, however, any 
field interacting with the electromagnetic field, it 
will not be possible to make use of the method 
stated in (I) without any modification, because the 
canonical conjugate quantity to the scalar potential 
vanishes identically, and the equations of the 
electromagnetic field are not mutually independent. 

In order to remove this difficulty, 
Fermi has proposed to modify the Lagrange func- 
tion of the electromagnetic field by adding an 
adequate term—1/,-(94"/Ox")? to it. An alter- 
native method was suggested by Rosenfeld.*) He 
has formulated the electrodynamics by using the 
elegant theory of invariant variation. At first sight 
his formalism appears to be covariant under Lorentz 
transformation, but it is actually difficult to consent 
to his assertion of the covariancé of his’ theory. 


formal 


Accordingly the present author has tried to refor- 
mulate the same problem, following Rosenfeld’s 
line of reasoning and at the same time preserving 
the required invariance, 

In the quantum theory of fields, every field 
quantity is described with reference to any one 
Lorentz frame (let us call this 2-system for 
simplicity), and the field equations give how the 
field quantities change with the lapse of time 2? 
(in Heisenberg picture). But the identification of 
the time as the observation parameter with the 
time coordinate of the x-system, in general, destroys 
the apparent covariance of the field equations and 


1) R. Utiyama, Prog. Theor. Phys. 5 (1950), 


the commutation relations ({C.R]). Therefore it is 
necessary to distinguish between these two time 
concepts. The observation parameter rt, if set equal 
to a constant, will describe a space-like hyperplane 
o (or in general a space-like hypersurface) in 
x-system. In order to show the Lorentz covariance 
of the whole theory, we must prove it for any 
deformation of o¢. Hence it is convenient to 
introduce, from the outset, an arbitrary system of 
curvilinear coordinate, as was done in (I). 

In §1, we shall present the outline of the 
classical electrodynamics from the standpoint stated 
above. In § 2 the quantization will be performed 
by the Heisenberg-Pauli’s method by introducing a 
new quantity 9 which is canonically conjugate to: 
the scalar potential. Further the character of the 
time derivative of the scalar potential will be 
investigated which was assumed to be an arbitrary 
c-number function in Rosenfeld’s theory. In §3 
we shall show the covariance of our theory under 
both coordinate and gauge transformations. The 
field equations thus obtained differ from the usual 
ones, In particular, the so-called Lorentz condition, 
in our case, is not a condition imposed on the 
state vector, but a g-number relation. In §§ 4 and 
5, the theory will be transformed into the interac- 
tion representation, where the Tomonaga-Schwinger 
equation emerges. quite naturally, by virtue of our 
employment of the curved coordinate system. 

Finally in the last two paragraphs the equi- 
valence of our theory with the ordinary one 
will be proved and some remarks are given about 


the application of our method to the vector meson 


field. 


437. This paper is cited as (I) in the present paper- 


2) L. Rosenfeld, Ann. d. Phys. 5 (1930), 118. 
K. Husimi, Buturigaku Koyenshu IV, 81. (in Japanese). 
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§1. Classical theory (Lagrange formalism) 


Let us consider the electronic field interacting with the electromagnetic field. 
The Lagrangian density of the total system is, as usual, given by 


: , 1 
Lai E+ inp", ea ‘was (ii 


V=— eA, pra=ep'r"d, 


where 4,, A,, 4, and A, represent respectively the vector potential A and minus 
the scalar potential —@. In this paper we shall make use of the same notation 
as in (J). 

Now all the expressions in (1.1) are expressed with reference to an arbitrarily 
chosen Lorentz frame (4-system). If we represent these expressions in regard 
to an arbitrary system of curvilinear coordinates (€-system), they will be written 


as follows ; 
8=D-L=%,,4+2%,—B, 
Gy =iD-{ O7"() 2 +i, 
g= —1 pp fe 
Jiny ry FasJ ’ 
Swed — PA, =A pew (L.1)5 
BV=—DjtAa,, jPaep'y*) ¢¥, 
where 


PO=BOM A=) A 
and 7, represents the covariant derivative with regard to &", whereas A,, merely 
denotes 0.4,/ds*. Here it should be noticed that from the definition mentioned 
above, 4, is a covariant vector, whereas # and ¢t are world scalars under 
general transformations of §-system (we shall call these ¢-transformations). 


~The field equations of the system considered are 


i p.f**=j" (1.2) 
an 
t (Coemes gu 
Open any? ate (1.3) 
9+ ied, pty —xp'=0. 
enc ace) ar ae (i3y 


8) The natural units are used, ie. 4=c=1. 
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It is easily seen that these equations are covariant under §-transformations. 


Now the action integral J =| &(ae)* is invariant under the gauge transforma- 
Qa 


tion generated by the following infinitesimal one, 


Be A a, Ride, 

oe 
pop’ =P def, Ogh=iely, (1.4) 
grog" =t+d et rn) dy == — teh, 


Hence following the line of reasoning in §2 (1), we obtain. the following 
identities ; 


iel[B]y- o—[8]qt-9} — S18, —0, (1.5) 
and 
a {,., da eUsran Pate 
gpl ag, PHBL) a 54," = (ae) 


Taking notice of the fact that 4 and its derivatives can be taken quite arbitrarily, 
the following identities are derived from (1.6) 


5D j*) — Fela. (L.7)a 
(Sl. — Di +2 5 = (1.7)b 
AB IR (1.7)e 
OAgan 204g 
The identity (1.7)b can be written as follows ; 
OR, jg O¥ fej, (1.7)'b 


dA, OP oy 


From this expression we know that the Lagrangian density must contain A, 


only in the combination 0¢/05,—ieA,y. Furthermore, from (1:7)c,, it is seen 


that 9.4,/0&” must be contained in % in the combination f,,. Making use of the 
equations of the electromagnetic field, we obtain from (1.7)a the equation of 


continuity 5 


fe (Dif) =D fej" =0: (1.7)/a 


Finally because of (1.7)c the canonical conjugate to the scalar potential vanishes 
identically. This fact interferes with the construction of the canonical formalism 


as already mentioned in the introduction. ; 
Now if the field equations are used, the identity (1.6) gives us a constant 


of motion expressed as follows, 
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ae | kaa nig (soa +D-j\ide, (1.8) 
ol ge) \ az 
where 
gr 8 __ p. pri, (1.9) 
0A, 


and the integration should be performed over a space-like hypersurface ¢ which 
is defined by €°=constant. 

In §3 we shall know that G is nothing but the infinitesimal generating 
operator for the gauge transformation (1.4). But in the present case we know 
from (1.9) and the field equations that G is actually equal to zero. | 

Apart from these characters of G, it is easily seen that G is invariant under 
both ¢- and Lorentz-transformations. 


§2. Quantum theory 


Let us introduce the canonical conjugate quantities as usual ; 


. Bee: wrt 

z * — Be =i). Y) -9 S 

a avs Pir &) 

an ay 3 ag 

GP =D.f", © 1 Pe | 
0Ay f 0A4 5 ( ) 


The last expression of (2.1) prohibits us from imposing the usual commutation 
relation ([C.R]) for ©. Thus, following the reasoning of Rosenfeld let us 
introduce a new quantity &° which is canonically conjugate to Aj, and does not 
vanish identically. Then the [C.R]’s are written, as usual ; 


14.*(&, 24), b(®, 2) 18,866), 
[GE 8), AG, e)J= ima GF). (2.2) 


All the other combinations are set to be commutative (or anticommutative). 

In order to obtain the Hamiltonian density, the time derivative of any field 
quantity must be expressed in terms of canonical variables and their derivatives 
with regard to space-coordinates. But in the present case 04; / a2" is indeterminate 
- as we see from (2.1), i.e., 


Ajj =A(é) indeterminate. 


Hence the Hamiltonian of the total system contains an indeterminate term and 
is given by 


§=| BaF, 
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_ where 


H=H,+B+EA, 


= — v uw a v 0 v 
Bo 2p. Tee whee +€* 43; aT : (PGR por(gr) 


+=D: Sas feal 77 7h?) + 


yroy-pO —y BP -v 1.00 a vv Py ry 704700 7 HS Hi60) 


: = h : 
a ae (2.3)? 


Now Rosenfeld has assumed A to be a ¢c-number function. But we shall 
propose, for the present, that A is an undeterminate linear combination of cano- 
nical variables €* and A,. The restriction of linearity seems to be necessary in 
order to retain the linearity of the equations of the electromagnetic field. The 
precise determination of the form of A, will be given later. 

The field equations are given by 


eee 
-=19, 2] 
as° 


where @ is any field quantity. Especially, the equations of the electromagnetic 


field run as follows: 


= - Ov ; >! 
b= — tit Aaa Gi fes te] EOMC) Ae, — CA)a 


oe? D. zee 
Bc +i{ Ge) A(&), Aa, (2.4)b 
9° : 
OG" 9 (Df) +: 6 DUG), CVE 40.7 (2.4) ¢ 
ay oy : 
9G = 2 + (SP OUE), CH We4+D-/. (2.4) 
ag gee | 


From (2.4)c (2.4)d, we obtain 
ae’ =i| 6) [4 (é"), sie + 5| (6), Gd 
ag’? e ore ables” 


+i Ce) U4 (2"), 6 ']aé, (2.5) 


4) As to the orders of non-commutative g-numbers, we assume, in this paper, that any suitable 


_ symmetrization procedure has been performed, 
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by virtue of the equation of continuity (1.7)/a which holds also in quantum theory. 
Further from (2.4)a, (2.4)c and (2.4)d, it results in 


diaty tee! by » F ; PACU 2.6 
Div Gft —j*} =(terms including ©° and om ; (2.6) 
g 


Therefore, in order to make our canonical equations (2.4) agree with the 
Maxwell’s ones (1.2), it is necessary to impose the following conditions on the 
state vector ¥, (in Heisenberg representation) ; 


&(é) P.=0; a’ S)y,=0, on the surface a. (2.7) 
aé ; 


Now, it is easily seen that the conditions (2.7) are not only necessary but also 
sufficient, from the fact that the time derivative of any order of G* can be ex- 
pressed in terms of the linear combination of © and d&'/dé by virtue of eq. 
(2.5) and the linear character of A stated above. Therefore (2.7) holds at every 
instant and consequently it holds over the entire space-time ; 


Buf — pF =9. (2.8) 


This equation implies that our canonical equations (2.4)a, c, d are practically 
covariant. 


Any transformation of the system of §-coordinates defined by- 
Guy F/4 — Eh 4 GEM(E) , 


Ay>Aj (@1) =A*(2) +8A%, dar = — 288" 4, 


ag™ 
gO) EC)=¢ ©), op=0, (2.9) 
can be expressed by a unitary transformation ; 
P(E) > 0'(€) =TO(E)T, (2.10) 


where @ is any field quantity and 7 is a unitary operator which is given as 
follows in case of the infinitesimal transformation (2.9) ; 


T=14ik, 

K=| (G*d.4,— Tae") dé, (2.11) 
T=C4,p+iP*, T=G. 

From (2.10) and (2.11) it holds: 


d*0=1[K, V], (2.12) 


where 


d*0=0' (6)—0(6) = 60 Tamm. 
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‘Now, according to the definition of d*%, we know the following equality : 


@ yng = x2? 
ace dee 


Substituting from the field equations and the eq. (2.12), into the above equation, 
we obtain 


S a a@ | OK Dare ena 
et De ** = Sy K1|i— 6* Di 2)5) 
a ed i] oe tilB. KI- 8 8), | 0, (2.13) 
or at least, 
aR see = 
(#8) 6p em 
provided that the state vector %, satisfies the condition (2.7). If (2.13) holds 


for every field quantity @ then we can conclude that the expression (-++-+ ) has 
the following form ; 


M=— —d*$ =c-number, (2.14) 


=0 


and we can easily show the covariance of all the equations under the transfo1ma- 
tion (2.9). On the contrary, if all the equations are covariant, then J/ must be 
a c-number. 

In fact, (2.13)’ holds for every field quantity @ except for 4) as we can 
see from (2.8). But if we assume 4 to be a c-number function, then it holds ; 


LM, A]= ee 3+ 4, — a*A}. 


Therefore JZ must have the following foim 
m={ 6i(Lo*Ay— ord d+ | ala, 
PON ES e 


where M’ is commutative with 4; and hence does not contain ©. On the other 
hand we know that the following equation holds for any field quantity @ except 
for A? ; 

Li, Q)\" ,=0. 


Hence M’ must be a c-number. Therefore J gets the following form ; 
u=| gi( S34 d*A) de + (c-number). 
6 gd & 


This expression contradicts with the requirement (2.14). Thus the assumption 
that A is a c-number interferes with the cavariance of the field equations. 


= 


° ae oft d th tities Be 
| 5) The notation 6* represents the variation due to the explicit dependence on the quantities 7p, 


A etc. 
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Our next task is to determine the form of 4 so as to retain the covariance 


of the field equations. 
The eq. (2.4)b can be generalized into the following tensor equations ; 


dA, 4 
ac” 
the (0, 0) component of which is just our eq. (2.4)b. Now let us, for the 
moment, deal with those cases where the €-system is a Lorentz frame and the 
transformation of it is restricted to the Lorentz transformations. Now (2.10) is 
reducible under the Lorentz transformation in the sense of the group representa- 
tion, i.e. (2.15) can be separated into three irreducible parts. The first one is 
a symmetric tensor of the 2nd rank with the vanishing trace. The second is 


(2.15) 


wy 


an antisymmetric tensor and the thiid is a scalar. 
Our eq. (2.4)b is contained in the first and the third part. Therefore let 
us investigate these two cases separately. 


i) The case of th first irreducible part 


In this case we have to interpret eq. (2.4)b as it means 


0AY 
age AY y=0 (2.16) 


Ieee 
04) 04M 
68) age 
If we adopt again the curvilinear system, (2.16) must be replaced by 


rpj¥=0, (2.16)/ 


-: il Oye yey 1 fe 
2 0 = A Se L a VAY, 7 
Ge age te ap ane ay A (2.16) 


Substituting from (2.1) into the second term of the right hand side of (2.16)/’, and further from (2.16)/” 
into the Hamiltonian, then we obtain, instead of (2'4), the following eq.; 


0An 1 Ey) Spiel yov zo 3 
Ter ===. Tey 0 7 a “uy— on 0 
Fy Dyio Tataieine vinpoee 
or 
i alee as 
Chad fri Teoh, | (2.17) 


This equation contradicts to the original definition (2.1) of &¥. However, the additional term containing 


G9 does not give rise to any change in eq. (2.17), by virtue of the commutativity of © and An, on 
_ replacing the second term of (2.16)/’ by 


and further 04,/0€9 in the Hamiltonian by the righthand side of (2.17) instead of (2.1). 
Hamiltonian density, thus obtained, has the following form; 


The new 


3 dane hy 
ase oe? + €04= $+ B40, (2.18) 


’ 


infinitesimal generating operator 
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. where Op and & are given in (2.3), and A’ is defined by 


1 os oe po *) 
are Op4> > 4 oPf ES _ 7g oyee 7 ~ 
yoo TPA, p + D & Path + age Ap+y¥Ay ut Lae (2.16)//7 
In this way we can obtain new field eqs. without self-contradiction, which run on rearrangement, thus :— 
The first set are 


pep Gi 
| = Dfro+ athe ‘ (2.17) 
If we introduce the new quantity Z by 
G=—Dydoz, (2.19) 
(2.17) and (2.19) can be brought into a single compact form; 
Gr=D- (feo 2), (217)a 
The remaining sets of the field equations instead of (2.4)b, c,d, are 
pudér=0, (2.17)b 
and 
Byer h y= — 
Ri fee gev 4 (2.17)¢ 
Substituting from (2.17)b into (2.17)c, we can rewrite (2.17)c into 
dE : 
tnt OE a jy, (2.7y/e 


since our underlying space-time is flat. Further from this equation, we deduce 
jz =0 (2.17)c 
provided that the equation of continuity and the eq. (2.17)b are taken into account. This is nothing 
but the eq. (2.5). The condition (2.7) can, in the present case, be replaced by 
G).y=0, F-%=0 (2.20) 


where 


if we make use of the field equation. 
ii) Zhe case of the third irreducible part 
In this case we have to take (2.4)b as meaning 


io (a world scalar) =. (2.21) 


The discussion of this case will be given in the later § 6. 
In concluding this somewhat lengthy paragraph, we may summarize our problems in view to be 
investigated in the next paragraph. These consist in proving the following facts: 
i) £ is a world scalar. 
ii) The condition (2.20) is covariant under &-transformation. 
iii) The two conditions (2.20) are mutually compatible. 


iv) The covariance of [C.A’]'s. 
v) The gauge-invariance of the whole system of equations and conditions. 


§ 3. Coordinate- and gauge-transformation 


We shall begin with the discussion of the €-transformation (2.9). The 
of (2.9) has been already given by (2.11). 
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Making use of the field equations (2.17)a, b, c, we can see the transformation 
character of ©’ which is given by 


Gr = K, 6] = 0G?— 2 9ee 
ose 


. vei KP 


where 
Gru D.{ freee}, r=", 


This shows that & (=G*") is the (p, 0) component of a tensor density ©. 
Hence & must be a world scalar. Thus the first problem in §2 has been proved. 
From this statement we can easily understand the covariance of the equations of 


field (2.17)a, b, c. Therefore we obtain the following result from the reasoning 
of §2; 


M=— — O*S! =c-number. 
as? 
In fact we can show that JZ is equal to zero by somewhat laborious calculation. 
Putting » equal to 0 in (3.1), we get 


(00st tee dee tb eee ae 
rGi=(2 et 1 8r ys EI — FE ae", 
aS A a age 

hence it holds ; 
o*€°-F,=0, (3.2) 
if we make use of the condition (2.20). 
In the same way we can also show 


o*y -F =0. (3.2) 
Thus the 2nd problem has been solved. The proof of the covariance of [C.R]’s 
is trivial, i.e. 


[4'®), BG) lmor=TT4E), BG) IouoT 
= [.4(é) ; B(y) Jono(=c-number), 


where a’ is a hypersurface defined by the same numerical value of £’ as that of 
€° defining the original surface ¢. Thus we have given the proof of covariance 
_ of the whole system of formulae under any transformation of §-system. 

In the second place let us consider the gauge transformation (1.4), where & 
was an arbitrary c-number and scalar function, 


But in the present case, 2 must 
satisfy the following wave equation 


[Vr *4=0, (3.3) 


because of the gauge invariance of the eq. (2.17)b. 


| 
| 
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Now the gauge transformation (1.4) is expressed by a unitary transformation 
0 W=T,PTGZ'=94+0,9, (3.4) 


where 7, is given by the following expression in case of the infinitesimal trans- 
formation ; 


eee. c=| {C28 ad. (3.5) 
From (3.4) we see at once the gauge covariance of [C.R]’s. 


As the gauge transformation is commutative with the §¢-transformation, the 
following equality holds for any field quantity 9 ; 


6,0* D=0*0,9. (3.6) 
Substituting from (3.4) and (2.12) into (3.6), we obtain 
o*G=0. (3.7) 


If we restrict the €-transformation to the special one 


6=°=€=constant parameter, 


og"=0, (3.8) 
then (3.7) becomes 

aG _o, (3.7)! 

az 


Eq. (3.7) means the invariance of G under any €-transformation while (3:8 
means that G is a constant of motion. Further, if the &-transformation is 


restricted to another special one: 


ae ae near one particular point §, on 9; 
GS = 


=O at all the other points (3.9) 
and 
000° _¢ near the surface a, 
og? 
we obtain from (3.7) Sele] 0 (3.7)”" 
6. 


Pp 


where G[a] is considered to be a functional of ¢. 
From (3.7) and (3.7)’, it can be proved that the equation (2.12) and the 


field equations are gauge-invariant, 
Now (3.7)/ may, on the ground of (3.3), be computed to the form 


It follows (3.10) 
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where 


g = 2 —§4+25 i) — G © (+3 Peet Tueete + (3.11) | 


dé? 


ofan a i G*) + 7 1 4 Ley, grt Cae 
di GP OE se Gert CY me 
From (3.10) and (3.11) we can also show the compatibility of the condition 
(2.20) with the eqs. of field. In quite the same way it can also be proved from 
the eq. (3.7) that (2.20) is covariant under ¢-transformation. 

The third problem mentioned in § 2, i.e. the compatibility between the two 
conditions (2.20) is easily proved because of the commutability of & and - 
Further from this character of commutability, we know also the gauge invariance 
of the condition (2.20). 

Thus we have proved the gauge invariance of all the formula. 

We have, so far, expressed all the formulae in reference to the §-system. 
Now let us rewrite all the expressions with regard to the original Lorentz frame 


in order to show the apparent covariance under the Lorentz transformation. 
The field equations are 


WS 
a Core ied, Wi +xp= 
epee ; 
aoe, es [ ]2=0- (3.12) 
0 A* 
au E'= f®— oF 
Ox? f 


And. the i[C.A]’s. are; 
[ UF8@) —g"EQ)}, 4,2) Wo! = — 108, 
J {GOW 0 Pu) doy! =a (3.13) 
The condition (2.20) is expressed by 
Ee 0: n(x). ,=0, (3.14) 
Ox 


where x* is the £-th component of a unit normal of the surface o at the point 
(x) and is defined by 
[e* 


n* (x) = — eae 


Finally, the generating operator G of the gauge transformation can be ex- 
pressed by 


OAn es 
Ca] {eB iid ool 


i 
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If we make use of the eqs (3.12), the G can be transformed into the the follow- 


ing form ; 
OE Oa : 
G=| {2%a— 2% | ao 15)! 
0 \ Ax* axt}” ony 


From this expression, we can easily Verify we eq: (3.1)! 


dG[o] _ a ee i | <0 
do,  dx*\dx, Ox, j 


§4. Interaction representation 


Let us consider the following unitary transformation ; 
AsA=UAU™ (4.1) 


where A is any field quantity in Heisenberg representation and 4 is the same 
quantity in the interaction representation (operators in Heisenberg representation 
will be denoted by bold face letters). U is a unitary operator whose transforma- 
tion character under the €-transformation is defined by 


ea { (wae) 42.0, 


$—DUVU-. (4.2) 
Then from (4.1) we obtain the transformation rule of any field quantity 
O* A2E7| Ky, Ail; (4.3) 


if we make use of the definition (4.2) and the eq. (2.12).. Here K, is the 
infinitesimal generating operator of the free fields, that is, A, does not contain 
the interaction term. If we restrict the €-transformation to the special one (3.8), 
we obtain from (4.3) 


—=9,, A], (4.4) 
where ; 
H=H+e4, 
ie. the eq. (4.4) is nothing but the equation of the free field. In this case, (4.2) 
is replaced by 

jd) _ eu (). (4.5) 

ds° 

On the other hand, if the -transformation is restricted to the second special case 
(3.9), then (4.2) becomes 

Tle] — (9) -Ule) (4.5) 


op 
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where U is considered to be a functional of o rather than a function of &°. 

The state vector Y(€°) in the interaction representation corresponding to (4.1), 
is defined as follows; 

YP (6°) =U(E) Bo, 
or 
P[a|=U[e]-F>. (4.6) 

From (4.6) and the eqs. (4.5), (4.5)’, we obtain the Tomonaga-Schwinger 
equation ; 


per eye. ee), (4.7) 
as? 
j SP le) sy Pye (4.7)! 
Ody 
or in general 
ory = —| (B02) d2-0. (4.7)" 


The [C.R]’s and the condition (2.20) retain their original expressions also in 
this representation. Especially the latter is given by ; 


G'(P)-V[o]=0, ¥(P)-¥[e]=0, (4.8) 


where the point P lies on the surface a. 

Next let us consider the gauge transformation, the generating operator of 
which keeps the same form as in case of the Heisenberg representation. Now 
let us separate G into two parts, one of which does not contain the interaction 
constant e while the other depends on g, i.e. 


G=Getins 
| {ei 96" a) a8 
ol OF%. ge, 
G=— | Dade. (4.9) 


The eq. (3.7) is, now, replaced by 

oG—il [(@ae yal, G|=o. (4.10) 
. Making use of (4.3), this is written as follows; 
*G+iX,, G}— il [(@aeyaz, G |=o. (4.10) 


(4.10)’ is an identity because it contains only canonical field quantities and their 
derivatives with regard to space coordinates. Hence there result the following 
identities from (4.10)’ corresponding to each power of ¢ ; 
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O*G,=8*G,+i[K,, G,J=0, (4.11)a 
a*G,—4 { (Ba) af, G, |=0, (4.11)b 
[| cae ya, G, |=0. (4.11)¢ 


Now from (4.10), the following relation is obtained ; 


Tg (id* + j (Baz*) a) TGP 
={id*+0*G+| (Boe )aé +16, | (B82) 22 ]} 9 


OR pen [ea 8) v =0, (4.12) 


if we make use of the eq. (4.7)”. 
Let us separate 7, into two factors in correspondence to (4.9), and put 


ts PE be 
Tj=l+72Gy, —1,=14+16,, (4.13) 
then, from (4.11)a it follows ; 
T,0* (T5*) =0. 


Hence from (4.12) we obtain 
7,{id* + { (wae) dé re) 
={i0*+ | (B’- 084 a] =0 (4.14) 
where 


Bl =T,BTs'= —Dj"(A, +2) 


Therefore, if we define the transformation character of the state vector Y and 


the field quantity @ under the gauge transformation by the following equations ; 
Po>U'=T71- G=V -iG,f, 
O00! =T, OT '=9+i[G,, P], (4.16) 


then the eq. (4.14) guarantees the gauge invariance of the eq. (4.7). Thus we 
have learned the two transformation character of ¥ ; 


ow =i{ (wae) dz} .v 
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and bef = ied. (4.17)° 


As to the compatibility of these two equations, we can easily prove it by making 


use of (4.11)b and (4.11)c. ; 
The field equations (4.4), the condition (4.8) and [C.R]’s are invariant for 


‘the transformation (4.16). ‘ 
Our next task lies in the verification of the compatibility between the condi- 
tion (4.8) and the equation (4.7)”. Eq. (4.10) can be written as follows, 


Gee [| (w02°) a8, G|=| es + wil a, 


by virtue of (3.3). From this equation we infer 
x—0, B=0, (4.18) 
where 


af’ = axGi — gi B0” 
ae 


+ -9_ (Gi 9%) 4+ Kae! 
ae 


4 ou08 ie Tria) (ae sr "ro. off ean we | | easy aé, e |, 


ger 00 


6) We can give the alternative method to obtain the transformation character of VU (or Y(r)) 
under the gauge transformation. From the eq. (4.5), the following integral equation is derived (we shall 


write ¢ instead of €, for simplicity) ; 
UG) = 1—i{" BO) Yar. 
where we assume U(—co)=1. From this equation we get; 
aei=i{' | dajuw os Ode Ua = j\" Be) dqU Wd? 
t/=—@ Jt=const tea 


= = ie eer) =i) 8) fae) +10) Uae’, 
by making use of the equation of continuity. If we put 
4(4) =0eU (4) +16, (7) -U(4), 


then the above equation appears as follow; 


o 
1) = 7 PB) ae. (a) 
—0o 
Since it holds 7(—0co)=0, and 
dy (2) baa 
= FBO, 1) 
in consequence of (a), we confirm that identically x(¢4)=0, 


so that 
ie) = 1G ,(4) -U(), 
or 


b6¥(t)=—7G,(4)- V(r). 
This is just the second equation of (4.17). 
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B! = —9*H4 a Gu aoc® = 0 ay 
ag¥\ ag é? ) ey C5") 


eo yaa . 5 0 ra 1 a 0 é 
22 3( FG oe -2] ivy Live mm) © pei 
age ag*\ 7 ) age (M+ ore *) aH 


+i| | Batya, aa (4.19) 


If the €-transformation is restricted to the special case (3.9), we obtain the 
following relations, from (4.18) with (4.19) on integration over a surface a; 


AY GU 3 4 : 0 
a a ae (2) st: cial + ah daw ge Oe 
—i[V(P), &'[o]], 
Sle] ——itr(P), lol, (4.20)? 


where 
C(l=[ GE ea, Hol=| FE HA. 


Now, from the condition (4.8), we obtain 


2 (Gia), ¥fo}) ="S EL. wfo}—se'fo}. 1P) Fhe]. 


If we substitute from the first equation of (4.20) into the above, and make use 
of the condition (4.8), then we arrive at 


9 (Gi[s]-¥[a]) =0. 


oy 


Sa 


In quite the same way, we can prove 


8 (3fa]-¥[o]) =0. 


06, 


Thus the condition (4.8) is compatible with the eq. (4.7)”. 

From now on, we shall avail ourselves exclusively with an rectilinear or- 
thogonal é-system, the transformation of which being restricted to the Lorentz 
group. This restriction, however, does not destroy the generality of our theory 
because we have already shown the covariance of our formalism under the €- 
transformation. In this simple case we can easily solve the equations of field, 
the solutions of which will be given below. In particular we will express any 


7) cf. (I). p. 453. 
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field quantity @ at an arbitrary world point (¢) in terms of the canonical quanti- 
ties on the surface o. As to &, for example, we get 


E(@)= [[26- g) ) 2) +20 G—* EE) | ae. (4.21) 


o(EOr =const) 
Making (4.21) operate on ¥[a], we obtain the following condition on account of 
(4.8) ; 
{z(8) +] DE—#) 7° Eye" LBL] =0. (4.22) 


This is more general than the first of the conditions (4.8) to the effect that the 
point (¢) may well lie outside of «. On differentiation of (4.22) with respect 
to €°, we get the generalized second condition 


a&* () 


ou 


+| 2S "7 (6) de} Wa] =0. (4.22)' 
nr 


By means of these solutions, we can also generalize the [C.R]’s as follows; 


B®), 4.@)]=-22 


[4. 4), A, (8) =i D E—8) +i f+ Vasc a ") (dq)', (4.23) 


where o’ is a hyper plane on which €° is a constant. As for the electron field 
the [C.R]'s remain the same form with that of the usual ones. 


In concluding this paragraph we want to write down several expressions 
with reference to the original Lorentz frame. 


In the first place the eq. (4.7) runs as follows 


PED) BP (2), 


where 


= —n'| 7 Ade x, 
and the more general eq. (4.7) becomes, 


BF 1 : 
1050 = mag fit TD" An (18x! =n a*)\ da BE 


; Ue — 
lim 7 Pol) ie sl "A, (na —n'x*) da (a), 


aaa Cn vo 
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- ‘where we have in mind the infinitesimal Lorentz transformation of the orthogonal 
rectilinear €-system, i.e. 
dre = eve’, 06 = —n,€4,21 
with 
C= — Eres 
and the hyper plane o’ is that on which the new time coordinate c’ has the same 
value as that of z on the plane a. 
The condition (4.22) now is expressed by 


{E(2) + \ D(x —2') j*(2") do} ¥ (2) =0, (4.24) 
and the [C.R]'s are rewritten as Polls 
D@G= 
[E(), Ale) ]= 12° E27), 


‘ aD meer i 4 aD 4! — Ai 
[A,(4), 4,(2’) ]=—ig cuD(a—a) +i | _ ce ) e “ii z ) (det. 
(4.25) 
Here it should be noticed that the condition of the flatness of o and o in 
(4.24), (4.25) is not necessary, but we can rather adopt any space-like hyper- 
surface as easily seen from the nature of these equations. 


$5. Elimination of the longitudinal component 


In this paragraph we deal with the special case of an orthogonal rectilinear 


€-system. 
In the first place, let us separate A; into two parts ; 
\ 
ate 
where we assume (5.1) 
Bee ; B = B,=0. 
age 
Then from (2.17)b, 4 must satisfy the following equation 
4h—24i 0, (5.2) 


v3!) 
S 


Introducing the Green function G) of the Poisson equation, (5.2) can be solved 

as follows ; 

OAL 5 (2, 3°) 2) ae (5.3) 
aie 
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where 

4G @) =8(6). 
The [C.R]’s between A and other quantities are given by ; 
06 €~ ) 


(Ge), 4) = 12S 
[Z(&), AG) ]=0, 
[A,,4]=0, [4(€), AC) ]=0, [25, 4J=0, (5:4) 
and further 
[eee AG) |=3G—%. (5.5) 
age 


Making D’Alembertian operate on both sides of (5.3), we get 
[JA=—E (5.6) 
by virtue of the field equation. Hence from (5.1) we obtain the following 
equation ; 
[J4,=0. (5.7) 
The [C.R]’s between 4; and other quantities are given by ; 
[G*, B= ~ 2089 EF) 4, FEE") 
4 ag" ag’ 
[4,2 4) Us as, by =e 
ag" | 2 
a | Ai) é 


Now we can give the more general [C.R]’s by using the field equations and’ 
[C.R]’s (5.4), (6.8). To do this let us introduce a new function g, which is: 
defined by ; 


ce =Dé), ? (5.9), 


and at €°=0 


es OT \eljeZ 
g(é)=0" and dee 


= =0 

In terms of this new function, the generalized [C.R]’s are given as follows ™ 
[A(§), AG) aig @-") + ¢-- (DE) Dq—F") a) 
[Bz, A]=0, 
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aN? ‘ beh foul J 
[Bz (€), Bs) J= —aD(E—8) 4 PAE) (5.10) 
as*as” 
If we put 
_ ad’ 
DSS a. we 


then A’ satisfies the following equation which is derived from the eq. (2.17)! 
(where 7" should be put equal to zero), 


[JV/=—E£. (5.11) 


Therefore the [C.R]’s between A’ and other quantities are 


(8), A@)]=[ YE—) DG—")(a)' 


[4' (8), A) ]=—ig E—-#) +i) DE—N DQ—*) (a) 
[4 (é), Bg (’)]=0. or (5.12) 


Now let us try to eliminate the charge density 7 from the second condition 
-of (4.8) so as to obtain the same one as in case of the free field. 
Consider the unitary transformation ; 


F(t) P' (ct) =S(c) -F (cz), (5.13) 
where S(r) is a unitary operator defined by 


Soyo! Rr) = -{ FAG, dae. 
t=coust 


From the [C.R]'s (5.4), (5.5), it results: 
[R,7*]=0, [R, Z]=0, 


-so that it holds 


‘Thus the condition (4.8) is transformed into 
Bee 0, Ser'(=0, (5.14) 
age 


as anticipated. 
Corresponding to the transformation (5.13), the Tomonaga-Schwinger equation 


ds now written as follows ; 
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PO LpH@, (5.15) 


where 


aS 


7" (< )=iS 2S t+ SVS", 


and this is expressed by 
p= —| 7B,de+ 3 {| FQCEM/ Ende 


see: tT=cons 


+{{ i! eG E— — 8 eae dé, (5.16) 
t= BOS 
by making use of the definition of R(r) and the eq. (5.1). Substituting from 
(5.16) into (5,15), the last integral of (5.16) disappears because of the condition 
(5.14). 

Next let us consider the gauge transformation. The transformation of &,,. 
A and A’ are given by 


= 6cBz=1[Gy; Bz|=0; 
OLAX Of = 4, (5.17) 


7) 
qa 
v? 


where the following [C.R]’s are used; 
[4;(é), 4’) ]=—iG E—-8), 


for, Sep ee 


The state vector ¥’(c) is transformed in the following way: 
Oat =(0nS 5 7 Stas ery 


The right-hand side of this equation turns out to vanish, i.e. &’ reveals itself 
to be gauge-invariant, if we take into account the eqs. (4.17) and (5.17). From 
this fact, we can see the gauge-invariance of eq. (5.15). In reference to the 
original Lorentz frame the eq. (5.1) runs 


Sees ET 
A,(*) aie es nye on Cane. ; (5.18) 


where &, is defined by 
Pet 2 sng Me 


and satisfies the following condition 


-=0, 2,B*=0. (5.19); 
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The last equation of (5,10) is replaced by 
[4,(2) Bia") J=—1( St I) D(#—x') 


+i(2, + 142 3. =e Ne -( Std 3 2 \a(e—2), (5.20) 


and the definition of Gg is now 
(oe 24)@= =D) 


lim q=0, lim (oe Sa)d = Sean) : (5.21) 


(nz)-+0 (nz)-90 V xj ) (na) =0 
Finally the eq. (5.15) is represented by 


g28' (2) pg (2), 


at 
pe) = — |. J Byw'da, + =I, jr(a) SEE) ji(z')dodo/. (5.22) 
All the expressions from (5.18) to (5.22) agree with those given by Schwinger. 


§ 6. Proof of the equivalence of the present theory with the 
ordinary one (Fermi’s theory) 


In this paragraph we shall refer all quantities to a rectilinear coordinate ' 
system and also to the Heisenberg representation. 

Let us recall the main features of the current theory due to Fermi. 

The Lagrangian used in Fermi’s theory is 


iss 
Ly=— fu *— a 


= s i] 
where Z,, and V are given in (1.1). The canonically conjugate quantity to the 
electromagnetic potential is accordingly defined by 


0 of 04’ 
E*=f* ae (Gay 


the Hamiltonian density : 
Hp H- (BE), 


where AH {s the Hamiltonian density of our own theory. The field equations 


aes 
a 
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And finally the supplementary condition is 


O° 
Lee ».==0; ye tiie 
or 
At ak* 
? fit ose ( => °\ = 
Ox Ie Fae 


by virtue of the field equations. 
Now, within the framework of our theory, ‘consider the following unitary 


transformation 


05025083, F seIa sr. 


sae R=-2| (ECs) (6.1) 


where @ stands for any field quantity of our theory. 
From our eq. (2.17)"c, we obtain the following [C.R| in the Heisenberg 
representation ; 


[E(z), B(#’)]=0, (6.2) 


where the two world points need not be simultaneous. By virtue of this [CR] 
we have evidently 


aR 
Eleadty and [x ie |=0. 6.3 
ax he) 
The new field equation of the transformed quantity @’ turns out to be 
ae’ . if 5 Te LS 4 ( 
aan 2 — Pee (p’ 
oa i| (s#s7—iS.5-), a (6.4) 
‘On the other hand, in consequence of (6.3), it holds ; 
aS .aR 2 . 
le Ne aK =| E')°dx, 
dx err a aes 


so that the eq. (6.4) becomes 


with Fermi’s Hamiltonian 4,. In particular, for @’=A,’, we obtain the following 
equation, 
GAs id A*, 


ea aes —f ies =A= Germ ap) 
0 A 


This is nothing but Fermi’s equation. According to the transformation rule (6.1), 
‘our supplementary condition (2.20) becomes 
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Bay iG 


ae* es 


a, ee 
0, {2 = +7"}-9'=0. 
Ox* 
Thus the required proof of equivalence has been completed. 
In concluding this paragraph let us return to the second case of §2 (page 90). 
In this case we must express S as a linear combination of the canonical quantities, 
where S is defined by 


oA* 
Ss ; 2.21 
Ax* ( ) 
The only possible form of Sis 
S=cE (c is an arbitrary constant). 


If c is put equal to 1, then we arrive at Fermi’s theory, whereas if c equal to 
zero, then our theory, treated as the first case, is derived. Among different 
choices of the value of the constant c, the case c=O0 is distinguished from other 
cases in the fact that the Lagrangian in its original form is restored on the 
inverse Legendre transformation from the Hamiltonian obtained, only in that case 
pf ca0. 


§7. Application to the vector meson field” 


We encounter with the same kind of difficulty in case of the vector meson 
field as that of the radiation field. The Lagrange function of the system of the 
vector-meson and nucleon fields is taken, as usual, to be 


Ll=Ly t+ La V 
where Z, belongs to the nucleon-field in free case, whereas L, and V are given 
by, 
a. 3 pv Met og a eel 
Ln= ey ec ; D) Yr ( 77 - Py v Z eu) 


°° 
of 
a eet 
9 luvs , 


¢ 
a 


act 1 ar cate 
= —fjt(4.—— 9m) + $F ae 


and 
i 1 v v. 
i Lk ie Bacal *)¢, 
Fyy=4vu—Auv (Ty? 
meson field with a vector A, and a redundant scalar field 


Here we describe the 
A, and g are defined by 


g. The canonically conjugate quantities to 


8) In this paragraph, we shall refer all the quantities to an orthogonal rectilinear §-system. 


9) Y. Miyamoto, Prog. Theor. Phys. 3 (1948), 124. 
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Et= F427 #=0, 
P 4 . 


ae (7.2) 


|~s 


T= (P19 —4A8) = 


0 


Og 


Let us introduce a new quantity Z® which is canonically conjugate to 4A, 
as was done in §3. Solving (7.2) with respect to A, 0, Yo, we obtain the 
following solution ; 


g ey, 
Ags =fi+ As, p= = bie 

x 
A,a= A= indeterminate, 


gaudy t nF ji. 
x 
If we put A equal to, with two arbitrary constants @ and 4, 


A= Ay g—ap— 2 E (7.3) 


as in case of the radiation field, then we obtain the following Hamilonian density 


: H=H,+ VW’, 


Hh= BPE + B®. Ag+ BY Ags — ag Bi — 4 (B%)? 


ane Ayt tat ms aes Fey a (x45 — 9,5) (x4g— $5) 


= ight OF — iH p\yp, 


7 <u, i “( a Stay 
b '=—f7"( Ag ——95)+£; LOG a eee ep 
x x Dx 


9 
on 
oO 


a Juv”. (7.4) 


£ ye ee FO pec Siw 
aa e ae ee ae A 
x / One J 2x lt) 2x 


The nonvanishing [C-R]’s related to the meson field are 
[E"A,]=—i0ed(€—2), [z, ¢]=—i8(E—®). (7.5) 


Thee quations of motion of the meson field derived from the Hamiltonian thus: 
_ established, run as follows ; 


Aus = Et + dig 7*4, (7.6)a 
Ay,j=Agg —ap— bE’, (7.6)b 
gis saat nal jf, (7.6) c 
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n. OF nn OF esi 2s = gore 
Ey = Aponte RE Aah AP ig PAG Se oe ; (7.6)d 
7 aE" 
fete oth (7.6) e 
ind Fee Hedi, woe wong lia y* 
x, =ak 5a (xAz—9,z) ‘reer , (7.6) £ 
Combinations of these equations give 
2 az" ; 
(O-*)4A, + od ean (x—a) oe ti * Te =0, (V.7)a 
((]—ax) 9+ (a—éx) E*=0, (7.7)b 
((]—ax) E*=0 (7.7)c 
provided that the equation of continuity 
a= 
age 


is taken into account. As one easily sees, the eq. (7.7)b turns out to be a 
consequence of the remaining eqs. (7.7)a (V7.7)c and (7.6)b. Thus the eqs. 


(7.7) are not mutually independent. 
Now our Lagrangian is invariant under the gauge transformation 


I =0gt =V5 


OA 


age 


dgp=xi. (7.8) 


i 


bcAy= 


The generating operator of this infinitesimal transformation is 


, BY 7 > ; 
= | {ai 2% + (e222 apa, (7.9) 
o a¢° ace 
and satisfies 
dG _o (7.10) 
dé? 


as in case of the electromagnetic field. 
The arbitrary function 2 which is a scalar, must satisfy, in the present case, 
the following equation ; 
(CKi—ax)A=0 (7.11) 
by virtue of the gauge invariance of (7.6)b, Z ° being assumed as gauge invariant. 


Actually the eq. (7.10) is derived by using (7.11) and the field equations. 
| Now we have to propose the following supplementary conditions 


Wap e%4, 
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By ,=0, F¥,=0 to be valid on a, (7.12) 
where 
ies Neat —x7T, 
age 


From the eq. (7.10) we can easily show that the conditions (7.12) are 
mutually compatible and, moreover, consistent with the field equations. a 
amusing circumstance depends on the clever introduction of the redundant field ¢. 

Let us introduce a new quantity U, defined by 


DGFT heel ack (7.13) 


then from (7.7)a and (7.7)b, we conclude 


3 sans 4 
(-) 0+ (1-2) 2 + 9, -£ le =0; (7.14) 
x 196 ‘ 
and the (7.6)b becomes 
ae Ser (7.15) 
32 z 


Hence, provided that the indeterminate const. a@ is not equal to zero, we can 
replace (7.12) by 


B 
0" pn, 2.( 20" po, 


= TAs 
Aa 0 ’ ae? ou (7 ) 


In particular, if we put @ and 4 equal to x and zero respectively, then from 
(7.14) (7.15) we obtain, 


(O-#)U,44,-£ Yur 0, (7.14) 
405, 
oe =£. (7.15)! 


The eqs. (7.7)b and (7.7)c, are, now, replaced by 
(A—-*)e=0, (T-#)E*=0, 
and (7.11) runs as follows ; 
(L]—#)24=0. 
_ The eq. (7.14)’ is the usual eq. of the meson field. 


10) E. Stiickelberg, Helv. Phys, Acta 11 (1938), 299. 
K. Husimi, cf. footnote (2). 
11) Of course other choices of a and 4 are also possible, for example, a=4=0, or a=x, 6=1. It 


can be shown, however, by means of the suitable unitary transformations, that these cases are equivalent 
to our case. 
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Next let us adopt the interaction representation. In this case, the equations 
of fields are those of the free fields, and by virtue of these we can eliminate the 
canonical momenta from the interaction energy density /’.. Thus V’ gets the 
following form ; 


9° 


Y= V4 Lo jij) 4S jn prs, (7.16) 


2Qx* 2x° 


or, describing this with regard to the original Lorentz frame, we obtain ; 


Vi=V + Zo (mj") (7°) + (jut!) (jm). (7.16)! 
Dx? Dx? 
The normal-dependent terms, which are contrived previously through integrability 
conditions, emerge now quite naturally in our theory.” 

\ The Tomonaga-Schwinger eq. runs as follows ; 


(FO 79), t=—1,x*, 


or 
i Oy a al 


Op 


=VJ¥{[o}, 
where V’ can be expressed as follows by using the definition of U, ; 


Y! = —fO,j* + £0 yj + Zh 
2Qx 2x” 


+f (ny*)\(ms) + 


E (m7) (fut). 
Dx x 


2 


In the case where a and 4 are put equal to x and O respectively, the [C.R]’s of 
the meson field are given by 


7 A Fa 2 Y a4(F—7) a4 (n—S") 4 


eae An\= orcas 

(¢, Agl= a” 46-1) 205 (an) 
Jor On 

[v, i] =ind(€—€"), 

[E°, E*'|=0, 


[p, yJ=—i4 e—#) +84[ 4 E—1) dG—®) (an) 


12) cf. foot-note (9) and also S. Kanesawa and Z. Koba, Prog. Theor. Phys. 4 (1949), 297. 
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a 7th ae 1 9°24(é—€' 7 
[Om Ul=—1(46-?)7,,-— voG—t) ). (7.18) 


In case of other choice of a and 4, there appears the invariant delta function D. 
Now we want to investigate an alternative type of the interaction part of 
the Lagrangian. 


Let us adopt the Lagrangian of the following form, instead of (113% 
L=L,,+Ll,—W (7.19) 


~m. 


where Z,, and Z, are Bien by (7.1), but W is defined by 
maf At Ei + EI Ia 7.19)! 


The Hamiltonian density corresponding to fi.19 ois 


H'=H,+W", 


W=—fA,j*+-$ Fy; 7 —L Be je 4 Spo jee 4 2p rey, (7.20) 
2x x 2 2x? 


and //, is the same one as in the former case. 
The Lagrangian (7.19), now, admits the following gauge transformation, 
instead of (7.8) : 
Ogd=ifhd, d¢f'=—ifdd, 
OA 3 m7 
Po laeairer 0(p=xi, (7.21) 


and the generating operator for (7.21) is given by 
c=| ra 34 +(x BEF —f/) afd? (7.22) 
Fe OS® age 
In this case, the supplementary condition is 
Ee. =0; LP = 0 on a, 


ale 
age 


jl = 


fj — xr, (7.23) 


In the interaction representation, the field equations are the same as in the former 
_case, (we have put @ and 6 equal to x and zero respectively,) whereas the interac- 
tion energy density W’ now turns into, 


W =W+ $5 (nj) (4p). (7.24) 


Now let us consider the elimination of the term depending on the nucleon 
field from the supplementary condition as was done in § 5. 
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Consider the following unitary transformation ; 
B (2) +8" (2) =S¥ (2), 
S=e®, R=—-L| jgdi., 
xXJo 
‘Then we obtain | 
SFIS = 98" =P, SEIS-1= F’, 
se 
the supplementary conditions are transformed into 
E°~'(2)=0, FU'(-)=0, one 
and the Tomonaga-Schwinger eq. runs as follows ; 


OO) _ ape), 


where 


aS 


Ww'= Seine a ar ~ Stee" 


(7.25) 


(7.26) 
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Since the new expression for the interaction energy turns out to be just the 
same as the previous one I’, the equivalence of the both theory has been proved. 

In the latter theory it is an easy matter to make the meson field agree with ° 
the electromagnetic field by making x and g tend to zero, whereas in the former 


case it seems somewhat difficult because of the term ere in the interaction. 
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The diffusion of the nucleon component through the atmosphere is investigated. They are 
classified into three groups according to. their energy, and the various properties of their nuclear 


interactions are discussed. 


§1. Introduction 


During last several years, various authors investigated the nuclear interactions 
caused by cosmic-rays, using Wilson chambers, ionization chambers, or G-M 
counters. Although they brought to light some properties of such nuclear events, 
the complete understanding has not yet been obtained. The photographic experi- 
ments with highly sensitive emulsion have become very powerful on this subject, 
by which Bristol group has recently carried out detailed investigations.” ? ® Their 
results make us possible to clarify the various properties of nuclear interactions 
more directly in wider range of energies than ever, and thus we have now some- 

- what ample knowledges on them. 

These nuclear events by cosmic rays are the only available data on high 
energy mesonic phenomena, which we have now at hand. In order to facilitate 
our understanding on these problems, we must, first of all, build a picture or a 
model for cosmic-ray nuclear interactions from various experimental data. Here, 
we shall be concerned with this preliminary analysis, and ask the kinds, the 
energies and the genetic relations of agents of these events. Its result will be 
discussed in more detail in a separate paper, comparing with the calculation on 
meson theories. 

Firstly, we describe a survey of the experimental results of Bristol group, 
including the definition of some standards of energy for later use (§2). Accor- 
ding to these standards of energy, we can classify the nuclear events and the 
nucleon component as tentatively named A, B and C (§3). The genetic relations 
between these components are discussed by solving a simplified diffusion problem, 
although there remains some ambiguity if we wish to get forth into quantitative 
points (§4). The radiationless process of B-component is, however, treated more 
unambiguously and we can get some informations complementary to the accele- 
rator experiments (§ 5). 


§2. Preliminaries 


In the photographic experiment of Bristol group,” they classified the tracks 


Nuclear Disintegration caused by Cosmic-Rays i 


of nuclear events into the following three groups according to their grain density ; 
thin tracks of grain density < 1.5 ¢,,, grey tracks of 1.5~5 g,, and black tracks 
of 252, where’ g,, is the minimum observed value of the grain density. As 
they pointed out, these three groups can be interpreted as follows. i) The thin 
group consists of fast mesons and fast protons. Incident protons’ of the events 
are also included in it. ii) The main part of the grey group are protons with 
energies 20~330 MeV, and the rest will be deuterons, slow meson ‘and others. 
iii) Most of the evaporated protons, a-particles and other heavier nuclear frag- 
ments have rather low energies, and they make the black group. 

Using the above classification of tracks, they specified the observed nuclear 
events by the number ~, of their thin secondary tracks (shower tracks) and the 
number /V, of the grey and black tracks (heavy tracks). Furthermore, the suffix 
mn or p is attached, according as the agent is neutral or charged. ; 

These x, and JV, are closely related to the mechanism of nuclear interactions 
and their available energies. To see this, we suppose that one cosmic-ray nucleon 
hits on a Ag or Br nucleus in emulsion. It will make successive collisions 
with several nucleons in the nucleus. If it has a sufficiently large energy, a num- 
ber of mesons will be produced, and we shall observe them as thin tracks. At 
the same time, collided nucleons may receive a considerable amount of recoil 
energy. They will also make several collisions in the nucleus, and finally be 
stopped, or run away from the nucleus and be detected as thin or grey tracks. 
The residual nucleus will be in a highly excited state due to these disturbances, 
and then it will evaporate protons, neutrons, a-particles and other nuclear frag- 
ments, which are recorded as black tracks. 

If we could make an analogy between the electromagnetic and the mesonic 
interaction, the meson production might correspond to the bremsstrahlung and 
the knocked-out protons to the knocked-on electrons. Then a certain energy E, 
can be introduced in the same way as the critical energy in the cascade theory, 
though it may have less meaning than in the latter case. 

First, we consider the case of an incident energy larger than the critical 
energy Z, of nuclear collision. As most of thin tracks can be regarded as mesons,” 
their number x, is closely related to the number of collisions with the available 
energy = &,. For example, their relation is linear, if mesons are always produced 
singly. In the case of genuine multiple production, it becomes more complicated. 

When an incident energy is below &,, the elastic nucleon-nucleon scattering 
will be more predominant than the meson production. In this case, we are mainly 
d with the grey and the black group, since most of knocked-out protons 


concerne 
We shall be able to obtain various informations on 


are classified as grey tracks. 
nuclear transparency, by examining their relations. 

Thus the determination of the critical energy E, of nuclear collision becomes 
very important for us to interpret these nuclear events. For this purpose, we 
‘shall introduce further two standards for the energy of the nucleon component, 
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and determine their values comparing with each other. 

One standard is the geomagnetic cut-off energy 4. (or the Resi of the 
primary proton spectrum. At the top of the atmosphere, the energy spectrum of 
nucleons will have a remarkable discontinuity at Z,,,, although contributions from 
primary a-paiticles may smear it out in some respects. Therefore, we can expect 
that the same circumstance will occur in the size-distribution curve of nuclear 
events observed in the stratosphere. 

The other standard is the critical energy of the diffusion through the atmo- 
sphere. Protons of the nucleon component suffer ionization loss, whereas neutrons 
do not. From this ionization and the mean free path for the nuclear interaction, 
we can define the critical energy £, of diffusion. Protons with energies = &; 
make nuclear interactions, on an average, before they are stopped by ionization 
loss, while those with energies <4, are stopped before nuclear interactions. 
Therefore, we shall find below 4, considerable difference between the energy 
spectra of protons and neutrons. This will result in the different amount of 
contributions of neutroas and protons to the nuclear events of smaller size. 

Furthermore, the comparison of the absolute intensity of nucleon component 
and the absolute frequency of nuclear events will give us another information on 
relations of the size of events and the energy of agents. For this purpose, we 


need some knowledges on the cross-section, which can be obtained from other 
‘experimental data. 


§ 3. Classification of nuclear events and of nucleon component 

From the considerations in § 2, we classify the nucleon component into the 
following three groups ; 

A-component with energies E => £&,,. The ratio of numbers of neutrons and 
protons (we call it simply as the -f ratio) of this component will be consider- 
ably smaller than unity at the top of the atmosphere, and will tend to unity at 
lower altitudes. 

B-component with energies £,,, > E => £,.. They are produced in collisions of 
A-nucleons with air nuclei. Their 2-p ratio will always be nearly 1, since protons 
and neutrons will be produced equally and the ionization loss does not play an 
important role in this case. 

C-componcnt with energies E < Ej. They are produced by A and 4-component 
in nuclear collisions. Their 2-p ratio will be considerably larger than 1 due to 
the ionization loss. 

The geomagnetic cut-off energy &,,, will be ~2BeV at the experimental 
station of Bristol group.* The critical energy E, of diffusion depends on an 


assumed mean free path for collisions, but we may put £;~ 1 BeV without large 
error. 


* 
Bristol group did not write in their paper the station of their experiment in the stratosphere. Here 
we suppose it will be near Jungfraujoch, where they performed their first experiment. 
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Next, we examine the nuclear events. and determine which correspond to the 
above three groups of nucleons. The following table shows the z-f ratio of their 


agents calculated from the experimental data of Bristol group.” ? 


Table I Observed 7 ratio of agents of nuclear events!) 2) 


Ey | 0 il >2 
depth = S) | 
45 g/cm? | 5.45 + 087 0.91 + 0.238 | 0.57 + 0.19 
| 690 g/cm? | 710 043 14 + 0.15 0.76 + 0.14 


We see from this table, that nuclear events of 7, = 2 (we denote it simply as 
= 2,) are mainly caused by A-component, 1, by 4, and 0, by C-component. 
Now, we can find the following interpretation for these nuclear eveuts, 


0, (x or ~) > 0, or —x, 


1; (x or p)—>f, or —(f+2x), (747), 
2, (a or p)—>( p+), (p+%) or (74742), (+740), 
etc. 
Here f# or x means a proton or a neutron with energy in thin track region, and 
0 indicates a final state without such nucleons. 7 is a fast charged z-meson. 

It can be shown that the events of the first mode are most frequent, as was 
pointed out by Bristol group.” (See also §5.) The second mode may take place 
at most 20~30%. Strictly speaking, therefoie, we must improve the above cor- 
respondence in the following ways, 


A-component > > 2,+ (the second mode of 1,), 
B-component — (the first mode of 1,) + (the second mode of 0,), 
C-component —> (the first mode of 0,). 


This remark is important for the comparison of their absolute frequency (cf. § 4). 

Furthermore, we see that the critical energy 4, of nuclear collision will lie 
between the energies of agents of 1, and 2,. From the above consideration, we 
can suppose that Z, is betweea Aay~2 BeV and £,~1BeV. Later, we shall dis- 


cuss on them in more detail. 


$4. Diffusion of the nucleon component 


To make our discussion more quantitatively, we treat the diffusion of nucleon 
components through the atmosphere and ascertain our classification and corres- 


pondence on them. 
t In the course of calculation, we assume that the absorption mean free path 
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Zs» the collision mean free path 7. for nuclear interactions, and the probability 
k for charge exchange in one collision are all constant for each nucleon component. 
We tentatively take their numerical values as follows, 


Laps 125 g/cm? air, 
log geometrical one, i.e. 100 g/cm’ in emulsion or 65 g/cm* in air, (1) 
kw 1/2. 


These are approximately verified by various experiments. 
Diffusion of A-component Neglecting the ionization loss, the vertical intensity 


A(t) of A-component can be expressed simply as, 

A(t) =aexp (—t/lars) s (2) 
where a@ is the primary Oe stay at the top of the atmosphere. Its total inten- 
sity A(?) is, integrating over all directions, 

A(t) =§ A(z/cos 0) a2 
=n fekp (=Hla) + (t/Ls EU HL ee. (3) 


If we distinguish the proton intensity g(¢) and the neutron intensity w(¢), they 
are given by, 


72) a (@/2) lexp eS t/Taps) +€xp ee (¢/Loss) 7 (2kt/L01) ]] ’ 
1 (2) = (a/2) exp (—¢/Lass) — exp | — (¢/Lavs) — (2Rt/Locn) ]] ; 


under the initial conditions, 


(4), 


£(0) =a, nO} =O): 


Their total intensities p(¢) and x(é) are also easily obtained. 

Next we shall compare them with the experimental data. Table II shows 
the absolute frequency of nuclear events measured at two altitudes by Bristol 
group. Following the consideration in §3, we can estimate from them the ab- 
solute frequency of nuclear events which are produced by A, B and C-component 
(we call them simply 4, & and C-stars). We show in Table III their frequency 
obtained under the assumption that protons and neutrons are equally produced. 
in a nuclear collision, i.e. 


A-stars~ (= 2,)+2,: (x or p) (f+ / or +n), (T+ or 7+7), 
B-stars~2 x (1,—2,): (xz or p)—>(z or P), (5). 
C-stars~0,— (1,—2,) : (x or p) =O 


1) Stratosphere (45 g/cm’). Assuming the numerical values (1) for the 
parameter, the x-p ratio for A-componrent is expected to be, 
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Table II. 
Absolute frequency (per 1 day, 1g emulsion) of nuclear events 
measured by Bristol group.1) 2) 
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SPaeiy 2 type ‘ ~— 
atmospheric ~~ n Op 1, =9 
depth eeitice : 
45 g/cm? 167 Se) 30.7 +3.4 46.5 +4.2 27.0 3.2 
690 g/cm? 2.05 + 0.03 0.288=.0.013 0.245 +. 0.012 0.1232-0,008 
Table II. 
Estimated absolute frequency of nuclear events produced 
by 4, & and C-component. 
a ay classifi- | 
i ait 
atmospheric it pth A-star £B-star C,,-star* | 
depth , 
45 g/cm? 39. 70. 148. | 
690 g/cm? 0.19 0.35 1.95 | 


* C,-star means the nuclear event produced by C-neutrons. 


Cp-Stars are discussed later (cf. § 5). 


n/p=0.52 at t=45 ¢/cm’, 
which is nearly in agreement with the observed one, 0.57+0.19 for = 2 Kee 
Table 1). As for the absolute intensity, we take the data obtained by the rocket 


experiments,” 
a=0.12/sec. cm® sterad. (6) 


‘Then, we have the total intensity A(t) at this altitude, as, 


A(45 g/cm’) =2.67 x 10*/cm* day, (7) 


_which cause the nuclear events with the frequency, 


estimation for 4... 
. geometrical one. 


| 


i 
|= 


(8) 


This should be compared with the observed frequency of A-stars, 39/g. day, which 
is much smaller than the expected one (8) (cf. Table Ill). We can find some 
possible explanations to account for this large discrepancy. 

a) The assum*d values (1) of Zi, and Z,,. may be wrong. But, as will be 
discussed later concerning the altitude dependence, we can not take a smaller value 
While, as is seen, the geometrical mean free path (1) is the minimum 
and its maximum estimation Will be ~Jdars, 
If we take Z..~4gss, this modification decreases the expected. 
frequency of A-stars by a factor ~2 and somewhat reduces the above discrepancy. 


A-star at 45 g/cm?=2.67 x 10°/g. day. 


for Laas 
a i.e. twice of the 
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But, at the same time, it makes smaller the 7-p ratio to 0.28, which again con- 
tradicts with the observed value. Therefore, we can say that the allowable 
maximum value for JZ,,. will be 1.5-times the geometrical one. 

b) Recent experiments show that 20~30% of primary particles are a-particles 
or heavier nuclei, which have much larger absorption coefficient than protons.” 
Therefore, we should equate a in (2) to the primary proton intensity, and not to. 
the total intensity of primary rays. 

c) As is seen from Table I, the 2-p ratio of events 1, may be somewhat 
smaller than 1. If this is really the case, we must attribute some of 1, of the 
first mode to A-stars. From its 2-p ratio, at most 1/3 of 1, of the first mode 
can be regarded as A-stars, and thus we have the estimated maximum frequency 
of A-stars as follows (cf. Table III), 


A-stars=39 + 70/3 =62/g. day. (9) 


In this case, the frequency of B-stars becomes 2/3 of the previous value, i.e. 
47/g. day. 

d) Furthermore, we should not overlook the possibility that the considerable 
amount of back rays may exist at the top of the atmosphere, and may increase 
the apparent primary intensity.” The maximum estimation of the intensity of 
back-rays can be nearly the same order of magnitude as the primary rays. 

e) Bristol group observed the nuclear events with WV, = 3. Therefore, we 
must add the frequency of missed events to their experimental value. Extrapola- 
ting their /V,-spectrum, we can estimate the contribution from these small stars 
may be 10%. 

Taking into account the remarks a) and b), we have the minimum expected’ 
frequency of A-stars as, 


(8) x = x 0.7 125/g. day, (10) 


while, the maximum estimation of its observed frequency is, from the remarks. 
c) and e), 
62 x 1.1=68/g. day. Cre) 


Furthermore, if we regard this somewhat still larger expected value as due to the 
back-rays (cf. remark d)), the discrepancy will not be so large as stated before. 

2) Mountain altitude (690 g/cm*). We may tentatively take (js. 98° 2 
standard for the intensity of A-component, since we do not know the precise value 
for the primary intensity. Then we obtain the expected frequency of A-stars at 
this altitude as follows, assuming the absorption mean free path /,,, to be 125 g/cm’, 


A-star at 690 g/cm’=0.062/g. day. (12) 


It is nearly one third of the observed frequency of A-stars, 0.19/g. day (cf. Table 
HI). If we adopt 4,~150 g/cm? instead of (1), ie. 125 g/cm’, we can get the 
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correct expected value equal to the observed one. This rather large absorption 
mean free path may be due to the difference in the energy spectra of A-component 
at two altitudes, as is seen from the comparison of 7,-spectra.* 

The 2-p ratio of this component is expected to be 1 at this altitude. The 
experimental value, 0.76+0.14, is somewhat smaller than 1. If this slight diffe- 
rence really exists, we must take at most 4~0.3, which again destroys the agree- 
ment obtained for the stratosphere data. Large statistical error prevents us to get 
a definite conclusion. 

We have regarded that in the stratosphere a part of 1, of the first mode 
were due to A-component, whereas at the mountain altitude 4-component res- 
ponded only to = 2,. It may look rather strange, but we can suppose that the 
different magnitude of contributions from 4-component will result in such correspon- 
dences (cf. later discussion). 

Diffusion of B-component If we assume that a direction of motion is conserved 
in A-& transmutations, we can easily calculate the intensity of -component. 


Neglecting the ionization loss, we get its vertical intensity B(¢) at atmospheric 
depth ¢ as follows, 


B(t) =ay (t/Lect) exp(—Z/Lar,) (13) 
where » is the number of &-nucleons produced in one collision. Its total inten- 
sity B(2) is, integrating over all directions, 

B(t) =21av(t/1...)[—Ei(—t/lanw)) - BED 


Comparing. it with (3), we get the ratio of both components, 
Bt) /A) =» (2) lea » 


gyi =tFi (—t/L,p,) 


85¢/cm? for t= 45 g/cm’, 
exp(—t/Lars) + (t/Lass EW t/Lans) 780 g/cm? for =690 g/cm?. 


While, we can determine this ratio from the experimental data. Equating 
both figures, we determine the unknown parameter ». 

1) Stratosphere. From the remark c), we estimate the frequency of 4-stars 
as, 


B-stai =47/g. day. (16) 


Thus their ratio is, 


* The absorption mean free path /,,,~125 g/cm? was commonly ascertained by the experiments om 
hard showers and bursts, agents of which are supposed to be high energy A-component. The integral 
energy spectrum of nucleon-component will be, as is discussed later, nearly 1/4? at lower altitudes, where- 
as its primary spectrum is less steep than this power law in lower energy region (25 BeV).”) There- 
fore, we can suppose that the intensity of 4-component can not be expressed by a simple exponential 
function as (2), but its lower energy part (2~5 BeV) may show somewhat less steep altitude dependence: 
(cf. discussion on B-component). 
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B/A= (16) /(9) =47/62=0.76 . (17) 
Therefore, compariag it with (15), we have 
Y (L,56/Leor) =9.76 /0.68 = 1:12 (18) 
2) Mountain altitude. In this case, we have from Table II, 
B-star=0.35/g. day. (19) 


In the same way as above, we can estimate as, 


B/A=(19)/the value in Table II=0.35/0.19=1.84 , (20) 
and 


» (Lips/ toon) = 1.84/6.2=0.30 . (21) 


We should not directly compare these two values of », (18) and (21), for 
the following reasons. First, as we discussed above, the energy spectrum of A- 
component may be somewhat different at the two altitudes. Therefore, the com- 
parison of mean values of » above obtained will have little meaning, and it seems 
necessary to treat more precisely taking into account the energy dependence of 
the multiplicity v. Qualitatively, vy in (21) will be a mean value with larger 
weight for low energy A-component, since we adopted there the value in Table 
III as the frequency of A-stars. If we use (12) for its frequency at the lower 
altitude, we get the three times (21) for », which will be, on the contrary to the 
above, a mean value with larger weight for high energy A-component. These 
two determination of » at the lower altitude will be its maximum and minimum 
estimation. We find somewhat still larger » at the higher altitude. 

Furthermore, contributions from heavier primaries should not be overlooked 
and can be estimated as follows. Here we denote the quantities concerning with 
heavier primaries by asterisk *. From the experiment of Bradt and Peters,» we 


may take into account only primary a-particles, the intensity of which can be 
written as, 


A* (t) =a* exp (—7/l%.), 
where - 


a*~0.1a ,? 
[33 40 g/cm’, 
The intensity B*(¢) of -nucleons produced by heavier primaries is obtained as, 


B*(t) = a*V* (Laps/ Caos—Saos ) | Lexp (—t/Lay.) —exp (= t/0%;) ] 


tT) The total intensity of heavier primaries is 209~309% of that of protons, whereas the geomagnetic 
cut-off energy per nucleon for the former is a half of that for the latter. A maximum estimation of a* 
from heavier primaries is 20%~30% of a, and its minimum one is 5%~7.5% which is obtained from 
‘the energy spectrum ~1/Z* at higher energy region. We have adopted there a mean value, a*~10% of a. 
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=1.47a** esp tla) —_ exp (—3.1¢/Loss) | ’ 


where »* is the multiplicity of S-nucleons in one coliision, and we have put /%, 


% 
I abs * 


‘Therefore, the ratio of 4* to A is, 


B*/A=0.15y* [1—exp(—2.1¢/l,5,) |, 
and 
A pat 0.12y* at t= 45¢/cm’, 
B*/A= ; 
O.loy* - at ¢=690 g/cm’. 
Taking this into account, we should add it to the above obtained B/A. This 
modifies (18) and (21) as follows. Assuming »*~4», we have, 


1.12/[ Cors/Zoor) +0.71] at t= 45 g/cm’, 
be — 
0.30/[ (Lioe/leor) $0.1] at *#=690 g/cm’. 


If we assume (/,,/..2) ¥2, this results in y=0.41 or 0.14, and for (y55/teo)) ¥1.5, 
v is=0.51 or 0.19. We see that the contributions from heavier primaries should 
not be neglected especially in the stratosphere, and they diminish the discrepancy 
in » stated before. 

Diffusion of C-component The treatment of C-component is not so simple as 
the above cases, since they are secondary or tertiary products. First, we shall 
be concerned only with C-neutrons, and later discuss C-protons taking into account 
the ionization loss. Furthermore, for simplicity, we assume that a direction is 
conserved in 4-C or B-C transmutations, though this approximation will be .worse 
than in the former case, i.e. A-B transmutations. Then we can get the intensity 
C,(2) of C-component produced by A-component in the same way as above, 


Ca) = (Ha/) BY - (22) 
fa denotes the multiplicity in A-C transmutation. The contribution from 4-com- 


ponent is also obtained. We have, denoting as p, the multiplicity in B-C trans- 
mutation, 


Cz(t) =avpr: (P| 2a \ExD (= ee 


Thus its total intensity is, 
o (2) =2ra (Lars/Coot) = (tnt /2Leor) exp (— t/ Lars) 


= (H2lars/ Coot) ({2) /lavs) BC t) ’ (23) 


avheie 


£2) flay =O a) 


0.90 ate ote Jo o/cm’ , 
—2Ei (—2/1,»;) 


6.3 at... ¢=690'¢/cm’ . 
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Summing up both contributions, we have 


C(t) /B(t) = (Ha/¥) + Ba 2) Loot « (24) 
If we assume, as another limiting approximation, that angular divergence in 
A-C or B-C transmutation is isotropic, C,(#) and C,(¢) can be obtained as: 


follows, 


C4 (2) = (Ha/Leor) | ae ACe —2')[exp(—2"/lans) + (¢"/Lans) Ei (—2//Cae) J 


+| aA (2+ 2’) [exp(—2'/Lars) + @//Lans) Ei (—2"/Lans) 1} , (25) 


and 


Cs) = Gal) | [aes (t—? exp (—t'/1s) + Clad Ei (—2 Less) 


+ [eB +A) [exp (t/ha) + Clan) Ei (—t" flan) I. (26) 
t 
Intergrating them numerically, we have, 


* A 0.88 (444/¥) +0.60 pp (Lans/Lec) at ¢= 45 ¢/cm’, 
6 /BO = 1 Q1) 
0.49 (t44/%) +3.1 pty Cavs /Coor) at 7¢=690 g/cm’. 


Comparing (24) with (27), we find no serious difference between these two ap- 
proximations. : 


Now, the experimental value’ of C/B can be obtained from Table II, and 
remark c): 


/B= 


eer 148/47 =3.2 in the stratosphere, 
(28) 


1.95/0.35=5,6 at the mountain altitude. 
Equating them to (24), we have 
4/Y=2.8 ie 
(direction is conserved). (29) 
txlars/ leo = 0.45 
If we use (27) instead of (24), they become 
p2y/ PESO 


(isotropic) . (30) 
Pelavs/ loa = 1 A 


Assuming J,,,~1.5/.., and »~0.3, the multiplicity 4, and py are, 


| 
HA UB 
Direction is conserved | 0.87 0.30 
Tsotropic | 0.84 0.93 
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We can suppose thus w,~~0.8 and p,~0.6, though we can not get a definite 
conclusion due to the crudeness of our treatment. Nearly the same number of 
C-protons are supposed to be emitted at the same time. 

In order to treat the diffusion of C-protons and get the w-p ratio of C-com- 
ponent, we must take into account the ionization loss. It will be discussed later, 
comparing of its energy spectrum. 


§5. Nuclear scattering 


Fig. 1 shows integral V,-spectrum of events I,, 1,, 0, and 0, at different two 
altitudes obtained by Bristol group. As is seen at once, in the stratosphere three 
curves for 1,, 1,, 0, resemble with each other. This shows, that these events are 
essentially the same phenomena, i.e. the penetration of fast nucleons through the 
nucleus, and the charge exchange probability £ is ~1/2. At the lower altitude, 
the frequency of 0,-stars becomes more than that of 1, and 1,. This is of course 
due to the increase of slow protons, which can not penetrate the nucleus. 

Now if the meson is not produced, the incident nucleon loses its energy 
through secondary nucleons (black and grey nucleons). Powell and his cowor- 
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No. of heavy trreks, Vj. 
Fig. 1b Integral V,-spectrum at the mountain 
altitude”) 


No. of heavy tracks, /V;,- 
Fig. la Integral V;,,-Spectrum in the stratosphere.”) 
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No. of eveuts kers estimated the energies of black and 
grey nucleons and find the relation between 
N, and energy loss e«. As is seen from Fig. 
1, the incient energies for 0, stars are in most 
cases so low that the agent can not penetrate 
through the nucleus, or even if it peretrates 
its energy is degraded into grey region. There- 
fore we can obtain the spectrum of incident 
energy & for 0, stars by identifying & with 
the loss ¢ itself. The curve shown ‘in Fig. 2 
is obtained in this way from the data at moun- 
tain altitude. It is well approximated by &~° 
and ranges from 200 MeV~1 BeV. This sup- 
ports our views on C-component. 

If we apply the same method for 1,-curve, 


100 


we can not get the power spectrum for loss ¢€ 
as seen from Fig. 2. It is flatter in lower 
energy region and tends to £~* in higher energy 
regions, 700 MeV~1.3 BeV. This will be due 
to wrong /V,—e relation, which was made to 


100 1000 MeV. fit for O, stars. We can suppose that the 
Energy of nuclear events. ¢. 


10 


above relations are considerably lower estima- 
Fig. 2 Integral energy spectrum of 
nuclear events!) . ‘ 
2 eis Gb mele corrected spectrum will be ~1/Z? as illustra- 


ted by dashed line, in Fig. 2. If this is the case, and assuming ¢e/£~1/3, the 
incident energy spectrum may be~1/Z? and ranges 0.9 BeV~3.9 BeV. 

These considerations on 1,, 1,-stars are supported by the following scattering 
data. Bristol group investigated the distribution of angle 0 between the incident 
direction and the secondary thin tracks. In the case of single nucleon-nucleon 
scattering, the scattering angle d is connected with the incident and final energies 


£, and £, in following way 
QM | (4, 2M\\ ue | 
jee Se 
vai I a Ves )} : et) 


This relation holds approximately even in plural scattering inside a nucleus. 


tion for e of small 1, stars, and perhaps 


cos d={(1+ 


_. The experimental values of angle 0 are in most cases confined between 10° 
~00°, and its distribution curve has a maximum at ~30°. Large angle scatter- 


ings are seen in few cases. Lying aside these few large angle cases, which will 
be discussed later, the mean value for 6 is, 


5=33.6°=0.59, cos d=0.78. (32) 


Now we shall apply the formula (31). If we assume Ew £,/2, cos 0 becomes 
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cos 022008 xiroren 08350. for Ag=k op 2.BeV. (33) 


They are well in agreement with the experimental one (82). However, one may 
doubt that the assumed fractional loss 1/2 is too large. But we can interpret the 
case of the larger values of 6 than in (33) as the one in which the incident 
nucleon changes into a neutron and it accompanies a fast proton of smaller energy. 
Therefore the case of the larger. 4 will correspond to the smaller fractional loss 
than 1/2. 

From the definition of thin tracks, the secondary proton must have larger 
energy than = 330 MeV. This determines the maximum value Omax for the scat- 
tering angle. On the other hand, we can estimate the minimum energy loss in 
penetration through the nucleus as ~200 MeV from the condition V, = 3. This 
determines the minimum value O,;,- Applying (31), we calculate dla vand< On 
as shown in Table IV. | 


Table IV. Minimum and maximum scattering angle 


ee LE EE EEE EEE 


incident energy (BeV) Omin Omax 
1 19? 42° 
2 oe 57° 
4 3° 62° 
experimental value ~10° ~50° 


The result of Table IV supports our views on 4-component. 

The large angle scattering 6=50°~90° and the back scattering were found 
in several cases in the experiment. They amount nearly 40% of the small angle 
scatterings d=0°~50° which we analyzed above. We are hard to explain these 
cases as nuclear scattering and suppose that they are meson production. Although 
there are some ambiguities in distinguishing between large and small scattering, 
we may conclude neary 30% of 1, star are associated with meson production. 

Furthermore, we have some information on meson production in 1, stars, 
from: its’ 1,-distribution. Comparing precisely the V,-spectrum of 0, and I, stars 
in the stratosphere, we find that the frequency of 0,-event is larger than that of 
1, stars for N, =.9, while it becomes smaller. for V, <9. The large ™, corres- 
ponds to the nuclear event with large energy. This slight difference ~20% in 
large MV, seems to be due to the meson production. 

These estimation on meson production in |,-stars should be only qualitative. 
The large statistical error and the ambiguities of interpretation prevent us from 
further quantitative discussions. More direct experiments are hoped on this point. 

If we know the energy spectrum of nucleon component, we can get the 2-p- 
ratio of C-component.. Assuming the integral spectrum as £ -* which was ascer- 
tained above, we calculate them for an examples. The experimental values are 


shown in Table V. 
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Table V. 7-/ ratio of 0,, stars at mountain altitude. 


™;, 8 4 5 6 7~8 9~12 >13 
gia 274143 1346.2 5342.0 36415 2540.93  24+0.98  1.4520.90 
Tatlo 


Example V,=5. Incident energy is estimated as ~280 MeV. The proton is 
assumed to cause nuclear event, after traversing /,,. If we take 4. as LOTS, 
the energy of proton at its birth is ~560 MeV. Then we have 


n/p= (560 MeV/289 MeV)*=8. 


As is seen, this +f ratio is very sensitive to the value of-/,,,. If we wish 7-p 
to be exactly 5.3, we have only to put /,,=1.15 x /,,,. 


§ 6. Concluding remarks” 


We have analyzed the photographic data on nuclear events caused by high 
energy Cosmic-rays, classifying the nucleon component into three groups according 
to their energies. Following characteristic features are found. 

1) The cross-section for the nuclear interaction is nearly equal to the geo- 
metrical cross-section of the collided nucleus. 

2) The integral energy spectrum of nucleon component is ~1/£* at lower 
altitudes. 

3) For incident nucleons with energies below 2 MeV, nucleon-nucleon col- 
lisions are almost elastic, and collisions associated with meson production will 
be ~20%. 

4) The fractional energy loss in one nuclear collision is ~1/3 and it is 
neatly independent of incident energies. 

5) The probability for charge exchange in one nuclear collision is ~1/2. 

These are ascertained in the region of energies from several hundred MeV 
to several BeV, and allow us to infer the. nuclear interaction at high energies. A 
main difficulty of our analysis is the inconsistency between the primary intensity 
of cosmic-rays and the absolute frequency of nuclear events observed in stratosphere, 
but later experiment” shows smaller primary intensity than before, and the dis- 
crepancy will not be so large as supposed at first. Contributions from heavier 
primaries also introduce various ambiguities. It seems necessary to analyze more 
precisely taking into account the energy spectrum of nucleons, when we will 
compare these results with the theoretical predictions. Also more detailed ex- 
periments are required for this purpose. 

Previously, we calculated the problem on the penetration of fast nucleons 
through the nuclear matter.” Assuming the current nuclear potential which is 
well fitted to the neutron-proton scattering and deuteron binding energy, we find 
the cross-section which is nearly proportional to @/z? and tends to ~5x 107” 
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cm® per one nucleon at high energies. This result does not seem to be able to 
account for the observed nuclear events, and some new type of nuclear forces 
may be necessitated in high energy regions. We shall discuss on these problems 
in a separate paper. 
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Addendum 
1) If the absolute intensity of primary rays is revised as 
a=0.070/sec. cm? sterad, (67) 
following the recent estimation of Van Allen et al®, or 
; a=0.093/sec. cm? sterad, (6//) 


considering that in higher latitude where the experiment may be carried out, then some figures in § 4 are 
modified as follows (figures based on the latter estimation (6/”) are represented in the brace). 


A (45 g/cm) =1.54(2.08) x 104/cm? day. , (7’) 
A-stars at 45 g/om?=1.54(2.08) x 10?/g. day , (87) 
the minimum expected frequency of 4 -stars-»72(97) /g. day. (107) 


2) Taking into account the existence of a-particles in primaries, the diffusion of A-component is 
somewhat modified. The number of 4-protons or -neutrons given rise from a-primaries is evaluated by 
i 

labs 


where /(/) is the solution of (4) with initial condition 4(0)=0. Assuming at~0.la, we obtain 


pang | 2atere(— Alans EU 


P* [6(45 g/cm?) =0.094, n* [n(45 g/cm?) = 0.30 


“and 
A*|A(AB g/cm?) =0.14. 
Accounting for the above, (10’) must be modified as 
82(111)/g. day. 


The w-f ratio at the stratosphere increses to 0.37 from 0.31, the latter being derived from the proton 


primary hypothesis and Loot =1.5l geo: 
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§ 1. Introduction and discussion 


Various difficulties appearing in quantum electrodynamics have been considered 
to be due to the point model of elementary particles. Therefore, various attempts 
have been proposed to construct the theory of structure of elementary particles. 
As is well known, the theory of point electron contains the difficulty of infinite 
self-energy. In Dirac’s theory of positron, though by virtue of the positron- 
theoretical subtraction the order of divergence was reduced, the energy of electron 
is still divergent. In order to overcome this difficulty, theories of extended model 
of electron and of point electron accompanied with some cohesive-force fields 
have been proposed. In the theory of extended model of electron, the stress- 
tensor does not necessarily vanish. In the relativistic field theory from the 
requirement of covariance of theory, an energy-momentum tensor density T,, of 
the total system of particle and field must satisfy the following transformation law ; 


B=|Tydo= { Zsa (0) dv (0) — 84 7,, 0) dv (0) 


VI—-# ie) 
P= —£|7,dv= {Z'4(0) dv = athe (0) a (1b) 
Cc Cc 2 


where quantities marked (0) refer to the rest system of the particle dy 
=du(0) V1—6, and v is velocity of a particle moving in the x-direction. 

The index I refers to the x-direction: The integrations are meant over all 
three-dimensional space. 

Eq. (1) holds in classical theory as well as in quantum theory, provided 
that in the latter case we consider the energy and stress as expectation values 
referring to a specified state of the system. 

From (1) we can see, that if the energy has a transformation property of 
ineriia mass, the self-streces 75. 7, Taq always must vanish in the theory of 
point electron, moreover, the stress is to be zero and the energy must have a 
transformation property of inertia mass. 

By the calculations in usual quantum electrodynamics, however, the self-stress. 
of electron has a finite value which is not zero and moreover the self-energy of 


the following relation, 
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electron has not the correct transformation property of inertia mass: ) 

However, as the formalism of quantum electrodynamics is  relativistically 
covariant, this circumstance seems quite strange to us. pv Cy 

Hence, it may be a very significant proposition of quantum electrodynamics. 
that we would search for the cause of discrepancy. 

The relativistically covariant formalism developed by Tomonaga and 
Schwinger” and the w-method® which carry out the integration appearing in the 
perturbation theory in a relativistically invariant manner, gave the self-energy of 
electron with a transformation property of inertia mass. Particularly the latter 
showed that the defect of the usual calculating method for moving electron was 
due to indicating the domain of integration in relativistically non-invariant manner. 
However even these covariant theories could not make the self-stress of electron 
zero. This fact is clear from that even in the case of electron at rest a non- 
vanishing self-stress remains, because this situation is independent on the variation 
of the integration domain due to the motion of electron. 

Recently Pais and Epstein® threw light upon the cause making the non- 
vanishing self-stress, as follows: let the electromagnetic self-energy of electron. 
(of mass #4) Oy, then the self-stress of electron at rest §Z,(0) a7 (0) is given in. 
the following equation : 


|Z GeO) = — = (3- Se) (2) 


where to the @-order-approximation in perturbation theory 


Sun koa! WS roll 
pe he3)-2] 
a Pa beta ee 6 2 


and a is the radius of the electron. 


2 
du is not proportional to ~ on account of the term log(=) and so we have 
a , 


the following value for (2) instead of zero: 


2 


= 


[7 @)a00)=— 5H (4) 


However in the limit of a0, the mass /# in above log-term also vanishes, Ou 
is proportional to #, and in virtue of (2) the self-stress tends to zero. In this 
case, however, on account of the point model of electron the self-energy un- 
fortunately diverges. This is the very reason why the non-vanishing self-stress 


destroys the covariance of theory (see (1)). is 
However in Pais’ derivation of the formula (2) he used without any criticism. 


({ypdo) = 202. (5) 
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But, Pais’ formula (5) can not be used unconditionally, and then we shall justify 
it for the mass-type process of an electron with the following straightforward 


calculation. Now, we define 4, and /, by the next two equations 


ali 5 el SS er od alg (6) 
i = ae 22 5 
{(g—R)* +} P+e 
Representing the interaction between electrons ¢ and neutral field das POY, 


the ¢-correction of ¢¢, by the mass type processes (a) and (b), is 


land 


(PP) 2: mass = — z3 | P( p)[Oh2O+ Oh,O8,0h2+h Oh, O|¢ (p)a(h)atk — (7) 
fe 


pi atecass ! _ 
H ; 
' / 
_ 
(a) (b) 
-electron’ line ee eee =e ; photon line 
ce eecceeeees > gb wD) 


where 4(£) is a quantity independent of electrons. 
From (6) and the equation of motion of ¢(f), we have 


Oh, 4 
Se eS) ‘ 8 
Ba ©) 


as =k (p) +9(p)A, 


where 4 is an arbitrary regular function with the property of spinor. With the 
help of (8), we obtain 


GP) o:mass = ibe = —* | 5(p) On, Op(#) (eA) 
+ Zs [{F(P) OOH (P)A+2*D(p) OOP) }4 (Bae 


Oh RO) au GURL INOS 
meg UD Op ( Ppa + *Pp) 


= hI + Oe Git + Bll) (9) 
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where in the second term, the denominator of 4, is zero according to the equation 
of motion for ¢() and this term is the singular one which should be expected 
from the fact that there may occur the emission and absorption of photon during 
the infinitely long time before the scattering in Dyson’s formalism. Hence this 
term will be eliminated with mass renormalization. (According to the usual 
perturbation calculation, whether the renormalization is performed or not, does 
not affect the self-stress of an electron.) Therefore 


dou 


p :mass — 
( PP be: ap 


(10) 


Thus, it has been justified that Pais’ formula (5) holds true for the mass type 
processes. 

But, as we will discuss in detail in Addendum, we have two types of process 
which contribute to the self-stress of an electron such as mass term type and 
vacuum polarization type” respectively, and relation (5) holds true only for mass 
type. We will firstly discuss on the mass type which satisfies the relation (5), in 
§2 and 3, and secondly discuss on the complete self-stress. 


§2. The contribution to self-stress from M. T. type 


Now the current quantum electrodynamics is assured to be relativistically 
invariant only on the basis of point model of electron. On the other hand, 
however, in the calculation of the self-energy, on account of its divergence, we 
must at the first step cut off the integration at some large momentum value @ 
and at the second step, pass to the limit 7— . However this cut-off procedure 
would contradict the point model of electron. ; 

Such a very situation that in.the calculations we must have a procedure 
contradicting the requirement of the quantum electrodynamics, gives us the non- 
vanishing self-stress and destroys the covariance of theory. This confliction will 
be called “ S, confliction” in the following. Now, if we can give a finite value to 
the self-energy of electron on the basis of the current formalism, the procedure 
of cut-off is not needed, and therefore the contribution to self-stress from M.T. 
type may vanish. From the above discussion, if the theory satisfying the follow- 
ing two conditions in the frame of current formalism of field theory could be 
constructed, it would be the correct theory of point electron, having no S,-confliction. 
hat iss 

(i) The self-energy of electron has a transformation property of inertia mass. 

(ii) The self-energy of electron is finite. 

Now we will examine this anticipation by means of the C-meson theory 
which satisfies the above conditions (i) and (ii) in the frame of the current 


field theory.”” 
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' Therefore in the C-meson theory it will be anticipated that the contribution 
to’ the ‘self-stress of electron from M.T. type will vanish. On the other hand, 
in the renormalization method of Tomonaga and Schwinger, the self-energy to 
be amalgamated into is really infinite, and therefore an infinite mass term” is 
included in the Hamiltonian of electron. The term dy is cut off in the 
calculation. As is illustrated above; this situation contradicts the requirement of 
the point model in current quantum electrodynamics. Therefore even in this 
theory, the self-stress does not vanish and has the value (4). 


§3. The mass type self-stress of electron in the C-meson theory 


In calculating the mass type process, we would adopt a method extended 
from Pais’ method® and use the relation (5). 

The energy momentum tensor 7,, for the system of electrons interacting 
with the electromagnetic and C-meson fields are: 


Lyy= Lyivt i het as st es ’ ; (11) 
: r 1G > 
with Tiy= are (7 $—IA (Ur) $Y), (11’) 
ig dpe 
TEM -iJ- Fugly to seats (11) 


1 [ ag a6 ‘(8 28 
Te= ast rae 2 )I Mr 

eam eanee AL, CSeneeaee ka e, Seo 
Heré™ O71) =Oplv Ove, C=TO"P, Op—0/0t,— As TS Fa and 7 oe 
the electronic, electromagnetic and C-mesonic parts of the total energy momentum 
tensor Z,, respectively. g is the electron wave function, A, the electromagnetic 
F, = 94 _ OAy 


four-vector potential, ¢ the C-meson wave function. Further, p= 
Ory NOX, 


where Fy, is the electromagnetic field, x is the rest mass of C-meson. 
Now, taking the trace of (11), we have 


Tin= 19*B)—FO*BO6, 
Tit =0, (12) 


T= 7 {2% 4 ong 


Ox, yal 


where —/¢*8¢¢ is the term representing the interaction between electrons and 
C-meson field. 


Let ¢ be expanded in Fourier series : 


E. mine. Leh, eaeil 7 
b= eee ee ee (13) 
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0d 3d 
N= +x Are, (C758, 4+ EF €_ 14 
Be, Aas b= x AGES + Z a) ( ) 
and the matrix element of VV between the vacuum state and the state possessing 
two C-mesons 7~ and —Z” is 
(@,—" |W |vac.) = (2e,) 27. (15) 


Now, taking the expectation value of JV for the state, one electron at rest present, 
we shall have 


iy 3 (PPC, ))v ,—U |N vac.) 
(—2e;) 
In -virtue of the interaction of electrons and C-meson field, Y(U~,—I~) deviates 
from the vacuum and hence it can be expanded in a power series of f. 
In this case we restrict ourselves to the second order approximation of 
perturbation theory, and so we have only to do with the coefficient of f* term. 


+hermite conj. (16) 


As the two C-mesons annihilate through the sea of electrons, we may easily 
werify that this qoefficient becomes equivalent to the C-mesonic self-energy of 
electron. 


Then the eq. (16) will be 
(NV) =—4r0p, (17) 


where dv, is the C-mesonic self-energy of electron. 
Now, taking the expectation value of the second term of 7f, (eq. 11’) for 
the state in which one electron at rest is present, we shall have, 


(—f¢*8bb) = (0% U)) © |—f Bdlvac) +hermite conj. (18) 


Tf we expand #(@) in the power series in f and notice the term of first order 
in f, (18) is certainly equivalent to the C-mesonic self-energy of electron: that is 


(=f 9*R98) = 8p (19) 
Accordingly, from (12), (13) and (14), 
(Lay) = (BD) + (=F ORBY9) LAN) +68), (20) 
and by (17) and (19) 
(Tan) = (H9*BY) + 5-068). @1) 


Now, we have 


| Pude= | ie | Tdy= S(O) 


118 J. Yukawa and H. UmMezawa 
( 


and 
| T,,d0=3S(O) + E(O) =3S( 0) + p+ op. (22) 
By (21) ane (22), we have, 


(ye| $d) + (7 | did) =3.S(0) + 1 Op 
By means of (5) 
(of orpedoy= (14902), 
Of » 
so that 


S(O)=— 3 ( dp— PO (| $$a0)), (23) 


where 0u=0Uy y.t OPM, and O4yy, and df, are the electromagnetic and C-mesonic 


self-energy of electron respectively. Using the relation 2¢=f*, dw is the sum 
of only the finite parts of 0u¢zy. and oy, . 


That is, if we call dwzy. and dp as the finite parts, 


Ou=Ophu.+ ou, (24) 
} F, = ee yt © 
8 tal. = — Sb (25) 


— 2 pi {1- 8+ (68%) log 3400 4) V Fa —4 log (5 (0— VF —4))} 


(0 >2) 


Oise) Up Esse ese. wet aluay 
Qr 4 


sip hy 41-0 M682) loo d+ O(2— VF=A(si GE ALS ia 
| ont Oo + (0d )logd+0(0—4) VP —A4(sin (-5)+=)f. 


(0< 2) 
where 0 on the right hand of (26) means a mass ratio. (x/#). Then, in the 
case of 0 >2, computing du— ee in eq. (23), (in the case 6<2 quite 
similar) we get, 
bpp) Ful 4 e308) log 8—A(1— 8") VA log( 1 (0 VFA yt 
au On eae ie? 

er) 

In the next place, we calculate the term (= {s6at) by the second order pertur- 


bation calculation with coupling-constant @ and 7, when there is one electron 
present in vacuum. 
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Then, we have ; 


(| $6.0 peo 


=<" plore (38°) log d= 818°) VI—F log Pace vF=4 || (28) 


This is exactly equivalent to (27). Therefore, inserting (27) and (28) into (23), 
we have 


Ey s , 
S(O) w.7. = si Cli arene (7 \$6av))=0. (29) 
From the above calculation, our anticipation was now verified that the contribu- 
tion to the self-stress of electron at rest from M.T. type process would vanish in 
C-meson theory, satisfying two above conditions (1) and (II). 

This non-vanishing but finite C-mesonic self-stress of electron of Mass Type, 
as is shown in (29), just cancels the finite electromagnetic self-stress of electron 
of Mass Type. 

The reason why under these circumstances the Mass Type self-stress of 
electron vanishes in the C-meson theory is the unnecessity of introducing an 
electron radius in order to have a finite self-energy of electron within the frame 
of current field theory. (40 be continued) 
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Addendum 


In our previous letter entitled “ Relativistic Covariance in the Quantum 
Electrodynamics,’ we have pointed out on the basis of Pais’ argument, that 
the origin of the non-vanishing self-stress which destroys the covariance of field 
theory is the inconsistent procedure of introducing the electron radius in con- 
flict with point model of the theory. This argument still now remains true. 
However it has been found that the contribution from the vacuum polarization 
type, which does not appear for the electron iuteracting with the electromagnetic 
fields, may destroy the covariance for the electron interacting with other general 
field, the origin of the failure of which js different from that of mass type. For 
the self-stress of an electron interacting with the electromagnetic field, the ¢- 
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approximation of its expectation value is classified into the following three types: 


wee emcee 


) 
eer 
(e- 


' 
(c) 


—: an electron line, ----: a field line, interacting with an electron, --:-- : self-stress, 


(b) 


Calculating the expectation value for the Hamiltonian of the total system (77) 
by these diagrams, we get the self- energy of an electron by the electromagnetic 
field, to which (a) and (b) contribute, but (c) not, of course. Therefore we 
shail call (a), and.(b),) Mid. typée..and fe), Vi.PL type 


(7) ur=9P » (7 )yp=0 (1) 
In our previous calculation of self-stress of an electron the following formula 
was used : 
Ov 
Jy" dvy= A) 2) 
Oye 
In Pais’ paper, this formula was used without critique in detail, but only the 
contribution from M.T. type satisfies this relation and that from V.P. type does - 


not. For the self-stress, however, V.P. type may contribute. 
In‘ fact, the contribution from V-P."typé, Sp», is” 


0; vector, pseudoscalar, 
1 pseudovector coupling 
Sro= a (ui PtBbde) yp= “ @) 
4f?p \ kidk P 
— — scalar coupling. 
Bmx? J (+ pP)*? 


For the contribution from M.T. type, the validity of the discussion in our pre- 
vious letter still remains. The contribution to self-stress from V.P. type does 
not always vanish but, as in (3), diverges quadratically for scalar coupling. This 
term connects closely with the treatment of vacuum and its value depends on the 
procedure of integration (the problem of ambiguity). The result (3) is obtained 
by the straightforward integration. 

Now, we can conclude that the difficulties of the self-stress derives from the 
following two conflicts : ‘ 

(S;) the introduction of the radius in conflict with the point model of the 

electron in the field theory. 
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(S,) the destruction of the covariance by the vacuum polarization. 

It can be expected that the theory without two conflicts (S;) and (S,); is the 
very theory, which has no difficulties of divergency, satisfies the relativistic 
covariance and moreover resolves difficulty of vacuum polarization. 

In Tomonaga’s and Schwinger’s renormalization theory, (.S,) does not appear, 
but (S,) appears, and so the finite self-stress is obtained. In F. Rohrlich’s case,” 
in which the regulator method is applied, (S,) and (S,) did not appear, so that 
the self-stress vanished. 

It might be expected that above discussion holds true not only for the 
electron but also any elementary particle. In the case of the meson interacting 
with Fermi particles, the conflicts (S,) and (S,) seem to mingle, as its self- 
energy is the vacuum polarization type. 

The discussion for this case is being researched from the view point of this 
paper. We wish express our gratitude to Prof. S. Sakata and Mr. R. Kawabe 
for their kind interests and valuable discussions. 
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§ 1. Introduction 


In our previous report” we gave the full discussion of the role played by 
Tisza’s relation? Pn/P=5/s,, in the two fluid theory of liquid helium II. The 
main results there obtained are as follows. In the first place Tisza’s relation is. 
incompatible with the recent experimental results on the second sound velocity 
below 1°K.® The relation is, however, so deeply connected with the basic ideas 
of the two fluid theory that one can not discard*it without refining the theory 
itself. Thus, for instance, H. London’s equation for the fountain pressure is the 
direct consequence of the experimental fact proved by Kapitza? on the entropy 
flow through narrow channels. By means of the thermodynamical considerations” 
on the mechano-caloric effect one can easily derive Tisza’s relation, provided that 
the mass of the normal fluid should be conserved during adiabatic reversible 
processes. In these respects the hydrodynamical equations in Landau’s theory” 
seems to be inconsistent with his phonon-roton model, in which Tisza’s relation 
does not hold. Hence, in spite of their success in predicting the behavior of the 
second sound velocity at lower temperatures, it is necessary to reformulate the 
hydrodynamical equations in Landau’s theory. ) 

On the other hand, in the case of Tisza’s model of Bose-Einstein liquid,” 
the phonon entropy should be also taken into account below 1°K, where the 
specific heat is found experimentally to obey 7°-law. Here again we necessitate 
the general formalism which is not restricted by Tisza’s relation. 

Now, Gorter® and Usui? have recently developed the: required formalism, 
avoiding ingeniously the use of Tisza’s relation. We are applying this formalism 
to the construction of the two fluid theory below I?’K. Unfortunately the lack 
of the experimental. data below I°K prevents us from obtaining the conclusive 
result at present. 

_. In the present paper we concern ourselves mainly with the second sound 
velocity and make several predictions on the related phenomena. 


7 §2. Entropy flow 


We consider the entropy flow along the line proposed by Usui.? For 
simplicity we assume that the two fluid components of liquid helium TI are 
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always locally in equilibrium, the normal fluid concentration x=p,/p being a 
function of pressure and temperature determined by the condition of minimizing 
Gibbs free energy with respect. to x. Thus we may use the total density 
P=fn+, and the concentration x as the independent thermodynamical variables. 
The entropy per unit mass s, for instance, is regarded as a function of p and #. 
Then the reversible entropy flow may be given by 


psV,+ (As/0%)_ PnVs, (1) 


where V, is the velocity of the center of gravity and V, the velocity of the 
normal fluid relative to V,: \, 


oV,=0,V,+0V3 ; V;=V,— JV, . 


The first term of eq. (1) represents the ordinary flow carried by the net mass 
current. The second term is characteristic of liquid helium Tl, i.e., the flow 
which arises from the internal convection even in the case of no net mass current. 

On the basis of eg. (1), one can easily derive the generalized expressions 
for the fountain pressure and the second sound velocity respectively as follows: 


px(As/dx), grad T (2) 
and 


c2=2(1—x) (0s/A%) (87 /8x), - (3) 


The latter expression is not identical with that used by Landau.” We_ have 
recalculated ¢, by means of eq. (3) in the case of Landau’s model. The result 
will be described in § 4. 

Now the entropy flow (1) is transcribed as 


(s—x(As/O2),) eV, + (85/04) p Pn Vn - (14) 
The first term of this expression indicates that the entropy will be transferred 
by the superfluid flow even in the limiting case of very narrow capillaries 
(V,—20). It is therefore necessary for the validity of the experimental evidence 
proved by Kapitza® that 
§==4(05/0%) > » 
or, in integrated form, 


s=x 5,(p). (4) 


Then eq. (2) agrees with H. London’s equation. 

Thus we may conclude that both the experimental evidence of Kapitza and 
H. London’s expresrion for the fountain pressure should ‘be invalid below 1°K, 
where. Tisza’s relation (4) is incompatible with the experimental facts on the 


second sound velocity. 
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§ 3. The generalized model of Tisza 


Tisza?” has suggested that his model will be extended by including the 


phonon entropy : 
= 554 SH (5) 
Then the entropy flow (1’) takes the form 
50x Vint PSprVi1+ (O5pn/ 9%) p Pn Ve (6) 


The first term of this expression is well known. The second term represents 
the fact that the piiénon entropy is carried by the total mass current. The last 
term is the variation of the phonon entropy arisen from the internal convection. 
That is, even in the case of no net mass current, the internal convection causes 
the variation of the normal fluid concentration, which is followed immediately by 
the variation of temperature and therefore of the phonon entropy on the assump- 
tion of local equilibrium. 

As we have pointed out in the last section, the phonon entropy invalidates 
H. London’s equation. 

In order to calculate c, by means of eqs. (3) and (5), we need the 
expressions for x, s,, and s,,. 2 would be determined by the analysis of viscosity 
measurements and heat transfer experiments, as Gorter® has indicated. The 
available data, however, are lacking at present. According to eq. (5), the second 
sound velocity is given by 


c?=[2 (1-2) 55/(8x/8T)p]+[x(1—2) / (B5p/8T) p/ (82/87) 2] 


If «0 as 7-0, only the second term can be appreciable at lower temperatures. 
For instance, if we assume that 


#=(7/T)", (7) 


¢, has a non-zero or infinite value at 7=0, when + = 4, since the phonon entropy 
is proportional to 7%.° 


§4. The second sound velocity 


We have calculated c, by means of eq. (3). In the first place we have 
used the expressions for s and ~, given by Landau’s model. The result of the 
calculation is indicated by the curve II in Fig. 1. 

We have also used the generalized model of Tisza, (5). Above 1°K, we 
may consider that +=s/s,, which Tisza has approximated by eq. (7). We have 
extrapolated this equation to lower temperatures. The result of this case is 
shown by the curve III in Fig. 1, where we have used the following values: 
r=6, 5,=0.397 cal./g. deg., s,,=0.75 x 10-? 7* cal./g. deg. The last value was 
taken from the experimental data on the specific heat below I°K. 
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Both of the calculated curves IT 
and III have a minimum and in- 
crease. as .temperature decreases. 


c, increases too rapidly in Landau’s 
model and too slowly in Tisza’s 
model in comparison with the 
experimental results,” i-e., the 
curve I. In both cases, if we neglect 
phonon contribution co 7” as T 


C, (mMfec.). 


— 0. Thus we may conclude that 


the rapid increase of the second 


sound velocity at lower tempera- 
tures should be attributed to the 
phonon effect. If the phonon con- 
be 06 08, 10 (2 1 16 u8 20 22k tribution is smaller, the minimum 


Fig. 1. The temperature dependence of the of the second sound velocity goes 
second sound velocity. to lower temperature. For instance, 
spite, Sawer Le a hes ei this shift may be observed when 
we increase pressure, since the 
phonon entropy is inversely proportional to the cube of. the first sound velocity 
which increases as pressure increases. This pressure effect has been found recently 
by Maurer.” We are endeavouring to calculate the effect theoretically as well as 
to fit our curves to the experimental data more precisely. The results will be 
soon published in the following paper. 
We are indebted to Associate Prof. T. Usui of Tokyo University for his 
valuable discussions. We express our hearty thanks also to Prof. R. Maurer who 
informed us kindly on his excellent experimental researches. 
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On Tensor Forces and Saturation Requirements 
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Department of General Culture, Tokyo University 


(Received December 13, 1950) 


The effects which the tensor forces exert upon the saturation properties of heavy nuclei have not 
yet been fully investigated. According to Volkoff,)) the occurrence of large tensor forces in the expression of 
the interaction of a pair of nucleons tends to favour collapsed configurations of a heavy nucleus and so 
such theories as involve an extreme predominance of the tensor forces are to be excluded, but about in- 
termediate cases like the Rarita-“Schwinger theory one can not say whether they satisfy the saturation 
conditions. The experiments concerning two-nucleon systems have been developed recently and the nuclear 
potentials which harmonize with these experimental results have been introduced. It may be of interest 
to consider whether these potentials are not contradictory with the saturation properties of heavy nuclei. 
We shall formulate the saturation properties of heavy nuclei. We shall formulate the saturation require- 
ments to be fulfilled by the nuclear potentials involving tensor forces with the use of the individual 
nuclear model. 


§ 1 
As the nuclear potential we shall adopt the following one 
VA, 2) = {a+ a(o%o®) +a, (er) 4+.45,(6a®) (cr) } J, 49) 
+ {by +bo(6P0) 45, (2% 2) +.b¢(aa”) (cP2) } Si Jol 740) 
= Veentea (1, 2) + Veensor(1, 2), (1) 


where S,, denotes 3(6%r) (Gr) /r?— (eo) and the Coulomb potential is dis- 
regarded. We consider such stationary states as their eigenfunctions are single 
Slater-determinants of the following type” 


Pn, (QO) A eral Gn, LOM) ; 
Pn(Q) = ¢,(#) Va.(o,/)4(Ts’). (3) 


The expectation value of the nuclear interaction energy for the state represented 
by (2) may be written 


Vv =5 3} PG 2) 
=F 3B J ¥8 (OE (0°), D tts, (0) bn, (O)—Fn,(O Ha, (2) }- 4) 
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Here the integral sign indicates summation over the spin and isotopic variables 
in addition to integration over space, while the summation over 2, and 7, 
independently extend over all the occupied individual nucleon states ¢,. Now 
we shall calculate the expectation value of Vrensor- One finds 


V ersor =1V 1r¥iV at.Vo» : (5) 
me 1 ce) , é 
OES eee er | &O,Q).Val%, te, Dm, 21 
1 2 


th) {> 


‘i= Ppa eat j tn, 1) xn, (2) {Mon A) %n, (2) =e Xn,1) Xn, (2) \ 8 (6) 
Hs "eo 7 7 


in these formulae the symbols si, 31 represent summations extending over 
the occupied neutron states and occupied proton states respectively. Further we 
have put 


An= En (x) Ut Ce)s (7) 
Var={Ot+Or+ (45+ Sex) (ao) } Sie Jo(712) 5 
Veo = { iy— bx + (b6—4ox) (4%) eres a) ’ (8) 


Homo bz + 0—2(GPo) } Sto Jo(712)- 
Using the following formulae 


a (1) 72 (2) 5,0(1)02(2)=3c0s'—1, 


Za te 
of 1), of) 


»_(1)2, (2) Sqp-()o,2Q)= SB . _ v4) o-2)S2-(1) 2, @) 


oF), of(2) of), of 2) 

=— (3cos*6—1), 
St vg (1)v4(2) (00) yor (124 @) =3c059—-1, (9) 
aft) of ; 


5} v(l)0,(2) (0%) Sid Ao. =H 24 (Le-2) (09) 
a) @f® 7) gi 
S,v-(1)v.(2)=— (3cos*@—1), 
(6) takes the form 


Pam [E (halted + Gallet Callan [Gt at dete) 


[Hi ctaltae + Galle} (halla |(Grt5-4%e+%0), (10) 


Pal tlt ete Galore (elt Je" |G Fe + 40 Fes) 
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=f tet ote + Use Cele Gel P| 206. + be), 
where one has put 


alta): = { 10.) (BcosO—1) Jal)" (edo do®, (11) 


(tet. ye =|". @, w) Boos'd—L) fa(rn)'P4 (e, we) dod, etc. 


with 
to, (0) =" of (x) Ga(x), 10, (00®, 2?) =1)™ GF Ge) Pn (O) 


and similarly 4o,, ‘e_, the symbols f, | denotiong the spin orientations. 


§ 2 
When all the nucleon spins are saturated, 
2 
Lo.= = p= Te (12) 


So in this case we get 

Ya ide =0, Vie cxatas (13) 
The tensor forces having no effect in this case, we get the saturation condition 
enunciated by Breit and Feenberg® 


A = 0. F (1) 
Next we consider the case in which the nucleon spins: are all parallel. 
In this case 


Pans (Taltae— falta} Goto: +Fo+ bor) 


V o= (ta1t-)2*(C>— Fe + Go— Fox) — (he |T_) 2-2 (G2 + For). (14) 


In particular, consider a nucleus consisting of equal numbers of neutrons and 


protons, then 1 .="9.= 50 and so 


a a al 

P canyar 5 (tt 0a) lo + (a+ 3a, + de+3de,) Xe .? (15) 

= 1 : 

Vxestox = 5 Ont ba) L,—— Oo+ 3b e+ bot 3bo0)X, ’ (16) 
where 


X,= : p(a™, ae”) J, (712) 0 (ac, ac) oe dv®, (17) 
si p (ae, a) (3cos*O—1) fp (742) (0, 2) dvdv®, (18) 
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' But we must prevent these configurations from exhibiting non-saturation binding. 
We get the corresponding condition 


(a,+4,)[,+ (G+5.) 1, = 0. \ (II) 


Further we consider nuclei containing only neutrons. 


F somer =| al (helt P84 Cel bade }— Chel bedi | Cart bet bot des) 


—[Ecteltore+ GlhoP }= Cele? |Go+4 + 8e+ oe). 19) 


As V tensor =0 when all the spins are saturated, the instability condition is” 


a4, — 0. (111) 

When all the spins are parallel, 
Pwr 5 (tt a + Ag+ Gor) Le+Xe)s (20) 
F sense = 5-(Oy4+5e + bo+D0:) (LX): (21) 


So we get the following condition 
(a) + @_+o+ 4x) Lo+ (6,406.4 bo+ bo:) 1, = 9. (IV) 


As compared with the above-mentioned first saturation conditions the second 
saturation requirements are not so clear cut on account of their dependency on 
the accuracy of the method. Volz formulated the second saturation requirement 
considering light u-nuclei. These nuclei have the spins all saturated, so we need 
not consider tensor forces owing to (13) and Volz’s result hold in our Case. His 
result is” 

a ~~ 0. . (by 
Further he has obtained the following inequality” considering even nuclei in 


states with saturated nucleon spins: 
Bena Oe PAUL: (V) 
We shall adopt as the effective potentials for the configurations *S and *S 
the following forms” respectively : 
87 = —{ J, (72) +7 S12/2%12) I 
V= —/; Fis): (22) 


From (1) 
87 ='(Qy+Ge 294.307) + (J) + 0,—36.— 35x) SioJe(712) » 


a (a—3a5 + a; —3a0r)/; oe) a (23) 
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Comparing (23) with (22) we get 


Qy + dg— 38, — 3091 =A — 3g + Az—34e,= —1, 
or Ge = ae (IV) 
and by + bg — 3b, — 365, = —7. 


For example we take up some nuclear potentials and investigate’ whether 
they satisfy the saturation requirements. First we consider the following one: 


pas 3 met) { (aa) J, (rs) +7 S12] o(12) | - 


It is easily seen that this potential satisfies the conditions except (IV). The 
left hand side of (IV) is 


Set rh) =T{ p@”)H AG) +7 Beos'0—=D alr.) tp @e®)doPdo®. 


If we take J:=/>, the above quantity is non-negative so far as y<1. So in 
this case the potential satisfies the saturation requirements. But the potentials 


V=——(1-P,-P,) { A, 712) + 7812/01) } 


BOC ind Ve pet (S — 7 )(ae®) -(4+ 4 gees 5 a Conak asc (er) 


are contradictory with the saturation requirements. 
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On the Absorption of Negative 
x-Meson by Proton, II 


E. Yamada, Y. Nagahara 
and 
S. Ogawa 


Institute of Theoretical Physics, 
Nagoya University 


January 12, 1951 


Previously we have studied about the 
absorption of the z~-meson by the proton, 
accompanied with emission of photon or m°- 
meson” . But we considered only the case 
of scalar type z-meson with scalar type 
coupling there. Neutral 2-meson is now 
assumed to be of scalar type according to 
the fact that it decays into two photons, but 
about the charged one, we cannot say 
almost anything affirmative. So, we have 
treated the same problem with the various 
types of m-meson. 


The effect of binding of 2~-meson ar- 
ound the proton by Coulomb interaction is 
so small that we have treated the z-meson 
as free, using the Feynman-Dyson’s method. 
The anomalous magnetic moment of the 
nucleons are treated phenomenologically, and 
this part is added to the ordinary interaction 
in the Lagrangian. Then, it has been shown 
that the Dyson’s theorem for the scalar type 
meson thoery is valid for the photon emit- 
ting process but not for the m°-meson emit- 
ting one. 

If the 2--meson is initially at rest, the 
process in which the meson emits photon, 
is forbidden in the case of scalar type theory, 
but in the vector type theory, the interaction 
of the electromagnetic fields with the spin 
of the meson contributes to this process. In 
this process, however, the meson density at 
the position of the proton decreases and, 
when the meson is bound around the proton, 
the contribution of this process is considered 
to be smaller than the other, so we have 


Geinlons chagliom tiostt soru7i sl sino Sg ih on ld 
x S | PS Vv PV 
7 S Vv | PS PV PV 
gorge: saat 14 B.7 10 26. 0.40 5.0 108 
Y fer | 9.8 108 8110-7 | 32 10-247 18. 37 10-2 | 3.5 10-4 
vy fn se tAz# — ie bE a 
72 | 34 10-3 | 3.0 10-7 |_ 0.34 60.3 32 10-2 | 1.3 10-8 
bg ft | 50 10- | 28 40-2 | 86 10-4 | 15 1.5 1.6 
nie e228 1.0 10-2 24 10-2 | 35 3.5 
fe | 15 10-2 | 1.38 10-6 53. 1.8 1.6 10-2 


* About this point, we will discuss in other pl 
Prog. Theor. Phys. (in press). 


KE 


7.0 ial ae 1078 
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means that, in this case 79-emitting process is forbidden in this order of approximation, 
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The calculation is so elementary that we 
only have the results in Table I. In this 
table, the numerical values are the square of 
the coupling constants of z°-meson with the 
nucleon which make the theoretical results 
fit with the experimental results”, in the 
lowest approximation of the perturbation. f, 
or fx is the coupling constant, respectively 
corresponding to the case where the interac- 
tion includes t, or not. Here, we have taken 
the value 10.6m, for the mass difference .- 
—Hxo- 

Little is known about the correctness of 
the perturbation method for the nucleon-meson 
system. Even if such approximation. is. all- 
owed, we have no knowledge about that magni- 
tude of the meson-nucleon coupling constant, 
sO we cannot say which type of the meson is 
adequate. To determine it, it is necessary 
to compare with the other process including 
the same coupling. However, it may be 
able to say that the theory, in which f -de- 
viates too much from order 1, is not permis- 
sible. 

Finally we should like to express our 
sincere thanks to Prof. S. Sakata for his in- 
terest in this work. 


1) S. Ogawa and E. Yamada, Prog. Theor. Phys. 5 
(1950), 977. 
2) W. K. Hi. Panofsky, L. Aamodt, J. Hadley and 
. R. Phillips, Phys. Rev. 80 (1950), 94. 


Some Remarks on the Non-local 
Field Theory 


Z. Tokuoka and Y. Katayama 
Depariment of Physies, Kyoto University 
January 17, 1951 

The non-local field theory, proposed by 
H. Yukawa” , has two remarkable possibili- 


ties which the ordinary theory hasn't. The 
first of them is a possibility of free from 


divergence difficulties, and the second is 
that of a new interpretation of spins of ele- 
meniary particles. The latter is a formal 
result of the fundamental equations of non- 
local fields. As Fierz?) pointed out, these 
equations describe not only the behaviours of 
particle of a given spin, but also that of a 
group of particles of various spins. But the 
former has not been studied decisively. Star- 
ting from Yukawa’s fundamental equations, 
however, the divergence difficulties would re- 
main obviously, unless particles of various spins 
satisfy some cancellation relations fortunately, 
Moreover, the infinite freedoms of spin may 
raise the difficulties” . 

The methods of avoiding these duplicate 
difficulties have not been known, but the most 
natural method” seems the reduction of in- 
finite freedoms of spin into irreducible parts 
in the fundamental equations at the outset. 
It seems that this reduction can be 
made for real fields in the present form, but 
not for virtual fields, and this. fact is the very 
origin Of the difficulties. Starting from this 
assumption, Yennie” and Rayski® showed the 
possibilities of avoiding the divergence difficul- 
ties. However, they have some mistakes and 
considered partly, and not all of the self- 
energies of three particles (considering dif- 
ference of charge) interacting with each other 
converge. Moreover, their methods are too 
artificial. In this letter, we discuss whether 
the difficulties of ordinary field theories can 
be removed, assuming that we can restrict 


“spins (¢-freedoms), 


We define a associated local field quan- 


tity a(X) from a non-local A(z, r)= (e+ A| 


x x) by 


a(e)=(dr (e+ F{4le—) (1) 


and consider a simplest possible interaction 
Lagrangian between a complex spinless field 
A and a real spinless B,as L=gA*BA. gis 
a interaction constant. Then 


‘dropped this term. 


St ee 
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L(x) =| dr at Lf a aia 


=0 a*(x)b(a)a(x)=OLgo-ar (x). (2) 
O is a operator which operates on a*, a and 
6. This shows that non-local field introduces 
a (semi-convergence) factor in local field 
interaction 
From equation (2), we can easily take 
calculation following to the covariant forma- 
lism. In our case, the order of divergence 
does not differ from ordinary theories except 
a factor, because vacuum fields contribute in 
ordinary way, which differs from Yukawa- 
Yennie’s considerations. A analyiic form of 
a operator O depends sensibly on a type of 
non-local interaction Lagrangians, and then it 
influences on the divergency of self-energies. 
The results are listed in Table I. In this 
Table, div means that a divergence of a same 
order to ordinary theories exist, because in 
this case the factor O plays no role. And 
Ae BAe | AD a ela A hoa) Aa 
| Aja’’), and so on. 


Table J. Self-Energy 
Type of Lagrangian | At | UNS | B 
A*BA div conv 
A*AB div div 
BA*A conv | div 


From these results we know that a factor 


_O plays a convergence factor only for one 


quantity, 


particle, and can not expect that one gets 
converging results for each particles simulta- 
neously. To remove these defects we are oblig- 
ed to give up a matrix character of non-local 
and then we can construct a 
Lagrangian which gives converging results 
for each particle formally as follows ; 


La) =) AMet +B m1) Bet y—y 
2) A(a—} a, Py) dr, drs dirs. (3) 
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This is very trivial, Anyhow, we can not 
expect a powerful result for divergence pro- 


blems, even if we restrict spins. 


1) H., Yukawa, Phys. Rey. 77 (1950), 219; Part 
II., to appear shortly. We express our thanks 
to Prof, H. Yukawa for having sent us kindly 
a copy of his work before publication. 

2) M. Fierz, Phys. Rey. 78 (1950), 184. 

3) O. Hara and H. Shimazu, Prog. Theor. Phys. 

, (1950). 

4) C. Bloch, Det Kgl. Dansk. Vid. Selsk. XX VI, 
Nr. I (1950); Prog. Theor. Phys. 5 (1950), 
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6) J. Rayski, Acta Phys. Polonica 10 (1950), 
103. 


On the Difference between Local 
and Non-local Fields 


H. Yukawa * 
Columbia University, New York City 


February 7, 1951 


Recently Hara and Shimazu” claimed that 
non-local fields could be reduced to local 
fields by a simple unitary transformation. 
This is certainly not true, whenever we take 
into account the interaction between two non- 
local fields. For instance, a product W= 
UV of two non-local field operators U and 
V can be represented by a function W(X,r) 
of X, and ry. This function takes, in ge- 
neral, non-zero values even for those values 

of ry, which do not satisfy the condition 
Tyr -#—22—(), The only thing which should be 
kept in mind is that W(X, 7) is not eae) 
to the simple product UX, r)V (X, r).” 
Thus it is impossible to reduce W to a local 
operator by a transformation of the type 


W=l7WT 


where 
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T=exp (—A 6/dL) *x On leave of absence from Kyoto University. 
1) O. Hara and H. Shimazu, Prog. Theor. Phys. 5 
with D=r,z r. (1950), 1055. 

Just contrary to the statement by these au- 2) The case of the interaction between a non-local 
thors, the strange fact that some of the ‘field and a local spinor field, which was taken 
characteristic features of non-local field theory up by these authors, is obviously exceptional in 
were completely overlooked by the experts that the interaction operator contains only one 
of local field theories seems to indicate the non-local field operator /énearly. 


novelty of the notion of non-local field, even 
though we don’t know yet whether it will 
prove to be fruitful. 


Errata [5 (1950), 1045 (L)] 
T. Kinoshita, Note on the Infrared Catastrophe 


The last part of the letter (P. 1046) should be read as follows: 


Such a translation, however, reduces the possible “ displaced poles’’4) in the integrand 
of (1) to the the ordinary poles and thus the result of this integration may be different from 
the origrnal integral (1) by a finite contribution arising from the residue of these poles. One 
can see with ease that the first term in the square bracket of (2) appears just in this way 
and would have been missed if one would try to evaluate (1) using the Feynman’s method 
without care. 
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Electronic States of C.-Molecule, I 


—LInteraction between p-Electrons— 
Gentaro Araki, Simpei Turinast and Wataro Wararl 


Department of Industrial Chemistry, Kyoto University 


(Received October 5, 1950) 


Electronic states of a C;-molecule are discussed by the method of atomic orbitals without taking 
into account an effect of inner shells of the component C-atoms. Adiabatic potentials are numerically 
computed for all states which arise from configurations consisting of two atoms with two p- 
electrons each. Binding energies and equilibrium distances for attractive states are evaluated from these 
potentials. It is found that (2/07, 2407)13, + and (2p0", 240 2/7) 37], are the deepest and first excited state 
respectively, and that (240 247, 240 2m) 14, is a highly excited state in contradiction to the Pauling 
theory. However the present study is the first step and the result is not conclusive for the Co-molecule. 
We shall find in the next paper that the order of the states will be changed when we shall take into 
account the effect of 2s-shells. 


Introduction 


The nature of the single bond was quantum-mechanically disclosed by many 
authors by working out quantitative theories of the ss- and sf- bonds. However 
the quantum-mechanical natuie of the double and triple bonds has not yet been 
fully known. The double bond was first discussed by Hiickel” on the basis of 
quantum mechanics but his consideration was merely qualitative, The theory was 
later improved to some extent by Pauling”, Penney®, and Mulliken®. It was 
shown that the double or triple bond was due to two or three f-e’ectrons 
partly associated with s-electrons, though their discussion still remained within a 
qualitative limit. i 

To know the true nature of double bonds is of great importance especially 
from a chemical point of view. The present calculation is intended for this pur- 

pose. The simpler atoms which link with other atoms forming the double bonds aie 

carbon, oxygen, and nitrogen atoms. Among them the double bonds formed between 
two carbon atoms are of special interest in the organic chemistry. However the 1eal 
cases in organic substances are very complicated because of the effect of adjacent 
atoms. The simplest molecule with double g-bonds is the C,-mo‘ecule. This 
may be only a molecule which enables us to study quantitatively the nature of 
its double bonds. This is the reason why we begin with the study of this mole- 
cule notwithstanding that it has not yet been chemically isolated. 

To simplify the problém we first neglect all inner shells and consider an ideal 
system consisting..of two: atoms of atomic number 2 with two /-electrons each. 
We shall consider the effect of 2s-shells in the .next paper. The nature of a 

single pp-bond, was quantitatively studied by Baitlett” He found. that . the 
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deepest state is *}J¢ in contradiction to Pauling’s assumption that a bond is 
formed by an electron pair in a singlet state. This result suggests us the noes 
sity of close inspection of Pauling’s idea of double and triple bonds though Bartlett's 
molecule with a single fp-bond does not exist really. However we shall find in 
the next paper that Penney’s conclusion according to Pauling’s idea will ultimately 
have a qualitative validity though the quantitative structure of the bonds will be 
very complicated. This is due to an effect of 2s-shells. 

According to Pauling’s idea no attractive state arises from (2f0°, 2f0°) but 
the calculation shows the deepest attractive state is (2f0°, 270°) *})7 when inner 
shells are neglected altogether. This, as well as Bartlett’s result, means that, strictly 
speaking, Pauling’s idea has no general validity. If an effect of 2s-shells is taken 
into account the order of various electronic states changes, and the deepest state 
is replaced by (2f0 27, 2f0 2p) 1d, in agreement with Penney’s idea. This 
may show that Pauling-Penney’s idea represents an average nature of the complex 
structure of electronic states, as has been generally believed. 


§1. Classification of States 


The electron configuration of the carbon atom in its normal states is given 
by Is? 2s° 2g°. According to Pauling’s idea” it may be concluded that the carbon 
‘atoms ‘behave as divalent ones in the C.-molecule and the double bonds are for- 
med by four p-electrons, one being a ga-bond and the other being a 7z-bond. 

In order to verify the approximate validity ot this qualitative conclusion we 
have to examine electronic eigenstates of a system which consists of twevle elec- 
trons and two nuclei whose atomic number is six. This is a very complicated 
problem. We shall therefore first neglect the 1s and 2s shells by assuming the 
complete screening of these shells on the nuclear charge, and next we shall consi- 
der the effect of the inner shells. This is not only a way of simplifying the 
problem but also a way which enables us to know the contribution of each elec- 
tron separately. 

(i) Axial Quantum Number and Multiplicity. We shall consider an ideal 
molecule which. consists of two atoms with the atomic number two, containing two 
p-electron each. The orbital ‘functions of these electrons are completely specified 
by their orbital magnetic quantum number (,) which is equal to the axial 
quantum number of the orbitals. 

The axial quantum numbers of two /-electrons which belong to one of two 
_ atoms are denoted by 4, and 4,’ and those of another atom by 2, and 4/. We 
specify a set of orbitals which are contained in a determinantal wave function of 
the molecule by (A, 4’, a, 2:’). An assemblage of states specified by a definite 
set (4, 4, A, A’) will be referred to as an electron configuration or briefly a 
configuration. The singlet states only belong to the configuration CAA he Aa 
The singlet and triplet states belong to (A, 4,, dy Ao!) if a/4A,, and the singlet, 
triplet and quintet states to’ (A, 4/, A, AY) if Ay’A, and 4! 4A, Orbitals are denot- 
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ed by a, 7 and ® according as their axial quantum number ‘are equal ‘to 0, +1 
and —1. Special configurations are denoted by 'these symbols too. For éxample, 
(o°, 7 @) means*(0 0, 1 —1) or that 2,=2,'=0, A= 1, and Af=—1. 

The axial quantum number and multiplicity can easily be found for a given 
configuration. They are shown in Table 1, where A denotes the axial quantum 
pumber of the molecule, and the negative-/ part of the table is omitted. 


Table I 

A configuration state . ‘Configuration state configuration ‘state 
4 Gi") a 

af mii : (rn, oz) 319 
2 (0°, x) 14 (x3, 7B") p14 (oz, on) 5,3,1 4 
uy (x?, 0B) 3AT (ox, 7B") 533.1 77 
q #iieG _ 1 (6*,-6n) pL. } ; : 
0 (x, &) 1S (0, @) SY (on, 0) FS 
0 (o*, a) =. ers ee) 1, Pt 3) 


(ii) Parity and Reflexion Symmetry. The parity and the reflexion sym- 
metry of a state can'be found’ by writing its wave function explicitly where the 
latter property is considered for 51 states only. For this purpose we shall adopt 
some abbreviations for wave functions. 

If an orbital of the £-th electron belongs to the a-atom we shall add a suffix 
a to the symbol of the orbital and write -£ as its argument where we shall dis- 
tinguish two atoms by aand 4. The spin magnetic quantum number of the one- 
electron state will .be indicated by an upper suffix + or — according as it is equal 
to 41/2 or —1/2. For example, zj(/) stands for the one-electron wave func- 
tion of the £-th electron whose state belongs to +1/2 of the spin magnetic 
quantum number and 297 of the a-atom. A determinantal wave function of the 
molecule will be, denoted by its first row. For example, we shall write as follows : 


(zi eit 0) Fe epPag (1) 77 (2)az (3) a% (4) 
mi) az) @) oF (1) 
ni(2) mz(2) of (2) of Q)) 
= 2t(3) mz(8) af (3) 05 (8) | ls 
ai(4) mz(4) of (4) 97 (4) | 


where P denotes the permutation of electronic numbers, €, is equal to +1 or —1 
according? as P is even or odd, and 5! means the sum over all permutations. In 
our abbreviation a special caution is necessary regarding the order of orbitals 
contained in the parenthesis. 

We shall now consider the transformation of wave functions induced by the 


iB yéisicni at the centre of the molecule and the reflexion (for 3} states) with 


138 G. Araki, S. Tutimast and W. Warari 


respect to a plane containing molecular axis. 

If the origin of Cartesian coordinates is the centre of inversion, the molecular 
axis is the g-axis, and the distance of two nuclei is R, the inversion induces the 
following transformation : 


oe 5 sans 


=e, J 
2—R/2——* — (¢ + R/2) Cs 
V+ + (@—R/2)— Ve +H + (2+ R/2)?. 


x 


Therefore, by the inversion, 2p orbitals transform as follows : 
™,(k)<——7,, (2) 
@,(£)—_ — &, (2) k=1,2,3,4. (1.2) (b) 
o,(k)<———2,(£) 


The even and odd states for the inversion will be distinguished by g and w res- 


pectively. 
By the reflexion with respect to the #¢-plane the orbitals transform as follows : 
Fb) roe le tag(h yee eite etre 
SD ol facth Ae Sat ap lone el (1.3) 
Ty (h) 2 ah), ML) LB, (2) 


The symmetric and anti-symmetric states for the reflexion will be distinguished 
by + and — respectively. 

On the basis of these transformation properties of orbitals we can immedia- 
tely distinguish the parity and reflexion symmetry of wave functions of the states 
in the second and third column of Table I. The correspondence between states 
and wave functions in these cases is given by 


(aint)! oN (xd mz.mt 5) (1.4) 
taney (22 wz Gf" 65) Lak ay a? oz) (1.5) 
(ews) ee (ty Ty Oy &,)+( ai my ST ST) (1.6) (a). 
(2, @) ty (at ay @t @F)— (at ay @t @7) (1.6) (b) 
cat Se (32 6, %,0,) (1.7) 
(a°\.0n). 3@,,, (ae aeof at) + (ad at x) (1.8) 
(7°, ot) 10, (zi mz of 2,)—(at nz oF ry) 

(at my .0t mz) — (af my oz mt)} (1.9) 
(a?) ee)! SBT (oan af @i) 4 (at oF mE Bf) (1.10) 
CER Ae (2 a, % Pz) — (ai a7 a; BH) 


+{ (oy oF TI OT) —(of a5 mE @T)}. (1.11). 
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where + and — of the double signs in the wave functions correspond to g and z in 
the state symbols respectively. 

The 4 and // states in the third column of Table I are not written here 
because their parities and wave functions are similar to those of the @ state. 
The wave functions of (2°, 7@) *4,,, and 14, states can be obtained from those 
of (x2, az)* See. and '@,,, respectively by replacing ¢ with @. The wave functions 
of (7°, o@) *J7,,, and '//,,, can be obtained from those of (7°, 7@) *4,,, and 14, 
respectively by ieplacing the gewipaited z with o. Those of (6°, oz) *JT,,, and 
*/1,,, Can be obtained from those of (*, oz) *D,, and '@,,,, respectively by Peslacing 
the paired z with o. The triplet wave functions (1.8) and (1.10) are written for 
the highest spin magnetic quantum number. 

We shall next consider wave functions of the states in the fourth column of 
Table I. The parity and reflexion symmetry of (o7, o@) °3) can be easily found. 


They are given by 


(oz, o®) *S0} (og ai of SS) + (of ai of BT) (1.12) (a) 
(etyo@) >So, Cos zi of @ i) (Gs ae of @ 2) (1.12) (b) 


where the wave functions are written for the highest spin magnetic quantum num- 


ber. 
If we denote the spin magnetic quantum number of the molecule by JZ, the 
wave functions which belong to (07, o@) and M,=1 are divided into two invari- 


ant linear manifolds for the inversion and reflexion. Their bases transform accord- 


ing to the following scheme: 


(of mi of BF) (Gd @F of my) 
yore (1.13) (a) 
Cas By 62 Pg) Ser AG, Orr Ong a) 
(of at of PP)\LIACGd a oy TH) 
ves! (1.13) (b) 
(of mi og PEG St os Az) 


represent respectively the transformations 


where arrows of full and dotted lines 
In each manifold we have two linearly 


induced by the inversion and reflexion. 
independent *3" functions as follows: 


(a7, o®) *M7 (of at of @,)+(6F BI oF 7) 

+ (of af of @r)—(os Be of 7) (1.14) (a) 
(oz, o@) *DO7 (ot at of @i)—(or Pi oF 7) 

+(o¢ af og @i)—(ap By on Ma) (1.14) (b) 
(oz, o@) *Si (ot yates @;,)+ (af Bi a, 7, ) 

— (af Tp a B)—(o; Bi of 77, ) (1.14) (c) 


(on, o@) "Lie (of Ti of @h)+ (or Pa o 7) 
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—(of af 0, @2)—(of @F of aI). (1.14) (d) 


The wave functions which belong to (67, ¢@) and M,=+1 contains eight 
linearly independent functions. Among them four linearly independent *3} func- 
tions, which are given by (1.14) (a)—(d), and two linearly independent °3} 
functions are included. We have therefore two *57 functions besides the above 
mentioned four *3}’s. They can be obtained by linearly combining the above men- 
tioned two sets as follows: 


(om, o@) *>; (at th 07 2s) (Ge Be GaP) 

+(6f ay of @)— (os zt of BF) 

+(oj ef of m)—(ei @i os TH) 

+(o7 @e of Ta)—(on Pe og Tr) (1.14) (e) 
(7, o@) "Lin (oc Te of Py )—(Cas Te oF Be) 

— (oy i og Ba)+ (or TH of Br) 

—(of @ of m)+(of @f oF TF) 

+ (6; @yf of mz)—(of @F oF zP). (1.14) (f) 


The wave functions which belong to (07, a@) and JZ=0 are divided into 
four invariant linear manifolds for the inversion and reflexion. Their bases trans- 
form according to the following scheme : 


(of Ab oF OL oie Si ID 
1. 7 J (1.15) (a) 
(Os Taf Br) Ss a, me) 
(of ay Op PYLE GF erp ay x57) 
4. f Le f (1.15) (b) 
(of % op OIG SS of mt 
(og Ty Op RE) Og ay Ry) (1.15) (c) 
paeed 
(oF aE os SPS) (ey Hs op mp). (1.15) (d) 
——?> 


The linear combinations of these twelve linearly independent functions contain 
two linearly independent °31’s and six linearly independent *37’s. We have there- 
fore four linearly independent *3} functions. They can be obtained >, linearly 

combining (1.15)(a) and (b), or (a), (c), and (d) as follows: 
(0%, o®) DF (a. Te 6, By )—(as my a, Bi) 
—(o, 7 of @F)+(e7 az of ery: 
+ (0; af oF @7)— (ot %, 6, @ 2) 
(oy my of I) + (eo; mF of BP) ~ (1,16) (a) 
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(oz, @) tor (oem =a @;)—(ei zz of @, ) 
(ag. %E oF Bi) + (oz Ay of Bh) 
+ (oy my af @r)—(of mF of BF) 
(a, ty oF @i)+(o; a ot @*) (1.16) (b) 
(om, o@) *S. (or Ti os @y)—(a; A a, BH) 
—(e; 7; of @; )+ (a7 x, oF Bit) 
(6s Ty of BT)+ (oF of BF) 
+(% TM ag B)—(OF Ty oF BF) (1.16) (cy 
(om, o@) * DT (o¢ Te % @,)—(o, Ty of 5) 
(Ga Fe F Py)+ (Ge Te oF PF) 
—(6y Ty og Ba) + (oy ™ of Bz) 
+(e, mf of @t)—(e; my of @f). (1.16) (d) 
The wave functions of (oz, 7@)/]T can be obtained from those of (oz, o®@)™) 
by interchanging o with z and discarding the reflexion symmetry. 


We shall now consider (7@, 7@-)>}. There is only a function which belongs 


to the quintet, namely 
(7@, me) *S) (a eT ae eS, ): (1.17) 


The wave functions which belong to (7@, 7#@) and M,=1 contain four linearly 
independent functions. One °>} is included in their linear combinations, We 
have therefore three linearly independent *5}’s. The wave functions which belong 
to (7@, z@) and JZ,=0 contain six linearly independent functions, . One °>} and 
three *31’s are included. We have therefore two ‘51's. 

The wave functions which belong to (7#@, 7@-) and JZ=0 are divided into 
three invariant linear manifolds for the inversion and reflexion. Their bases transform 


according to the following scheme : 


(ee er, By 7, ) carta, Orgy wes ) (1.18) (a) 

(xt Gin, @,)—7 (RZ Os TF Sy) (1.18) (b) 

(at @r ay wf) Quay et at B®) (1.18) (c) 
————_ 


where (a) is invariant for the inversion and (b) is invariant for the reflexion. 
These three linear manifolds contain one *3} each. Their parity, reflexion sym- 
metry, and wave functions are given by ; 
(1@, 7@) *YI7 (xt @7 mf @,)— (Ar Os Mm BF) (1.19) (a) 
(na, mB) *315 (xt @i my Or) — (az Bz mF SF) (1.19) (b) 
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(1®, 7%) DT (al SF ty S)— Ge Pa Ts Py). (1.19) (c) 
Two linearly independent 131}’s can be obtained by linearly combinining two 


sets of (1.18) as follows: 


(7@, 72) *D3F (xt @r at @;)—(at @i my @; ) 

+ (27 @f % @f)— Gz ep. af BF) (1.20) (a) 
(7%, 7B) "Shy (ae OI Ry Sy )—- (A Ss MH Sr) 

+(a, @i a @s)—(a, et mt @;). (1.20) (b) 


The wave functions of (a7, a7) J can be: obtained from those of (7@, 7@) >} by 
replacing @ with o and discarding the reflexion symmetry. 

We have thus been able to completely classify all states of our molecule. A 
summary of the result is shown in Table II where “ double’”’ and “‘triple”’ in- 
dicate doubly and trebly degenerate states. 


Table II. States arising from (27?,. 2s°) 


(x7, x*)!1To | 
| (x°, at) °Oy 
| *Ou 
| "Oo 
10, 
(ox, om) 54g 
(2°,n@) 949 34g 
5Au 34,, (double) 
(0, 2°)'4q 1A j 349 (double) 
14, 14, 
(on, 7@) Tg 
511, 
(x*,0%)*Ig (0°, ox)3ITg °]Ig (triple) 
i 1B 377, 3]1,, (triple) 
MTg MT, \JTg (double) 
TT, Wie 1]T,, (double) 
(ox, 0%) Dhot (x@, cB) 5StG+ 
. uu 
"0% 
(o°,n@) S97 8$)\97 (double) Soe 
5S3,,7 (double) 3S + 
ee] “um ou ee 
(2°,8°? )1Sh9+ (02,0°) 1 Dot eS *Di9* (double) Pot 
a (double) 
‘Du 151,,— (double) 


rr 
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§ 2. General Formulas for Electronic Energy 


As has been assumed in the previous section we consider an ideal diatomic 
molecule which consists of four electrons and two nuclei of double charges. An 
electronic part of its Hamiltonian is given by 


+— (2.1) 


where all quantities are measured in atomic units. In order to obtain general 
formulas for the adiabatic potential which characterizes the nature of binding of 
the molecule we have to solve secular equations corresponding to sub-matrices, of 
this Hamiltonian, with the definite multiplicity, axial quantum number, parity, and 
reflexion symmetry ( S1-states). . 

These properties of the states in a horizontal row of Table II are the same, 
but those of the states in different iows are different. Therefore, the states in 
different rows belong to different eigenvalues of the electronic energy, and for 
every row of the table we have a secular equation whose degree is given by a 
number of states written in that row. These degrees are shown in Table III. 


Table TI. Degrees of Secular Equations 
eutegs 1, (OO! dd ad A, Fi yg ee te 
aeeetlo leek ti jf, 2°83 4° 23.44. 5 8 £4 
Grates 3p Pi te jg oe le Sg ee 
degrees 2 1 1 4 3 mew § 3 


The degrees are too high to solve the secular equations for *'d4’s, *"//’s and 
3151's, However, fortunately we see from the result of our numerical calculation 
that the matrix elements connecting different configurations have only a very 
small contribution to the energy eigenvalue. Therefore we can confine our eigen- 
value problem within a definite configuration. Then the secular equations are at 
most cubic, and their solution are facilitated in considerable degree by this reduc- 
tion. 

Especially the equations for the states in the first two columns of Table II 
are all linear, and their roots are at once given by 


Wes (¢, AY) (2.2) 
(Y, #) 
where the parenthesis means a Hermitian inner product. For the states in the 
third column the equations are linear, quadratic for doubly degenerate states, and 
‘cubic for trebly degenerate states. When the equation is quadratic its roots are 
given by 
: Bo4AC) 2.3 
W=—(B4v B—4AC (2.3) 
a4 P+ ) | 


~where 
| 
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A=4,,doo— Ajo (2.4a) 
B=4,H,,+ 4yflao—Z4 nH, (2.4b) 
C= HyHe— HH» (2.4c) 
Eloy = (Perl Ps) k=1,2 (2.4d) 
4i53= (Pes 95) k=1,2. (2.4e) 


If we substitute the wave functions given in the previous section for ¢ of 
(2.2), we have the energies of the states in the first column of Table II as follows : 


(x2, 7?) a7 W= O(2", n°) —27, (7,7), j ta) + Ki (4% ; Tit) (2.5) 
paver et 
(o, 7) 14, W= Q(o*, 2°) —2), (oF; Fas) + Kn (Oat 5 Fly) —2K yn (Oy 5 Fa%) 

Lo S"5S32 

(2.6a) 

(G nm) 1Y wa Qe) —27, (a7 + Fay) — Ky (Gq% + FaT) +2K yn (Gq 3 aT) 
u t-—S? ie 

(2.6b) 

(x2,@-) int Wa On,’ “ee? )—2/(t. ,, 7 2) + Kz TPs; as Ae eee 2 Kin (7a @>,,74P5) 

14S, 

(2.7a) 

(22,@) I> Wea Or? @°) — 272,28 4:37, 25) — Kyle Py 5Ta Py) +2 Kyu Ta Poin @,) 

AS) ee, oY 4 
(2.7b) 
2 9 4 °°) —2F,,(6,65 5 FaFn) +K,(OaFp 3 Fan) 
(a a US wa a) yi b aFh n\FaFn 5 FaFp 2.8 
yams 1 oo Sai A . Sex? 
where 

O(¢y¢, En) =(. UP o, Qo» HT, ta Sy 7) (2.9) 

Tn (Qa Py ; Se Ja) = (Pa d, ah Qa He, p, Sa He) (2,10a) 

Jy (Ga Ps 5 i: Na) = (On W, - Qas He, fy Qa =) (2.10b) 

Kina Po 5 <. qa) = (Pa Wy = Has fT, Pa Ga Ne) (2.11a) 

Kyn(Ga $05 So Na) = (Pa Yo €e qa Ha Pr Caine) (2.11b) 

So= (Fa Fr) (2.12a) 

Si= (Za, 7) = (Pay Bp) (2.12b) 


¢, $, 5, or q denotes one of 6, z and @, and a, 4, c, or d denotes one of @ and 
6. Further 7 and K’ mean single and double exchange integrals tespectively, 7: 
means an exchange of nuclei, 4 means an exchange of axial quantum numbers, o 
means an exchange of orbital functions, and the following abbreviations are here 
used ; QO(¢’, $°) is written instead of O(gg, €€), and ¢g¢sn is written in place of 

es rhes )¢ (aes) 9(ar,). The right sides of (2.9), (2.10), (2.11) and (2.12) mean 
Hermitian inner products of two functions wiitten in front and behind of commas. 
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If ¥ and @ are two wave functions their Hermitian inner product is defined by 
(¥, O)={[U*O (2.13) 
where the integral sign means a multiple space integral with respect to all space 
coordinates contained in the functions. Energies of other non-degenerate states 
are given by similar forms. 
Next we consider doubly degenerate states, for example (x@,7@) 'S)*. Their 
wave functions are given by (1.20). The secular matrix for these states are given 


by 
Hy=Q(2@, 7@) —Jy (74%, 3 PraP») + Ka (Ta 5 PraPs) 
+) (74P 53 TaPr) —Jo (APs ; T,@ 4) + Kyn(Pa% 5 7,25) 


oer. (7,274 TP, Hi, @ 2%.) ri (1, 2°, 2,75, H2,@T,Pa) 
—(2,27,P%, Ht, ®_ MHP) (2.14a) 


Moo= O(2@,7@) J) (Fats 5 Pah) +K, (7s } B,Py) 
—J,(2,8 5; Pat) thy (Fara; HP) — Kyn( Pa 5 Tas) 
+ (1,84 1,2, HA, Py Pala) —2(TePry Pra, Hi,@ 7%.) (2.14b) 


1 
A= > Qne, 1B) — 2], (Tap; @-, 2») + Kr 2s) 


1 
+/J, (7,243 1, 2p) =i 5 Kol taP a 7,2») +5 Ki ePy ; @-T,) 
+ Kn (B75; 7,25) 
ae 3 (7 Or, PraT 5, H1, P71, 2a) a 2 (1, Prak Pr» Ht, PaT) 


+ (Ty, Pral, Pr, Hn, PPM) (2.14c) 

4,=4,=1~S?4+S °° (2.15a) 
1 MPS 

An= 5 — 252 pores “A Giles) 


where a common factor is omitted, and 

KGa Gos & 22) = (Pa Yo & Jas Hy Ya qe &.): - (2.16), 
If H is equal to unity in these expressions only the first three terms of each 
elements remain without vanishing and all other terms vanish because of the or- 
thogonality of 7 and @. In fact the latter terms are not equal to zero because 
H is not equal to unity, but they may be still small compared with the first three. 
The result of our numerical calculation shows that they are “smaller than 5% of 
Q. Therefore we first neglect these small te:ms. Then, if we substitute (2.14) 
and (2.15) in (2.3), we have two roots of the secular equation as follows: | , 
_ Ore, 7%) +2)(an, &e)+K(at, @ 2) (2.17) 

14257 b's | or 


ign of the numerator corresponds to the plus sign of the deno- 


W 


where the plus s 
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minator, the minus to the minus sign, and the abbreviations 


ST o¢ 5 29) =Jn Gals 5 Fan) (2.18a) 
K( eh; &y)=Kn (Gans Fate) (2.18b) 


are used because there remain only 7 and K with an exchange of nuclei in this 
case. 

If we content ourselves with an approximation of neglecting integrals which 
include in their integrands o(a,)2(a,), o(a;)@(m;,), or 7(a,)@(H;) regarding a 
definite electron, z, expressions of W are all reduced to simple ones as has been 
seen in the above mentioned example of (7@, z@)'Sj7. Especially secular equa- 
tions for trebly degenerate states split into equatiens of lower degrees which can 
be readily solved. The influence of the neglected terms will be discussed in the 
next section, and their quantitative contiibutions will be fully taken into account 
later on in Part II. Thus, for all states in Table II, we have, in this approxima- 
tion, general formulas for electronic energy as follows: 

O(n nm) —2] (az, mz) + K(a7; m7) 


m2) TYNES ’ 
(a), ae (2.19) 


(aan)? 7,26, Otten) tian on) + Mans nn) + Kona) 


- 2.20 
1=(5)5)-+5)) 15,58 at 
(x°,07)°0,20,, Q(2?, ox) +{/(am; on) —f( ax, m)}—K(ar; az) 
i+ (S,S;—5,’) = SoS} eae 
Q(on, ot) —{ (a7; aa)4+J(o0; mz)}4+K(00; az ; 
(o7,07)*4, : S LF Pie a; 77) 
é 1— (S2+S2)+5eS2 Ce 
(ane), Lt) emia) i nKie me) 9 ain) 
1—2S7+ S/ : 
(on,0n)"d, O(on, ox) —{ / (ar; #2) aoe ; m)'+K(oea; 77) (2.21c) 
1 Po Se. =e ey a) + Sige Sue 
(ne), Q(x", ma) —{ /(ae; 172) —](az; ze) } —K(az; 7) 2 
1_S;! (2.21d) 
(or,a7)°d, Qon, on) +{/ (ar; aa) —J(o0, 77) }—K(aa ; 27) 291 
1 ECS P= SP) SIS; ( f °) 
(0%, 7?)\d O(a". o) + K (or; oT) 
)'4, l4S3s7 (2.21f) 
(an @)'4, Q(t’, 2) — {J (ae ; m2) + /(am, me) } 4 Kaz; >) Q21¢ 
125245, 21g) 
(on,07)'4, Q(on, or) + | as aT ; m2) +J (a0 ; oe) t+ XK(o0; 77) (2.21h) 
st (.S)?+ S; ) + SoS? 


(0° ,7") "4, 
(7°,7@)14,, 
(oz,7@)°/7, 
(o2,72@-)*/1,, 
(7°,0@)°/1, 
(0°,07)*/1, 
(on), 
(7,0) /1, 
(o°,07)*/1,, 
(o7,72)5/1,, 
(7°,0@) IT, 
(67,07) IT, 
(oz,7@)'/1, 
(nee) . 
(o°,07)*/1, 
(o7,7@) ID, 


(oz,0%)*Diy 
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Q(%, 0°) —K (ar; om) 
1— S/S? 


O(n’, re) — {| /(ae; a2) —/(a7; ne) }—K (a7; re) 
1— S; 


QO(an, xe) —{/ (x2; o@) +/(a@; mz) | + Alam ; o®) 


LESS Sy) nse 


O(2’, o@) + K(a7; @7) 
1+ S,S/ 
O(e°, 0m) —{/(ox; o0)+/](a0; a7) 4 K(a0 ; oT) 
1— (SP + S,S)+S,°S; 
Olan, 7@) +) / (at, o®) + /(a®, m7) } 4+ K (a7; o®) 
1 + (SoS) + S,") +S 5," 
Q(z", @) — K( an, &7) 
1—S,S;° 
O(0°, 0z)—{/J(02; aa) —J(aa; ox)}—K(aa; oz) 
l= (So’—SoS;) — SohSi 


Q(on, 7@) +4] (a0; o@) —] (a; 17) | — K( a7; o®) 
ie (S,S;—S;’) —S)Si’ 


O(a", 0) + K (om: =) 


1+539, 
O(a", ot) —{ /(az , 00) +/(a0; om) 4K (a0 ; oT) 
L— (S)°+ S,S,;) + So? S4 


Q(an, oP) + {AT ; o@)} + iam, 1)\ + K( 77; oP) 
L+(S)S,+ 52) +55? 


O(2°, o@) —K(ot: &7) 
1—S,S; 


Q(e°, az) —1f(ar ; aa)—-J(aa , om) }—K(a0 ; a7) 
1—(Sy’— S,S;) — So'S; 


Olan, m&) {Jat 0®) —] (0B; 27) } — K (27; 6 ®) 
1+ (S,S,—S2)— 8,52 


Q(an, o®) —{/(2®; 00) +/(o0; TB) | + K(a0; TB) 
1= (Si453) + S552 


147 
(2.21k): 
(2.211) 
(2.22a) 
(2.22b) 
(2.22c) 
(2.22d) 
(2.22e) 
(2.22f) 
(2.22¢) 
(2,22h) 
(2.22k) 
(2.221) 
(222m) 
(2.220) 


(2.22p) 


(2,.23a) 


148 
(7B TB)* DI, 
(on0)"Siz 
(o7,0%)* 7 
(0°, z®)" da, 
(0,0) S)7 
(7,7) 7 
(ot,0@)* 17 
(TP, 7H) 
(0°, 7@)* Shy 
(ot,0@) Nr 
(12,72) ° 5 
(7), 2") "ie 
(0°,0°)' dog 
(0° ,2e)"Dh5 
(oz,0@)'>)3 

(ne rey ss 
(@2e Ye 


(7°,@") ae 
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One, ter)—2finr, @ Be) + KAT; @ 2) 
1250455; 


Qa, a@) —{ (22; 00) —J (oa; TP} —K(a0;, x@)} 
1— (SP= Sy") — SoS? 


O(an, o@) —{ J(x® ; 00)+J(a0; 7@)}+ K( 00; 72) 
(So+ SY’) + SoS? 


O(e°, n&) + K(07; o®) 
14+ S25? 


O(on, o®) +1 /(a® ; oa) + J (a0; 7@-) }+ K(a0; 12>) 
1 (SP+S7)+ SoS 


O(n@, 2@) —2fimn, @P)+ KIT, 2) 
1—2S8/7+ S*, 


O(on, o@) +{ J(2®; 00) — J (00; 7B) }— K(o0 ; &) 
V+: (S?,—S?)— SPS 


One® Te) — K(17, 2&2) 


1S4 
O(o°, 7@) —K (at; o®) 
ii SESE 


Q(at,a®) —1\Ja® ; aa) — (aa, z2)} — K (a0; 72) 
1—(S2—SY)—SPSP 
ORS, T&\— K\17, BS) 
1— oe 
O(x, ®°) + K(x, 7B) 
14S, 
(6°, #)—2J (a0 ; 00) + K(aa ; 90) 
1—2S,°+ S,' 
O(o°?, n®) + K(am; o®) 
14+ SPS? 
O(on, o@) +4] (2; a0) +] (a0, 7@) } + K (ae; 7) 
14 (S,2+.S,’) + SoS? 
ORG, TH) +2] (aH, PB) + KAT; SB) 
142574 S33 
O(a", ne) —K (or; a@) 
1=SFS; 
O(x*, &*)— K (1; 7@) 
t= 5! 


(2.23b) 


(2.23c) 


(2.234) 


(2.23e) 


(2.23f) 


(2.23¢) 


(2.23h). 


(2.23k) 


(2.231) 


(2.23m), 


(2.23n) 
(2.23p) 
(2.23q) 
(2.23r) 


(2.23s) 


 (6t,0®@)' 7 SAO oe eee 
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Table IV Numerical Values of Electronic Energy 


1+(S2259— S252 


in Atomic Units 


](2®; 00) —J(a0;, 7) }—K(a0;,7®) | 


(2.23w) 


Nuclear distance in atomic units 


States 
1.5 2.0 2.5 3.0 
(2, m2) 1D, = —0.384 —0.756 0.979 
(x2, oz) 30g —_ —0.903 —1.102 ESS i 
(x2 on) 30, —0.489 —0.950 —1.160 —1.261 
(x2, a) 10, “-. —0.903 1.102 1.177 
(x2, om) 10, —0.489 —0.950 —1.160 —1.261 
(ox, on) 549 —0.868 —1,228 —1.378 — 1,420 
(x2, 2B) 34g = —0.510 —0.821 —1,000 
(ox, on) 34g —0.868 — 1,228 14878 —1.420 
(x2, 2®) 43 —0.259 —0.752 —1.010 1.141. 
(ax, on) 34, —0.614 edslil 1.301 —1.346 
(an, on) 4 —1.314 1.548 1.642 —1.541 
(02, 22) ve —0.974 | —1.417 1.419 —1.410 
(x2, 7B) 145 = —0,510 —0.821 —1.000 
(ax, ox) Ay 0.975 | 1419 —1.571 =1510. 
(ox, on) 14, —0.868 — 1.228 =4,878 —1.420 
(02, z°) 14, —1.075 1.355 —1.460 1.410 
(n°, 7B) M4, —0.259 —0.752 —1.010 SS 
hex x) SIT, —0.492 —0.899 ~1.092 —1,202 
(ox, n®) 51, —0.489 —0.950 —1.160 1.261 
(x2, 6%) 3ITy —0.864 —1.180 =< 1.308 1.341 
(02, ox) 3ITy —1.401 —1.661 —1.649 1.542 
(on, 7B) 3IT y —0.492 0.899 —1.092 —1.202 
(ox, n®) 3119 —1.004 —1.275 —1.389 —1.399 
(x2, o&) 31, —0.796 1.179 —1.303 ~1.341 
(02, ox) SIT, —1.545 1711 1.712 —1.610 
(ox, x@) oy —0.489 —0.950 —1.160 —1.261 
(ox, 7B) 811, —0.812 1.218 1.340. —1.360 
(x2, oB) IT, —0.864 —1.180 —1.303 —1,341 
(02, on) MIT g —1.401 —1.661 » 1.649 1.542 
(on, xB) Tg —0.492 —0.899 1.092 —1.202 
(an, 7B) Ty —1.004 1.275 —1.389 —1.399 
(x2, 0®) 17, —0.796 1.179 —1.303 1.341 
(a2, ox) if, 1.545 4.714 —1.712 —1.610 
(on, n®) 1, —0.489 —0.950 —1.160 1.261 
(on, 7B) MT, —0.812 —1.218 —1.340 . —1.360 
(on, 0@) Dor —0.868 —1,228 1.378 ~1.420 
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(n@ ine) Str wo 0.245 |... 0,607 | 0,845 | —1.001 
(on, o@) S| bE ; -1.562 | = 1.651 —1.601 
(on, 0o®) %Styt | 0.868 | 1.228 —1.878 | —1.420 
(8). 8,-0.0 a —1.410 
(ox, 0@) 5) o7 | —0.868 | —1.228 | — 1.378 | —1.420 
(ox, 0) SS\g- | » —0.975 —1.419 | —1.571 —1.510 
(x@, 2B)  9Bo~ —0.245 | 0.607 | 0.845 | —1.001 
(on, o®)  9S+ 1.351 bine 1,569 1.651 ~1.601 
(ox, 0@7) 35,7 | —0.614 | =—1AT —1.301 —1.346 
(n@, n@) 8Dut | —0.259 | —0.752 | —1.010 —1.141 
(0°, 7) ss) | —1.075 | =1.355 | — 1.460 —1.410 
(on, o@) =9S,- | ~—1.851 | “1.562 |. == t654 —1.601 
(n@, 7) %S,- | 0.259 |- “S0bras |} 1.010 | —1.141 
(x2, @2)" Ite | “Holes - | aio | SH1b1 1.215 
(02, 6?) ISG —1.820 | ‘1.929 _ =1.872 —1.722 
(0, @) Ist | '—0.974 = 1.417 +1419 —1.410 
(ox, 0o®) IS4+ | =0,868 —1,228 | 878 —1,420 
(ox, 0®) %ISo+ | 0,975 | “Saag | Peters | —1,510 
(x, Br) Sgt —0,245 | 0,607 | =0.845 | —1.001 
(n®, ne) Sgt —0.615 | °=1.054 | *Laeo7 — (ari 
(0°, n®) IS, + Syiors. «| | | Séiens =| Malan —1.410 
(x2, B2) IS - —0.450 —0.814 | *ityoes | —1.160 
(on, 0@) IS,- —0.614 | Ott (4) =s301 —1.346 
(on, o®) Is, - —1.351 | 1.562 = 1.651 —1.601 


§3 Adiabatic Potentials 


The adiabatic potential between two atoms in the molecule is the eigenvalue 
of electronic energy as a function of a distance between two nuclei. In order 
to know explicitly this dependence on the distance we have to evaluate the 
eigenvalue for various distances. For this purpose we assume that the orbitals 
are hydrogen-like : . 


o=N,2 exp(—-xr/2) sad 7 (3.1a) 
m= NV,,(«+7y)exp(—zr/2) (3.1b) 
= NV, (x—ty) exp (—xr/2) (3.1c) 


where V, and NV, are normalization constants, x is an effective charge of 2p- 
orbitals, x, y, and z are Cartesian coordinates, the origin of the ccordinates is 
an atomic nucleus, and y is a distance of (x, y, #) fiom the origin. 

The reduction of integrals Q, / and K was explained by Kotani, Amemiya 
and Simose”, and numerical tables which were necessary for the evaluation of 
these integrals were given by them. We compute the numerical values of i 


oye ul <Su0uy 


oI 


t 
| 


af 


——R in atomic units ——+R in atomic units 
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J and XK by making use of their tables.* 


potentials according to the general formulas given by (2.19)—(2.23) are shown 
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The result of evaluating the adiabatic 


Table V_ Biding Energy 


nae Binding energy in Nuclear distance in 
electron volts atomic units 
(ox, ox) 149. | 6.48 2.53 
(oz, 0B?) 1°S\g+ 7.18 2.58 
(ox, ox) 34, 8.89 2.50 
(ox, o@) 37 9.49 2.48 
(67, oz) 1:°]Tg 11.55 2.23 
(0°, ox) 1]1,, 13.01 BAS 
(07, 67) or 19.42 1.98 
0 0 
& 
=) 
oO 
cel 
—0.5 6 Od 
5 
p: 
° | \\ 
-1.0 B10) A We 
un a \ 
| x SS 
£ \ BLS 
\ Se ee es 
: 4 - ee ik 
215 —1.5' a oe 
Ns Fg) ree 
~ ~ ee 
Sirs 6 
—0.2 2.0L _ as - ee! TS 


‘ +R in atomic units 


Fig. I Adiabatic Potentials for Attractive >} and 4 States. 


Cover, Cove, Dow, Dove, L 
ment with the result of Bartlett and Furry’, 


1) 
2) 


3) 


(x@, 7®) ‘Dot 

(on on) 54y, (on, 0%) 9Du*, Dou 

(ox, on) 54g, 54g, 14q (oz, 6B) 5S ot, S397, 
SS lob  Sagit 

(o*, 7?) 14, (o*, 7@) Speier pape 

(o?, x) '4, (0%, xB) Dh, “Dut 

(on, ox) 149, (on, 0%) *Do~, "Xda 

(oz, om) 34y 

(ox, o%’) na ise a te Lala a igs 

ee aye Zo* 


x After we finished the evaluation we became aware of that our result for Syw, /ww, 
worn, Love, and Lowy, of Kotani, Amemiya and Simose is in agree- 
where g or @ is one of g, x and &. 


—-R in atomic units 


Fig. II Adiabatic Potentials for Attractive/T States. 
(n°, o®7) 3 y) 1 FF 
2 (x", oh”) 3179, 17g 


3) (on, x) My, Wu 
4) (on, n®) *1Ig, ‘ITg 
5) (o*, or) IT 9, MITg 
6) (0°, oz) 317, ‘Ty 


Ruy, Cuwny, 
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in Table IV where x=2 is assumed. The potential curves are plotted in Fig. 
I, Fig. Il and Fig. III. The binding energies of the molecule and corres- 
ponding equilibrium distances between two nuclei are evaluated from these 
curves for attractive states. The result for several lower states is shown in Table V. 
In our approximation there is no 

interaction between different con- 

figurations except for an interaction 

\\\ between (oz, ¢@) 'S)* and (0°, 7@) 


151+, The result of our numerical 


—0.5 | \\ \ g 
\\ \ \ computation shows that the latter 
\, Se - . ° pe aic , 
® Cas interaction is negligible. The neglect 


SOS of integrals which vanish when / is 


0 


——>S}Iun ottuo0ye ut AS19004 


Bg assumed to be equal to unity may 
not give 1ise to any serious change 
in the result. This may be seen from 

15 the following example. If we take 


into account all terms, the binding 

energy for (0°, 67) */T,, becomes 13.15 
ev, the corresponding nuclear distance 
—2.0 is 2.25 atomic units, and those for 


2 3 4 (o°, ot) "/], are approximately the 

—R in atomic units 
Fig. III. Adiabatic Potentials for Repulsive States. . 
f) ee) 2, The order of potential heights 
2) (n°, 7B) 849, 1do are mainly determined by Q, while 7 
Sane RR) Dios Hae» D0? and K give a small contribution. Thi 
Ly Ge) 2a Lt, g mall contribution. This 
(xB, 2B) 331,,+, 3D- is due to that x is large, and / and 

Di (tere) P ae 
6) (xe, me) 51g, Sig, . 
1) (n%, ox) °@o, 105 increases whereas Q decreases as 1/zR, 


8) (x, @?) TSi5* where FR is a distance b 
” etween two 
9) (x*, oz)30, 10, (xo, x@) 51D, 317, Wy 


same as the values given in Table V. 


XK decrease exponentially when xR 


nuclei. If we take into account inner 
shells this phenomenon may become more remarkable because x becomes larger. 
A contribution to Q from interactions between a’s_ is largest among those 
between various orbitals. Thus the deepest state is (o°, o°)'>1} in contradiction 
to the Pauling theory, as has been mentioned in the introduction. We can not 
compare this result with experiment? because the present calculation does not 
take into account Is- and Qs-shells. 

The present result that the deepest state is tiialet is. not in agreement with 
Hiickel and Mulliken’s theory”? of molecular orbitals which concludes that the 
deepest state is triplet. According to Heitler and Poeschel” this disagreement 


can be removed by taking into account 2s-electrons. This case will be discussed 
in Part II. 
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§ 5. Solution by expansion in power series in «© 
for general values of / 


D1. Expansion of Egs. (7') tn power serics in w 
Eqs. (7’) may be solved for general values of / by expansion in power 


series in uw successively. Comparison of each term in each equation of (7’) 


enables us the following expansions for the eigenvalue and the components of the 
eigenfunction” : 


elute 4 ufc + .. 

g=9l4 oly ..., 

y=a(Y4 y+), (18) 
@=8u (G4 CGN + ve), 

q=Be2 Can +249) fer), 


Substituting (18) in (7’) and equating the coefficients of each power of & to 


zero, one has the following set of equations with the notation: Pi = (gi, yet 
pr}, 71) (=0, 1,--) 


Apo, 


(19a) 
Ye ee eee ho Se and so on, (19b) 
where . 
—+y —(67) B(x) 0 \ 
H™ | ae te : ; | 
on 2 

| A (6,7) 0 2 | ’ ( Oa) 

\="S  ~(auP) BG) —2048) , 


Square brackets inthe upper suffices are used in order to distingiish them from the round brackets 
used in the §-expansion before. 
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/—e4 0) me — BuS \ 
: | —e+y BuS B(6,7) 
ATaaenl . hn (20b) 
Pe 2 i nica AGce ed ALCL) 
i 0 0 0 ais 
and for 7=2,3,-:: 
f— 0) ) ) : 
| 0 — ef 0 0 | 
HAs | 2 | . 
| 0 0 pet 0 | 
scan 0 0 pee x 
Eq. (19a) yields 
{= (14 B)(77/2) + (—E +0) }o=0, ’ 
27% = (6.F)¢, | 
(21) 


29 = — (Gy), 
2y= —{wS/(1+ 8) + (1/2) (GP) (ul) 39", 


where the second and third equations have been substituted in the remaining two, 


with the relation (0.7)°=(6,V)°=V". The first of Eqs. (21) is equivalent to the 
Schroedinger wave equation with reduced mass m/(1+), or, alternatively, putting 
g=1/(1+), to the same equation with nuclear charge ze of which eigenvalue 
is vet]; that is, it may be satisfied by the Schroedinger wave function with nuclear 
charge se, 9{%., and then 


eM — 2 /2n?= — (1/277) (14+ 8)", (22) 
showing just the Bohr’s original reduced mass correction to the Rydberg energy 
—a/2n°. 

5-2. Energies of order a’ 
Now we proceed to the next approximation. From Eq. (19b) one has 
eiglll = (2 40) 0 (6.7) y+ (uP)? — BUSY, 
27 = (67) p+ (e402) y+ BSH 4 BOWE, (23) 
GF — (GyP G+ uSz+ B(—e-+ 0G" HAD)Z™. 


Substitution of the latter two with the latter three of Eqs. (21) in the first 


produces 
cgi { — (F°/2r) +(e +0) b+ Hg, (24) 


where 
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HH’ =— (1/4){ (67) (—e& +0) (6) +2 (OV) (—& +7) (Fu) } 
+ (8/82)P'+ (8/4){ (67) uS (Gu) + (6yV)uS(8P) 
+ (6D) (6,0) uS+uS(GL) (FV) } + (B2/2)0S*. (24a) 
Eq. (24) is a typical equation in usual perturbation theory and the energy Ql 
of order a! is therefore given by the expectation value of the operator 7’ taken 
for the zeroth order eigenfunction .g{7,, except the last term which, being pro- 


portional to #S°, shall be omitted hereafter as before. 
For reduction of A’ the following relations are useful : 


(ac) (ob) = (ab) +i(oLa~x b)), 
(67) U(p) =(dU [pd p) (8p) +U(p) (OP). 
(OL) (619) = (Cup) (GL) +i(p[G. x Fa]) 5 (25) 
[lax 6] x e]=b(ac)—a(be), 
[ax [bx e]|=6(ac) — (ab)e, 
where @ and @ in the first equation are any two commuting vectors with o and 
those in the last two commute with each other; @ is defined by l=—i|oxJV] 


=7[V xp]. After somewhat lengthy reduction using these, HW’ may be trans-' 


formed into 


Hin 14 F (any yyy +i By P) f+ {Con +8 (out) } 
? 4p ap 
ae Epes le iy anal as ah 4 du a9 
— 744 2up? 
a 4 \ Qe cas deine do ks o do 7 (oF) 
i) 
+22 (7) —(— 4) 6,404, 0-12 6.04) 
o odo 
Vida) 2 dup 2 
ley oy : 
lee e a (6.0) (6.0) (24b) 


Remembering that —v=w=1/o and V'/22=V{ e+ 0)=(—e 40 2 +2077) 
for our ze1oth order functions ote, and collecting terms, we obtain finally 


Hee = FT + Hi Al aH 
ad | 
Hi =— (1/4) +8) [(—8 40) + 0-4 (oP) — (6D) H), 
= (8/4) [3 (— 4-0) 7?+20-7? +. 20-4 (072+ (oP) }], 
Hl = (8/4) 9-4 2(6 9b) — (6.64) +3p2(6,0) (6yp) }, 
Hi = (#/4)p*(y—¢,,1). 


(24c) 
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‘The above result proves to be equivalent to that of Bechert and Meixner” ; that 
is, 7’ in (24c) is identical with AH except HZ, in their Eq. (2). For computing 
the expectation value of AH they Rave neglected all terms with the second and 
higher powers of §, but, since the reduction in this section includes no approxima- 
tion with respect to the powers in §, the dependence on 8 of terms in Eqs. 
(24c) should be considered as the correct one (see also § 6). 

Computation of the expectation values of (24c) is straightforward by using 
the relations (9), (10), (15c), (15d), (22), and besides 


Ch Daze (el+ 4) (74+1), (26a) 
(0° (VP) )nt2 =(— 9? (4/dp) nae = (22°/n°) O05 (26b) 
and r-2{ (OP)*+ (oP) }=PELILED) (26) 


where 0,, is the Kronecker’s symbol. Since for the states 7=0, however, they 
contain the diverging integral (7*) except (H;’) and hence special treatment is 
needed in this case, so we shall first evaluate these values in cases where / does 
not vanish. 

f7/ corresponds to Hf, given by Eq. (5) minus A, of Bechert and Meixner, 
giving the fine structure energy with simple reduced mass correction: 


(H)=5(2-2)la+p. (27a) 


H! corresponds to H, of Bechert and Meixner and reproduces the Darwin’s cor- 
rection term (1) exactly: 


(Ail) = — (8/82) (1+ 8)~*. mer) 


Hf and H{ which depend on Gy give the hyperfine structure energies. Yj’, 
corresponds to H, in Bechert and Meixner exactly, while AZ neglected by them 
‘corresponds to the one called the “ Thomas-type’”’ term by Breit and others?” 
and is considered to express the effect of the proton’s acceleration on the hyper- 
fine structure. 

Now, as is seen from the consideration given in §3-4, the correct zeroth 
order eigenfunctions for these energies are given by ¥,M=g?l+g% and 9" 
=9%4¢. From a similar calculation to (15b) it is proved that f? ede 
-o% 9, 8.9, = [2 do-p of. Gn fis. Vanishes, while [Pf p°do-p~* Ont. Gn,ta 
is identical with the diagonal element |? p’do-0-*(g,71,)?._ Moreover from (10a) 
and (10b)’ (H') vanishes for ¥, completely, while it gives for ¥ exactly 
the same matrix as that of (H,/) except the factor 8°. Consequently the matrices 
of the hyperfine splittings for a given / are given by, using (9c), (9d), (10b) 
and (26a), - ‘ 


y 
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F 1 >t 7+ eh 2 i Be 
for J=F+1(0""7'*), 7? OF 41) OF 43) A+B) 
ny 1 But 
for /=F-1(l-- 77), — win Bind ite ~ 
29F—1)(2F+1) (142 
m (2F=1)(2F4+ Vy C148) (8) 
een n't tale Jo 
poae iat = 1/V F(F +1) \ 1 1 But 
for =F } SRA 
o> \V FREI 2 NT See 


where the factor (1+/)* in denominators arising from the mean value (7 *) 
replaced by (1+ )° for ¥£ because of the presence of non-vanishing (/7/,’). 
Apart from these factors the formulas (28) agree exactly with the expressions 
(A17) for the hyperfine splittings with fixed nucleus shown in Appendix A-2. 
We may conclude, therefore, that the correction factor due to nuclear motion to 
the hyperfine structure is given by (14+/%)~* for the two components 7=/+4, 
F=/+1 and j=/—3, F=/—1 as Breit and Meyerott have already shown, but 
for the other two components 7=/+4, F=/ by a different factor (1+/)~, 
provided that 7 does not vanish. Owing to this asymmetry in the correction 
which is called the ‘‘ special mass effect’’ against the ‘‘ regular mass effect’? by 
Breit and others”, the total hyperfine separation of the levels with definite values 
of Z and 7 will be affected by a somewhat larger factor than (1+) or 1-38; 
e.g. of the levels 2f,,. by (1—118/4) instead of 1—3f8. For s levels(7=0), 
however, it will be proved in the next subsection that the term corresponding 
to H/ vanishes identically, so the correction factor to the hyperfine separation is 
given always by (14/)~* as has been already established. 


5:3. More exact calculation for s terms 


As was mentioned above, the expectation value (H7’) for s terms contains 
the diverging integral (p™*) except (H,’), which has not appeared in the f-ex- 
pansion procedure before. Coefficients of this integral do not vanish only for the 
last two terms of /7,/, because other terms are proportional to %. These two 
coefficients, however, cancel each other as is easily seen from the matrix elements 
of (9c) and (9d) for both cases F=O0 and F=1, leaving an indefinite expression 
Oxo. This fact suggests the IScrsghy of more rigorous calculation for s terms, 
the approximation procedure by v?-expansion being insufficient in this case. Such 
rigorous calculation has been treated by Breit and Doermann® for a fixed nucleus, 
but not yet with moving nucleus. We shall give here such treatment briefly. 

In order to obt in a rigorous expresston for energy, elimination of the three 
smaller components %, and ¥ from Eqs. (7’) must be carried out’ exactly ; that 
is, we have not to neglect terms proportional to a against terms of order unity 
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in course of elimination. But since our purpose is only to prevent the divergency 
at p=0 of (07°), it is sufficient to retain only terms proportional to vv which 
tends to infinity at =O with terms of order unity and that only in ove factor 
of every term in the expression for energy. Elimination of the three functions 
may be performed quite algebraically, provided the non-commutability of their 


coefficients, giving rise to up to the order u' 


(A + A+ Ay" + Al! + Ay’) e=0 
with 


Ay! =e? (— 40) — ate, 


oe. Aaa ie ) v, 


2Ot tal D 3 
H.=— a r ) y 
2 ? maexpiitie (oF) 
Py 4 ] ji Re B ) 
eter Sd) = 24.) (ing) 
p dp rep) #) 0 dp reat) M )} 
jo avail ULE Ce B\ pq) eus(apry(eyv 
2 ig 4 [sG-$ti3n) sed ete (60) (x0) 


+ (a7) {2(OyV )uS+uS(GxV) } 


+ gg (Oa) G(P) US +uS(OP) ]. 


rag 28 ag AF a {Lp(ap) +2(ouP)uS+ 
oe 4 Lo wee a) a it oa 


i ad ( 1 ‘ B 2 
—— — £P?(d,V) + 
uS (Ou) | + ar (ia pgr )ox”) {5 (64,7) 


Bz(oV)uS+uS(oP) | : 
where 
. O=0(—e+0) /2, 


(29) hold for general values of /, but for 7 2= O no diverging integral appears, 
—fU may be carried out straight- 


than «4, an expression 


Ss. 
Bee expansion of denominators such as 1—Vorl 
forwardly and yields, neglecting terms of higher order : 
identical with H’ in (24c) except the energies of order o. 

' For /=0 too, because of 


: Hyt=— (09'/22) —(/4) 1+ B) (8-40) 7* 
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to the order u4, the part of order «4 of H/’+ Ay’+H,/' agrees with the expres- 
sion of A’ by (24c) in which the terms dependent on Oy may be put to zero, 
because the convergency of integrals is assured in the former. It should be 
noted, however, that (H,’) gives for /=0 from (26c) 


(Hy) = —(8/8x") (1+ 8) *— (8/n*) 1+ 8) 76, (27b’) 


instead of (27b). The second term will be shown soon below to be cancelled 
out by a term arising from (H,/"). Reducing A,’ to a similar form to Egs. 


(24c) the eee value of 7,’ for J=0 becomes to the order «* 


Beat es 
4 p do 1eo7. 1— ae 


and, using 


) 14+ (6.0) —(6.2) (x0) 0°} )» 


oS Lo. \ Ext 0 (04) ead ak 30 
Od) X= F(a) ) MODS aes (30) 
becomes 

(FL!) -0= (BoA/n*) (1+ 8) (1+ (6.64) — (6.0) (Sup) /¢°)- (31) 


The first term of Eq. (81) cancels just the second term of (27b’) ; the second 
and the third terms give from (9c) and (9d) 


2/3n*) -But/(1+ B)® - F=1, 
( [3n*) ful / (1+) for (32) 
— (2/n°) - Bu? /(1+8)° for F=0, 
which agree with the general formulas given by (A17) in Appendix, except the 
correction factor (14+/%)~*. In this case, as was mentioned above, terms correspond- 
ing to H,/ vanish, so the correction factor has proved to be given by (1+) 
for 7~*=0, 7*=1/2 (F=0) too, exceptionally unlike the general cases with 
non-vanishing 7. 


§ 6. Concluding remarks 


The Breit’s interaction VY given by (2a) is a quantum-mechanical equivalent 
to the first order approximation of the retaided potential between two charged 
particles, being of relative order of magnitude v,v,/c? compared with the Coulomb 
potential, where v, and v, are velocities of the two charged particles. Since the 
expectation value of the Coulomb potential between proton and ‘electron is of 
order mco* and that of 0/C=p°/mMC= (m/M)(p~°/m)/me in our case is of 
order fu’, the expectation value of Y may be considered to be of order Bas 
units of mc*. The exact retarded potential contains terms of the higher powers 
of Su? than Y relative to mc*u?, so it would be meaningless to calculate the higher 
order energies than ée) in §5. But since no approximation was made regarding 


the entrance of 3, the dependence on # of our results in § 5 may be considered 
to be accurate. 
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Assuming that our results are accurate to every power of f, the energy 
proportional to *, (H,'), produces the asymmetric correction factor for the hyper- 
fine splittings except of s terms. Experimental proof for our result, however, 
would be very difficult at present, for the total hyperfine separation of the 24,) 
level having the largest separation except s levels amounts to only (1/9) mecBut 
==+21Mc/s, while difference between our result and the usual one with symmetric 
factor (1+ )~* or 1—3f becomes a relative amount of about @/4=10~*, as was 
mentioned towards the end of §5-2. Moreover, our treatment is restricted 
exclusively in the case of a proton obeying the Dirac equation. We can not see, 
therefore, whether the effect of nuclear motion on the energy due to the “ Pauli 
part’ of the proton’s moment* gives the same asymmetric correction factor or not. 

Finally we shall give a brief account for terms arising from a literal iteration 
of Y which have been omitted throughout in our calculations”. The expectation 
value of Y* ought to be of order (v4)? in units of mc? as is seen from what 
above mentioned, but because of the peculiar condition a@=aj,=1, it gives 
formally energy of order fu" in the same units as shown in (24a). This fact, it 
seems to me, would mean that the expression of Y could not represent the first 
oider approximation to retaided potentials correctly, and that the reason why the 
literal iteration of Y yields a result contradictory with experiment, would lie in 
this point. At any rate, more complete consideration concerning this point would 
be necessary and it is to be noted that Y. Nambu has recently discussed this 
problem from the field-theoretical ground”. 

In conclusion, the author wishes his hearty thanks to Professors T. Yama- 
nouchi, T. Inui, A. Amemiya, Dr. T. Satoh and Mr. T. Kato for their helpful 
suggestions and encouragements. He is much indebted especially to Mr. Y. Nambu 
for invaluable discussions of his results. The author is also grateful to Professor 
G. Breit who has kindly encouraged him for this work. This work has been 
supported in part by the research grant from the Educational Ministry. 


Appendix 


Derivation of the relativistic hyperfine splittings formula 


for hydrogenlike atoms with fixed nucleus 


(Read May 21, 1948) 


A.l. Matrices of vector product operators 


We shall say here that a vector operat 
commutation rule with respect to J as the com 
momentum operator.. Thus we have in dyadic form?) 


[DP Jj=—-24Txd, (Al) 


or I’ belongs to J, if its components satisfy the same 
ponents of J themselves satisfy, where J is any angular 


* See Ref. (2), Section III. 
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where [ ] means the commutator, x indicates the operation of forming the vector product and § ig 
the unit dyadic 4i+jj+kk. Now suppose that the vector resultant J is composed from two commuting 
angular momenta J, and Jo by J=J,+do. We shall consider the problem of obtaining the matrices 
of any “ volume product ” of three vector operators (PQ, Q:) = (P+Q, x Qs) in a representation in which 
J, Je, J? and /, are diagonal ( J; jo j71-scheme), when P belongs to Js, and Q, and Qs», belong to 
J. Since the vector Q=Q,x Qe also belongs to Jj, it follows that 


(As FoF (PQs Q2)| Jo! 7) 
=(); 7.7 (PQ) 7! 7 I™ 
=(fi Pipl MA OAV Ass V IYI), 
where (jo!) jo’) and (j;!Q'7;’) are the quantities defined in TAS (Ref. 7), § 9%, being independent 
of 7 and m. The quantities }7 are those given by TAS, § 12%, (2) and analogues of the //7-functions 
introduced by Racah, differing from IV(j, joj )/ jo’; 71) of Eq. (38) in his paper‘) by factors in- 
cluding 7; or jo alone. For the diagonal elements 7,= jo’, jo=jo/, WW becomes W(7;J271J27) 
=(Afo7 Ado ss oF )=A/DL FJ + D—- J ( 4+ Jol fot 1}. Herewith, it suffices to know the quantities 
(71 C717) = (71: 1x Qe! J’) in order to obtain the matrices of (PQ,Q»). 
From the definition of (7!Q0:7’) by TAS, § 98, (11) 
(jm | Oz | i+ m)=(f: 0174 DY Gt 2—ae, 
(jm| Q2| J) =(71 Ois)m, (A2) 
(jm| O.\f—-1m)=(7! CL7-DV72—?, 
where 7, is replaced by 7. Since 0,=Q,2Qey—QyyQor= (2/2) (Q)*+ Qo~— —Q,- Qo*), denoting Q2==Q0;,+70y, 
we haye, using TAS, § 9%, (11) 


(jm| Qz|j+1m) 
= (a2) {( jm | Qy* | jf m—1) (j m—1| Qo- | F+1 m) —( jm| Oy |jm4+1)(jm4t1 | Oot | j+1m) 
+ (jm | Qyt | 7+) ml) (F+1 m—1| Qom | 7+) m) —( jm | Qy- |f4+1 m+1)(f+1 m4+1) Oot | 7+1 m)¥ 
= (4/2) [07 Oy) (F'n FILMY G4m) (G—m4]) (-) VY Gm) (Gemth) 
—V (jam) (j+m+) V (jam) (G—m+ 34 (7) QV F+1) (G41! Ooi f+) 


x VW (f4-m+2) (j—m+}) 3) 
=—MICG! O17) CF} On 41) — (G42) (91 QA D (G41! Co +) YM (FF) 2 =H , 
and therefore, from the definition of (A2), 
CF: QF +N = (7 Qyx Qe F+1) 
= (7 +2) CF: Qe! F+I) G41! On F+1) JCF O17) CF! Oni f+}. (A8) 
Similarly from the second and third equations of (A2), we have 
(Fi Oy Ooi Z)=F{— (2/48) (7! 4D) F41 Ons) 
+ (4; Opi) (4) Onis) + BH-Y Fi V—-YG-1i @eis)} (A4) 


and 
(7: G1 * Csi f=) 
=ACG+N) F221) Fi Cot Z—1) — G1) (FC —1) (G1 Co 'f—1)}- (Ad) 


As an example of these tormulas we can see at once for the orbital angular momentum @ 


where W= (0/0x)éi+ (0/Ov)j + (0/02) k, =-7rxyYV, 


(Zi2iZ)=1, (2)2)221)=0, 


RO ee 
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Since 
. (Ziriltl)= (41! ri 2) =r]V (2743) QE) , 
os (A6) 
GZirily=0 


and 
(2: Vi 2+1) ={ (8/07) + (2+2) /74/V (2/43) G4) , 
Ce ia ?)=0, 
2: V if—1) ={ (0/07) — (2-1) /7}/Y (2/41) 2-D) , 


where the integration of radial parts is not written explicitly. 


A.2. The relativistic formula for the hyperfine structure splittings of hydrogenlike atoms with fixed nucleus 

The relativistic Hamiltonian for a single electron in the Coulomb field of a nncleus with charge 

Ze is given by Eq. (8) in the text with Y= —Ze2/r, the nucleus being assumed to be a fixed centre of 

force. The additional energy due to the magnetic moment of the nucleus #=pyeg(Z)L is expressed by4),) 
H/=—e(G,A), A=px?r/r?, (A7) 

where #1; is the nuclear magneton ¢4/2//c, I denotes generally the spin vector of the nucleus in units 

of # and g(/) is the gyromagnetic ratio. A’ is considered as a perturbation to 4% and the energy of 


the first order is given by taking the expectation value of AH’ for the unperturbed states. For given j 
and mj the zeroth eigenfunctions are given by 


&4(7) VC=j mj) ) 
if (VUFjimj) 7” 


using the notations defined in § 3-2 in the text, where o3(7), f4(~) differ from those given in (18a) only 


u(l=jmj) = ( (A8) 


in the normalization factor, i.e. here f 0 dre ge2(*) +74 (7) }=1. A is written as 
HM = —epng(1) Ter x G.)/75. (AT) 
te 2 
Since, according to the definition of the preceding section, » xo, and therefore, »x @, also belong to J, 


the matrix elements of the angular part of (I*”x,@) are easily calculated by the formulas just obtained 
there. One has first 


(LjlEMyp | (Tre) | Uj LEM pp) = (Lj i7rx ae V9) W GLI). (AQ) 


Taking into account that @, operates on u(/+7mj) in the same way as @, does, after interchanging their 
large and small components we find from (A8) 

(tt): rxailtj) sigs fa{ (ti rxa 147) — UA rxa lt) fh, | AAY8) 
(tyirxail/Fj+1) =f en felts rx a VEj+1) fee’ eCTjirxo i Mt+))}, 


where g, and g, are replaced by a and g for simplicity. All other matrix elements vanish except those 
obtained by taking the complex conjugates of the second two above, since (Jir!/)=0 unless “=/+ 1. 
Using the formulas of TAS, § 115, (8) and (A6), we can easily obtain 


(dtp ir LF) =F ir LFV IGEY =1V+N, 
(4g ri PApe d= (Ct iil tY GEAICGED =72C7+ 0), (All) 
C-firiejt Nari l-)Y PGF) =712074+-)), 
and 
(+fia i l+7)=—-M/(j+)), 
U-yiail~/=ly, (A12) 
(tjiail/—j+))=M (s+). 
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Therefore Eqs. (A10) become, on application of the formulas (A3), (A4) and (A5) to (A10) and 
substitution of the results (A11) and (A12) in it, 


tei¢ \{t7)= 7 © (27+1)/7(7+1), 
(471 rx ai ltj)=* (477s)? (VAN V+)) | (A13) 


(C4 rx aiVF+l)=z( garf/et+f476/s) V2(7+ 1). 
Thus we have the non-vanishing matrix elements of the hyperfine splitting only between the states 


j/=j +1 and /=/ or /=/ 2 other than the diagonal elements, and find from (A7’) and (A9) the 


general formula for these matrix elements as follows: 


2f+1 = 
#jlFMp | H! | 12 j[FMp) = ae TY Wj Ij iP) j b+ fa, 
0 


(J+) 
(A14) 
ape : 1 ee 2 
(C4) LEM p | | UEj+1 Fp) = ae WG Tj+ AP) « | wa letles’adr 
denoting a=epyg(/). . 
In case of an idealized proton treated in the text we can put /=} and g(/)=2, Since 
With 7th P)=—(F+8/2)/2, 
W(j-% 7-4 P)=(F-1/2)/2, 
W( jth JFE P)=—V FHI), 
the matrix elements of /’ become for given F/, (Zp, for Y, defined by Eq. (11) in the text, 
F : 2(F+1) oo 
Oy ar ey elat somes as\ geeferdr, 
+t 7+ Pi ey VAP +I) 3 x 
ergs Li! ag =| (g++f--+f++5--)d% (Alda), 
~ +1 0 
~ BF. 27 © 
Garg fare ="y ea yi Rake ee eae 
and for Yo, 
: ( 2(F+1) a 
eae 7\J-+7+)= . “ 
C-4gt [Hit j= al ga fade, 
Pot RET eRe) me Te oe 
( Bee Se J 2s ere partes ase, (A15b) 


ea: 2h pe . 
(+-7- JHU j-)aae eel gen fear 
It can be proved in the same way as in §5-2 that the integral fo (g++ f--tfe+g--)er in (Alda) 
vanishes in the first approximation, while in the same approximation g_y=g4-, so that ek ff ) 


ef ak oe) (oes ~fp—dr+ Vegan fear Again by a similar calculation one obtains at first the 
following exact expression for these integrals in general: 


Z8q (N—x)*(2n/ 4 2741) —n/ (2y-+n’) (Bn! + 27-1) 


\ Fe “Snel = 
\ &ufu as: N4(N=x) (271) 2 (2741) 


(A16) 


where V= (7/2 + 2n!7+2)'?, n’=n—k and y= (k2—Z%q*)1/2, Expanding (A16) in powers of g? one 
finds to relative order a? 


foe) 3 
\ Sn Sndl= . (=) . 4 (1+424,++-) Al6/ 
0 a \n k(2x +1) I ( ) 
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with 
= n—k 2(n—k) x 1 4 
a TR a er Cea aa oe oe 


Thus from (Al5a) and (A15b) one obtains the expression in the first approximation for the hyperfine 

splittings of hydrogen atoms with an idealized proton, noting a=2ep,=e24/Mc=mc?Baray?, as follows: 
2 1 

“8 (2F+1) (27+8) 


for /=F+1, j= F+4 -mcpa't, 


2 1 


n> (2-1) (2F+1) 


omc*Bat, 


for J=F—1, j=F-} 


(A17) 
for (=F j==FL} + : 
J in 
a ( ot i oe) 1 1 2Bq4 
"Se 7 PaO ee Pane 
Ph DS EE TS ns (2F+1): 


Further we can see at once from (A16’) that the relativistic correction to the hyperfine splittings are 
given by the term q24, in general, which proves to become 3¢2/2 especially for the ground state as has 


been given by Breit9). 
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The production and annihilation of a meson in two nucleon system are discussed phenome- 
nologically, leaving at first the matrix elements for production and annihilation undetermined. 
It is shown that when one adjusts the matrix element properly, the main features of the observed 
meson spectrum can be accounted for by the distortion of the nucleon wave functions by the 
nuclear and Coulomb forces. For the wave function of two nucleons, we use the method of 
distorted wave with shape independent approximation. Our calculation can be applied only to 
low energy phenomena, such as meson production near threshold. Some experiments on artificial 
mesons fulfil this condition, and can be compared with our results. There may be a possibility 
that the mosonic interaction is “non-local”, or the wave function of a meson is largely distorted. 
However, we do not consider such cases in this paper. 


§1. Introduction 


We have previously discussed the process of meson production by protons 
or X-rays bombarded on target nuclei” and meson capture by hydrogen or other 
nuclei”. In these considerations, we assumed that the participating particles are 
all free and used the appropriate matrix elements derived from current meson 
theories with usual perturbation method. But these considerations are not quite 
free from objections in that the free particle model (Thomas-Fermi gas model) 
for nuclei is only a very poor approximation, which furthermore fails to take 
into account the interference effect of neighbouring nucleons insidé a nucleus. 
It is also doubtful that the lowest order perturbation calculation based on any 
meson theory could explain the experimental data even qualitatively. Several 
efforts to include the higher order processes, such as phenomenological introduction 
of the anomalous magnetic moment for meson production by X-rays” or the 
fourth order process in nucleon scattering? seem unlikely to achieve any success, 

To be free from these defects, we restrict ourselves with mesonic problems 
in two nucleon system. If the energies of the participating particles are not high, 
the distortion of the nucleon wave function is so large, that the free particle 
approximation can not be used at all. On the contrary, what is most essential 
in our problem is this distortion, so that the detailed nature of the meson is of 
secondary importance. This situation makes it possible to discuss the problem 
without referring any special meson theories, leaving the matrix elements of the 
meson production or annihilation undetermined, which can be afterward so ad justed 
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as to give the best agreement with the experimental result. Furthermore it is 
sufficient to use the method of distorted waves with the shape independent ap- 
proximation”. The matrix elements determined half empirically as mentioned 
above give directly the true mesonic interaction under elimination of the effect 
of nuclear forces. The type and coupling of a z-meson shall be sought as a form 
of selection rules. 

Unfortunately, there are at present so few experimental results with sufficient 
accuracies, that we can not obtain a reliable selection rule for meson phenomena. 
But, we shall achieve in future more detailed information on mesons by the 
method. described here. 

§2 is devoted to the preliminary discussions on the two nucleon system, 
which are useful in later calculation. In §3, we treat the process of meson 
production, 


ptpon +utP, 

ptpon +d, (1.1) 
and in § 4 the capture of 7~-meson, 

m+ d—nu+n, (7.2) 

mt +d—-nt+nty7, (1.3) 


where #, z and = denote proton, neutron and z-meson. @ is deuteron. Other 
applications, such as 


ytd—-7m* +n+n, 
y+d—>n- +p+P, (1.4) 


are stated briefly in §5. Comparison with some experimental data is given in 


ae: 


§2. Preliminary remark 


We assume the point interaction on a meson and a nucleon. Even if it is 
not a case, i.e. “non-local interaction”’, our final results are approxim:tely correct 
so far as the dimension of interaction region is smaller than the wave length of 
concerning paiticles in the process. For simplicity, we use the units 4=c=1 
hereafter. 

A) The matrix element for processes (1.1) and (1.2) 

Let ¥,(%,, 7). be the spatial wave function of the system of tii nucleons 
1 and 2 in the state /. The state // is described by the wave function Pity 
r,)@(r) where ¥, concerns two nucleons and Ma meson. Then, the transition 
matrix element between / and // can be in general written as, 


FO 1») { Dy-1,29* (15) CTS (7) | 7) \Pin, 2); (2.1) 
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where S(/) is a creation or annihilation operator on meson field, which may 
depend on the charge, spin, momentum of a nucleon and a meson. 

To apply to the production (1.1), we take I as initial state A, and // as 
final state F. Furthermore, we assume the plane wave for a produced meson 
with momentum q, 

P(r) =exp(—7qr). 
This assumption is made only for simplicity. It is very probable that we must 
use a distorted wave also for the meson because of its strong interaction with 
the nucleons, and that this might have an appreciable effect on final results. But 
because we have at present no reliable knowledge about this distortion, we 
decided to ignore this fact. We expect that precise comparison with experiments 
will inform us on non-local interaction and deformation of meson wave. 

For a capture process (1.2) by deuteron, we must take /=F and J/=A, 
inversely to the above.. The meson wave function #(2") should be inserted with 
that of bound state ¢,(7”). The first approximation of ¢,(%) can be obtained 
by taking into account only Coulomb field of a nucleus. 

Furthermore, we assume that the kinetic energy of relative motion of two 
nucleons be small in state 7/7. This condition is approximately fulfilled in the 
case of artificial production of mesons; i.e. proton-proton collision of 340 MeV 
performed at Berkeley®. Then we can apply shape independent approximation 
for the part of relative motion in ¥,(7,, %). In the special case of deuteron, 
this method has better accuracy. For example, in the case of mesoncapture by 
a deuteron, we have analogous calculation as photo-disintegration”, inserting in 
Y 1(%, %) the wave function of a deuteron. 

In state 7, where a meson is absent, the kinetic energy of two nucleons is 
usually very large (=2y, y is the rest energy of a z-meson). The phase shift 
in this state can be obtained from the analysis of high energy nucleon-nucleon 
scattering”. It turns out to be much smaller than that in state Z/, and we can 
neglect it within an error of 10%. Thus we shall use a plane wave of ¥,(1”,, 7). 

The Coulomb interaction between charged particles must be taken into 
account. This effect can be approximately estimated by the ‘“ Coulomb penetra- 
tion factor’, 227/(exp(27y) —1) ; 7=e?/v. We can see it is usually negligible 
except between two protons in state // (i.e. with a emitted meson). 

B) The matrix element for the processes (1.3) and (1.4) 


We can apply the shape independent approximation for two nucleon system 
also in final states of the processes of the radiative meson capture by a deuteron 
(1.3) and the meson production by X-rays bombarded on a deuteron (1i4ayto Ht 


is because the kinetic energy of relative motion of nucleons are small both in 
initial and final states for these processes. 
in general be written as, 


PF i* (9 1s) { Dij_12P* (0) (77 | TZ) 


The transition matrix element can 


T) exp (kas) }P (7%, 7%). (2.2) 
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_f is a state of two nucleons and a photon (of momentum &), and J/ is a state 
of two nucleons and a meson. 
§ 3. Meson production in proton-proton collision 
Here, we shall discuss the process, 
Pt por +ut+h. 


For convenience, the center of mass system is used (total momentum is zero). 
As was shown in §2, we can neglect the nuclear and Coulomb force in the 
initial state 4, and approximate it with a plane wave, 


i : ; 
PF 4(%, %) =Py(" =z (expr) +exp(—zp,r)). (3.1) 


The spatial wave function of a relative motion is always expressed by a small 
letter, $(7) (#=7,—1r, is a relative coordinate). From the conservation of 
momenta, the total momentum P of two nucleons in final states F is related to 
that of mesons q by, 


P=—¥q. 


After integration of the coordinates of a meson and the center of gravity of two 
nucleons, the matrix element (2.1) can be wiitten simply as, 


(F| SQ) +S) | A) [args*(r) cos (qr"/2) $4(0"), (3.2a) 
—i(F | S(1)—S@) | A)fargs*(r) sin (Qr/2)$.00), (2b) 


where, ¢,(”) describes the part of relative motion, i.e., 
Y (1, %.) = exp @PR)¢,(’). 
For a final state of =O (S-state), ¢,(#”) can be approximated by, 


Yr (7) aa 


sin(pr+0)—exp(—fr)sin o Beil (3.3) 
pr 
6=0(/) means the phase shift, which can be expressed by the scattering length 


a and the effective range %, 
pcot Qeataatie sy scivepioh sense ; (3.4) 
a 


The correction near the origin is introduced by the second term with parameter 
&, which is adjusted to fit the correct value of effective range. Assumption of 
constant value of # for energies affords an error of at most 10% in our case. 
For the case of higher / value in the final state, ¢,(7") is well approximated 
by the free wave function. Especially in the odd states of neutron-proton system, 


| 


170 Y. Fuyrmoro and Y. YAMAGUCHI 


d=0(/) is experimentally ascertained to be very small®. Therefore, their con- 
tributions to meson production are generally very small. 

Meson production with deuteron formation can be treated in a similar way. 
¢’,(”) should be replaced by the deuteron wave function, 


ter) =A(exp(—77) —exp(—Pr))/r, 
es V2y/42(1—77). (3.5) 


7, the reciprocal of the radius of deuteron, is related to the binding energy £, 
by 
pee ME; 

and 7, is the triplet effective range. § in the second term of (3.5) is taken to 
be equal to that in (3.3) of triplet state. This means that the wave function of 
low energy triplet state near the origin is approximated by that of deuteron. 

Inserting (3.1) and (3.3) or (3.5) into (3.2), we can get the matrix 
element. These results are discussed below. The matrix element consists of 
two parts, (3.2a) and (3.2b), which correspond with and without parity change. 
They are simply expressed by, 


(Ff) S(1) 4+5(2))) Ay | ot | A). 


Triplet final state Without any error, we may neglect the final states of 
higher angular momentum other than *S. So far as the matrix element (/|+]|A4) 
is not much smaller than (/'|—|A), the most important contribution comes from 
the initial state of 1S. Then the transition probability for *S—*S can be obtained 
simply, 

| (| + | A) |?(sin 6/p)* 


at P+ : | P+e T 
(Pot @/2)'— Phi Bo+a/2)> +2} {(%—4/2)°—2}i (a — 9/2)? + FP} 
x 27 Mpqq dqt2,/(27)*, (3.6) 


where JZ and # denote mass of nucleon and meson. gq, is the total energy of 
a meson, 


= Ve +e ’ 


and p is the relative momentum of two nucleons in final state. From the energy ° 
conservation, g, and 4%, satisfy the following relation, 


g/4M+p?/M+ =f) /M. 


Furthermare, a2, means the differential of solid angle in the direction of q. 
The process with deuteron formation, ~+f—->2*+d, can be analogously 
treated. Its transition probability is, 


[(A1 +4) P4a{ P—7*)/ (ar +77) ( oP + &) oqd2y, (3.7) 
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where 
g/4M+ q=f)/M+ Eg. 


We calculate the energy spectrum of mesons from (3.6) and (3.7), assuming 
matrix element (/| + | A) to be constant. Fig. 1 shows their spectra at ae 
direction of incident beam in laboratory system for 345 MeV _ proton-proton 
collision. The ordinate is the relative value of yields, normalized as the deuteron 
peak to be unity. If we could know the energy dependence of | (F| + |A) |’, it 
should be multiplied on this curve. 


relative number relative number 
of mesons deuteron of mesons in 
per MeV. peak arbitrary scale 
0,002 : 
4 
0.001 
2 
pe en), Seen ord , 
40 50 60 ar) 80 MeV 
kinetic energy of meson in laboratory system 0 
Fig. ike The energy spectrum of meson at the 40 50 60 70 80 MeV 
direction of incident beam in the laboratory acts ag utiiaet 
system for 345 MeV proton-proton collision; the bpelet Smerey: OF TSC On dae 
case for °S-final state is given. The ordinate is Fig. 2, The energy spectrum of mesons for 1S- 
the relative value of yields, normalizing the final state. The condition is the same as in 
The numerical values Fig. 1. The dotted curve shows the spectrum 


deuteron peak as unity. 
of various parameters adopted in this calculation 
are the same as used by Bethe and Longmire’). force in final two protons. 


of neutral mesons, taking into account Coulomb 


Singlet final state Here we may be concerned mainly with final *S-state. 
In the same way as the above, the initial state is decomposed into partial waves. 
As is seen at once; the transition of 'S—'S is forbidden in the first approxima- 
tion. If the matrix elements (F|+|A4) and (F|—|A) have the same order of 


magnitude, the transition of P to 1$ becomes important. We have plotted in 


Fig. 2 the energy spectrum of 7-mesons in this transition, assuming the constant 


matrix element. 
For the production of the neutral meson 7’, 


ptproprer™, 
Therefore, main contribution comes 


Iculated in the similar way. The 
it is taken into 
The 


the final two nucleons can not be in *S-state. 
from a singlet final state ‘S, and can be ca 
‘Coulomb interaction is not negligible for final two protons, and 
‘account by the Coulomb penetration factor Qn7/(exp(22) —1), n=e/v. 
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dotted line in Fig. 2 shows the energy spectrum of 2° obtained in this way. It 
is remarkable that the resonance peak at zero energy *S-state does not appear 
in this case. Thus, we shall observe much smaller yield of 2° than z* in proton- 


proton collision. 


§4. Capture of z~-meson by deuteron’? 


In discussing the first process of z~-capture, 
m-+d—on+n, 


we can approximate the final nucleons as a plane wave (cf. §2). For a transi- 
tion without parity change, we can write down its probability per unit time as 
follows, 


2tSaverue Shum vp [CFL S(1) 1A)? 1Pn(0) (42A)® 


X1(P-7)/(P +7) (+) PaaMp/(27)', 


where S is the operator depending spin and isotopic spin. The proton in a 
deuteron is denoted by 1, and the bound z~-meson is assumed to be in S-state. 
In other cases, such as accompanying the parity change, we can easily write 
down the matrix element in the similar way. 

The second mode, 


m +d—>n+nut+y7, 


is now discussed. When an emitted 7-ray has rather small energy, we can 
approximate the final nucleons by a plane wave. For the case of large energy 
of y-rays, the distortion of the final nucleon wave function must be taken into 
account. In this case, it may be sufficient to consider only 4S state as the final 
state. 

The transition probability for emission of y-rays with energy (4, d&) can 
be obtained as, 

1 

@z)° 


X Daverage Sei gp |(F| TM) 1A) PE BM. (4.2) 


272 (822.4)? Mt %x(0) |? 


For a small energy of 7-rays, the plane wave approximation yields, 


Fe=4] ae en ees 
AUP + (Pte) HP + (p—8/2)*} {P+ (P+h/2)H B+ (p—h/2)*} 
2 


paler) M+ +5) rHo-3) K+ e+ 4))] 
top eea e+e a) C+@-9))} 
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+ wire {(#+ (p+ =)) (6° +(o— ah 


 ppaapeaa (r+ 5) \e4(or dy) 


Kr +@-S)e+0-4))}} 


(4.2a) 


where the double sign + indicates the final triplet and singlet state respectively. 
For a large energy of ;-rays, we get by the method of distorted waves, 


F(R) tear poem eve ets tan- 


P+p—R/4 


1 
P+ 


P+ p—e/4 


—2 tan“ (8-7) 2/2((7 +n) (3+) + 2/4) } 


+—cot’d In { (7 + (2 4. 4) \e +(2- £)) / (ee (7— £) (6 +(o+ =) 


7 means the # in (3.3) for 1S-state wave 


function. 


Fig. 3 shows the curve of F(#). It 
has a strong peak at high energy end, and 
its width is only a few Mev. 

Finally, we remark that the process, 


mam +d—n+n+7", 


is forbidden from the conservation of parity 
and total angular momentum, when z™ is 
initially in a bound S-state and both 27 
and z° have spin zero. Even in other cases, 
we can see that this process has much 
smaller probability than the above one, 


considering the available volume in phase 


space”, 


Production of ™-mesons by X-rays bom- 
barded on deuterons The kinetic energy of 


§ 5. Other applications 


relative motion of two nucleons are small 
both in initial and final states, thus we can 


use our 
process. 


method throughout the whole 


Its results will give us best clue 


on mesonic selection rule, though the con- 


(4.2b) 


100 (2) 


10 


0.1 
140 MeV 


100 =110 120 130 
energy of photon, % 


Fig. 3. The energy spectrum of photons 
from deuteron capturing m--meson. The 
ordinate is 100x 7(4). The curve A is 
obtained by the plane wave approxima- 
tion for singlet final state, and B by the 
method of distorted waves considering 
only 1S final state. (Assuming 7-7 force 


=Z-p force.) 
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tinuous spectrum of X-rays introduces some confusion. Unfortunately, no Pe 
perimental results has published yet on this reaction, so we omit here our detailed 
calculation. 

Neutron-deuteron scattering at high energies Applying our method for high 
energy 7-d scattering, we can take into account the distortion of wave Pancha 
of a slower pair of nucleons, besides the usual Born’s approximation. Chew's 
detailed treatment on this reaction’ is essentially the same as ours. 


§ 6. Conclusion 


Previous treatments’ for mesonic processes in two nucleon system were 
usually based on current meson theories and confined to. Born’s ‘approximation. 
As is well known, a wave function of two nucleon system in low energy region 
can not be correctly obtained by Born’s method. Therefore the method of 
distorted waves is used. Ambiguities in the choice of nuclear forces is avoided 
by the shape independent approximation. Seme of our results can be compared 
with the experiment. They are irrespective of the type of meson. 

1) The yield of z° in proton-proton collision is much smaller than that of 
ae, 

2) The z*-meson spectra of triplet and singlet transitions in proton-proton 
collision are obtained. They have pronounced peaks of deuteron and zero energy 
S-state. Experiments seem to confirm these peaks, though they can not resolve 


them”. Precise determination of their relative magnitude will infer us some 
mesonic selection rule. 


3) The y-ray spectrum from deuterons capturing z~ is obtained. It has a 
sharp peak at high energy end, which was confirmed by a recent experiment™. 
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§1. Introduction 


Renormalization procedure proposed by Tomonaga and Schwinger” in quantum 
electrodynamics has been extensively applied by many authors” to other kinds 
of field theories, and it has become clear that in most cases this method is. very 
successful in avoiding the various divergences encountered there. The investiga- 
tions published up to the present are, however, restricted to the cases of 
interaction between spinor and Bose fields or that of two Bose fields, and so, 
for the interaction between two spinor fields, there still remain the questions ; 
1) what type of divergence appears in the higher order processes, and 2) to 
what extent the renormalization procedure is applicable to such divergences. 

The investigations of this problem are the purpose of this note. As an 
example of such problems, we take Fermi-type interaction adopted by him in 
the theory of $-decay®. Calculations are carried out by use of Tomonaga- 


Schwinger’s covariant formalism. 


§2. Second-order Hamiltonian 


As the interaction energy density in the Heisenberg representation, we take 
the coupling of scalar type for brevity of calculation, i-e., 

H=g (is) (G,P2) +6.¢., (1) 
where ¢,, %, ¢, and g, are the quantized wave functions of proton, neutron, 
electron and neutrino respectively. In the interaction representation the interac- 
tion Hamiltonian takes the same form as (1) (but with the ¢’s and ¢’s satisfying 
the free field equations), since (1) contains no derivatives of wave fields. 

It then follows by the same argument as given by Schwinger that the 
commutation relations take the following forms ; 


{Yye(X), Fp\X) I= FSi (XX), \ 


{Yie(X), G13 (X") eM SP ea 
2z 2 ee 2) 
{bia(X)s Gop (X')} ={GralX), Fos(X’)}=0, eter 
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{b(X), PX) ={HX), MX) ={EX), CX) H{P(X)» PLY} =0 
[P(X), g(X’)]=0, etc. 


As to the commutation relations between ¢’s and ¢’s, it is to be noticed that 
we may take anticommutators instead of commutators such as in (2). But this 
circumstance does not introduce any difference of the final results of the calcula- 
tion, since ¢’s and g’s always appear in pairs”. 

Schrédinger equation in this representation is 


¥ dF | a] 
da( X ) 


=H(X)¥[o}. (3) 


From (1) and re We can ae verify the integrability condition for eq. (3), 
ite? W(X), ite? HX) |=LH(X), HX) I=0 A) 
be aH) eg 
for space-like Y—X’. 

In order to investigate the various divergent terms of the second order in 
£, we perform the usual Schwinger transformation, 


V[oJ=U[e]@[e], Ule]=e 8), 
SiatS =| Ax) aa (5) 


In the transformed Hamiltonian, we retain only the second order terms in g 
(neglecting the higher order ones), and so it becomes 


ae(=+[S, H(X)]) 
yee —i(° 
=|) [H, He(X—X)dw! +— dl. 
we Je( eg! eel ae oe (6) 


The second term in (6) does not vanish in our present case. (The corresponding term 
in quantum electrodynamics vanishes so since : H'dw'=0). This is due to the 
fact that already in the first order in g there ocent the real processes satisfying 
the conservation law of energy and momentum. But this term, describing the mere 
iteration of two first order real processes, does not introduce any divergent term, 
since the degree of freedom in the intermediate states is limited by the conserva- 
tion law of energy and momentum. As.our purpose is merely to see the 


characters of divergences, it is allowed to omit this term from the following 
considerations. Then we may write 


ue=— EN" (Git) Ge), GH GLe- XX) (XX) du!, (7) 


where XX ‘ denotes the same expression as the preceding one but with the 


exchange of X and X’. (7) is further transformed as follows, 


Note on the Direct Interaction between Spinor Fields 177 
2 tere( = ee 
He=— EV" UGt)» HO G9), G9] 


HG), HAD Gi), lel) XX (XX) da. (7!) 
Now we can split up the Hamiltonian (7’) into various operators in the 
same manner as in Schwinger’s paper”. Carrying out this procedure, (7’) becomes 
H®”= (0,0; 0,0) 
+ (1,0: 0,0) + (0,1; 0,0) + (0,0; 1,0) + (0,0; 0,1) 
+ (11; 0,0)+0; 11)» 


+ (1,0; 1,0) + (0,1; 0,1) 4+ (1,0; 0,1) + Otel 0) (8) 
+(1,1; 1,0) +(1,1; 0,1) + (1,0; 1,1) + (O;,ls 15h) 
CEL PL) 


where (1,0; 1,0), for instance, implies the operator relating to one proton, no 
neutron, one electron and no neutrino. 

The first line of (8) is merely an additional const. having no physical 
significance, four terms of the second line denote the self-energy terms of proton, 
neutron, electron and neutrino respectively, and two terms of the third line show 
the operators representing the scatterings of proton-neutron and electron-neutrino 
respectively, and so on --:--- : 

In the following section, we may carry out the practical calculation for each 
term and examine its devergence character. 


§3. Calculations 


i) Selif energy (1,0; 0,0), ede. 

As was mentioned above, the four terms of the second line of (8) denote 
the self-energy parts. As the theory is symmetrical with respect to ¢,, $.; 9 
and g,, it is sufficient to consider only the first term (1,0; 0,0). This part is 
expressed in the following form, 


(1,0; 0,0) = —22\" (U1 (Pipo) ’ CAFS) }10 (L(Piee)» (9/91) ])o 


Shc 
+4 Kz) , (fh, Ji.o({ (Pige) » (G/¢1') bo] 
— XX") e(X—X')dw, (9) 


where the subscripts 1,0 refer to. numbers of proton and neutron, and (_ ), 
means the vacuum expectation value of the quantity in the bracket. 
After lengthy but straightforward calculations, we can show that (9) takes 


the following form, 
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(10; 0,0) =F), 6.@)]41.(2, 4] (10) 


i (x)= 2)" AX XN GK)’, (11) 


A, (X) SODA i —K,DQDY4,—4D Dy Aout p a 4K,D,,Do4, 
= 4%. DO Ants < 4x,2.D,D4oyin +t: x,%.K,D)? D9? d,—4x,x.K,D; DA, 
+ DyDQAM7, —KD,,DQ 4? + DOD» 407 —K2DY Dy 4? (12) 
—x,%.D,DP Ar. — DO DAO, + x48,K.), Di a? + PPM Se Oo 


where 4,, 4, D,, Do; K,, Ko, %;, % are the invariant delta functions and reciprocal 
Compton wave lengths of proton, neutron, electron and neutrino respectively. 

Introducing the Fourier transform 4,(4)=J4,(Y)e"*at*X of (12), 4,CX), 
(11) becomes 


8, (X) =< A, (A) h(X), (11’) 
5 Lit ta 
where it is to be understood that p,=— : 
tHIOX, 


Using the Schwinger’s integral representations of the delta functions, A,(/) 


becomes 


A,(P) = a i da {a 5 {e(a) +e(4) + e(c) + e(a)e(d)e(c)} 


x j aik § LL At oP + telp—k—1)2 
x (ty) bibs P— kD) wt ete (—i7,) (PhD t Kuk + %eKe]- (13) 


To evaluate the above expression (13), we first perform the integration over 
four vectors & and 7 by use of the formulas 


—o 


ip exp[zak,*|d*k = ee (a), 
—o (er 


\- &, expliak,|a*k=0, 
J” se, expliake|de=— a, (a#/2a*)e(a), 


c ky” exp[iak,"|d*k= — (27°/a*) (a), 


and replace the operators 77,f, and p,° by —K, and —K; respectively as they 
operate on ¢,(X°) which satisfies the free field equation. Then we get for A,( p) 
the following g-independent expression (therefore denoting it by A,(K,)) 


Note on the Direct Interaction between Spinor Fields 179 


A, (K,) = sar). dt, ae] {3 K, 210) + 2K, fa} (" € (x) Bx yy 


he T?) J-a x8 
: Bote zt aur oe aS) 8 se 
+2 | a sae oie mi ag oe — KK, 7 * mak} [i Qerae| 


(15) 
here we have introduced new variables 7, 4, 4 defined by a=2, 6=2,4, c=t,r 
and we have put 


T=t,44ht+h, B=x2+ixe+1Ke— a e 


Carrying out the integration of (15), and inserting it into (11’), we find that 
¢,(X) is simply a multiple of ¢,(Y), 


$,(X) =0IL rg, (X), (11) 
ks 3M= vu toe (= 4K, 282 (Chey order divergent oe) 
Int 42\ 2 aa with respect to # or y alone 
+ (finite terms), (16) 


where both x (dimension=(length)?) and y (dimensionless) tend to 0 in- 
dependently. 

From these results it is evident ‘that self energy divergence can be renor- 
malized into the original mass 14. It is to be noticed that the self-mass 0/7, 
contains two independent divergences, which is due to the fact that in the 
intermediate states there appear three particles and two of them can take arbitrary 
magnitude of energy and momentum. 

ii) Proton-neutron (Electron-neutrino) scattering (1,1 « 0,0), ez: 

For the aforesaid reason, we condider oaly the first term (1,1; 0,0) of the 
third line of (8). This term can be written in the following form, 


(1,15 0.0) =— 2 ("| Gp POMP)» Fre! De ALD AAD 
(17) 


Performing the tedious calculation in a similar manner as above, the divergent 
part can be shown to be 


(1.1; 00) =| {Kr+Ke—2G7 tamtx) | Gt) Go) 
TAC 


= Ap. ag, ) ( ag, d¢, ) - re 18 
l gO 4 (hea) dw. (18) 
. Gs) ( aayqueXe" wealt, OX, ef) Na 
(By use of the old method of perturbation calculation, instead of the terms with 
derivatives we obtain —2x,%5(P,%2) (Pohs)”.) It is evident that such a divergence 
can be renormalized neither into the original mass M, nor into the coupling const. 
ermal). 

iii) Mucleon-lepton scattering (1,0; 1,0), ete. 

Though the first two terms and two succeeding terms of the fourth line of 
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(8) have the slightly different forms, we may consider the first term only, since 


the calculations are performed in the same way in both cases. 
Proceeding as above, we find 


(1,0; 10) =)" CG), HH) dG), Ge: Ih 


+[ (p>); ($47) hiot (Pi¢2); (9,'¢7’) bs] XX’) (eA-— X”’) div, (19) 


and its diverging part becomes 


(1,0; 1,0) = x {= : (Sire <a p; (P7551) 


642°hc 
1/s fe) ) ees fe) ) 
x = (4; Tway f (4: i a Gi 


+ (K, ar “NF or ¢; ) (Oine1) + (x: . 2G, rv) (4, ? ) 


ra 9 Ke a, O 
4, S( + xii ) (Diress) Gitees) 


= (Kant Kye + Kx, + 2 Kx,) Fish) Gps) + ee} |S" grew. (20) 


0 ww 


This divergence is also unrenormalizable in any way. 


The terms of fifth and sixth lines do not diverge and so they are not 
considered here. 


§ 4. Conclusion 


From the above results we may conclude as follows: for the direct interac- 
tion between spinor fields the renormalization procedure is applicable only to the 
self-energy divergence, and it can not eliminate the other divergences such as 
(1,1; 0,0), (1,0; 1,0), etc. (their orders of divergence are both logarithmic). 

If we take, at the outset, such types of interaction terms as g/(¢,g2) (Ga), 


UAW Od» Ov ) Og, Ops ahs ot (7, = 3 owe 
Ss [Gi¥)( OX, aX, +( BX aXe )GFashs)} Lr" (PY) (QyP1) vr in addition to 
(1), the divergent terms (1,1; 0,0) (1,0; 1,0), ------ shall be renormalized into 


: f re SY : . : 
the coupling const. g/, go”, go! jee++ - When we assume, in this way, the various 


possible coupling types in the original Hamiltonian and every divergent term 
appearing in the second order can be renormalized into any of the original 
coupling terms, the whole theory will, then, constitute a consistent closed system. 
But such an artificial method will probably be unpromising. (though we cannot 
conclude it definitely at present.) Because, we can expect that there appears 
any other type of divergence than that we have obtained above (i.e., terms with 
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higher derivatives of ¢’s and ¢’s) and moreover the canonical field theory in the 
present form cannot treat correctly the interaction type involving time-derivative 
(such as Konopinski-Uhlenbeck type) as was pointed out by Fierz”. 

Similar difficulty will probably appear in the case of ordinary pair theories”, 
since the character of divergence is mostly determined by the nature and number 
of several delta functions appearing in the evaluation of matrix elements. These 
circumstances give rise to the serious difficulties in the rigorous consideration of 
various models in the: two-meson theory. 


We have no consistent means, at present, but the regularization procedure” 
to avoid these defects entirely. 

The author wishes to express his cordial thanks to Prof. S. Sakata and Mr. 
H.-Umezawa for their continual encouragement and valuable guidance. 


1) 
2) 
3) 
4) 
5) 
6) 


7) 
8) 


References 


Z. Koba and S. Tomonaga, Prog. Theor. Phys. 3 (1948), 290 and subsequent papers of 
Tomonaga and his group. 

J. Schwinger, Phys. Rev. 74 (1948), 1489; ibid. 75 (1949), 651. 

P. T. Matthews, Phys. Rev. 76 (1949), 1657. 

M. Neumann and W. H. Furry, Phys. Rev. 76 (1949), 1677. 

R. G. Moorhouse, Phys. Rev. 76 (1949), 1691. 

E. Fermi, ZS. f. Phys. 88 (1934), 161. 

cf., for instance, L. Rosenfeld, “ Muclear Forces” (Interscience Publishers, Inc., New York, 
1949). 

H. Umezawa and S. Machida, Soryusi-Ron Kenkyu (Journal in Japanese on the theory of 
elementary particles) 2 No. 2 (1950), 147. 

J. Leite Lopes, Phys. Rev. 78 (1950) 36. 

M. Fierz, Helv. Phys. Acta 10 (1937), 123, 284. 

W. Pauli and F. Villars, Rev. Mod. Phys. 21 (1949), 434. 


Progress of Theoretical Physics, Vol. 6, No. 2, March~April, 1951 


Behavior of D-Function in Yukawa’s Non-Local Field Theory 


Yoro Ono and Masao SUGAWARA 


Physics Department, Hokkaido University, Sapporo 


(Received December 27, 1950) 


$1. Introduction 


Yukawa’s non-local field theory has been subjected to further investigations 
by many authors and Yukawa himself. They mostly deal with interactions with 
other fields and how these interactions are constructed seems to play a decisive 
role in the future development of the theory. However, it is also worthwhile 
to examine the physical meaning of the theory as far as possible within the 
framework of free field. Considering that many difficulties of local field theory 
arise from the singularity of D-function on the light cone, we have investigated 
the behaviors of D-function and its associated functions in Yukawa’s non-local 
field theory. 


The J-function in local field theory has the following characteristics : 
(i) (0°/0X,aX"—2x) D(X*) =0, 
(ii) | (OD(X") /0X") |e O(X), 
(iit) “DGS SU oro 


The problem is to investigate how the above features are to be modified in 
non-local field theory. 


§2. Commutation relations 
For charged scalar field, field quantities are 
(XM, rH) =f (dk) (dl) Was Ly) exp iby X*) 118 (rp +,), 
U*(X™, 2) ff (de) (aLY'T* (by, by!) exp (ily! X",) eae ue 
u 
where notations are the same as in Yukawa’s paper”. 
relation” of # and z*: 
[hus fu)» B*(Ey’, Uy) = 


k : ; 
— [Gib oth + 2) Oud) BOLE 2) M18 (2, —4,!)3(L,—4,'). 
4 u 


From the commutation 


we obtain 
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[U(X", r*), OX(X"™, o*)]=— 18 (7, + ry) 8(ryr*—2) - 
uw 


fe ‘| (dey Obah™ +2) 8(eyr") exp(ih,(X*—X")) (2) 
S118 (7 +74!) (rye 2) DI X*—X", 7¥), 
where 
D'(X*, r¥) = —|. de Oak +2) aC) exp Ghai (3) 


From equation (2) it can readily be seen that 

1) U and U* are commutable unless relative coordinates r* and 7" are 
mutually antiparallel ; 

2) its commutator depends only upon the difference of mean coordinates 
X* and XY’ (homogeneous character of space). 

D'(X*, r*) differs from the conventional D-function only through the factor 
0(£yr"), which must be introduced in order that D’. may coincide with D in the 
limit 40. Due to this factor the integration domain of £, space is limited to 
the region perpendicular to the relative coordinate +* on the hyperbolic surface 
Ryk* +x=0. Thus it can be expected that the direction of 7* plays an important 
role in the behavior of D’-function. 


§ 3. Properties of D’-function 


We extend (3) to the following form: 
D(H, 1 C)=— Fal [CTEM A) Ear? £0) exp aX"), A) 
us 4 


where 
40 (yr? + C)=BO(hyr* + C) + 8(Eyr®—C) }, 


introducing an arbitrary real constant C. (4) reduces to (3) in the case C=O. 
This factor 0(4,r"+C) means that £,, (the component of & in the direction of 


Y) takes only the value Ae in the coordinate system 7*=0, where &£yr* + C 


A 
=kr+C=hyrt ra ry —R=r7—P=r—F# and hence r=4. Owing to the factor 
0(k,k* +x), the general V-function D’(X", 7, C) satisfies the equation (i) of 
§ 1. Performing the integrations in the usual way, we get 


D'(X*, *, C)= i fate 20 (en — Ke +C)- 


fexp(i(kX—KX'))) —exp(—i(kX—KX))} (K= V+#) 


fies! CX i ky dhy _J,(2,|X,|) sin V2 + (C272) +2. x4 
— 4 cos Z P n/ Ba(cye te’ ate Je a8 
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te ul CX 1 & 0 Xe if = CLA S(hy|X4|) 
Ger 7 [Rl BK te V BCT EE 
-sin VB + (C2/2) $2 X4 (5) 


where the suffices JJ and | mean respectively parallel and perpendicular com- 
ponents with reference to the direction of 7. The expression (5) corresponds to 


SG [SE cos eR sinKX* — (R=|X|) 6’) 


in the conventional case. Further integration of (5) cannot indeed be performed, 
but in the special case C=O, x=0, we get 


AC aD ee Ls WES pene 
4722 [x4 VW XP =X el 
= +0 jor “Tx; 1 (6) 
=0 . for LXy41> LX'l. 
which corresponds to 
D(X*) =) _{6(R-X4) —8(R+X4)} (6") 
4zR 


in the usual case. From (6) we see that i) /)’-function is independent of 7, 
and ii) its singularity does not lie on the light cone but on a surface |.X,|° 
—|X"|?=0, whose axis is in the direction of 7, as shown in Fig. 1. As this 
surface has the shape of wedge, we shall call this surface “ight wedge”. In 
the general case C#O and/or x#0 the singular surface is also the light wedge, 
and D’(X*,r*, C)=0 outside the light wedge, as will be shown in the following. 
Inserting the relation 
1 


+00 
(hy +C) ==-3|" da-exp(i(kyr* +-C)a) 


+00 
=| da-cos Ca exp(tkyr*a) 
Q7t Jo 
into (4), we obtain 


Ly: fies 
DX C) =| da-cos Ca D(X* + ar") (7) 
27 J—« 

whose integration domain is the straight line X*+ar" in the four-dimensional 
X-space. Since the D-function in local theory is different from zero only inside 
the light cone, only that part of the straight line which is intercepted by the 
light cone contributes to the integration (see Fig. 2). The intersecting points 
are determined by the equation 
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n> 1X 5 


aX: 


— X'> |X, | 
Fig. 1 


(X, tar.) (X"+ ar") =0 


or 
(Xpad)*=|X*?—|X,|? — (74#=0). 
If | X*|°<|X,|*, all real @ values do not satisfy the above equation, that is, 
D(X", 7+", C) vanishes outside the light wedge. In case C=0, D'(X", 7") takes 


the same value for all X”’s that terminate on the straight line X*+ar¥. D’'(X", 
rv’, C=O) is thus independent of X7,. 


§ 4. Infinite character of commutation relations 


That D(X", r*, C) depends on X;, only through the factor cos(CX,/A) 
means that two field quantities do not commute with each other, even if two 
world points are infinitely far apart from each other in the direction of relative 
coordinate. The relation (ii) of a can be transformed into 


POA ee Chl iy od 6.9 de FLX.) cosVMOTE+E)E ay 
a sorett Any Si | 1) 22 7 i 
fea Xp 3(X,) (=), (8) 


which indicates that the commutation relations have infinitesimal character in the 
direction perpendicular to relative coordinate 7, while they have infinite character 
in the direction of relative coordinate 7. 


§ 5. D-function 


In order to examine the behavior of D'-function inside the light wedge, we 
define, after the example of Schwinger”, the following ’-function : 
Xe 
P| (dk Daag bart C), (9) 


D'(X*, 1", C= ae 
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which satisfies 


(2 =a), Cys IEP), (10) 
ax,ax* 
where 

OC er" ace =a) exp (tk, X*)40(Ayr"+C ). (11) 


Performing the integrations in (11), we get 
4 
a(x, 1, C) =,) 0(X,) (X12 Xy) cos Xin 
2ar , 7. 
from which follows, by integration with respect to X%, 
jaxtacx, rt, C) = 1.a(X,) cos— Xp (12) 
Lr r 


which coincides with (8). The relation between D’-and D’-functions is given 
by, as in the local case, 


D(X", r*, C) =2e(X) D(X", r*, C), (13) 
with 
ae 
(tj eS 13 
Ce, |e, X "| Be 


where e” is, in the local case, an arbitray future vector (e,e*<0, e‘>0), while, 
in the non-local case, it has to fulfil the additional condition e,7*=0. 

Carrying out the integrations in (9), following Schwinger, yields 
V7 


D(X", 7", C) = 
OS eee ery 


cos ¥,[. oe sin {(X?—Xp)a +7(# +6 )+ 5 . (14) 
From this equation we can readily see that D’=co for X®=X?, i.e. D’—function 
is singular on the light wedge. 

Incidentally it is to be remarked that, as D’ is relativistic invariant and is 
an even function of X*, D’ should be in general a function of A(=—X,X"*), 
B(=r,X"), 4, C, snd x and, with respect to &, it should be an even function. 
Actually, ¥°—-Xf=A+B°/P and Xy,=8/2 and so the expression (14) has the 
required form. 


§ 6. Generalization of D’-function 


In order to get rid of the infinite character of D’-function in the direction of 
relative coordinate, we consider, introducing a weight factor o(C), the following 
function : 


DCX", r*) =|4cp(C) D(X", *, C), | (15) 
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which reduces to Yukawa’s D’-function when plC)=0(C). 

The introduction of p(C) is necessitated because of the requirement that 
the -function should tend to the usual D-function in the limit 250. If we 
replace the above requirement by the one that the D-function is to tend only 
approximately to the D-function, we may take, for example, 


MO)=sae*, (16) 


when we obtain, instead of (8), 


aD (xX, pO bay a ie 
re Seapets Aw) to. =O), (17) 
X4=0 a 


which has an extension 4 in the direction ”. 

Assumption of the form (16) is only formal and, in order to seek for its 
physical meaning, considerations from different and more fundamental standpoint 
will be necessary. 


§7. Conclusions 


To summarize the conclusions deduced from the foregoing considerations. 
concerning the /’-function in Yukawa’s non-local field theory : 
i) The singular surface is not the light cone, but the geht wedge whose 


axis lies in the direction of relative coordinate. 
ii) D’-function has singularities on the light wedge and vanishes in the 


outside region. 
iii) Commutation relations have infinitesimal character in the direction 
perpendicular to the relative coordinate, but 7cujfinite character in the direction of 


relative coordinate. 
iv) In order to get rid of the infinite character, it is necessary to introduce 


a certain weight function of C. 
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Tt is examined whether the two-nucleon adiabatic potential predicted by the pseudoscalar meson 
theory correctly describes the ground state of the deuteron or not, assuming an effective form of the po- 
tential. The energy eigenvalue and the corresponding eigenfunction are calculated according to the varia- 
tional method. By comparing the theoretical binding energy of the deuteron with the observed value, 
the value of the coupling constant of mesons with nucleons is estimated to be g?=0.2. The theoretical 
values of the electric quadrupole moment and the dipole magnetic moment of the deuteron are compared 
with experiment in Table IJ]. The theory is in agreement with experiment in a very rough approximation. 


Introduction 


The validity of nuclear forces predicted by the mzson theory is usually ex- 
amined by comparing the theoretical conclusion regarding two-nucleon systems 
with experiment, and the strength of coupling between mesons and nucleons is 
so adjusted that the theoretically calculated binding energy of a deuteron agrees 
with the observed value. Such a comparison involved, however, an ambiguity 
because of a too strong singularity of a customary two-nucleon potential. It was 
found that the adiabatic potential has only a weak singularity so far as the scalar 
and the pseudoscalar meson theory are concerned.??® Further, it was shown 
that the customary potential is a non-relativistic approxion which is valid only 
for a large distance between two nucleons.” 

It must be of much interest that the deuteron problem is reexamined from 
such a new stand point. The present calculatation is intended as the first step of 
this reexamination. It will be found that the pseudoscalar theory is satisfac- 
tory in a very rough approximation so far as the ground state of the deuteron 
is concerned. A rough value of a coupling constant between pseudoscalar 
mesons and nucleons will be obtained. Since there has been no evaluation of the 
constant, our result may be considered as giving a contribution to a knowledge 
of the constant though it still involves an ambiguity due to the method of approxima- 
tion used in the calculation. In order to obtain a more definite conclusion a more 
advanced method having no ambiguity must be adopted. We hope that this will 
be considered later on, The brief account of the present calculation was already 
given in this jounal.? The present paper is its detailed report. 


§1. An Assumption of Effective Nuclear Forces 


According to the pseudoscalar meson theory the adiabatic two-nucleon poten- 
tial as a function of a relative position, a, of nucleons is given by” 
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Wa) = —2T 4 o(2.M/p)*7(r) (1.1) (a) 


where JZ and pw are masses of a nucleon and a meson respectively, p.” (£=1,2) 
is Dirac’s matrix of the £-th nucleon, 7 is a charge operator, and /(r) is the 
Yukawa potential depending only on a distance, r, between nucleons. If we adopt 
a natural system of units, in which % and ¢ are equal to unity, /(7) is given by 


» 


J (1) = (8?/2)rexp(— pr) (1.1) (b) 

where g stands for f,+ (2M f,/p), and fi and f, denote constants of pseudoscalar 
and pseudovector couplings of mesons with nucleons.» The following calculation 
will be carried out according to the symmetrical theory in which 7 is given by 


T= (a? rine red tp ct Tt) /2 (1.1) (c) 


where the eigenvalue of 7, is equal to +1 in a neutron state and to —1 in a 
proton state. The result will be essentially the same in case of the charged 
theory, except for a numerical factor. 

For the sake of brevity we shall use a system of mesonic units in which p# 
is equal to unity. In a non-relativistic approximation W(a‘) reduces to a custo- 
mary potential”. 


W(ae) = (2/3) Tho +(r) A} J(r) (1.2) (a) 
where 

n(r) =14377143r7 (1.2) (b) 

A=3(o%x) (6 )7—2— GPG (1.2) (c) 


This potential is valid only for r>1. An asymptotic value of 7 is equal to 1 for 
very large 7, where the approximation of (1.2) is very good, and 7 amounts to 
7 when ¢ is equal to 1, where the approximation of (1.2) is probably bad. In 
a region of smaller 7, (1.2) may not be valid. We know from (1.1) that the 


1 


rigorous potential increases as y~' when r becomes very small. Therefore, if we 


assume that (1.2) (a) with a constant 7 represents effectively an approximate 


potential, the effective value of 7 may be between | and 7. For the ground state, 


which is triplet and even, of the deuteron this effective potential reduces to 
Woe) =— (1+ AJ) 1<yS7 (1.3) 


In the following, the ground state of the deuteron will be tentatively examined 
on the basis of this effective potential.* In the present stage it is not obvious 
whether such an assumption is adequate or not. In order to settle this point the 
exact solution of the deuteron problem is required. 


-§2 Method of Calculation 


We shall search for the energy eigenvalue and the corresponding eigenfunc- 


* The potential of Rarita and Schwinger may be considered as a sort of such a potential.) 
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tion of a deuteron in its ground state according to the variational method. As 
is well known, this state consists of S and D. If & denotes a normalized eigen- 
function of *S,, 4d represents a *D, state of the same magnetic quantum number, 
, being equal to 8. Therefore the wave function of the ground 


its norm, || 
state can be written as follows” 


f(a) =r {u(r) +u(r) A}d (2.1) 
This function must satisfy the equation which is given by 
{— M144 W(a) }(r) = Epa) (2.2) 


where 4 is a Laplacian with respect to #. Therefore the asymptotic form of 
u(r) and v(r) is exp(—r”—ME) because l’(cc) vanishes. A simple calcula- 
tion shows that the exponents of (7) and v(7) at the origin (y=0) are 1 and 
2 respectively or 4 and 3 respectively. Thus we assume the variational forms 
of z(r) and v(7) as follows: 


u(r) =,(r) +cu(r), v(r) =7,(7) +¢v(r) (2.3) 
u(r) =rexp(—ar), v,(7) = 8 ’exp(—ar) (2.4) (a) 
u(r) =rexp(—ar), U(r) =By*exp(—ar) (2.4) (b) 


The approximate eigenvalue and the corresponding eigenfunction can be de- 

termined respectively as a minimum of an expectation value of the Hamiltonian: 

(H)=(¢, AP) ($,.¢)7 (2.5) 
and a corresponding wave function, where AH is the Hamiltonian given by an 
operator in the brace of the left side of Eq. (2.2), and ¢ is given by (2.1), (2.3) 
and (2.4). 

The variational minimization of (/7) is carried out in the following way. We 
first determine $8, and f, of Eq. (2.4) for each given value of @ in such a way 
that (¢,, DZ ¢,) ($1, $1) and (¢,, H 2) ($2, 2) are equal to their minimum 
values, E,(u) and E,(a) respectively, whére ¢,(a) =77{ 2, (r) +7, (vr) A}d (4=1, 2). 
We next determine c of Eq. (2.3) such that (#7) given by Eq. (2.5) is equal 
to its minimum value, A(«), for each set of §,, 8. and a We thus get a set of 
parameters, 8,(«), 8,(4), c(«) and £(«), which depend on the given values of a. 
We can finally find a minimum value, 4), of Z(«) and a corresponding value of 
¢. The calculations are repeated for a sequence of values of the coupling constant ¢ 
In this way we can determine the eigenvalue, A,(g°), of H as the function of g’, 
and the corresponding values of f(g"), .(g*), c(g*), and u(g*). 

The value of g* is obtained as a root of the following equation: 


£,(g°) =—0.0149 mesonic units (2.6) 


The right side of this equation is equal to an empirical value, 2.17 Mev., of the binding 
energy of the deuteron where y is assumed to be equal to 286 electron mass. 
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§3 Result and Comparison with Experiment 


If we normalize the function given by Eg. (2.1). it can be written in the 
form 


Ho) = VIF $,(00) +740 (w) (3.1) 
where #s ane ¢p are the normalized functions which represents the °S, and °D, 
states respectively : 


IPs = leo =1 (Ps $n) =0 (3.2) 
and 7° represents a probability of the *D state. As was condsidered in the first 


section the effective value of 7 can be assumed to between 1 and 7. The result 
for these extreme cases is shown in Table I. 


Table I Determined Values of Parameters 


/] Z | a Bs | Bo | Me 
1 0.54 | 1.28 0.0865 | 0.1100 | 0.038 
7 0.140 | 1.75 0.1770 0.1522 | 0.087 


Since our method of calculation is of a very rough approximation we must 
content ourselves with a rough result, and too elaborate evaluations have no signi- 
ficance. We obtain a root of Eq. (2.6) by a graphical method. We recalculate 
(A) acccording to Eq. (2.5) by using values of «, 64, 8 and 7 which correspond 
to the value of this root, and compare it with &,. Repeating such computations 
we seach for a value of g? which is consistent with Eq. (2.6). The value of g° 
in Table I give (H) —0.0152 as its value in case of 7=1 and —0.0149 in case 
of 7=7. The latter value is in good agreement with Eq. (2.6), but the former 
is inconsistent with the equation. The further recalculation changes the value 
of g* only in the next of its last figure which has no meaning so far as the present 
approximation is concerned. Therefore we regard the value of Table I as a root 
of Eq. (2.6), giving up the further calculation. 

We next calculate the electric quadrupole moment, Q, and the magnetic 
dipole moment, py, of the deuteron using these values of the parameters. The 
numerical data which are make use of in the computation of fp are 2.79245 and 
— 1.91283 nuclear magnetons for the magnetic moments of a proton and a neutron 
respectively.” The result is compared with expe1iment in Table II, where Q is. 


measured in 10-*%cm? and /#, in nuclear magnetons. 


Table II 
2 a ee ee ee ere en 
| Q Hp 
en ee eer es 
o2=0.54 | 3.18 0.858 
calc, o2=0.140 2.72 0.830 
| 0.8573 
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In view of the fact that the variational method can only give an eigenvalue 
of enery an upper limit but does not give the wave function a good approxima- 
tion and that the calculation is based on the assumption of an effective nuclear 
potential, the result may be considered to show that the theory and the experi- 
ment are in agreement in this degree of approximation so far as the ground 
state of a deuteron is concerned. In case of g’=0.54(y7=1) the value of 4p is 
in good agreement with the observed value, and the value of Q is too large, 
whereas in case of g?=0.140 (y=7) the value of Q is in good agreement with 
the observed value and the value of pf» is too small. 

The value of #4, depends on the value of 7° and that of Q depends on the 
behaviour of the wave function. The value of g? for 7=1 is larger than that for 
y=7. This means that the weight of the central part of the nuclear potential 
in the former case is larger than that for the latter case. Therefore the wave 
function is more diffuse (that is, « is smaller) in the former case than in the latter 
case, and the probability, 7°, of the * state is smaller in the former case. Con- 
sequently the values of Q and #» are larger in the former case. 

The empirical value of g” may be between those two extreme values in 
Table II. The further significant precision can not be obtained in our method 
because of its nature of the rough approximation. Thus we must content ourse- 
Ives with the above mentioned rough result so far as the present method is con- 
cerned. We may assume the value of g° to be epual to 0.2 because a too fine 
value is meaningless. In order to obtain a more definite conclusion it is neces- 
sary to work out with a more exact form of the potential and a more exact method 
of the solution. We hope that this will be carried out later on. 
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Recent experiments at Berkeley” show firstly that, for free proton, the two 
processes (a) f+y7—->u+7* and (b) +7—>+7" resemble each other as to the 
total cross section, energy and angular distributions, and secondly that, for bound 
neutron in nucleus, the process (c) x+7—+7" occurs with comparative frequency 
with (c). These facts suggest that the magnetic moment of nucleon might play 
a more essential role than the charge current in this phemomena, especially when 
Wwe compare the process (b) with (c). Thus we must take into account the effect 
of anomalous magnetic moment of nucleon (a.m.m.), which are neglected in the 
second order perturbation calculation in meson theory.” Moreover, according to 
the same theory, the cross section of (b) is smaller than that of (a) by the 
factor (x/J7)*. Brueckner,” and Koba, Kotani and Nakai® calculated the higher 
order corrections in meson theory for charged mesons, and showed that the effect 
of a.m.m. is not large. But the a.m.m. which is calculated by this method can 
not predict its experimental values.” So we shall here examine the effect of a. 
m.m. for the, above three processes by treating it phenomenogically, i.e. by ad- 
ding Pauli interaction term to Hamiltonian. Of course, it is probable that the 
magnitude of a.m.m. will be a function of the energy of incident photon,* but in 
6ur case its dynamical change will not be large, because the wave length of 
photon is not smaller than the dimension of the meson cloud which originates 
a.m.m.. Thus we may hope that our phenomenological treatment will give us 
some qualitative features of higher order corrections. 

Our calculations are carried out for scalar(s.) and pseudoscalar (fs.) mesons 
with scalar ((s)), vector ((v)), pseudoscalar ((~s)) or pseudovector ((~v)) 
coupling. We use the following notations: M, x, mass of nucleon and meson ; 
~, ~, 4-momenta of nucleon before and after the collision; g, %, those of meson 
Other notations are similar to those of Feynman. The differential 


and photon. 
do of m*, z” mesons, in the case of no a.m.m., are given by 


cross sections do*, 


paula} ef 7 aw |q\? — alq| Lopes py Pr uees (EN 
ae Seater raores pk WE dAW+E) at pie D) ) Dik i 
(1) 


do = (p,k/pk)° do* (2) 
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do’ = (Vda — Vdo-)*= (gk/ph)*do* (3) 


where f and g are usual coupling constants in “ charged”’ or “neutral ’’ meson 
theory, a=2 or 0 according to s. or ps. meson, and p= (IV, p) and g=(4, @). 
In the energy range in the above experiments, we have pk~pk and do*~do~ 
by (2) and thus do° is smaller than do* by the order of (x/M)*. The reason 
“for this is that two matrix elements differing in the order of emission of meson 
and absorption of photon in Feynman diagram are cancelled each other. 

In order to take into account a.m.m., we assume the magnetic interaction 


Hamiltonian” © 


H= (1/2) (¢/2I) $* (Sp ty +80 Tr) Tro PP r0 (4) 
where 
Fryo=9,4o—9c4y, ~~ Freo= (1/22) (7a Foor) 


and L,=18, g,=—1-9. The magnitude of the contribution to (1)—(3), caused 
by this Hamiltonian, is different according to the types of mesons, as is shown in the 
following table, in which it is compared with (1)—(8). 


| a n° 
scalar comparable smal] 
pseudoscalar small comparable 


The reason for this is as follows; the nucleon with a.m.m. can absorb photon 
both before and after the emission of meson, and the contribution of each of 
them to matrix elements is the same order as ordinary magnetic moment does. 
‘But the two terms have opposite signs for s. meson and the same signs for fs. 
‘meson, if the algebraic signs of a.m.m. are neglected. Hence the total effect is 
large for z* s, and 2° gs. mesons. For z°s. meson, the above consideration shows 
that it is comparable, but numerical calculation shows that it is accidentally small. 
The above result for gs. meson agrees with that obtained by higher order cor- 
rections. 

The expressions corresponding to the square bracket in (1) are as follows ; 
for z*s. meson in the process (a) with (s) coupling 


pk 2x fo ¢ ; , Fie Li yey &PA fe 4) 
= Py oT Waae shcim ne oe 6) 
and, with (wv) coupling - 
oe o pk: py = 
(Leen) (5,b) 


For 2° fs. meson in the process (b) with (s) coupling 
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(te EG tain E SZ) on 


and, with (gv) coupling 


1+¢,+ & \ (9e)* 2 4 Bk: Dk PY = ee 
( Sp 2 Dok fd i(-2 Me Mé )+2 A ay: oP Vr 
(6,b) 


For the process (c), it is obtained by picking up the terms in £p in (6) and chang- 
ing g» in Ly. 

For z*s. meson, the angular distribution of meso1s becomes more flat than 
sin @ distribution which is caused by the charge current. For 7° ps. meson, the 
first term in (6) is roughly three times the remaining terms, and so the energy 
distribution of mesons is not similar to that of z* gs. meson, and its angular 
distribution is fairly smaller forward than backward direction. The total cross. 
section of gs. meson, modified by the bremsstrahlung spectrum of incident X-rays 
is given by 


iu em de ce e: J? /4a 1 ie 3 M Millar 
a {. a(€) ae a mee $(x)dx cm?/Mc Millan 


where 
a=€/M, d=x/M=0.15 


and € is the energy of photon, and futher ¢(+) is given by : 
for the process (a) with (s) and (ps) coupling 


Hap EATS am 
e(1+2x)? 


for the process (b) with (s) coupling 


i) 4? — 0° 


V Bae (142¢,+ $2 { 3a +2)3 


a ee | 
£ aya 9°(1+2r) 


and with (fs) coupling 


me 1 2 oO 
ve=8| (1+g+ )| syitecneail 
9 *\(1+r) (1+2e)? 34(1+4) 


2 ao? Oo 
Pez —(¢ Sp | 
422)" aioe Joti 3a) 


for the process (c), it is obtained from that for the process (b) by picking up the 


terms in g,? and changing g, in gp. It is to be noticed that the forms of ¢(7) 
Pp 
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are different for z+ and 2° mesons. In the above expressions, small terms is 
neglected within the error of 15%. The numerical values of them presented in 
the following table are calculated for €=235 and 330 Mev. 


bid atta valemot ota ee z 

Table. he values of ¢ is { (2Mely)?/4n er? 

ee 

process (a) | (b) | (c) 

mAs eT ae 235 330 | 235 330 | 235 330 
photon in Mev Pevtees ee 
(fs) coupling 0.13 0.3 | 0.05 0.15 | 0.026 0.07 
(gv) coupling 0.13 0.3 0.017 0.06 0.013 0.034 
‘without a.m.m. 0.13 0.3 | 0.006 0.016 0 0 
exp. values in 0.9 1.3 | 4 . 
cm?/McMillan x 10-8 x10=2 x 10-29 


The experimental value in the last column is estimated by making the simple 
assumption o°(carbon) =6e° (proton) + 60"°(neutron) and using the empirical rela- 
tion o°(carbon)=8o"(proton). Similar values are obtained for Liand Be. From 
the above results, it may be concluded that the neutral fs. meson theory with 
a.m.m. can give the reasonable total cross section for processes (b) and (c), if 
the couplings of charged and neutral mesons to nucleons are the same order. 
But, it is questionable that it can explain the energy and angular distributions. 
In this point, it must be remembered that our calculation is tentative and higher 
order corrections may give better results.” In order to get any defintite conclus- 
ion, it is very desirable to make more precise measurements about the energy 
and angular distributions and the ratio of 2* and 7° mesons. But, if the above 
discrepancy is true, we must search for other possibilities, for example, the strong 
coupling approximation,” or a new type interaction. 
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§ 1. Introduction and summary 


It is well known that, in quantum electrodynamics, there exist the divergence 
difficulties of mass type and vacuum polarization type. In the problem of self- 
stress of electron, these two types of divergence constructed their respective di- 
fhiculties. In the case of Bose particle, however, it is expected that these two 
causes get entangled and cannot be treated separately. As for the energy- 
momentum tensor of photon, there appears only the vacuum polarization type, and 
the source, which destroys the covariance of the whole theory, spoils, at the 
same time, the requirement of its gauge invariance. Thus it is an interesting 
problem to investigate the above situation. Now we shall clear up such a situa- 
tion of the energy momentum tensor of photon at first. 

In general, the energy momentum tensor 9,, is required to satisfy the follow- 
ing two conditions : 

[1] conservation equation (the condition of covariance), 


2F ny 0 (in coordinate space), 
Or, 
(1) 
Mp, Ou, (f’, ~) =0 (in momentum space). 


[2] gauge invariance. 

_ The condition [1] includes the requirement, as its special case, that the self-stress 
of electron at rest must be zero”. In the following, we call [1] the require- 
ment of covariance. We shall calculate the ¢-correction for energy-momentum 
tensor of photon interacting with electrons, investigate whether above conditions : 
[1] and [2] are satisfied or not, and inquire those origins which [1] is not 
satisfied by, as well as which [2] is not satisfied by, if they cannot hold good, 
and then throw light on relation between these origins of difficulties and that of 


difficulty of self-energy. f d 
In the investigation of self-stress of electron, the so-calld Pais’ formula 


0<dx> (x,: rest mass of electron) (2) 
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holds true only for mass-type processés, but not in general for vacuum polariza- 
tion-type process”. Therefore we will inquire whether above formula (2) is valid 
in the case of photon, since there appear only vacuum-polarization-type-processes. 


§ 2. ecorrection of energy-momentum tensor of photon 


Symmetric gauge invariant energy-momentum tensor density 6,, of the whole 
system in which photon interacts with electron-positron, is represented in the 
interaction representation as follows: 


: 1 2 
On = (Fon Pat fa Furs— 9 oer yo) 


Of Oe 
Ox) OX vy 


1 = 
ae 5 iw es) ?) 


(3) 
1 


= er (YruPAy) 


Le — 
shrgtt Soa Pu Va TatTars Tw) PAw 
where /,,, and ¢ are field strength of electromagnetic field A,, and wave function 
of electron respectively and Py Qyj=?,Q0,+P,Q,. In the following we shall 
calculate ¢’-correction of 9,,, where the diagrams contributed are classified into 
the following three types. (See Fig. 1). 


The first line of (3) is. con- 
nected with diagram (A), second 
line, diagram (B) and third line, 

a diagram (C). 
Fees ak The results of fourth line of 
: (3) cancel the spacelike surface- 
ua a i P dependent terms of the results from 
; other lines in the whole calcula- 
(A) (B) (C) : 
Fig. I. photon line, electron line------ E tion. 


assumed as external field. The contributions due to (A) 
. (B) and (C), S4, S”, and S® are obtained as follows: 


1 9 
St=— (Sk, 2) 454%, 1) Fon SEG 0))?)s 


St=— el" ae dx, 0A,(%) _ Aw el (x +) (4,, 2D 4) 


C2 yi Ax, aes 


=e OD y(4%,—4;) 


ax", x TSp(41— 42) PySe(%p— 41) Tor 
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Sta =P" ae, Te DA a (%)_ 24s). 4 | oe n) (8, OD, ae ¥,) 


qs 0x, ae” 
_» OD;(%—%;) 
0, Gs) x FFs, 42) fy Sr G2) 75, 


A gra 2 
Wea Gy (4, ¥) + SPQ, B) — SP (p, vy— SP? #)), 


S? =-\ jax, ax, A,(x,) A. (42) ae ToS r(42— 29) 1% eet Tes 


eee tl” ma 
Ss} =<| jax, EEA EONS CEA Ow Solaray 


S°= (SH, v) +.S°(v, p)), 


; te? oo 
Se= — =| ax, Ault.) A, (4%) T, Sr(%— 41) Fa S7(4,—%) Tp)» (4) 


-o 


Oe%gy= S44. S?4S°, 


§ 3. Covariance and gauge invariance 


In the following, we shall derive the condition to be required for energy- 
momentum tensor to satisfy above two conditions (1) and (2). Now, we define 
Ky, (4—2’) as follows: 

Ky (4-2) =T, Sp(4#—2') 7 Sr(4’— 24) y- (5) 


Moreover, ¢-correction of vacuum induced current 0/,(4,), the diagram of which 


is shown in fig 2, is given by 


| OJ (a)=— "| ade Kyylay—2) Ay (2). (6) 
oi : A, (4) 
Then, in order to see whether the condition of covariance ‘is sati- 
sfied, we differentiate eqs. (4) directly and we get 
SJ(*) ‘ 


6 pn (40) 7, (PIM) 4 Lap on) Foal) + Fone}, 


Fig 2. Ox", 
(7) 


where we have used 4 
(70/04, +%,) Sp(4) =220(4), (8) 
LID,(x) =210(). 


Tn eq. (7), the first term, /,(7) vanishes, when +=0. 


Since the source of ‘field, /¢“(%,)=0 in the present problem, the term 
| 
| 
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et (x,) OF ,,(4,) does not appear on the right hand side of (7), where OF 2; (2) 
é-correction for field strength F,,(%,) due to the vacuum polarization. Thus, 
96, (%) is not always zero. 

Ory 


Assuming the condition of gauge invariance for vacuum induced current, 
OK yy (4) =0, (9) 
Oz". 
we. obtain f.( PAZ) —0, since 0/,(%,) satisfies the equation of continuity. Then, 
above equation (7) is rewritten, 


005, (4%) al 
ax’, 4 


{O/.(%0) Fan) + Fun) Yaler)}- (10) 


This equation shows that a part of photonic energy is lost as the work due to 
induced current. But, if we make induced current gauge invariant, by the condi- 
tion (9), the right hand side of (10) vanishes, since photon field does not induce 
the current. This situation shows that the cause destroying the condition of 
covariance (1) coincides mathematically as well as physically, with that, of non- 
vanishing photonic self-energy. 

Secondly. we will investigate whether the gauge invariance of 9,, is satisfied 
by the requirement (9) of gauge invariance for induced current. In the equation 
(4) we carry out gauge transformation 


Ay(4) —>Ay (x) + oy, 


nan 


(11) 
OA(x) =0, 


and transform the terms including A(x), performing partial integration and using 
equation (7). The application of above condition (9) gives a gauge invariant 
form for S“ itself and S” and S®° together where S? and S° don’t become to be 
gauge invariant separately. Accordingly, the origin by which 6,, destroys the 
conditions [1] and [2] has the same property as the one of non-vanishing photon 
self-energy has and so has the same ambiguities as the self-energy of photon. 


The formalistic mixed field method (regulator) making induced current gauge - 


invariant, may give 6,, that satisfies conditions (1) and (2), if we suitably set 
the order of integration. 

However above verification has been accomplished by differentiating singular 
functions and therefore there still exists ambiguities. The calculation of e-correc- 
tion for 6,, by transforming equations (4) into momentum space will be very com- 
plex and its result may still depend on the method of integration. Applying 


such an integration as neglecting the shift due to the transformation of variables, 
result of such an integration is 
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y= Sa ey lim log I+ VP 4xF 
1237 re. (12) 
1 
By 


mace Wieat xa pw, Ay R,R,], 


~where 
Any (hy A,—k) 44) (2,4,—4,A,) ine Sey (4, 4g—heA3) i 


tS AO OY ie ae (12") 


In (12’), K,,, the last term of the second line and the first term in Ly, are gauge 
invariant, but the second term in Z uv is not gauge invariant. 
Finally, we will see if Pais’ formula 


<¢g> as 0 SSRIS of photon> uk 
c ‘a 


holds true or not, where ¢¢ is the trace of energy-momentum tensor of photon in- 
‘teracting with electrons. Evaluating the expectation value of ¢¢ in the ¢°-approxi- 
‘mation, we obtain 


<o¢>e=—, (14) 
37 


where & is momentum of a photon and only the (B) type process contributes. 
‘We differentiate the photonic self-energy W, obtained by similar calculations, with 
wespect to rest mass of electron, x,, and then obtain 


a< Cae 4c*x, 
OX, 32k 


(14’) 


Hence we have ascertained the validity of the formula (13) in the present case. 
The authors express coordial thanks to Prof. S. Sakata, Mr. R. Kawabe and 
‘Mr. S. Kamefuchi for their valuable discussions and encouragement. 
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Field theory requires the exclusion of “ unallowable” Feynman diagrams, that is, diagrams contain- 
ing self-energy parts, vertex parts and similar. Omitting those, small changes are made in the factors of 
the matrix element integrands corresponding to each vertex or line of the diagram. A prediction of Y(¢s) 
from Y(4) requires integration of the allowable diagrams over the time between 4 and z only. The 
result is the paradoxical unequality (4). 

It is then shown that the unequality (4) was to be expected, if one takes into account that Y has 
no objective meaning, but is determined by the experimental evidence going into the initial value for Y% 


As a new experiment abruptly changes ¥, the meaning of Y(4) as appearing in equations (2) and (3) is 


“ce 


apparently different. The general equation (5) presents an “ integro-causal” relation between prediction 


at ¢ and knowledge at 4, as contrasted to the “immediate causal” relation between Y(¢) and Y(¢+¢7) in 


‘ 


the ordinary Schrédinger theory. The present theory leads in its differential form (6) to an “ interaction 


operator with a memory”, By(7). 


§ 1. Eblo elimini divergajojn de la nuna kvantumteorio de kampoj 


La nuna stato de kvantum-elektrodinamiko estas tia, ke oni povas kalkuli la 
efikon de la interagado de elektronoj kun la radiada kampo, sed ke por tiu celo 
oni uzas metodojn, kiuj ne formas parton de tute kontentiga kaj komplete kohereca 
teorio. Oni devas trakti sensignifajn divergajn integralojn kvazaut ili estas bone 
determinitaj kvantoj : Estas necese ‘‘ renormigi”’ la elektronan mason kaj Sargon 
per kvantoj infinitaj, kaj ankau la metodo uzita por enkalkuli la efikon de la 


interagado kun laulongaj kaj skalaraj fotonoj estas duba. Cio @i estas katzita de 
manko je konvergeco de la integraloj respondantaj al virtualaj procezoj priskribataj 
per tiaj partoy de Feynman-diagramoj, kiajn Dyson nomas ‘‘ mem-energiaj partoj ”’ 
kaj “veiticaj partoj”. En mezon-teorio ankat aliaj partoj (ekzemple “ disjetadaj 
partoj de alta ordo’’) povas katzi divergadojn. 

Dum la lastaj jaroj evidentigis, ke oni povas atendi ke praktike oni povas 
kalkuli finitajn rezultojn por Ciaj fizikaj fenomenoj, se oni unuflanke e//asas tiajn 
_“ne-permeseblajn” partojn el la Feynman-diagramoj, kiaj kondukas al infinitajoj, 
kaj aliflanke samtempe zomete Sangas la faktorojn en la integrendoj en la Dyson- 
serio por la S-mattico, kiuj respondas al la verticoj kaj la lateroj de tiaj diagramoj 
(kaj kiuj tiel respondas al hipotezoj pri la interagado kaj, pri la komutaj rilatoj). 
Tiuj Sangetoj de faktoroj nuntempe estas kalkulataj el la malnova konvencia teorio, 
(kiu per si mem kondukas al divergaj esprimoj por tiuj Sangetoj), per certa metodo 
forigante la infinitajojn. Almenat’ en la kazo de kvantum-elektrodinamiko tiu 
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_ metodo kondukas al rezultoj akordantaj kun eksperimentaj faktoj, kvankam la 
metodo mem logike ne estas kontentiga pro la divergeco de la kvantoj forigitaj. 

Oni preferus dekomence ellasi tiujn nepermeseblajn partojn, kaj postulatigi la 
Sangetojn en la verticaj kaj lateraj faktoroj necesajn por klarigi la eksperimentajn 
tezultojn. Per tia postulatigo oni certe perdas la eblecon “ klarigi”” tiujn San- 
getojn ; sed aliflanke oni evitas la divergadojn entute. Krome oni tiel havus la 
okazon klarigi eksperimentajn rezultojn, ankau se evidentigus ke la Sangetoj 
antaudiritaj de la konvencia teorio (kun forigado de infinitajoj) ne suficus por 
klarigi tiujn faktojn, sed ke malsimila Sangeto sukcesus klatigi ilin. Tial tia pos- 
tulatigo plivastigus la eblecojn oferatajn en la kadro de la teorio. 

Tamen Sajnas ekzisti nepra obstaklo kontrati tia programo. Kompleta teorio 
ne nur devos ebligi la kalkuladon de la S-matrico por Sangigo de la fizika stato 
inter la momentoj ¢=—oc kaj f=-+00, sed ankat devas ebligi nin kalkuli 
Sangigon dum finita dauro, tiel ke el la fizika situacio trovita je, tempo, ¢=7, oni 
povos antaudiri ion pri la probabla situacio je tempo /=¢,. Nun supozu, ke tia 
rilato estas donita per 


LP (4) =U (2, fy) F (4), @) 


kaj ke oni kalkulas Ja unitaran matricon U(4, 4) lat la metodo de Feynman kaj 
Dyson, integrante lau la verticoj de la diagramoj nur inter 4 kaj 4, kaj samtempe 
ellasante Ciujn ‘‘ nepermeseblajn diagramojn’’, kun konvena Sangeto de verticaj 
kaj lateraj faktoroj. Inter la diagramoj ellasitaj trovigas tiaj, en kiaj mem-energiaj 
partoj etendigas ambauflanke de iu momento ¢, elektita ie inter 4% kaj 4. 
Ekzemple, oni ellasas diagramon, kiu prezentas elektronon, kiu virtuale elsendas 
fotonon antau ¢, kaj reabsorbas gin post 4. Tamen, se oni kalkulas la Sangigojn 
men, wis % au de % vis 7,, 


P(t) =O (to 4)Y (A), (2) 
F (t,)=U(G, 4) % %), (3) 


tiam la operacianto (4, 4) devas enhavi matricajn elementojn, kiuj kontribuas 
al la elsendado de tia fotono, kaj la operacianto ((¢,, 4.) devas enhavi matricajn 
elementojn por la absorbado de fotono. (Se ¥(¢,) priskribas la fizikan situacion 
je la tempo 4, kaj se gi dependas nur de la okupigaj nombroj JV je tiu tera By, 
tiam ¥(¢,) ne distingas virtualajn fotonojn de realaj fotonoj.) ‘Tiel la postulatigo 
de ellasado de nepermeseblaj Feynman-diagramoj konsekvencigas 


O (lo ) =U (ty 4) OCs bo), (4) 
kio Sajnas kontraua al la ekvacioj (1)-(2)-(3).. En la sekvonta Capitro mi montios 
ke tamen la ne-cgalajo (4) estas tute korekta, kaj ke la kontraudiro kun (1)-(2)- 
(3) estas nur Sajno kauzita de nekompleta formuligo de tiuj tri ekvacioj. 
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§ 2. La signifo de la kauzeca interrilato inter la 


valoroj de ¥ je nesamaj tempoj 


Supozu ke de observantoj, A kaj 2, kune faras eksperimenton pri skatale 
plena je elementaj korpuskloj, kaj ke je la tempo t=O ili kune decidas pri la 
Schrédinger-funkcionalo ¥,(0) priskribanta la rezultojn trovitajn per la eksperimento. 
Se ili havas idealan konadon pri la Schrédinger-ekvacio kaj gia solvo, tiam el 
W (0) ili povos kalkuli antatidirajon ¥,(¢) pri la distribuo de probabloj je la 
tempo 7. 

Nun supozu ke B foriras por libertempa vojago. Dum lia foresto, 4 faras 
novan eksperimenton je la tempo ¢=1 por kontroli la antaudirajon 

,(1)=U(A, 0) ¥,(0). (3a) 

Cu li trovos P51) eCerte net Car en ¥,(1) la ondopakajoj uzitaj en ¥,(0) 
por priskribi la elementajn korpusklojn verSajne jam multe etendigis kaj konfuzigis. 
Au eble pro interferado aperis jam pluraj maksimumoj en la probableca distribuo de 
iu korpusklo tra spaco. Tamen la eksperimento montros tian korpusklon Ce unu loko 
au Ce alia, sed ne samtempe en du at pluraj lokoj disaj. Tial la mezurita distribuo de 
probabloj estos pli koncentrigita ol la antaudirajo ¥,(1). Oni atendos nur ke la 
rezulto de la eksperimento we “‘ tute kontraidiros’’ \a antaudirajon; tio estas, ke 
oni ne trovos rezulton, por kiu oni kalkulis probablon nulan. 

Post tiu eksperimento, 4 algustigos sian Schrédinger-funkcion kaj Sangos gin 
abrupte de ¥,(1) al nova valoro ¥,(1) konforma al la eksperimentaj rezultoj. El 
la vidpunkto de statistika teorio tio signifas, ke li Sangas la ensemblon de eblaj 
eksperimentaj rezultoj antaudireblaj, de la ensemblo priskribita per ¥, al la ensemblo 
priskribita per ¥,. 

Poste, & hejmenvenas de sia libertempa vojago, kaj A kaj B kune faras novan 
eksperimenton je la tempo ‘=2. Je tiu tempo, A antatidiras 


P(2)=U2, D¥,), (2a) 
kaj 2, audinte pri la eksperimento je ¢=1 sed ne sciante gian rezulton, antatidiras 
P (2) =U (2, 0)¥,(0), (la) 


kaj ambau kune trovas la eksperimentan rezulton ¥,(2), tute kontratidirante neF 
P (2) nek (2). Ekvacioj (1a), (2a), (3a) evidente estas pli klara formuligo. 
ol ekvacioj (1), (2), (3), de tio, kio estas principe antatdirebla per la matrico 
U(t, 4). Kaj en (la), (2a), (3a) trovigas nenio, kio povus kontratdiri la male- 
-galajon (4). 

La eraro farita en § 1 estis en la fakto, ke ni tie traktis la funkcionalon — 
kvazau gi estas iu fizika kvanto objetiva, kiu regule “ propagigas’”’ de 4% tra 7“, al. 
f Tio tute ne estas korekta. Objektivaj estas nur la rezultoj de eksperimentoj.. 
Jam en la determinado de ¥,,(4) el la rezulto de eksperimentoj je la tempo kaj 
antau la tempo 4 envenas iom da subjektiveco, kiu respondas al elekto de iu 


ensemblo priskribonta nian ne-certan konadon pri la fizika situacio. Tamen ni 
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ppovas diri, ke ¥,4(4) havas almenat iun limigitan objektivecon. Saman limigitan 
objektivecon do havas la antatidirajo 


¥ 2 (¢) =U(Z, 4) P r(ty) (5) 
kalkulita el Y4(¢,) por tempo ¢ La faktoro T aperanta tu) post la operacianto 
U tiam devas priskribi nian komencan konadon eksperimentan pri la fizika sistemo. 
Do ¥(¢,) en ekvacio (2) signifas la rezulton de mezurado Y2(¢,). Sed tiu me- 
zurado abrupte Sangis la funkcionalon ¥ de ¥,,(¢,) al P(t), tiel ke Fz(¢4,) en 
ekvacio (2) tute ne egalas je %,(¢,) en formulo (3), kvankam ni uzis la saman 
simbolon ¥(¢,) por ambati kvantoj. Ekz., se ¥z,(¢,) priskribas unu solan elektronon, 
kaj se ¥,,(¢,) enhavas probablon por ekzisto de kroma (virtuala) fotono, tamen 
eksperimento ne montros tian fotonon, do ¥,,(¢,) ne plu enhavas tiun probablon. 

Generale la rezulto de tiarabrupta Sango de ¥ dependas de la speco de eks- 
perimento farita je ¢,, kaj tiu speco dependas de variabloj priskribantaj nian liberan 
volon, —variabloj, kiuj certe ne estas parto de nia fizika sistemo. Pro tio 
ankau ne estas eble indiki iun unikan objektivan rilaton inter Pz,(z,) kaj ¥,,(4), 
nek estas eble kombini tian rilaton kun J kaj indiki unikan kaj objektivan sexperan 
rilaton inter Ya (¢,) kaj Pat). Tial por la funkcio ,(t) (kiu same kiel la 
Schrédinger-funkcio en la malnova teorio dependas de nur unu sola tempo #) xe 
ekzistas itu oljektiva regulo de propagado, kaj ni ne povas esperi ekziston de iu 
Schrédinger-ekvacio kun Schrédinger-funkcio kaj Hamilton’a operacianto ambat 
dependantaj de nur wzu tempo ¢. 

La kauzeca rilato U(Z,7,) aperanta en (5) estas ‘‘ longtempa ” katizeca rilato, kaj 
lau (4) ni me devas esperi ke estus eble faktorigi tiun rilaton tiamaniere, ke nur la 
plej dekstra faktoro dependus de ¢,. Se ni diferencias ekvacion (5) lau ¢, ni trovas 


bf 


specon de “ Schrédinger-ekvacio”’, 
tho ¥ +, (Z) /ot= Be (2) P z,(2) ; ; (6) 

sed la operacianto 
Buy (t) =th{ OU (4, &) /AL}{ UC, ty) (7) 
dependas ne nur de la “nuntempo”’ t, sed ankau de la pasinteco gis %. Ni do, 
povas diri ke la interagado inter elementaj korpuskloj estas priskribita per opera- 
cianto B,(t), kiu avas “ memoron”. Tial ni rajtas postulatigi, ke gi havu nulajn 
matric-elementojn por Ciuj ‘‘ ne-permeseblaj” procezoj. Se ni konsideras Ba(a) 
kiel matricon, tiam ni povas konsideri la funkciojn V(¢’) kun 4 <¢#<¢ kiel giajn 
matricajn indicojn, tiel ke B estas funkcionalo de la okupigaj nombroj rigardataj 
kiel funkcioj de tempo. Feynman-diagramo inter /, kaj ¢ respondas al aro de funkcioj 
M(t’). Ni do postulu, ke B estu hermita mitrico kun matricaj elementoj (WM (#7) |Ba (| 
WN" (#’)), kiuj estas nulaj, se V’(2’) ati W(Z’”) priskribas nepermeseblan Feynman- 
diagramon. Do B estas hermita operacianto, tiel ke U(¢, 4) estas unitara, kaj tiel ke 
B anstatatias la Hamilton’an operacianton de la Schrédinger-ekvacio ankau kiel opera- 
‘cianto por la interagada energio (en interagada reprezentajo) uzebla en la 
‘kalkulado de la valoro de la tuta energio. (Kalkulante la valoron de q-nombro 
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kiel la energio, au kiel nomro 1 en la normigado de ¥, oni Ciam uzu la regulon, 
ke ((B¥)*,Q2¥) signifas nur (¥*B2QYL).) 

En la malnova Schrédinger’a teorio, kie H(¢) anstatauis B, (4), ekzistis senpera 
katizeca rilato inter nuntempo kaj tuja estonteco. En nia nova teorio ni havas 
senperan rilaton nur en la invtegrita formo (5), tiel ke en nia teorio “‘ zv¢tegro-kauzeca”’ 
rilato inter la konitaj faktoj je 4 kaj la antaudiro pri probabloj je ¢ anstatauas la 
konvencian ‘“‘tujan kauzecan rilaton’”’ de ¢ al ¢+d¢t de la Schrédinger’a teorio. 
En la nova teorio, la diferenciita rilato (6) inter Y,(¢) kaj Ya(¢+dé) ne plu 
estas ‘“‘senpera”’, pro la “memoro” de & al tempoj ¢fster la intervalo de ¢ al 
t+ at. 
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§ 1. Introduction 


It has been observed by Cerenkov and others,” that a fast electron travelling 
the transparent medium, whose velocity is greater than that of light in that 
medium, emits a directed visible radiation, and the direction of light is given 
by cos 9=1/fx, where 6 is the angle between the direction of light and the 
incident electron; B=v/c, v the velocity of the electron; ¢, the velocity’ of 
light in the vacuum; and xz, the refractive index of that medium. The 
theoretical explanations of this radiation have deen given by several authors 
not only classically but also quantum-electrodynamically, on each different stand- 
point of view.” Many of them, however, introduced the refractive index 2 of 
the medium phenomenologically and so the mechanism of the radiation seems to 
be somewhat obscure. Especially, in the quantum-electrodynamics, the energy 
momentum relations of photon in the medium” are given unsatisfactorily on the 
phenomenological considerations. For an example, when the electric field 


strength H is developed as usual 
ie | Me, (z) (Z,(é)exp (kr) + E* (é)exp(—ikr)) dk 
é=1 


with the polarization vectors @;, the refractive index x of the dispersive medium 


may be defined as follows 
3 = 
D=\Sie,(4) (2) (E(4) exp (ikr) + £,* (k)exp(—ikr) dks n (hk) = V (2) 
é=1. 


where D is the electric displacement vector and we consider the medium as a 
non-magnetic one. But the refractive index z, thus defined, which is the function 
of the wave number vector &, can not be compared with 2() defined by means 
of the function of the frequency @ as usual as in the classical electromagnetic 
theory, unless any correspondence between k and @ is given. 

That is to say, the relation between the frequency w and the corresponding 
wave number vector & in the dispersive medium, is given by w=ck/n(£) not by 
w=ck as in the vacuum, and on the other hand the so-called refractive indx 2(@) 
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may be expressed by 2(w)=1+a/(w,—o’) aside the damping term, in the 
classical electron theory, and also we should notice that it is the latter which 
is used in experimental results. 

Of course, this obscurity about the nature of the refractive index will vanish 
as soon as the atomistic consideration about the medium is taken into account, 
what means to give any functional dependence of % on &. 

However, in this phenomena, not the individual but the total atom’s polari- 
zation seems to be essential and also this is the reason why the phenomenological 
treatments are successful. Under these statuses it is the easiest way to start 
from the semi-phenomenological standpoint. In section 2 and 3, the semi-phe- 
nomenological electrodynamics in the medium is discussed and in §4 and §5, 
this applied to the Cerenkov radiation. 


§ 2. Semi-phenomenological electrodynamics in the medium 


At the first, we consider the polarization of the group of atoms in the 
physically small space region, intead of individual atom; then P, the polarization 
vector, may be obtained by taking the average of these atom’s ones over the 
small space region under consideration. In this manner, the polarization vector 
P can be seen as the field quantity defined at every point in the medium, in 
the macroscopic meaning, and as is well-known, the equation of motion for P 
may be given by” 

Sl he 
at? 


2 re a 
+, Oe pie (1) 


where ¥"°=w,.—a/2, w,: eigenfrequency of atoms in the harmonic oscillator 


a=47Ne’/m, N is the number of atoms per unit volume, 7, the electron 


mass, ¢ its charge, The equation (1) will be considered as the limiting case of 
the equation 


model. 


9 


oP 
—AP+ “ae + vy P= (a/47) E, when 4P>0. 


The following Maxwellian Equations have to be added to (1) as the fundamen- 
tal equations of our total system. 


rotH—_1_ _9E ="7 (I+ oF 
e ot c or 
l 0 
rot EK +— ——-=0, 
G ot (2) 


divE=47(0—divP), 
rotH=0 


which may be derived from the following Lagrangian 
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il a 5 : 3 
L=—5-(B*— H?) —42(p—divP) 9+ (a4 ah as a a —»2P*h. 
c Of Of } 


The Hamiltonian of this system may be given easily by the above Lagrangian 
in the usual manner. We introduce the Fourier expansions of the field variables 


A= | “te, (2) (qa (4, t)exp (kr) + comp. conj.) 
+€,(£)(¢o(4,t) exp (kr) +¢.c.) }dk (3) 


where 4 and a are the transversal and the longitudinal index respectively. (for 
simplicity, we considered the linearly polarized case), and similarly 


= Fes |_{albsexp kr) +c0.}dh, (4) 
P= sas |_tes (2) (6 (2,A) exp (éher) 40.0.) 
+e,(£) (.(4,t)exp (thr) +c.c.) }dk, (5) 
fis ves\_! a(&,t)exp(ikr) +c. }ak, (6) 
we 753 ee e,(2)(s,(B,d) expGRr) +c.0.) 
+€,(£) (so(Z,t) exp(tkr) + c.c.) }dke (7) 
with the following conditions” 
e(A=e(—A,  e(@)=—e,(—2), — o*(—4) =0(2), 
g(k) =9x(—4), a*(—hk)=alk), o*(k) =0(—2), 
a(—D =), ak) =al—-A), x)= S,(-8), 


4(-4) =Si) 


and the Lorentz conditions ia(k) =ckg,() for each &. 
We then find the total Hamiltonian has a form ;”. 


aoo* 


H=\" Pdr + w 9.9.* —4T (s9a" +5,*¢a) + 162° B 


; ay s a ak 
4162°(E,80* + (083 0") )+ = (q,.*—40¢,) (a 479,*) 


16 
167° of = x fas, + 4 OF ekt tale (8) 
+ 7 YySrSa Tee” Esa 
where 7, 4o and £, etc. are canonical conjugate momentums fot €i4, "4, and cy 


etc. respectively and they are given by 
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167° 


pHa", 0 = 
a 


‘ 1677.) 
o, +479), Lens Ai eh 


and their complex conjugates. 


§ 3. In the case of the electron absent 


In this case, we can put J=p=0, and then (8) becomes 


ih=\| Pr Pr* + o*Qagn + Te (4x*—479,) (g,.—47 99 ~¥56,8,* 
+ — 25 I0to* + pee vy oso" + 167°S 5, + dk. (8)’ 
167° a 


The last three terms represent the energy of the longitudinal part of the polari- 
zation field itself and these may be equated to zero. 

Then, by the method of the contact transfoimation, (8)’ can be represented 
as the aggregate of the independent harmonic oscillators. Although this contact 
transformation will be easily performed, we prefer the primitive way for the 
purpose of the application to the Cerenkov effect. From (8)’, it follows immedi- 
ately 


nto "9, =4n€,, 


é, + % pene ky iL, 9» (9) 


For the normal modes o’ of these coupled oscillators, we get 


9 1 9 9 
Os ge w+ue+tatvV (w'+¥"+a)—4720,7} (10) 


z=1, 2, for —, + respectively. 


Introducing the refractive index »,; for each w, defined by 


ui; 1 SN a apt sae (11) 


OE 
and using the secular equation of (9) for ,', we also obtain 


oO, = 0/1; (Wj). (12) 


There exist some relations between w’, w and nm; which are shown in Fig. 1*and 
2, indicating that 2, are the functions of w, in the usual manner, but not of %. 


We introduce new field variables 3;,, Byr G@=1,2), which satisfy the equations 


y+ ofS ,=0 (13) 
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and their complex conjugates and give the following relations for them 


= 2 
= DT ho = Diba de (14) 
etc. where 
x; =ATIM;% 4, 1 
L= (W.— WF) Kas *0 An (w/ny) ne + wPa/(Ye— we)? (15) 


We find the following expression for the total energy of this system 
2 
(312072 1,5 iF) ak (3) 
t=1 


(hereafter, the primes of «; will be omitted for simplicity.) 
The equivalence of (8)’ and (8)” can be immediately verified by a direct 


calculation, except the longitudinal part in (8)’. 
In order to quantize this system, we introduce new canonical conjugate vari- 


ables 
Py= —iw (24-28), Ou=Fat+ FH G=12) (16) 
satisfying the commutation relations 
[Pa(), Qaj(2’) J= Fi%exe | (17) 
[Pu(&) Pay 2) =[Oa (4), Qa ]=9. J 
Then (8)” becomes 


H,(é)=3 4 (Pit wiQR). 


The matrix elements of Qj; are given by 


Wei ya ey } 
Qi) nn i= Oi (4) n+t,0= v. nex — iw/n,t). (18) 


é 


From (15), (16) and (18), we obtain also 


912, T. Taniutr 


=. Ria Ue oe 
LA Cea Dros ara Hie iw/nit) ; 


(19) 


yee Bat AGE) epx(—ia/nd). 


§ 4. Cerenkov radiation, classical theory 


In the presence of a free electron with constant velocity, (9) are modified 


as follows 
gt o'g=4n(E+5,)s (9a)’ 
é at ye) = eo (9b) ’ 
Ar 
€, pt, =— “6 (9c)! 
k 
where 


(ne, )exp(—izk, ail a= exp(—7z4,v/) 


{p= 


e 
T5in : V32 7° 


because of the relations J=nevd(+)d(y)d(eg—vt), p=ed(x)0(y)d(z—vt), nN, the 
direction of the movement of the electron, v, the velocity of it. Using the 
abbreviations 6=ev/(W2 7) (me), vy=—%,v; (9a'b’) are written down 


a: +uP9,— 4né, =—be™, (9 a) " 


F,+0°S,4+ (a/42) 9,=0. (9b)” 
The solutions of these equations are 


2 
gn= DeAmiaexp{i (w+ 9) } +45/(w*—v*n}) }exp (i), 


ey Shh (w’—;) exp{i(a¢+¢) }—{ivab/(42(v2—*) (w®—73)) }exp (ave) 
with arbitrary constants ¢;. 
The above solutions indicate that for |w|~»=4,v, the resonance occurs, 
that is to say, the radiation can be observed in the direction cos I= where 6 
is the angle between & and zx. ‘ 


Now we consider this process stepwisely. 
At the first step, we can impose the following equation 


gn + wg,” =dexp{it}. 
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For the solution of this equation, we get 


A” = {6/(w*—H*) bexp (72) 
Substituting this into the another equation 
€,0 4.0,°,0 = — (a/4z) 9g, 
we obtain 
€,° = — {ivab/4r(v2—v*) (w?—) bexp (i). 


At the second step, substituting this into the following equation 


9 9 = 
A? +org,® =478,% 


we get for the second order solution of g) 
gn? ={a?*/(o?—) (v2—V) (oH) }5 exp (#7). 


Repeating this process, we get finally 


o a b qv. a e 
A= UA.” =— >{1+ ag +( 3 
é (AO) Ver) uv)? 7 


n=l wv 


Yona y- 
0 
(WF) v2) —a 


+ ---Lexp (vt) = 6 exp (zv2). 
y 


The resonance condition requires that the denominator of the above g, should be 
zero, namely 


(¥°—) {or—v(1 + ae - )} =0 
ee 


and therefore we get again, cos 0=1/fn,(»). 

Physically speaking above calcultions, at the first, the eigenfield of the incident 
electron induces atomic polarizations ; at the second process, these induced atomic 
polarizations excite the vacuum electromagnetic field, moreover the electromag- 
netic field, thus excited, reacts to the atomic polarizations and then these mutual 
actions and reactions between the eloctromagnetic field and the atomic polari- 
zations, lead to the Cerenkov radiation after the infinite process and this fact also 
indicates that the perturbational consideration is valid only in the infinite order 
in this case. The radiated energy is calculated by using the formulation perfor- 
med in § 3, in which the equations (9’a) (9’b) can be rewritten as follows 


oe 


= = 
fy,4+0765)= 47x15). 


As for 5j., the resonance condition is not satisfied and it may be omitted in the 
calculation of the radiated energy. Then radiated energy is given by 
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ay id 5 . 
u=\| Are (Hy15, 5 dy +051 E 2) at dk 
0 


= cut” (1 ee 


From (11), it is verified that |z 


"dk. 


01 


*wdw=w,du, and then it beomes finally 


awh Gas 1 
= "o/c (| (— v,2W,- 
(ev /c’) és Pn Jor OF 


ae cf 
Smi 


This result coincides with the quite phenomenological one as Frank and 
Tamm’s,” aside the upperlimit of the integration domain. However, in the usual 
phenomenological treatment performed by some authors,” the integral variable 
is the wave number vector A’, not w, and the functional dependence of ” to 
k is not given and may be different from that of 2(@,;) to @, and so the 
connection to the result deduced from the classical electron theory, which uses 
only z(w) as the refractive index, is not so obvious as in our case. Mathemati- 
cally spaking, the connection between two formulations obtained in one hand by 
Fourier developments of field variables about £ and on the other, about w,, may 
be clearly expressed in our treatment. The remaining equation (9’c) gives the 
longitudinal propagation of the polarization wave and it will be easily seen that 
this longitudinal flow comes from the propagation of the coulombic disturbance 
of the atomic polarization caused by the coulomb field of the incident electron 
and can not be observed as the radiation. In our discussion of the Cerenkov 


radiation, therefore it may be omitted. 


§ 5. Cerenkov radiation; quantum mechanical treatment” 


In the quantum mechanical treatment of this radiation, we should start from 
the following Hamiltonian. 


a2 onpiipsyelod, gip 
We ora \. Pek (Pii+ 0707) dk +a(p—eA,,) +48 


where we used energy momentum unit and p=mc*. By virtue of the ordinary, 
first order perturbation, and using the formulae (19), we obtain the following radi- 
ated energy in the extreme relativistic case, i.e. E~p 


U=eer| ald }E ste 2 { : (1-1 edo. 
erat TE Go. wie 2x" (@,) 


Bry = 


This result coincides with the classical one in which 7 js put equal to ¢. As 
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. the energy-momentum conservation, we also get from the perturbation calculation, 


In conclusion, the mechanisms of this radiation became somewhat clearer from 
the atomistic standpoint, and in the resultant formulae, the natural cut-off appeared 
because of the two valued correspondence between energy and momentum of the 
mixed field of electromagnetic and polarization field. 
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For the present, hermitian operators only play chief role in theoretical physics. Being long neglect- 
ed, non-hermitian operators however are supposed to partake a certain role in physical theories. Annihila- 
tion or creation operators are clearly non-hermitian. Hitherto we are interested in eigenfunction ex- 


pansions over some real interval. In the following, we consider eigenfunction expansions over some 
closed curve in the complex plane. 


§ 1. Expansions in finite dimensions 


A=|\a;,|| be an: Cz, 2) ‘matrix, a, *--*- og, different eigenvalues of A. Then 
we have two systems of eigenvectors (f,:-:--: »Fn)s (eqeeeee » én) each satisfying 


Af=% fi, é,A=ag;, 7=1,---+++,2 


where f; are (7, 1) matrices, ¢, (1, 2) matrices. For any two indices 7, 7, we 
have 


C,Afp= 40, fp=4e Sy» (a,;—4,)e, f;=0. 
Therefore we get 
eS y= 5x5 

adjusting numerical factors of ¢;. 

Any vector f of the type f; may be expanded as a linear combination of yi 
where coefficients of f, are obtainable by multiplying f by ¢, from the left. 

Expansion : fees Nef Va 

é 


Analogously we have an expansion of vector e of the type e; in terms of ¢, 


e= di (¢ fi) lg. 


§ 2. Operators in the complex domain 


Let #, % be two operators, hermite conjugate to each other, related by the 
commutation relation z#¢—z%=1. Eigenvalues of # are complex numbers. Adop- 


ting the #-diagonal representation, the inner product of two functions b(z), f(z) 
is defined as 


(W)=5 | se\Pe)de, 


z 
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C being some curve on the complex plane. 


We assume ¢(z), ¢(¢) be one-valued functions on C. Then we have 


ef) =(6, -$) =| $e) ae= (6, $), 


z 


: a ; 
6) = G5 =x | SOV @de= (8) $@ar=(-44, #). 


Qari 


In general we have 


(100, 9) (2 L)=(2(o2)69) 


where Z is adjoint to Z. 
If we have for any ¢ 


GL fh )=IG fr), (1) 


we call 4 eigenvalue of Z, ¢, eigen ¢ corresponding to eigenvalue 4. Analogously, 
when we have for any ¢ 


(G, LP) =A, #), (2) 


$, is called eigen g. This definition seems more legitimate than the usual defini- 
tion, for expectation values e.g. (6 Z¢) only have physical meanings. If we 
denote any two eigenvalues of Z by 4, 4, we have 


(OZ fu)=AGr. Gu) =H. fy). 
Therefore we get orthogonal relations 
(G, $4.) =0 for A+ey. 


When eigenvalues of Z are discrete, we have expansions of any ¢ or ¢ in 
terms of ¢, or ¢, respectively as follows 
$=D *r(ba¥), d=DS (G4) dr, 
where (¢,¢,) are normalized to be unity. Sometimes we use Dirac notation and 
denote ¢, by (z|4), ¢, by (A4|z), (Alz) being not necessarily complex conjugate 
to (2|A). 


§3. Harmonic oscillator 


Put 2e=q—ip, 22=q+ip, then q and p are hermitian operators related by 


the commutation relation gp—pq=2z. 
We know in quantum mechanics that the operator M=% #= (¢°+p°—2) /4 


has eigenvalues 0, 1, Qyerser , and eigen ¢,= (g|7) = (z|g) corresponding to eigen- 


value z 


(g|2) =exp{—9°/4} Aa(g) /nP" Qa), 
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which satisfy Weber’s equation 


[ters —f)]einre 


If we adopt the z-diagonal representation and choose a closed curve encircl- 
ing once z=0 as C, eigen ¢,;, ¢, will be determined by the relation 


(G2 by) =n (G Pn) for any ¢, 

(G, M$) =n (Gn #) for any ¢. 
In this case we can determine ¢,, ¢, by 

Nn =I ny $,N=71by. 


which may be transcribed as 


ae Gn te ae ee oe 


dz 
Solutions of these equations are 
?,=3Ce", ¢.=C’ oe C, C’ constants. 


Because #, ¢ are one-valued, 2 must be integral. Further we assume ¢ be 
regular at z=0. Then we have z=0, 1, 2,----- . Normalization of ¢, ¢ requires 
CC’=1. For further applications we choose C=!~?, C’=n!"? and we get 


n= (2|72) =2"217¥?, ga = (ale) =27" 7) 2 1? 


We verify easily that 
Req eo 
Gn $n) =5—| (one) (2\n) de Bam, 
BGln) @l) = Bist Ee = 1/8) ) lal <a, 


$= Tn Gn ?) = Sel eb ds ¢ regular at z=0, 


Qn 
—_ = = aes 1 ant ° 7 : = = 
$=DiGbfn)bn = Dp sole é(e)de pe abt cs 


We can build up transformation functions (z|9), (glz) from (z|2), (z|n), 
(g|z) (xz\g), as follows 


(=o) =33(€|0) (lg) =exp{—2 +g = byeny, 


(al2) = Sal) (ale) =exp( — ©) Shag) 2" (2a) 


each satisfying respectively 
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(le) @Gla) =a (led(el2)),— (CiadeColed)=a( (le) (ale)), 


(Gide@d)=(Cin@)) — (alae) =A le) N), 
where 
(Cla) (al) )=[(l) Gl) ag etc. 


To complete the list of transformation functions we add the ollonines 
(gla) eh (Az), (pla) =e2/(4)”, 
(x|p) = exp(—2)i"H, (A)n "(22)", (pln) = exp(— finn, (p) 2 VP(2r) 4, 


§ 4. Eigenfunctions of the hypergeometric differential equations 


Hypergeometric differential equation 
a(1—2)y" + {7— (4+ 8 +1)2}y’—afy=0 
has solutions represented by Riemann’s P function 
ee ron ak 
y=P| ee “ 
l=; Pp. 7-a-P 

Assuming 4+ be a non-integral constant », we put 

L=xl—a)# + {y— (+1) 4} 2, #x1—2x#=1, 

Ly=x(1—«)y" +{7-(+1)2}9'=%, 
then Le={e(l—x)e}"—{ 7-412) 2}! =e. 


We shall choose a curve encircling once +=co as C, and determine eigenfunc- 


tions of the differential equation, one-valued over C. 
An index a at x=co must be integral. Therefore eigenvalues of Z are 


A=n(v—n7) 
and eigenfunctions corresponding to eigenvalue ~(y—x) are 
In=u" F(a, n~p+1, 2n—v+1, x7’), 
gaa"! F(l—n, y—n, ¥—2n +1, x"), 


2, are polynomials in x if we assume ”>0. 
We have here a remarkable result 
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Siena) = —— lz] <|el, 


(3) 
with (2m 2a) =0, eF a) =0, (ae Wa) tee . 


The result may be proved by rearranging series expansions Of Ynys 2n tito, 
From (3) we get expansions of any z(7), y(%) in terms of o4(x), ¥n(x as 
follows 


a(a)= Ad [22-d=Ze, (+) (s (2) yn (2) ) x inside C, 


eons 
277 


(4) j20-a=S9, (x) (% (t) y(t) x outside C. 


§ 5. Eigenfunctions of Legendre’s equations 


Let 
ditt. ay 
L = —_ ee | pac A= 
gesion a la) pe 
then 
5 a az 
Les (CST) de 
ax i la 


In this case ZL=Z. We choose the same curve C as above. Eigenvalues are 
A=n (a+ 1) ; n=Q,1,2, Ss0005 
Eigenfunctions : 
neta), Sa= (2x+1)Q, (4), 


where P,(x), Q,(*) are Legendre’s functions of the first or of the second kind. 
The relations _ 


(Im In) =, (e 2n)=0, (Zn In) =O mn ’ 


© = (3) bis 
Len ()y,.(4)= 4 2n +1)P, (+) Q,(¢) =1/(¢—) 


are well known” 


§6. Eigenfunctions of Bessel’s equations 
Let 
ad dy 2 
at ee 
a 


then Le= ag te +272=2, 
ae ae 
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C : a curve encircling once +=0. 


HKigenvalues A=, N=(0,1,2, +++. 
In=S, (2). 


There are no solutions having index —z—1 to Le—n’z=0, We must start from 
the basic equations (1), (2). We assume the index of 2 2, be —xz—1 to preserve 
(Zn Yn) =1 and Zz, be expansible as 

2” »! 


n+1 
x 


en 


~~ LH cyt 46547 4 eee +c¢,x%" \. 


Then we can determine coefficients c; so that we may have 


es Eee AC 
Fa —2"),=4 2 n=1,3,5,----- 
Qx n=2,4,6, seeeee 


and we can have 
(Lea, Im) = (En Im) for any m=>0 


%, are called Neumann’s polynomials” except for constant factors. There are 
classical relations 


(Im In) =9, i Zn) =0, (Zn In) =Onns 
Den(d) In(4) = |4| < |Z]. 


(3) ter 


If we start from the differential equation 


Ly= “a ne + (2o—1)4# D4 y= =/y, 
ead ax 
we have 
eigenvalues A=(n+yv)?—Y, 
eigenfunctions (eo IE 


aes) =A,, (x) 
which satisfy 
Tent (2?—A/, en= =Sn,v (4) 


sd od pr slBT ly 
dx dx 

where g,,(%) are polynomials” of the first degree in x. The same relations as 
(3) hold analogously. Let L=x/(1—+*)-#r#, then we get expansions in Kap- 
teyn series.” 


§ 7. Eigenfunctions of the confluent hypergeometric equations 


L=7 PF — 
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Differential equation to y 
ay" +{—4 + ha—ily=0, 


C : a curve encircling once +=0. 
Eigenvalues A=n(u+1), n=0,1,2,------. 
Eigenfunctions 


i e722 {1+ n+1—k x (x+1—Z2) (1+2—k) Xie 1, 
1!(27+42) 2! (2u+2) (27+4) 


k—n (h—n) (k—n +1) is fa 3 (k—n)---(k—1) 2}. 
I! 2x 2! 2n(2u—1) n! 2n---(%+1) 


Spee el? {1 + 


%, satisfying 


2 /2 aed Cece 
(2% 5,)"4{—4 the-art) og Ea EIDE 
x 


2n! 
There are similar relations as (3) 
Cin Pn)=0, Gm #0) Yager 33 sual Inl@) = lal <1 
Vin Vn) Vs Sm Sn) = 9mn,ns on it) BN ats 
ac n=0 Z t(¢—x) 
If we take 
FE mlcte Bal ts tad iy SS ic 
+ x 
C : a Curve encircling once += co. 
Differential equation to 7 
ap (axes Way. 
4 Bi 
Eigenvalues A=r+n, n==1,2,--.+- 
Eigenfunctions 
gynesnar (1+ CoV Ertn) 5 (1—x) (2—x) (2r +x) (2r+n—1) if ) 
1 4# a) 2" i 


a=? aan (he ee let T) (or Fal et n+2) ) 
2 ype ae 


Sen a(2) =e Zz), 


This result may be applied to the eigenvalue problem for hydrogen atom.” 
Let 


Lovee noe 
x Ee 
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To determine eigenvalues and eigenfunctions of the differential equations 
cc 4r(r+l1 
eat Gs D) yay 
Es a 
under the condition that y be one-valued around +=, we change the variable 


from x to f=W/4} x, and we have 


a*’y | 1 e 1 r(r+l) 
SS ah te —— — =), 
at? 4. VaR ¢ f genie 


whence we get, using the above result 


¢ 
a el n=1,2,------ 


therefore we rediscover the famous formula 


9° 
CC 


AE i A, 
4(y +n) 


Another curious example is the case of harmonic oscillator. If we deter- 
mine solutions of Weber’s equation 


y'+(nt 2-2) y=0 


under the condition that y be one-valued around r=, we get 


n=O, if 2, wenaiee e 
> n— n(n— 2—2) (n—3 
In=exp(— *).2"{1— Nos Yl) am 20h an Yael, 
ul n+2 na+1)(2+2)(2+3) (+4 
en=exp( 4 a {i+ ( NUE: aes Mane at goed, 
S) yn(z) 2n(#) = expt (A—2°)/4}-/(t—2) lz|<|#1- 


More curious is the fact that the expectation values of #°"(e.g. m=1) calcula- 


ted by two ways are equal. 


att =| {exp(— =), (a) /u!'? (27) ye edx=2u +1, | 


<> = =| 22 tg (X) Sn(v) Ax=2n +1. 
Qn Jc 


ing Its we can guess the existence of a certain property 
From the preceding resu g 


concerning eigenfunction expansions 1n the complex plane. 


§ 8. Eigenfunction expansions of 1/(¢—*) 


We consider here an operator 
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L=p,(x4)#F+pi(e)%+p.(*) (4) 
where we assume in the neighbourhood of +=0 


p (4) H=7(1l t+ cate ue 


p(4) =a (lav tere y% y : no integer. 
p.(4) =2+ éxbiene 
The differential equation to y 
Ly=py(«)y" +pi(4) 7 + ple) y= () 


is assumed to have no singular point other than +=O inside the closed curve C 
encircling +=0. 
The indicial equation at x=0 is 


p—vo+ p=. 
If we require y be regular inside the curve C, we have 
Z2OF LQ pee. 7H, 08. 
so that we get An=U—wntnw, n=0, 1, 2,--+- : 
| In=X" (Aun + On.nsiF + Annet hh +* ), Onn =1. 


The adjoint equation to (5) is 
L2=(Ay(4)2)"— (A,(4) 2)! +p2(4) 2 = Ane 


whose indicial equation at =O has two roots —z—1, n—v—1. We denote the 


solution corresponding to the index —z—I1 by v, which is in general an infinite 
ascending power series in x. 


—%—1 
Un x n R Can Pon ad, nb forces HC ont + Besikiois ), ‘pee 13 


We cut off the terms higher than x" in this series and denote the remained 
part by 2, 


Pn=A" (Can bn aaynd Eevee +n #”) 
which does not satisfy the differential equation 
(Z—A,)2=0, 
but 
(Z tA) Stese $c}, . 


The right side does not contain any term of negative power in x. 
We have from the above the following relations 


Om In) =0, Cr 2,)=0, Ce Zn) =Omp » 
the first two are obvious. The last is deduced from the relation 


((Z —An)Bns Im) =9, 1.€, Ghz, Im) =n (Zn Im) 
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_ Further we can deduce from (Ym 2n)=Onmn, M=0, 1,-+++- nt 


(% 2) = a5 Cn + Oot Cin + 7° °° + in Cnn=O0, 


(I12n) = i, Can ete + Gin Cnn =O, 
(In Zn) = Ann (Can ee he 
If we put 
Qo Qo pore “si Groelat (Be IOOO OU \ 
A= Oo ayy Qe aaa = C= oO C1 C2 eeeeee 
Oe OS siboss sce d O O Cggrreree 2 
L SOR, Fp Ot POPE Aa Fat, 8 J 
I (206% 
T= ek EN as OO Snr KIGD ; 
vate ya 2) eget, ) 
Yo ls V(x ’ 
t : Z= (z,(¢), #,(2), (2) 5°**)s 


we have 
VY=AX, ZaTITC, and AC=1, 


Therefore we get C=A™ and 
ZY=TCAX=TX, 


that is 
5} =O) m=O er =1/(e-2) lal <I (6) 


The last problem is to determine (Z—A,)2,. Multiplying the equation (6) by 
L, or LZ, from the left, we have 


ine AOL WACO 


vey fix aS) Lien ja(*)s 
whence we get 
Z,——b, += SE. hon) (7) 
ee t—2* 
From (4) we have 
1 _=a(2)(Z) - 14 p(o% tay 


ad\ p(t) 2 Pi © atest 
| Weegee Lae t—%x at — 4 as 


Expanding ,(¢) in Taylor series in ¢—-, 
pht= tela) + (2) p(x) + Sp) + 
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e-@) _ PA*) 4 91() 42 ee Ra oe 
t—x t—%x 


we have 


= P(*)_ 4 Regular part at f=~7. 
t— 4 


Therefore we see 


Tix —L, =Regular at t=, say K(¢,4); 
We can expand R(¢,x) in a power series in x and transform it into a series in 
elt )ay net 
R(t) = Sealy) 
then we have 
Sign (¢) In(2)= SL. —An)en() In(2)- 


Equating the coefficients of y,(4), we get 
(ZL .—A,)2n(2) =gn(2). 
If f(%) is regular in the annular region confined by two circles C,, C, having 
centers at #=0 and radii 7,, 7, respectively (7,<7.), we have from Cauchy’s 
Theorem 


f= = \, 22 £0 gy 4) dt 


Qi Je2 x— 


One. S). LOA Ven (DIn(#) Yeah 3», Ma Den) In 


=Swal2) (a LO) + Dee) FO, mn(9) 
that is, Laurent’s expansion. 
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We have analyzed the various processes which are induced by the absorption of the negative 
m-meson by the deuteron. The negative z-meson is assumed to be bound in A-orbit. The results 
indicate that, as for the model of meson, the vector and the pseudovector types are not 
favourable. The z-meson of pseudoscalar type is most favourable. 


§1. Introduction 


In the analysis of the processes in which z-mesons take part, it is generally 
difficult to support the validity of the obtained results because of the complicated 
correlations among the meson model, the apporoximation method and the theory 
in itself... However, we would rather accept such standpoint that, in the concrete 
analysis of the various processes guided by the present theory, we search the 
key perspecting the characters of the difficulties. The problem here treated is 
one of the works with such intentions. 

On the z-meson production by the nucleon- and photon-nucleon collision 
various analysis have been done.” By these works, the pseudoscalar 2-meson 
theory is shown to be advantageous. Previously, we have studied the absorption 
of the negative z-meson by the proton” and found that the pseudoscalar theory 
was also favourable in this case. But because of the arbitrariness of the coupling 
constants of the z-meson with the nucleon, we could not give any affirmative 
conclusion. 

It must be noted that in the deuteron case, here treated, the obtained results 
do not depend upon the magnitude of the coupling constant, but do only upon 
the type of the interaction between the meson and the nucleon. 

With absorption process of the 2-meson in K-orbit, we can expect the 


following three processes tentatively, 


al N+N (i) 
m-4+D—> N+N+r7 (ii) (1) 
NO N+N+2° (iii). 


(i) is the process in which the deuteron disintegrates into two neutrons, getting 
--meson, and (ii) is the one which accompanies the photon 


the rest energy of the 7 
owed only if the rest energy of the neutral 7- 


$90 7 Geet 
emission. The process (iii) is all 
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meson is less than that of the negative 7-meson minus the binding energy of 
the deuteron and the neutron-proton mass difference. Recent experiment shows 
that 72,—7,0 is almost of ten times of the electron mass, so the process (iii) is 
not always forbidden. But, on account of the smallness of 7,—?,0, the momentum 
of the emitted 2°-meson becomes small. Accordingly, the contribution to the 
probability of the transition (iii) from the final state density comes out to be 
smaller compared with that in the case (ii). So, we shall not perform the exact 
calculation on the process (iii), but only give the order estimation about the 
relative magnitude of the probability of process (iii), comparing with that of (ii). 

The experiments on these processes have been done by Panofsky et al.” 
The roughness of the obtained results does not enable us to affirm the existence 
of the process (iii), And it has been known that the processes (i) and (ii) 
occur with the comparable magnitude.* 

Before entering into the calculation, we give some preliminary discussions. 
The perturbation method is used. Process (i) is of the first order and the 
processes (ii) and (iii) are of the second. Moreover, for the process (i), the 
effects of the third order correction are studied. Our aim is pointed to the analysis 
of the z-meson model, that is, of the meson-nucleon interaction, and so the 
relativistic treatment becomes necessary. However, the initial state—deuteron in 
our problem—is the bound one, so that such a treatment becomes seriously 
difficult. So, we treat the states of the nucleois in Pauli’s approximation. 
Considering the energy of the associated nucleon to be at most one half of the 
rest energy of the z-meson, we may expect that such a treatment is valid. The 
state of the nucleon is expressed by 


tty 
2s iene: bal Mei = A @) 
ls Uy gt <j 
U4 
then, we can write in Pauli’s approximation, 
p= (—i/2M) (6 grad) ¢ ; My; nucleon mass. (3) 


Some remarks are needed concerning to the wave function of the deuteron 
and of the two neutrons after disintegration. In fact, it has become clear that 
the assumption upon the type of the internucleonic potential bring rather large 
iifluence on the results, from the theoretical analysis on the 7-disintegration of 
the deuteron.” On the other hand, by the analysis of the nucleon-nucleon scat- 
tering, it has been clear out that the long-tailed potential give good results.” 
We take, accordingly, the solution for Serber-Hulthen potential as the ground 
state of the deuteron. 


* Private conversation with Prof. H. Yukawa, in August 1950, 
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Because of the comparatively small associated energy, the state of the neutrons 
after disintegration cannot be treated as free. Any accurate knowledge, however, 
has not yet been obtained on the neutron-neutron potential. Accordingly, from 
the analogy with the results on the analysis of low energy (<10 Mev) nucleon- 
nucleon scattering,—charge independence of the nuclear potential—, we assume 
the neutron-neutron potential to be also of Serber-Hulthen type. There is, of 
course, no support on that assumption up to the energy treated here (~100 Mev).” 
But when we study the relative probability of the processes like (1), the small 
variations of the nuclear potential may result in small correction. The states of 
the neutrons after disintegration are separated into the states 1S,°P,1D etc. which 
are the solutions in the above potential. And we perform the calculation only 
about the allowed transition to the lowest level, whose probability takes the most 
pait of the total transition probability. The error caused by this simplification is 
of some 10% in magnitude. 


§2. 2-+D—N+W; First order process 


As the nucleon-z~-meson interaction, we take only scalar, vector, pseudo- 
scalar and pseudovector meson theory, respectively. For instance, for the pseudo- 
scalar theory, we take 


Hy s=f¥ *By¥ 9. 
According to Pauli’s approximation, it results in 
Ap s=f iP P—-P*$ }b=S {P*d(—i/2M) (6 grad) /— 4/2) (grad $*) $9}. 


As equivalent form, we take the following 


Hp s=f(i/2M) $*(o + grad 9) ¢. (4) 
Similarly, for other meson types we obtain the followings, 
Hs =f0"9s, Hy! = (if/M)$*oU + 6 grad ¥, 
p.y =f$*o Ud. (5) 
g and U are the wave functions of 7-meson of scalar type and of vector type, 


respectively. 

From the facts that the deuteron is in *°S state and that two neutrons exist 
in the final state, there occur some restrictions on the transition allowed by the 
interaction (4) and (5). In the scalar theory, for instance, the interaction having 
no G-dependent term, only the transition to the triplet state is to be allowed. 
If the final state is a triplet one, its parity must be odd. Considering that the 
paiity of the deuteron is even and z-meson has a spherical-symmetric wave- 
function, such a transition must be forbidden. Allowed transition to the lowest 


level are as follows, 
c 3 3 
scalar: *°S—x0, vector: *S—'*P, 
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pseudoscalar: *S—*P, pseudovector: *S—'S, 
To calculate the matrix element, we separate the wave function of the nucleon 
into two parts, that is, into O-space and into the ordinary space, letting it to be 
g=yz(a)u(r). (x is relative coordinate.) The matrix elements result in 


Hi. f/x)" G/2M) (O42) (by/a) (42/3) | “oyepar®, 
Hy = f2n/2)"@/M) (fO.Gx0) 9, (44/3) | (8/8) eyrde 


f= fOn/x)!2 (0,7) byte | “aoy*ar / (7) 


Here, we have neglected the binding energy of the z-meson compared with its 
rest energy. And we have replaced ¢ by ¢, (value of ¢ at the origin), for ¢ is 
almost constant in the region of the deuteron’s extent. & is the relative momentum 
of the neutron after disintegration. oO, and G, are the A- and U-component of 
the spin vector 6. For convenience of the calculation of the matrix in o-space, 
the projection operators which select the triplet and the singlet are introduced, 


A,= (1-0) /4,  Ap= (8 +0%o) /4, (8) 
Using H’ in (7), the probabi‘ity can be obtained as 
W=22|A'0y, Prp=hv VP +P /2(22)'-d2, 
k=[M(x—€—4dM) }'”. (9) 
€ and 4M are the binding energy of the deuteron and the neutron-proton mass 
difference, respectively. J7 is the neutron mass. 
If we assume the mass of the z--meson to be 278 electron mass, two 


neutrons whose kinetic energy is about 11 MeV, are to be emitted simultaneously 
in the opposite directions in the above process. 


§3. 2°+D—-N+N+7 


In this case, the transitions are allowed for all meson types and the lowest 
final state is *S. The process is of the second order and the explicit virtual 


states are expressed as, 


P+y+2-+MV 
ai eaips Pha pce ON 


a Ni +7+P+27 
D+r et idl (2)—- N+ NV 4y. (10) 
S\ [weer sie oe 
D+y+27 : ( ) 


* We take 4=c=1 unit. 
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‘The dash means the paiticles which take part in the emission and the absorption 


of the protors in the virtual state, and [ ] means a hole of the negative state. 
In the virtual state, we treat the nucleon as free. Our processes are associated 
with the absorption of the 2~-meson, so we cannot separate the photon-nucleon 
interaction into the dipole, quadrupole --- interaction as in the case of the photo- 
disintegration. For instance, in the pseudoscalar theory, the contribution from 
the negative state nucleon becomes distinctly large. We should treat the process 
one-body-p1oblematically. 
On the scalar type meson theory, the interaction in the transition (12) is, 


H! =cP*aA¥ + $4 grad $+ 4,0 *6H (x,) F + py! *0H(x,) 0 +0 *OVS, 


O=8: for scalar, O=87;: for pseudoscalar. erin 


x, and #, are the position of the proton and of the neutron, respectively. 
We have introduced the anomalous magnetic moment of the nucleon, phenome- 
nologically, indicating it as #. Process (3) in (12) is of little contributions to 
the probability, because of the small binding of the z~meson. On the vector 
type meson theory, however, though the above discussion is not valid, we might 
be able to neglect the process (3) according to the reason discussed below. On 
one hand, if the 2~-meson is on the orbit after radiating y-ray in the virtual 
state, the contribution of the space integral to the matrix element becomes quite 
small. And on the other hand, if the 2~meson is out of orbit in that case, the 
density of the z~-meson’s wave function comes out to be small, effecting to make 
the absorption of the z~-meson by the proton difficult. Though we cannot examine 
such an effect quantitatively, it may be not far from the reality. 

We can calculate the matrix element of the interaction (11) explicitly. For a 
example, we take the pseudoscalar case. In this case, the process (1) in (12) 
gives the largest contribution. Hereafter, we shall assume 2>x/M, and we 
neglect O(x/M) compared with unity. In this approximation, only the process 
(1) is effective. Noting the initial, virtual and final states of the proton, as ¥,, 
Y, and ¥,, respectively, we set similarly to the treatment in § 2, 


PF =Vyiv, F,=Dxj%=z% exp (h'm,), 
Pp P 

v= Siylvi, p=, 2, 3, 4 7 (12) 
Pp 


Then, the matrix element is 


ak’ 
H! =fe(2n/x)'? (27/2) 12 (af Bry" ku.7') é,) we "ar 


* In the calculation of | (x Ox)? with these operators, we must take the following normalization, 


_ corresponding to the singlet or triplet initial state, 


| (x,Ox,) +=Sp OAOA, 
or lx,Ox,) ?=359 OAOA,, 
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viaYr’ x 


stfgndlenh De ; die! iL ) (13) 


fe ek VM? + (q—k/2)°?+£ \k-qi 


\k|=£& is the energy of the phton in the final state and q is the momentum of 
the proton in the relative coordinate. Eka! is the proton’s energy in the 
virtual state, including its sign. We replace ¢ by ¢, according to the same 
reason as discussed in §2. This simplification may be valid on the assumption 
that the various transitions in the virtual state occur in the region of the A-shell 
of the 2~-meson.* 

Further approximation is made. Space function v, can be replaced by the 
plane wave assigned to the momentum q except in the nearest neighbour of the 
origin where the nuclear force has a strong effect. Accordingly, the most con- 
tribution of the first integral of (13) comes from the region |Ak’|~|q|. And so 
we can take the denominator in (13) to be nearly constant in the integration 
on k’. It gives simply 0(”#—7”). The calculation in the spin space is as follows ; 


Br ar) = (y/ -fr| Z,—ep—PM Ja.7') x (1/EY—E,) 


Lv, +£ 


‘Pp 


~(—1/2I) (x0.4); 
Ey=*t—V AOL (q—k/2)? £,=£ |\k-q\- (14) 


Here, we have used the approximation 1>(x/J7). 6, is the component of the 
spin vector 0 in the polarization direction of the emitted photon. In the last 
line of (14), y is 2-dimensional sdinor in Pauli's spin space. Thus, the interac- 
tion becomes, 


Hps=fe(2n/x)'" 2n/b)'"(—1/2M).(xoJ) 4) 1 (q)e—"* Paar (15) 


v, and #, are the wave function of the ground state of the deutron and the S- 
wave function of the wave number g. 
The probability is 


adW=2z2|H"|?o,. (16) 
The density of the final states is, 
a ) ® 
pr=hdK | (22)|-d,- 79 (ag/ak,), 3 
(2m)? 
Ey=Eptt=V IP + (g—k/2)* + VIP + (qt+k/2)? +2. CLT} 


q—k/2 and —q—k2 are the final momenta of the two neutrons in the center of * 
mass system (in this case, laboratory system). 


* Strictly speaking, it is the three-body- problem. Because of the difficulty in such problem, 


we 
rather depend on the physical picture. 
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§ 4. Numerical estimations and the process accompanied 
with the z'-emission 


I) We shall begin with numerical analysis of the results obtained in the 
foregoing paragraphs, The spectra of the y-ray emitted in the process D+ 727->NV 
+WNV-+7 are presented in Fig. I, being compared with Panofsky’s results. Taking 
into account the uncertainty of the 
experiments, the consistency is satis- 


i -Panofsky’s Experiments 
— Scalar & Pseudovector factory. Still more a few remarks 
Ritesh Veewdadielag SeAector on the spectra are given. The spectra 
© Normalizing Point of the emitted 7-ray accompanied 


with the absorption of scalar z7~-meson 
and of pseudovector z~-meson are 
of same type. Concerning to vector 
and pseudoscalar z-meson, the situa- 
tions are similar. The former spec- 
trum differs from the latter only within 
the experimental errors. From Fig. I, 
it is clear that the majo.ity of the 
emitted y-rays have the enery greater 
than 110 Mev. Accordingly, the 
probability that the neutron is emitted 
with the energy more than 30 Mev 
is only of magnitude less than 1%. 
This situation is favourable to dis- 
Energy .of emitted photon in Mev. criminate the above process from the 
process 7~4+D—-N+WN in the ex- 
perimental researches. 

The ratios of Wy (probability of the process 77> +D—->N+ WM) to W,, (probab. 
of the process 77> + D—+>N+N+7) are presented in Table I. In these calculations, 
the coupling constants of the 7-meson with the nucleon cancel out. Accordingly, 
the indefinitness caused by the magnitude of the coupling 


110 130 


Fig. I 


constants vanishes. As is mentioned in the introduction, Meson Type Wolite 
these discussions, of course, is valid only in the region in ~~ > 5 
which the value of the coupling constant allows the per- PS. 0.02 
turbation method. From Table I, we can see that the (gies daub HX: 
results for any mesonic type are inconsistent with the PV. 7.106 
experimental result which indicates Wry/Wy.~1. The ree, 


following considerations, however, may be needed. : 
Considering the coupling constants only, we may expect Way/ W7~A (6 = 187. 
The situations that Wyy/W>»,, deviates far from 10°. are accidental, being causce 
by the peculiarity of the interaction of the z-meson with the nucleon. For 
| 
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instance, in the case of pseudoscalar 2~-meson, the operator #7, which is 
included in the Ist approximation makes the value of Wy quite small. In this 
case, higher order correction to the process 7~+D—+N+N may be needed 
and be expected to contribute considerably. For the case of scalar =~-meson, 
similar affairs are expected. In the following paragraph, we shall analyse the 3rd 
order correction, which does not include such peculiarity as in the 1st approxima- 
tion. Fiom the view point of the perturbation method, these considerations are 
unnecessary for the z~-meson of vector type. And so, for the vector type meson, 

the consistency with the experiment are not expected. 
Further, the ratios of W,,, to W,., (probab. of the process P+2~—>NV+7) are 
given in Table II. It is to be noted that the values given in Table IJ must not 
be compared with the ratio of the process D+z7>->~N+N 


Meson Type Wait. , +7 to the process P+2-—~N+y given by Panofsky’s 
9. 0.85 result. Because Panofsky’s result remains unchanged, even 
PS. 0.81 if the probabilities of ail transitions caused by the absorp- 


tion of 2~-meson by the proton increase by a arbitrary 
factor on the whole. 

Il) We‘have mentioned only that the process D+2z~+>N+4+N+7° is allowed 
energetically. Here, we estimate its probability relative to Wy), based on the 
density of the final states. In the calculation of W,,.,, the density of the final 
states is given by (20). And most contribution to the probability comes from 
the region 2~g~x. On the other hand, the density of the final states in the 
transition D+2~->N+N-+-7° becomes 


Pdt/(27)*-d2,-Gd2,/(22)*-(49/d£). (18) 
Z is the momentum of the emitted z~-meson. Now, the mass difference of z7- 
meson and 2’-mesor is ~10 m, (m,: electcon mass). Taking into account of 
the proton-neution mass difference and the binding energy of the deuteron, the 


available kinetic energy of the emitted z’-meson is only ~4 m,.. This indicates 
Emax ~ V8x,m, (%: m°-meson mass). Accordingly, 


Table II 


[ex 2-+D3N4N+2°)/0(2-+D3N+N 47) ] < Crar/*)1~0.1%. (19) 


The results in (19) support the discussions in §1. on the process or 27> +D—> 
N+N+7°. Hitherto we have not treated the matrix element in detail. The 
contribution of the process 77> +D—>N+N+7", however, is of magnitude less than 
10% compared with that of 77+D—+N+WN+y, even if we take the coupling 
constant g, of the z’-meson with the nucleon such as g,2~l. 


§5. 2° +D—>N+N: 3rd order correction 


As mentioned above, the fact that the probability of the process 2-+D—> 
N+WN calculated in the Ist order becomes unexpectedly small in the case of 
the scalar type meson, is accidentally caused by the character of the interaction 


.~ 
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treated in the 1st order approximation, and so we may need to calculate the 3rd 
order correction to this process. We treat this problem in this paragraph. 

The ordinary perturbation method is generally not so perspective in the 
treatments of the higher order correction. We follows Feynman-Dyson formalism. 
f—D formalism, however, is based on the treatments of the free field. Accord- 
ingly, its application to the problem which includes the transition from the bound 
states such as deuteron may lack some strictness. However, we may expect 
the validity of this proceduie on the point of the qualitative discussions, We give 
only the order estimation of the result, even if quantitative estimation is carried out. 

The lowest corrections to the process that one of two nucleons system 
absorbs the z~-meson are expressed by Fig. Il. 


ig 
=? : ae 0 oe nm 
| L oe Pime ’ =F ao a xe. 
"0 a e 
Y, $2 Y; af , a (Sa ty ¥, 5 
(a) ith} 


Fig. II. 


We dropped the figures which give the mass term correction in Fig. Il. ¢, and 
¢, are the wave functions of neutron and proton in the initial states respectively. 
If the initial and final wave functions of the nucleons are free, the calculation can 
be performed strictly. In our problem, initial state is bound one. However, the 
effect of the binding to such correction is expected to be small. In fact, the 
binding energy of the deuteron is quite small compared with the rest energy of 
the nucleon. The main part of the 3rd order. correction may be obtained from 
the diagrams in Fig. II. 

Process (a): This process, as is well known, belongs to Lamb shift type. 
The corrected interaction caused by this process is, 


Hille” Vedado) OS p(%)— 42) OS» (4,— 42) of p (x, )4,(4,—4;) ) (%) 


w=y, for pseudoscalar, w=1 for scalar, (20) 


the detivation of which follows the neglec of the motion of the neutron in 
the deuteron. Then, the calculation is straightforward and is presented only its 


results. 


Hat LEP) F(z Jerpn a) 6) FO» ») + O(LR—#/42)}*. (21) 


F is the numerical constant which includes logarithmic divergence, and is neglected 


for the coupling renormalization. The operator CP—#/M, being separated from 


i ee ; oe : — 
*. f= (fy + fr) /8, a= (pw’—fr") /2. f° is the coupling constant of z°-meson with the nucleon 
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time component, reduces to 4/J/* which operates on the wave function of the 
m--meson. In our problem the binding of the z~-meson is so small that the 
contribution (24) is quite small. 

Process (b): From the view point of the character of the corrected interac- 
tion, this diagram is equivalent with (c) and (d). And we pick up this diagram 
as a sample and calculate it. The S-matrix for this process is, 


Site, j dx? dx, {ded LER PLE EO 


x od p41, — 42) Yo (%) fi (42) 9%) - (22) 


In order to express the initial and final state not so explicitly, we take the 
following approximation. The special vaiiations of ¢(%,)¢(%,) are replaced by 
the deuteron state,* whose explicit expression is unnecessary. Then, time integral 
is performed. In the neglection of the binding energy, it results in, 


Sy Et lairgar | akey (ry) fro! SP [ilo h a) I. 


4(27)? +3 / x? 
M(1—P)+ 
x pots ‘oP (VPs). (23) 


As is well known, [a et sath is the nuclear force poten- 
4+ 3 /Ax? 
tial caused by the exchange of z-meson in the 2nd approximation. We represent it 


by V(",—17,). Taking out the interaction from (7), we obtain, 


e ; ili 
Hl os= fs 2 {g*[ 05 grad (— Vrs) 1g ; 


pee its {ys ’ az(* op 16. (24) 
Pauli’s approximation (3) is used in the derivation of (24). For the 3rd order 
correction of the absoiption process of scalar 7~-meson, we take into account only 
the correction due to the exchange of scalar 7~-meson. For the pseudoscalar 
case, it is the same. As is seen from (24), the correction in the case of scalar 
m~-mason, does not include .any O-dependent term. Accordingly, for the scalar 
m~-meson, the process 7~4+ D+N-+ WV is forbidden even in the 3rd order correction. * 
For the case of the pseudoscalar 7~-meson, in (24) grad(V,) appears in the 
place of gradg in (4). The fact that the contribution of the process 7-4+D—> , 
V+W in the first approximation becomes quite uneffective is caused by the lax 
binding of the z~-meson. The breadth of the wave function ¢ of the bound z7-” 


* Such procedure may be not taken as the precision of the approximation. In fact, for the process 


which includes the bound state, the reconstruction of #2 formalism is heeded. 


The above procedure is 
valid only as an approximation. 
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meson is about compton wave length of z~-meson multiplied by 1/e~100. 
Taking into account that V/x spreads in the region of compton wave length of 
the z”-meson, *H/'ps/H'ps™=(fy')*/e. Accordingly, if (/;°)2~0.1, the value of 
W,x/W ,, can.be consistent with the experiment. 

In the calculation of the 3rd order correction above, we have assumed that 
the absoibed z-meson is of identical type to the exchanged one. This assumption 
is not always necessary. In the absorption process of the scalar z~-meson, the 
correction due to the exchange of another type meson, for instance, of t-meson 
may occur. If the obtained V includes the operacor* not commutable with 
oo, the process 77> +D—+N+N is allowed for the case of the scalar z~-meson 
in the 3rd order transition. 


§ 6. Summary 


From the analysis above, we can see that the cases of scalar and pseudo- 
scalar meson may be consistent with the experiment by Panofsky et al. Especially, 
the pseudoscalar meson is most favourable because of its consistency by itself. 

Our conclusion, however, may be restricted by the validity of the perturba- 
tion method. The method indicates some doubtness in the application to the 
problems which correlate to the structure of the elementary particle, for instance, 
to the problem of the anomalous magnetic moment of the nucleon. On the other 
hand, in the process in which real mesons are emitted and absorbed, the analysis 
based on the perturbation method gives not always unreasonable results. The 
problem of the meson production by the 7-ray may seem to support this method. 
Accordingly, we may expect that our conclusion is not far from reality. 

In conclusion, we should like to express our deep gratitude to Prof. S. Sakata 
for his valuable suggestions. And we are also indebted to Mr. Yamaguchi and 
Mr. Fujimoto for their kind discussions. 
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§ 1. Introduction 


Within about fifteen years since Fermi’s theory of the /-disintegration was 
presented, this theory has come out, we may say, through two “crisis”. The 
first crisis was the period when the spectrum for allowed transitions was believed 
to disagree with the result of Fermi’s theory, and when the A-U theory was 
presented. The main reason why the spectrum for allowed transtions was misas- 
signed to the K-V type, was that the maximum of the spectrum was displaced 
to the lower energy side by absorption, back scattering and energy loss caused 
by the insufficiency of source thinness. Afterwards spectra of allowed transition 
type were observed in case of In™, N™”, and C™. Then the general view men- 
tioned above was corrected, and many people have come to believe that the 
spectrum for allowed transitions belongs to Fermi type. Even though nowadays, 
when techniques in the experiments have developed so much that the very thin 
source is applicable, there exists remarkable disagreement between experimental 
data and theoretical values in the energy region lower than 50-100 kev. It 
should, however, be explained by the secondary effects, e.g. screening effects of 
core electrons on the nuclear potential. Therefore it is the most plausible to 
think that is no fundamental discrepancy between expeiimental data and theoretical 
values on this point. 

The second crisis broke out several years ago when it was considered by 
many people, mainly among American physicists, that the spectrum for forbidden 
transitions become also Fermi’s allowed transition type. Unfortunated, as all the 
spectra of forbidden f-ray on Au’, K*, P®, Na*™, C™ and Be observed in these 
days showed the allowed transition type consistently, it became to be believed 
that the forbidden type spectrum did not exist principally. The only exceptional 
case was RaE. Considering in this case some special causes, many people regarded 
the S-ray spectrum as an allowed transition type, both for allowed transitions 
and for forbidden transitions. However, after the forbidden-type spectra were 
observed on Y™,Y™, Sr®, Sr®, and Cs®’ and Ci™, these thoughts were abandoned. 

Of course, there exist detail problems concerning with individual radioactive 
elements, and many of them are not yet solved. For example, it seems interesting 
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how to explain the long life of C“. But, generally speaking, Fermi’s theory is 
successful in the explanation of experimental data. Therefore, it is plausible to 
think that the remaining problems should be solved within the frame of Fermi’s 
theory, and there is no evidence that the Fermi’s theory itself should be modified. 

By the reasons mentioned above, it seems that we have arrived at a stable 
state. We should, however, be rather prudent, because in the theory of - 
disintegration, we have, as well known, to introduce the undiscovered particle, 
that is, neutrino. In Fermi’s theory we assume that the neutrino is a neutral 
light particle which has spin 1/2 and satisfies the Dirac equation. Are there no 
alternatives in this assumption? If there are any alternatives, what are the 
concrete forms of them? 

When we consider the problems related to mesons besides the proper - 
disintegration, the problem concerning with the model of neutrino looks rather 
practical and significant for us. According to the meson theory of the /-dis- 
integration, the disintegration process of 7 mesons to # meson competes with the 
8-disintegration process of z meson. If we take a small coupling constant in 
order to prevent the §-disintegration of z meson, the life time of nucleonic /- 
disintegration becomes too long. Therefore nowadays we should regard at least 
the allowed transition as the process due to a direct interaction. 

However, if we suppose the spin of 7 meson to be zero—this is very probable 
—and the spin of neutrino larger than 1/2, it would be possible to take a larger 
coupling constant in conformity with the life time of the nucleonic f-disintegration, 
because the disintegration process of 2 meson is forbidden on account of the 
conservation law of angular momentum. In this paper we shall investigate the 
possibility to assume the spin of neutrino larger than 1/2. It becomes clear that 
the case of spin 1/2 is the only one case possible. 


§2. Field with spin 3/2 


The field with spin 3/2 is described by two spinors of the third rank Og and 
6¥*. When there is no other fields, a, and 6;* must satisfy the next equations: 


Pa, =m, p;,6=mear, (1) 
where m and ¢ are respectively the rest mass of this field and the light velocity. 


Moreover, in order to preserve the spin of the field as 3/2, we must impose the 
symmetricity property upon the spinors as a supplementary condition, that is, 


eae baa 
Bho= Ap» by = 09". (2) 

Except ia case of spin 1/2, any field with zero rest mass has the freedom 

of a kind of gauge transformation. In our case of spin 3/2, the following gauge 


transformation is permissible when the rest mass vanishes: At first we introduce 
two spinor functions c, and @”, which satisfy the following equations : 
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prc,=0, pi,ad*=0. (3) 
Then we define ne, and m* ¥ by the equations, 
wr = Po 7 Prey, m= ped mp ped , (4) 


Evidently these two symmetrical spinors of the third rank satisfy the equation 
(1), when #=0. Nevertheless, since the energy-momentum tensor and = 
current vector derived from these spinors become identically zero, 7}, and m3” 
do not Fepreeenig any physically significant state of the spin 3/2 field. Using 
these 7%, and m3’, we can define a gauge transformation as follows: 

a, =a_+ the, Bd = BY 4d, (5) 
By this transformation the energy-momentum tensor and the current vector are 
obviously invariant. Moreover, we can define another gauge invariant quantity, 
which might be called “ Field strength” of this field, as follows: 


Onpo=Prh abe, Ba = por. : (6) 
Of course, the preceding discussions are applied only on the case m=O. When 
m0, such problems concerning with a gauge transformation would not take 
place. Now, the mass of the neutrino seems very small. Actually we know 
that it is negligibly small comparing with the electron mass. However, it is not 
evident that the mass of the neutrino rigorously vanishes. Nevertheless, we 
would like to propose the next assumption : 

The interaction term, which gives tise to the §-disintegration, involves only 
Qyoo and B of Eq. (6) as far as concerning with the neutrino. Accordingly, 
the interaction is automatically gauge invariant when the mass of the neutrino is 
precisely zero. In other words, we would assume that only such interaction 
takes place, that does not change its form spontaneously when the mass of 
neutrino is reduced to zero. From this assumption, the interaction Hamilton 
function is determined uniquely as we show in the followings: 

Using the spinorial wave function of an electron w, and 7", complex con- 
jugates of them, and a,,, and 6° defined above, we can construct a symmetrical 


spinor of the second rank S: ‘ 
pee Gave SMa ur*o™, (7) 


As well known, a symmetrical spinor of the second rank is equivalent to an 
antisymmetrical tensor of the second rank. Since the tensorial representations 


are rather familiar for us, we rewrite the spinor S in an antisymmetrical tensor 
t. The relation between S and ¢ is given by the next equations : 


Su= (tp aud 2631) aa 7 (dt os 2to5) ) S9=2(hs + this) ’ 
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S m= (tye tity) +8 (ti +ttes), SH (ty—tty) = ity tte), (8) 
S® =i (45—ite), S® = (fo—Ztenyed (Fen Sbon) 2 
Next we define a tensor f with the wave functions of a proton and of a neutron: 
Sis=tP p*J4,Px, fu=tO,*u,0,0 x, (9) 


where g, and # are the usual Dirac matrices. Coupling these f and ¢ in the 
relativistic invariant form, we obtain the interaction Hamilton function: 


1 & ts 
Aim= el (t.f")av, (10) 


where m, denotes the electron mass, and g is the coupling constant of this in- 
teraction. As far as we adopt the preceding assumption concerning with the 
interaction, we can not consider any other interaction form than that of Eq. (10). 

Calculating the probability of f-disintegration caused by the interaction 
given in the equation (10) by the method of perturbation theory, we obtain the 
next results ; when we put the mass of the neutrino zero, 


Pete ore la. Re (11) 
3, gmc 

where €, €, and |a| are respectively the energy of the outgoing electron in the 

unit of #,c’, the upper limit of €, and the nuclear matrix element. The spectrum 

presented by the equation (11) is the KU type, and does not agree with the 

‘Fermi type that is ascertained by the experiments. 


§ 3. Conclusion 


The reason why the spectrum becomes the A-U type is found in the follow- 
ing point: in order to make the interation term gauge invariant, it is necessary 
to differentiate once the wave function of the neutrino as shown in Eq. (6). 
According to the same reason, if we assume the spin of the neutrino as (2x+1)/2, 


we obtain the following spectrum: 
(e,—€) "eV er_—1 de, (12) 


because, in this case, we must differentiate the wave function of the neutrino z 
times to derive the gauge invariant quantity. Therefore the spectrum becomes 
just the Fermi type only when n=0, that is, only when the spin of the neutrino 
is 1/2. ; 
The assumption concerning with the interaction adopted in this theory might 
seem to be too severe. If we do not take this assumption, we can consider the 
iateractions which contain the wave function itself of the neutrino when m0. 


For example, when the spin of the neutrino is 3/2, there are three types of 
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interactions with this property, i.e. vector-, tensor-, and pseudovector-types. 
cording to the elaborate calculations by Mr. Nagasaka, we cannot obtain the 


Fermi type spectrum in every Case. 


not changed. 


Appendix 


Ac- 


After all, the conclusion of this paper is 


Compared with the Van der Waerden’s notation, our notation of upper and lower spinor suffices is 
inverted. In our notation, the relation between spinorial and vectorial representations is given by the 


following equations : 


and 


Aji a (A+, As ) 
te Aig} ae A— 43)? 
Au ‘) (ote ee 
Ci ye NA ide olga d 


The field equation (1) has four independent solutions. The orthogonal solutions 4, B, C and D 


used in this calculation 


will be shown. 


part of them are given by the following table. 


Taking aside the plane-wave part exp7(K-r—A ct), the spin 


A B c D 
al, (2g? — 3") (Ai +223) (A, + #2) K (22? + 2he? + 3x?) 0 al, 
a’, 0 — (Rohs) (212 + Bo? + 3K?) 0 0 a’, 
aii 0 0 (2y—As) (Ax? + ho? + Be?) 0 ait 
i 0 — (24,24 2s? + 3x2) (ey —the)3 (he? —A52)(21—ihe) | 32 
ae K(X +s) — (Ay tike)? (hot 43) — 2K (hy —the) (29+ 4s) ik (20+ 43) (Ai + the) a? 
al, (ko 3)? (Ai the) (41 +2he) (Ao— 2s) * 0 k(4g— 4s)? al, 
Bl | (dg 4s)? 0 (Ar ike) (Lo %s)? | — (ho 4g) (Ay Hehe) oi 
BR | —K( Rot baby — the) | — Be (2, + 42s) (Zot 4s) (Ai—tke)2(hot ts) | (Ay + Rg) 32 
E | o—4s)? (40+ 43) (2o— 43) (Ay + the)? K(2y—%s) (21 — tho) 0 3 
0 0 — (Ay + the) (Ay? + eo? + 2k?) —K(4y— 2h)? k (Ay? — 457) 77 
w| (Ay? — 252) k(Ay + thy)? — (bike) (hy? + by? + 2) 0 w 
6 0 K(2o—&g) (4 + eho) — Zo—'s) (41 the)? (2o—%3)2(Zo+%3) | @ 


Where 4, 4%, 43 and &9 are the four components of the wave number vector, « denotes mc|a, 


eae 
Tome O ol § 


pes tg Ss 
SCE w/b 


p2= d=, 


by=on =. 


The current vector /j, of this field is defined by the following equation: 


sscatt av 40th 
Tip=a;) ay +5,° 


v 
2 
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Using this formula, we can carry out the normalisation integration 7: 
i= dv, 
Rh healS 
10 = (411+ L22) 


teeta 2h 5 ALK yi 224 ge 
ma (Gis CS aa a : 525 


+E*E t+ *y +0%o +9%*9 
= cq? HR I 
ae ace +&¥az +a ut ytal, 


+5 So tabi 4 B94 9-05), 


2 
Inserting 4, 2, C or D in those equations, we have the following results. 
La= p= (ho? — hs?) Fo (Fo 4s) (Ar? + he? + 82), 


In= c= 8x%hy(ho— hg) (Ar? + Ae? + 302). 
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A Note on the Pressure Equation of the Two Fluid Model of Helium II 


Tunemaru UsuI 


Physics Department, Faculty of General Culture, 
Tniversity of Tokyo 


(Received February 5, 1951) 


La premoekvacio de la dufluaja modelo de heliumo likva II ¢e gia dua movado estas derivata. 
Bazite de tiu Ci rezultato, estas diskutataj la formuloj uzitaj de Pe//am k. a. Ce la analizo de 
iliaj eksperimentoj pri la Rayleigha disko kaj pri la pito¢t-tubo en la staranta ondo de dua sono, 


§1. Introduction 


Recently Pellam and his collaborator have performed two sorts of very in- 
teresting experiments concerning the stationary wave of second sound in liquid 
helium II. One is on the torque of the fluid pressure acting on a circular disc” 
and the other, on the difference between the pressures at a loop and at a node of 
the wave”. In view of the fact that the basic principles are quite the same as 
those of corresponding classical hydrodynamical devices except for the thermal 
character of the second sound, they appropriately called them thermal Rayleigh 
disc and thermal pitot tube, respectively. The observation on the latter seems 
to be primarily qualitative at present, but the former measurement is quantitative 
enough to be fitted for a detailed analysis. In fact, they have shown that their 
data fit rather well the expression which they derived on the basis of the two 
fluid model. 

To the best of our knowledge, the stationary part of the acceleration involved 
in the Eulerian equation of motion of the two fluid model had not been given 
any direct experimental support till Pellam e¢ a/. car1ied out the above-mentioned 
measurements. It was introduced in order to answer the requirements which 
the general principles impose on the two fluid model. Therefore, it may be 
considered that experiments of such type as they have proposed make a criterion 
deciding the fate of the model. 

Pellam e¢ a/. have, indeed, obtained a good quantitative agreement in the 
case of Rayleigh disc, as mentioned above, and also a general qualitative con- 
formance to the behaviour expected in the case of pitot tube. However, their 
method of deriving the relevant theoretical formulae is of rather intuitive character, 
not based on the general equations of motion, and so it is not sufficiently con- 
vincing. For example, their derivation of the expressions for the torque acting 
on a Rayleigh disc does not directly take into account the character of the 
thermodynamical process involved in the second sound. 
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In view of these facts, it may be considered necessary to establish anew the 
pressure equation of the two fluid model and to see if their formulae are straight- 
forward conclusions of the model or not. We shall try to make this aspect of 
the problem be settled down in the present note. 


§2. Derivation of the pressure equation 


We shall start from the momentum conservation law of the two fluid model 


fe) n Un fe) s 25 ° ° 
cons + se = — Pn(Un+ grad) Up, — (div OnUn) U,z— 0;(U,: grad) U,— (div p,v,) v, 


—grad p+7-l,, 


where m, Vn or ~,, U, are the density and the velocity of the normal or super- 
fluid, respectively, and JJ, represents the viscosity tensor of the normal fluid. 
Instead of wv, and &,, we can describe the field with the velocity of the centre 
of gravity: 


V1 = (PnUnt PVs) /Ps (2.1) 
where g means the total density : 
P=Pnt Ps (2.1’) 
and with the velocity of the normal fluid relative to the centre: 
Vo=Un,— VU}. (2.2) 


Then the momentum conservation law becomes 


ee —p(v,-grad)v,— (div pve + 7-H, 


— pn (¥y+ grad)? -v,— (div pa.)-"-v, + p- H.—grad p. (2.3) 
P. 


& & 
We shall assume henceforth that the centre of gravity is always at rest: 
v,=0, (2.4) 
i.c., we confine ourselves on the phenomena where only the second motion can 
take place. In this case Eq. (2.3) reduces to 


3 Ps 


grad P+ Pn (Uy: grad) Pv, + (div Pas) p U,=7- 1. (2.5) 
p 


F ‘ ; ; : z 
Carrying out some simple vectorial manipulations, we can transform Eq. (2.5) 


into the following, more convenient form: 
5 , 7 Pn, 
d PP ng?) = Len Vo, Uv + | Voy P|, PRnay | 
graa(pt Mro2)= Hen lp, ee] + | [or oe 


+ An +2’) PV *%2) — Mal [7 Ue], (2.5’) 
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where p-JI, has been explicitly written down with the viscosity coefficients 2, 
and #,. Any further transformation into an integral form is in general impossible. 
So, we shall call Eq. (2.5’) for the sake of convenience ‘ pressure equation’, It 
is to be noted that, while we are treating a general case, no time derivative 
does appear in this equation. 

Now, let us apply the pressure equation to a one-dimensional laminar problem, 
e.g., the pitot tube experiment of Pellam. Considering the ‘condition that @, is 
along the x-axis and a function of only x and ¢, one can write Eq. (2.5) in the 
following integral form : 


p+ Flay? = (A, +2/-n) Os +. const, (2.6) 
Ps Ox 
Since the time mean of 0v,/8x drops out in the case of stationary wave, this 
equation reduces to 


pt lla, 2—=const., (2.6’) 


Ps 


which differs from the corresponding equation proposed by Pellam by a factor 2 
in the dynamical pressure term. The discrepancy comes from the fact that he 
has presumably taken no account of the space variation of ~, and ,. 


§3. The Rayleigh dise torque 


We shall next investigate the torque acting on a Rayleigh disc, set in the 


second sound field. From Eq. (2.4) and the mass conservation law:. a/@¢ 
+div pv,=0, we get 


5P 220, 
ot 
We shall assume here, in addition, that the density pe is homogeneous every- 
where. This assumption is justified by the fact that the velocity of the second 
sound wave, Eq. (3.4) below, derived on its basis, agrees with the experimental 
value. , 
If we neglect the viscous stress of normal fluid and furthermore the an- 


nihilation-production of both the fluids, we can write for the equation of the 
second motion”, 


Dv 
Da =— grad(1 + 6), (3.1) 
where 
Il=p/p | 
and a= {(1—$)/ i ) aT, with €=p,/o. 
\ OS /p 


p=const. 
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Once this conseivative type of equation of motion is established, we can deiive 
the so-called Thomson’s theorem by the well-known process: 


rm 
—— v,-ar =0. 
saa A 


Therefore we may by justified in assuming irrotational motion in the phenomenon 
of second sound: 


Lp; Vy] 0; 


v,= —grad ¥. (3.2) 


or 


We assume as usual that ¥ and all the space or time derivatives of every 
quantities are small quantities of the first order. Then grad turns out to be 
of the second order. Retaivuing on’y small quantities of the first order in Eq, 
(3.1), and remembering the mass. conservation law of the noimal liquid, which 


reduces to 
Os t\ Sane, 
+¢ div ’%=0, 
Fy p=) 
we can easily obtain the equation for the ¥ wave: 
4v = i PS (S35) 
Pe 


where c, is tke velocity of the second sound: 
4 2 ( Os aT 
t= €(1— ( =) (= ‘ Bye! 
Se a as /p\ as ), Gs) 


For the morochromatic wave of circular frequency ©, the wave equation reduces 
to 


Av = -(£)r. (3.3) 


Now we-shall take up the pressure equation. Neglecting terms of orders higher 


than the second, we obtain from Eqs. (2.5'), (3.2) ard. (3.3/) 


grad(p AG Chat) ie sielbeeh li vf), 


e 1 f'n 2 Vy I: (3.5) 
p=const. ue re [( m OP 


or 


e corresponding one for ordinary sourds, 


except that the density is replaced with 0)n/ Os Hence we can borrow the known 

resu't about the latte.” ard need only adapt it to the present case. hee 

anole of attack is 7/4, the torque acting ona Rayleigh disc of radius @ is given 
g) 


by the formula : 


This result is fomally the same as th 
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4 Phin eA ee 19 ways] (3.6) 
NS < ppcenn) Livasonlsilleige/ SA LORD reg atta 


where wv,’ is the mean square velocity in the absence of the disc. 

The first term coincides with the formula used by Pellam et a/. The terms 
beyond the second represent the effect of finiteness of the ratio: (radius of the 
disc) /(wave length). 


§ 4. Discussion 


As stated in Section 1, Pellam’s measurement on the thermal pitot tube is 
not yet sufficiently quantitative, but the general results were found to conform 
to the behaviour expected from Eq. (2.6’). A litt!e examination shows that the 
pitot tube can be expected to be more sensitive at lower temperatures, and 
furthermore, the result is free from the uncertainty about the viscosity of no:mal 
fluid. It is, therefore, highly desirab!e to improve the precision of the measuie- 
ment and to test rigorously the theoretical result Eq. (2.6). 

As for the Rayleigh disc experiment, Pellam and Morse have derived their 
theoretical expression in the following manner. For sound waves in ordinary 
liquids,.tie torque /Vo.ainary exerted on a Rayleigh disc of radius @ at the angle 
of attack 7/4, is given by 


4 a 
32 
LV ordinary — ic vu; 


where p is the density of the medium and @* is its mean square velocity in the 
absence of the disc. Corresponding to tae two fluid model of liquid He II, they 
have put for the torques exerted by the normal and superfluid 


INE = Spaih ty 
(% ‘ (4.1) 


and N,;= e 9,02, 


. 
e 


respectively. Because of the absence of mass ‘motion, Eq. (2.4): holds and this, 
in turn, gives the relation (see Eq. (2.1)) 


fle Li. 
Ps 
From these three equations they obtained for the resultant torque : 
N=N,+N, 
= peepee | (4.2) 


4's) Paras 
=— ge ess the correct result. 


ear 
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However, when only the density of the normal fluid is in wave motion the 
phenomenon is quite anotier thing different from the second sound. Moreover, 
even whea both the densities are fluctuating in accordance with the second sound, 
it is not clear that tae separate torque could be given by the formulae (4.1) 
because of the presence of the force proportical to grad 7. It may, therefore, 
be interesting to rederive the foimula in a parallel manner and to see how the 
terms involving gradient of temperature drop out from the expression for the 
total torque. 

In the same order of approximation as in Section 3, the equations of motion 
of both the fluids can be written as :® 


, Un + orad [ny 2 + Ln orad 4 Pris Os orad LO: 
C > D> Pp » 5D 
2 p p \0r/p 


or 
and 
py ous + grad fy? 4 Fs ora p—Enl’s a sn) grad 7=0, 
0: 2. p ? oF : . 


where the condition of irrotational: motion Eq. (3.2) has been taken into. account. 
As stated in Section 3, the total density @ can be assumed constant. Therefore, 
the integrals 


Pr=) jets pm | Lap, 
and sane(2) ar 
OS/» 


define definite functions. With these relations, the above set of equations of 
motion can be transformed into 
pleee grad] Pto,2+ Pat a] =0, 
OL 2 
(4.3) 


and Ps ee + grad| ol i 0 =0, 


respectively. 
In discussing the resultant torque V=V,+V,, we may simply add both the 
equations (4.3), keeping in mind the relation p=f,+/,, and Eq. (2.4) : 


ov ou 1 Las, 
ek fi, —— + grad = Ve *+p|=0, 
brgp Cig, 26 


where the terms containing @ have dropped. In the conventional approximation 


Un 4 9, WUr=( Ll dive, )e= ee: v= —grad 1 fn be) 
2 


my ot ot Ps 


Accordingly we finally obtain 
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1 ee ‘ oY ‘| 
caf J Pal —(“ y?!)=0, 
grad\ p+ 2) p 9 a ) 


the seme result as Eq. (3.5). 

Pellam ef af. have compared their experimental data with tke expression 
(4.2) and found a sufficient'y good agreement. We shall here retain from a 
detziled analysis by using Eq. (3.6), but it may be safely concluded that the 
stationary pait of acceleration, z.c., (v-grad)v, has for the first time acquired its 
experimental support through the measurement of Rayleigh disc torque. 


The present author wishes to thank Doctor J. R. Pellam for stimulating 
discussions about this prob'em held at the time of his stay in Japan. 
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On the Star Production by Cosmic- 
Ray Underground 


S. Miura and S. Ogawa 


Institute of Theoretical Phy: ies, 
Nagoya University 


February 14, 1951 


Previously, we have analyzed the star 
production by the cosmic-ray underground.” 
Then, we have intended that the charged 
Star agent is m-meson produced by only y- 
rays in equilibrium with the “#-meson com- 
ponent underground, since the additive 
interaction of g-meson with matter should 
cause considerable modifications in the ab- 
sorption spectrum of the cosmic-ray under- 
‘ground. This idea, however, is insufficient, 
because charged 4z-mesons are able to produce 
m-meson by its own electromagnetic field in 
the collision with nucleons.” According to 
Williams-Weizsicker method, the suggested 
Y-7% cross section in (A) gives too large y-7z 
cross section (a factor~10). Thus we must 
give some additions and modifications in 
our previous idea on the star production. 

I) Charged star agents include not only 
m-meson but also y-meson and in small 
fraction, protons. In the collision with 
nucleus by Coulomb interaction, s#-meson 


gives some fraction of its kinetic energy to 


nucleus, causing the nuclear evaporation. 
Recent experiment shows that high energy 
y-ray makes nuclear evaporation with cross 
section 10-*8 cm?/nucleon.?) Thus #-meson’s 
cross section for star formation becomes, in 
Williams-Weizsiker method, 


~(e?/he) log (E/ 1) -10-28 cm*/nucleon 
~10-* cm?/nucleon. 


The value is consistent with the experiment, 


This process may belong to 1, in Evans’ 
notation. 

Il) _ The stars accompanied with several 
fast secondaries are thought to be more 
preferably caused by z-meson than by s- 
meson. Because we cannot accept reasonably 
that such a weak interaction as electro- 
magnetic effect of y-meson may give multiple 
m-production.. On the other hand, if it is 
confirmed that s:meson itself produces z- 
mesons multiply,” it indicates an interesting 
feature Of m-production,—suggesting “ mul- 
tiple” (not ‘‘plural”) production. Because, 
due to its weak interaction, “-meson may 
not be able to collide several times with 
nucleons in “‘one’’ nucleus. 

III) z-mesons and nucleon components 
can be produced in the following process. 

a) yemesons produce z-meson by its 
own electromagnetic field in the collision 
with nucleon in nucleus. The cross section 
is,” 


a =(9°/ hie) (e* /Ae)*(%/p0)*(M/p) log (E/M) 
~0.7x10- (92/he)+ log (E/M) ; 


cm?/nucleon. 


Taking into account that the average energy 
of y-meson at the depth~50 m H.O under- 
ground is ~14 Bev, and that (9° /he)~1 
from 7-2 eect, o becomes ~3.10-” 
cm?/nucleon in consistent with the experiment. 
This effect responds to 2p and 8p (if recoil 
proton of high energy is included). 

b) 7-rays in equilibrium with s#-meson 
component z-meson. If we take ¢a-n~10~* 
cm?/nucleon, the contribution is of magnitude 
10% compared with the interactian (a). This 
becomes clear from the fact that the value 
of den is small by a factor 10 compared 
with ga—x taken in (A). 

c) In the,above process, recoil nucleons 
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may be ejected with considerable energy. 
Stars are also accompanied with such occa- 
sions. 

IV) On stars are caused by neutrons 
emitted in the above process. These pheno- 
mena belong to relatively low energy process. 
In such energy region, charged particle loses 
its energy more by ionization than by nuclear 
collision. This implication is consistent with 
the fact that O, is more frequent than O,. 
Small fraction (~10%) of O, may be caused 
by y-ray. 

O, stars are caused by the capture of 
low energy z-meson and by the nuclear 
collision of the low energy protons. 

Further the -7 interaction mentioned 
in III, a), is accompanied with the cor- 
responding energy loss of #-meson. It would 
result in the considerable modifications of 
the depth-intensity spectrum of the s-meson 
component underground. Wataghin® sug- 
gested that mz-meson of high energy may 
diminish its nuclear interaction, from the 
analysis of the depth-intensity curve based 
on a definite spectrum of the s-meson 
spectrum at sea level. 
is premature. 


His idea, however, 
Because the meson spectrum 
in high energy region at sea level is known 
not so precisely that the spectrum at sea 
level must be checked by another analysis, 
for instance, by the detailed size-frequency 
curve Of the s-meson bursts in high energy. 
On this point, some analysis may be reported 
in near future. 

In conclusion, we should like to express 
our deep gratitude to Prof. S: Sakata, and 
we are much indebted to Mr. Hayakawa for 
his valuable discussions. 
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Radiative Corrections to Anomalous 
Magnetic Moment of Nucleon in 
Pseudoscalar Meson Theory 


K. Nakabayasi and I. Sato 
Physical Institute, Faculty of Science, 
Téhoku University 


February 12, 1951 


The anomalous ‘magnetic moment of 
nucleon has been hitherto calculated in the 
lowest order by many authors,” choosing in 
particular pseudoscalar meson which seems 
to be most promising from some evidences.” 
The result was that the moment ratio of 
neutron to proton moments was too large in 
absolute value compared with the experiment. 
In view of this discrepancy, we thus estimated 
the first-order radiative corrections using 
Feynman-Dyson method, in case of pseudo- 
scalar coupling. (The coupling constants are 
denoted as 8,=$.=f (charged meson), fy 
(neutral meson to be added in symmetrical 
theory) and 8, (purely neutral meson) ; they 
are equal to the conventional ones f,?/4i%e 
in Heaviside units divided by 2z). The 
diagrams contributing to the moment in the 
fourth order are shown in Fig. 1. II and 
III are reducible to the second-order ones, 
II, and III,, responsible for the moment in 
the lowest order due to necleon and meson 
currents, respectively. After renormalization, 
we obtain as the radiative corrections in 
nuclear magneton units 


1=0A72-43 [(Bs + 8,)*tp+48(8,— 85) Tn | , 
Lila —0.242- 


*L{(Bs+B,)?+28(8,—Bs)}tp+28(8s—Bs)tn], 
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Fig. 1. Feynman-Dyson diagrams contributing to first-order radiative corrections for 


anomalous magnetic moment of nucleon. 


The full, broken and dotted lines denote 


nucleon, meson and photon lines, respectively. 


Lin= —0.077- 

4(28+8s+8,)[(Bst+B,)tr+2Ar], 
Un:= —0.128-+ [ (83+ 8,)?tp+2R°rn], 
Hua=0.626- 

B[{AB? + (Bot Bs)" bry + 4B (Bo +Bi)en], 
L11e= —0.084-48(28 —B,— Bs) (tp—Tr), 
Lrta=0.089-48(8;—B,)(tp—Tn), 
Huw = 90.213 +38 (28+ B3+B4)(tp—Tn), 
£111-=0.079- B?(t»—Tn), 
fiia= —9.157B?(tp— Tr) 


taking m-meson mass as 275me, while the 
lowest-order moments are 


L119 = —0.237[ (8; +8,) Trt 2Btn| ) 
Ly = 0.348 (tp—- (PA : 


The anomalous moments up to the fourth 
order for various theories are tabulated in 
Table I. The radiative corrections are clearly 
in direction to remove the discrepancy exist- 
ing in the lowest order, and this tendency 
accentuates itself muchly as neutral meson 
is mjxed. These features peculiar to pseudo- 
scalar model are interpretable as follows: 
Since nucleon-meson ‘coupling takes place 
through odd operator 75, the necleon acquires 


large recoil whenever emits a virtual meson. 
This meson, too, gains large momentum and 
energy 2 Mc’, M being nucleon mass. This 
implies that the distribution of meson cloud 
around the nucleon is highly asymmetric or 
is ‘associated with angular momentum of 
order % Angular momentum conservation 
now requires that the nucleon ought to 
undergo spin umklapping. This is the reason 
why nucleon contributions in the lowest order 
and from JJ,,5,¢ are not small and negative, 
where the nucleon interacts with the external 
electromagnetic field after emitting only one 
meson. In J and JJ;, the nucleon emits 
however two mesons and recovers its spin 
direction, thus behaving normally so as to 
remedy the above unfavorable effect. And 
this radiative corrections turn out to be most 
predominant. On the other hand, the meson 
current contributions remain to be relatively 
small, owing to relativistic increase Of meson 
inertia. 

The values of coupling constant to re- 
produce the experimental moment-ratio and 
the resulting neutron moments are also 
included in Table I. The purely charged 
theory is to be rejected, as requires negatively 
large 8. Thus the role of neutral mesons 
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ee 
Lp | load 
Theory B 
2nd order 4th order 2nd order | 4th order 
meh 
Ci d 0 + 0.2716? —0.4748 — 0.2927 | ~—100 
tie + 0.3488 — 0.024p? — 0.3488 + 0.0246? | 
Sy trical =0.237 + 0.3038? —0.4748 + 0.1548" 4.09 : 
ees oo ett + 0.025p2 —0.3488 — 0.025p2 (4 = —6.35) 
< 6 : 2 a 5Q2 244 
Symm. + neutral —0.474B + 0.210p2 —0.474B8 + 0.2158 2.1 
j + 0.3488 + 0.029? —0.3488 — 0.029p" | (n= —9.91) 


Table I. Anomalous moments calculated up to the fourth order, in nuclear magneton units, 
and values of the coupling constants to give experimental moment-ratio —1.07. For p, and 
fn, the first (second) line corresponds to nucleon (meson) current contribution. 


is decisively important; it is even possible 
to give the correct moments both for neutron 
and proton, adjusting 8, with B;=8, that is, 
taking B=2.49 and 6,=1.37. 

This coupling constants correspond to 
the conventional one of order 10, being 
quite reasonable from other data. 

Thus the radiative corrections are quite 
large, so higher order ones must be also 
taken into account, which shows however 
invalidity of the weak coupling approximation. 

Full accounts will soon appear in Science 
Reports, Tohoku University, first series, vol. 
34, no. 4. 
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On the Excited States of Even Nuclei 


H. Horie,* M. Umezawa,* Y. Yamaguchi,** 
and S. Yoshida* 
Department of Physics, University of Tokyo* 
and University of City Osaka** 


February 22, 1951 


Recently many experiments have been 
performed for y-y and #-y angular and 
direction-polarization correlations of various 
B-emitters, and considerable amounts of 
knowledge of their excited states have been 
accumulated. On the other hand, many 
authors” have discussed the nuclear structure, 
especially from the standpoint of shell model. 
It is, however, regrettable that excited states 
of nuclei were scarcely analized but for some 
excited (odd) nuclei concerning f-decay or 
isomeric states. Therefore it seems worth 
while to examine the excited states of even 
nuclei on the basis of recent experimental 
results and Mayer’s shell model.” Of course, 
there are many excited states observed in 
various nuclear scatterings and reactions, on 
which detailed discussions will be presented 
in another paper. 

First of all experimental results are sum- 
marized as Table I. ‘ 

From this table, we see that there exists 
marked regularity. It seems therefore rea- 
sonable to consider that two like nucleons 
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Table I 
spin parity spinp arity | spin parity spin spin spin parity 
2nd excited state | 4 4 — — = 4 
; same same | same 
1st excited state 2 parity 2 parity 2 even 2 2 2 | parity 
ground state 0 0 0 even 0 0 0 | 
nucleus Ty6 iS) Bals4 Cats Pdl06 | Mg4*) 
references 2) 3) 4) 2) 8) 4) 3) 4) 5) 4) 6) 
| | 


x ; NE ; : 
) determined from life-time, comversion coefficient, and conversion ratio. 


in the outmost orbit of these (even-even) 
nuclei couple so as to produce spin 2 and 4 
in the first and second excited states, res- 
pectively that the ‘‘core” of 
nucleus gives neither spin nor magnetic 
moment). This is quite a contrast to the 
case of ground state, where two /ike nucleons 


(assuming 


in the same orbit couple so as to make spin. 


zero. 

Next, the first excited states of S1°*?, 
Te!24 1 and Sr88® may be spin 1. These 
are not consistent with the model proposed 
above. Since these nuclei have N or Z 
between 30 and 80, where there are many 
isomers, we may consider that their first 
excited states are produced by the different 
configurations from the ones for ground states. 
It is expected that the same situation may 
be seen in higher excited states of all even 
nuclei. 

These investigations suggest the following 
general picture for excited even nuclei. At 
first, we give the definite nuclear configura- 
tion for each (even) nucleus using Mayer's 
shell model, and then introduce an appro- 
priate interaction V_ between the last two 
(like or unlike) nucleons inside the outmost 
orbit. Each excited state is regarded as a 
coupling mode of these two nucleons (under 
the definite configuration), which has a shift- 
ed energy level caused by perturbation V. 
We have considered here that “core cat Ok 
nucleus does not essentially contribute to 
nuclear excitation. This, optimistic assump- 
tion may not be so absured, in so far aS we 


restrict ourselves within the energy regions 
of lower excitation. However this is not 
always the case at higher regions or “ iso- 
meric” region (30<N, Z<80), and as already 
discussed, states produced from different con- 
figuration must be taken into accunt. These 
arguments can. be regarded as a_ natural 
generalization of nuclear shell structure theory 
to excited even nuclei. 

The interaction V is undoubtedly con- 
nected with nuclear forces, while the nature 
of excited states are in the first approxima- 
tion determined by V. Thus, if our model 
is correct, the nature of excited states will 
furnish some informations about nuclear 
forces. For instance if we tentatively assume 
that the interaction V between two like 
particles is short range repulsive interaction 
adopted by Mayer (eq. (2) of her paper), 
the ahove mentioned regularity about spin 
of excited states can readily be explained 
(though there may remain many other pos- 
sibilities). What we can say under the 
assumption of Mayer's short range repulsive 
interaction is only that the potential used by 
Mayer leads to incorrect level spacings, 
indicating that her potential must be replaced 
by another more appropriate one. 

The same model can be successfully 
applied to interprete various excited (even) 
nuclei accompanying complex f-decay. 

Thus we think that the nuclear excited 
states of even nuclei could, to some extent, 
be interpreted too, upon the basis of current 


shell model. 
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The more detailed discussion of B-decay 
will be given in the later issue of this 
journal. 
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On the Nuclear Potential in the 
Meson Theory 


Y. Ataka 
Department of Physics, Kyoto University 


March 18, 1951 


In the present field theory, the deuteron 
problem can be solved by using the Schroed- 
inger wave equation and the nuclear potential. 
Usually the nuclear potential in the meson 
theory is defined as the matrix element of 
the two nucleons’ interaction Hamiltonian 
in the spatial representation calculated by 
the perturbation theory. In this case the 
nucleon recoil terms are dropped. As _ is 
well known, the meson theory of nuclear 
forces has suffered the r~* difficulties of the 
potential functions. In this letter it will be 
shown that the static potential free from the 


r~* singularity will be gained except the 
tensor interaction of the spin 1 mesons. 
Now when the two nucleons and the 
meson field are interacting, the state equation 
of this system is given by 
gees 


i =(H,+H,+Hw)¥, (1) 


where 
H,=ca(—ih grad,) +cea™(—ih grad.) 
+ (B® +p) Me’, (2) 


Hy is the energy of the meson field and 
H, is the interaction Hamiltonian between 
them. Here taking the adiabatic approxima- 
tion (that is, eliminating the meson wave 
functions from (1)), we get the Schroedinger 
wave equation of the two nucleons as follows: 


Og. 
al 


Van Hove” gave H, in the momentum re- 
presentation as 


=(H)+ H,)¢. (3) 


(Pi, P-| He |p,’, ps’) =(272h)-* 
0(p1— Pi +p2—P2') (Ps, P2|O| py’, Po’) + 


(ezine 
(4) 


here E=ev p.2+Me=cvVp2+Me, 


E’'=eVp,?+ Me =e p+ Me 


and for example in the neutral pseudoscalar 
theory 


(D1, P2|O| py’, po’) = — fs" 02 02 


i ie (0, pal + pa py) SF. (6). 
x he 

The equation (1) is not completely re- 

lativistic, because the. retardation of the 

meson field cannot be considered. In order 

to drop the retardation terms in the above 

calculation, we take the limit e-+oo, then 

nucleon recoil terms in (4) and (5) become 

automatically to vanish. Of course Hj must 
be rewritten as 
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9 


m2 . 
gene. ”: (4,°+ 4°). ep 


In the next, we transform Hp into the Spatial 

representation such as 

(2°, 9°2| Ho| 974’, 2°2”) = ff (2°1,9°2|991, 92) dprydpe 
(D1, P|. He \p1’, po’ )dp,’dpe’(p,’, ps’ |r’, 12") 


: (6) 
using the formulas” 
ry by _e(ap) c(ap’) 
(p|0,| p’) + My eM * Et Me} 
2|p’)= 4 oP) __e(op’) 
(p\o2|p’)=NN, le, oP Baar 


(p | 03 | Pp’) race pa 


_ &(p-p') tic (ap Xp’) 
{1 (E+ Me) (E, + Me?) Lem 


where 
wie Ags 
Here putting p,—p,/=2k, equation (6) is 


= (2nh) -54-. (garner) 


H|7,’, Po! 


(7, V2 
Zz 

—P2(¥2—12/)* 
of 


-(—AZk +p, Kk +p2|O|p1, Ps) 
gk’ —re/) (k?+x°)—'dp,dpodk(2n)~*. 
(8) 
Expanding the term (—2k +9, 4K +p.|O|p,, 
ps) into the Taylor series with respect to p; 
and ps, the first approximation gives 


(27h) yj : fe ar 2”, 1’) 


(7°, re| Ho|9y’, 9°29") = 
~ P20" -r/) ° 
(Ak, Bk|Olo, Ov 729 (12 +22)! 
dp,dp.dk (2n)~* 
=V (r'8(ry— 11/10 (172—7"2’). (9) 
Therefore (3) is rewritten in the center of 
mass system as 


(10) 
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In the pseudoscalar theory V(r) is easily 
calculated 


—-f, a 2(a 4k) (ak) eM dK(2n)-3 
° J QE,(Me? +E;,) e+e 
=f;"(o™ grad)(6® grad) G(r). (11) 
Here 


ekr gx (2n)-3 
Kk? +x,") (k* +x") 
a 1 Kr 

A(x, — *) der lake (12) 


and therfore 


G(r)=3f 


9 


fy x? 


. 1 o 
An Ae? — #) {gy oo®) 


7 eG a 


+8002" (A444 
rae) 


“i ca (3 tayt 
(13) 


which agrees with Kemmer’s result in the 
limit J/+oo. In the other models the same 
calculations are very easy and the similar 
results are gained except the tensor interac- 
tions of the spin 1 mesons. 

At last, in the neutral scalar theory, the 
first and the next approximations of O are 
carried out and we get 


V (r) = 


: h ; F’ 
Vir)= —f {E (r) +5 lL) —Urp)] a } 
(14) 
where 
ape gan 
Er)= Anr 
and 
kr =! 
vil e dk(2n)~ 
Fo)=\ Sean) ‘ 
Here we approximate 
1 7) ee 


then it is clear that 
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2 8 kr y 
ag! 


be Creo eekaatrars Uh 


ape eit grad) |. (16) 


V(r)= 


Thus the spin-orbit coupling proposed by 
many authors can be gained. 

In conclusion the writer wishes to ex- 
press his cordial thanks to Mr. H. Enatsu 
for his valuable suggestions and kind advices 
to this work. 


1) L. van Hove, Phys. Rev. 75 (1949), 1519. 
2) S. M. Dancoff, Phys. Rev. 78 (1950), 382. 


Production of Vector z-Mesons by High 
Energy Nucleon-Nucleon Collisions 


K. Ida 
Department of Physics, Tokyo University 


March 17, 1951 


On the z-meson production by nucleon- 
nucleon collisions, several calculations have 
been performed according to Feynman- 
Dyson’s method. However, these are 
chiefly concerned with pseudoscalar z-meson, 
while with vector z-meson only the region 
near the threshold energy is studied. As for 
the model of z-meson, pseudoscalar type is 
now generally accepted, but in the present 
situation of the meson theory the possibility 
of the vector type can not be excluded 
entirely Tt seems that high energy 
vector z-meson production will give us some 
clue on this point. 

In what follows angular and energy 
distribution of the emitted meson and total 
cross section for a single production is com- 
puted. We treat this process as the sixth 
order with respect to coupling constant Lz 


The eYect of damping and multiple produc- 
tion is not considered. 
The interaction Hamiltonian density is 
(x) =f (a) ut 7h (x) Pu*(2), (1) 
(x): wave function for the nucleon, 
(x): wave function for the meson, 
‘t* : isotopic spin operator. 
Here we adopt the symmetrically theory and 
vector coupling only. We shall calculate 


the transition probabitity from a state in 
which we have two nucleons with momentum 


Pi, Pe to a state in which we have two nuc- 


leons with momentum 4q;, gz and a meson 
with momentum &. 

According to the Feynman-Dyson dia- 
gram (Fig. 1) the absolute square of the 
collision operator which corresponds to these 
transitions is as follows : 


val 71 
92 
k 
é 
fe fe 
A A 
Big: «eh 
‘168 ={aaaah Ome fe 
ge 4 Spin 
X |(¢(ae)t*7.¢(pe)) (O(a) 
x a ste Ta 


“'t*ru}o( ps) 
{ony +(e Pehagle =z) 
L 


+7*7(Purta—harta—m) 


{(q2—pe)* — 7 }-1 
+ (4172 5 Py Ps) — (9172) — (ps pe) |? 


et 2s 


whe-e m: nucleon mass, 42: meson mass. 


(9192) Or (ype) are expressions which can be 
obtained from the previous one by inter- 


(2) 
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changing q, with qe or py with pe respectively, 
and (9,92 3 py ps) by interchanging gq, with qe 


and p; with ps simultaneously. 15} means 
spin 
to sum over the final spin states of the 


nucleons and averaging over the initial spin 
States. Every notation has its meaning just 
as defined by Feynman. We shall carry on 
our calculations in the center of gravity 
system. To fix the consideration we take 
the case of positively charged mesons in 
proton-neutron collisions. The other cases 
can be computed in a similar way. Further 
we consider the case of almost elastic scat- 
tering, that is, the energy of the emitted 
meson is much smaller than nucleon energy 


(see (7)) 
(3) 


As p>m in this case, we shall calculate 
cross section in powers of m/p, leaving only 
the first non-vanishing term. Accordingly 
uw is also neglected compared with p. Under 
this approximation the second term which 
shows the polarization of the emitted meson 
is nearly zero, sc in what follows we shall 
drop this term. The second term of the 
fifth line of expression (2) which shows the 
internal meson line vanishes also by the 
divergence theorem. 

Now the calculation of the cross section 
is straightforward and can be performed as 
usual taking into consideration various sim- 
plifications mentioned in the above. 

The total cross section becomes : 

9p° 


Otot = eh ae log = (Jog =) 


oc Za( log *) ; 


€: maximum energy of the emitted meson. 


Pi~P2~U~F2 ~P > ke. 


(4) 


The differential cross section of the emitted 
meson is roughly proportional to 


k°dk d(cos 8) 


etd 5 
€?—k* cos’ 0 (0) 
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and its angular distribution is nearly given 
by 


k<y: spherically symmetry, 


u ~p >k> yp 6=)- forward or backward, 


(6) 


6: the average broadening of the emitted, 
meson. 


The energy spectrum of the emitted meson 


is approximately 
€ 


log 
de_ # j 


(7) 
especially 


bat 
me 


g~0°; 180° 


ke? 
“gdh, 


6~90°; 
The average deflection angle of nucleons 
after the collisions become 


a~ 


u 
ee. (8) 
In conclusion, the present author expresses 
his sincerest thanks to Messrs. H. Fukuda 
and G. Takeda for their suggestion of this 
problem and valuable advice throughout this 
work. 
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Phys. 5 (1950), 800. 
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L. Rosenfeld, Prog. Theor. Phys. 5 (1950), 
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W. Heisenberg, Prog. Theor. Phys. 5 (1950), 
523, 
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Remarks on the Production of 
Cosmic-Ray Mesons 


Y. Yamaguchi 


Department of Physics, 
Osaka City University 


March 19, 1951 


In the previous paper”, we have discussed 
the production of cosmic-ray mesons, upon 
the basis of available informations at that 
time. It seems, however, necessary to add 
some supplementary arguments on this pro- 
blem, referring to recent data obtained by 
the photographic technique. It is the purpose 
of this short note to satisfy this requirement. 

It is evident that the phenomena caused 
by collision of a high energy nucleon with 
a nucleus are very much complicated owing 
to the fact of “pluromultiple” production 
of “shower particles”, which seems to be 
confirmed by geomagnetic eect of stars 
with thin tracks? and so on.» In such a 
case the comparison of observed data with 
various theoretical predictions is too difficult 
to derive any de‘nite conclusion about 
mesonic interaction. While so far only two 
examples?) of single collision have been 
observed, they give direct informations about 
shower production without complications due 
to plurality, and thus they are very useful 
for our theoretical analysis. Though their 
statistics are poor, these data show the fol- 
lowing important features of shower produc- 
tion : 

(1) Number of shower particles produced 
by a single collision is unexpectedly 
small. In LFS-shower” the primary 
particle with 3x10’ ev produced only 
15 charged shower particles. 

(2) Shower particles are not distributed 
isotropically in the center of mass 
system, but are collimated in the direc- 
tions of the incident particles. The 
shower in the laboratory system con- 
sists of two groups of shower particles 
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(i.e., dense and diffuse shower). 

Not only these two single showers but 
also other showers, for example, /\N-shower® 
or R-shower,” do not contradict these facts. 

These features are beautifully explained 
by Fermi in his recent paper.” According 
to him the production of nucleon-pairs (at 
extremely high energy region) and the con- 
servation law of the total angular momentum 
are essential to (1) and (2), respectively. In 
all of other theories these facts were not 
taken into account carefully. 

Next let us give some remarks on the 
anisotropic distribution of shower particles. 
We may safely assume that an average energy 
of shower particles is much smaller than 
the energy of incident nucleon, because of 
the multiple production of shower particles, 
For marked anisotropic distribution, we can 
define the angles @,)2 and @7, introduced by 
Bradt, Kaplon and Peters,” both for dense 
and difuse shower in the labozatory system. 
Under the assumption just mentioned, we 
can express these angles in a very simple 
way: for example, if we adopt the angular 
distribution o° shower particles 


cos” 6 sin 0dédg 


in the center of mass system, the character- 
istic angles for a shower produced by a 
collision of two nucleons with energy 7Meé* 
(in the center of mass system) are roughly 
given as follows : 


OA GC 

04/2 re 6,;~—" for dense shower, 
Dy. : 

Ve aaa. 6,~—* for diffuse shower, 


where the constants C and D are summarized 
in the following table (see next page). 

If our assumption is correct, we can 
determine the parameter m and the incident 
energy 7Mc*. For instance, in LFS-shower 


aes 


7Mc’~120 Bey (i.e.,~3 x10" ey in the 
laboratory system) 


% 
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Cio D2 Cr Dr 

2 dense diffuse dense diffuse 

shower shower shower shower 
0 0.58 1.37 0.91 4.4 
1) 0.34 2.95 0.65 7.6 
2 0.263 3.80 0.48 9.8 
3 0.222 AD 0.40 11.5 
4 0.195 5.1 0.36 13.1 


The half aperture @7* of cone (in the center 
of mass system) containing 90% of shower 
particles is~40 degrees. These values are 
completely in agreement with those stated 
in original report. 

Finally it can be shown that the produc- 
tion rate of heavier mesons” is also consistent 
with Fermi’s theory. 


1), Y. Fujimoto, H, Fukuda, S. Hayakawa and 
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3) E.g., B. T. Feld, I. L. Lebow and L. S. 
Osborne, Phys. Rev. 77: (1950), 731. 
4) -J. J. Lord, J. Fainberg and M. Schein, Phys. 
Rey. 89 (1950), 970. 
5) U. Camerini, P. H. Fowler, W. O. Lock and 
H. Muirhead, Phil. Mag. 41 (1950), 413. 
6) P. Freier and F, P. Ney, Phys. Rev. 77 
(1950), 337. 
7) H. L. Bradt, M. F. Kaplon and B. Peters, 
Helv. Phys. Acta 23 (1950), 24. 
8) E. Fermi, Prog. Theor. Phys. 5 (1950), 570. 
9) E.g., A.J. Seriff, R. B. Leighton, C. Hsiao, 
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On the Mass of Cohesive Meson and 
the Mass Difference of Nucleons 


H. Enatsu and P. Y. Pac 
Department of Physics, Kyoto Univ rsity 


March 23, 1951) 


Pais” and Sakata® have introduced in- 


| dependently the cohesive meson field in order 
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to remove the divergence difficulties of the 
electromagnetic self-energies of electron and 
proton. As to the mass difference of proton 
and neutron, it was found that the theoretical 
prediction has the right sign and order of 
magnitude, but Kawabe and Umezawa” have 
shown that one cannot obtain an adequate 
mass of cohesive meson to explain the ob- 
served mass difference, although the calcula- 
tion was carried Out in a. relativistically 
invariant way. 

We desire to point out that, when the 
method of evaluation is modified, the right 
value of mass difference can be given. The 
self-energies of nucleon have been computed 
to the second order of coupling constants 
by employing the formalism of relativistic 
quantum electrodynamics developed by Feyn- 
man and Dyson.” After the substitutions of 
momentum representations for the D,(x) and 
S,(z) functions are made, a variable trans- 


formation, ; 
ky ky! + upp (1) 


can be introduced as usual. In our treat- 
ments the so-called surface integral,” namely, 


Frcyate =S (1— wpvaer) ike! tupeld'k! 
/ (2) 


is considered. 

One thus obtains the electoromagnetic 
and cohesive mesonic masses Of a proton, 
with the result 


dm=dOm,+Ome+Oms, (3) 


dorm Eg) os 


ort fe kt Ko 
Te aas ) 198 M jig 


a) tate) 
{124+ (a!—62') log 4 


(<a oe tS tans} (et 


pay —m| x 


+ 
(5) 
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Om; = —m| 5~( mo )+ Tl ua) | 
(6) 


(=1837 m.), 


x: C meson mass, 


where m: Proton mass 


m : Electron mass, 


diy os ae as 
q5-): Coupling constant of C res 
es eee Te 
Arhe IS G3e 
x ; ne 
A= M= a 


Koo. 


Ky=V M+ K*, 
Accordingly, Om, can be eliminated by 
the Pais-Sakata’s relation 


f*=2e*. (8) 


The second part dm: coincides exactly 
with the finite term of Kawabe and Ume- 
zawa.” 

The last term dm; is produced by the 
Ae of Eq. (2), and 
readily seen to be not negligible compared 
to Ome. 

As the empirical value of the mass dif- 
ference of proton and neutron is given by 


Om=—2A47 me, (9) 


surface integral part, 


finally, we obtain the mass of cohesive meson : 
~=110 m.. (10) 


This is the expected order of magnitude. 
Detailed account will be given in the 
later issue of this journal. 
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769; F. J. Dyson, Phys. Rev. 75 (1949), 
486, 1736. 
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On the Accuracy of the Moliere 
Function, 1 


J. Nishimura* and K. Kamata** 


* Department of Phy-ies, Kobe University 
** Scientific Research Institute 


March 21, 1951 


The accuracy of Moliére functions” 
have hitherto been discussed by various 
authors.» These arguments, however, have 
been done only in the qualitative way, and 
seems to be unsatisfactory. 

In order to examine the accuracy in 
more detail, we compare his functions with 
ours which are derived analytically under 
the approximation B.? We first evaluate the 
angular distribution function at the shower 
maximum from the formulae (6) and (7) of 
the reference (4), and compare them with 
Moliére’s results. 

(I) As shown in Fig. 1, his differential 
angular distribution function? of high energy 
particles agrees fairly well with ours for 


1.0 -—2 >? Molitre’s 


Ours 


0 Nea 3 


£6 
—— 
I 


Fig. 1. Normalized differential angular dis- 
tribution function of high energy particles 
at shower maximum. These functions are 


normalized as \ Toln bab == ££ energy 
0 ‘ 


of electrons, A’: 21 Mev. 
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==s=-— Moliére’s 


- Ours 


£6 
—_——> 
WE 
Fig. 2. Normalized integral angular distribu- 
tion functions at shower maximum. They 


£0 €@ €@ 
are normalized as | Toni 4rd B= =e 
fo Se cae” Ne Ne 


€: critical energy of the material. 


E6 <2, but not for Bodoy Furthermore 


6 E 
K Kk 
; ; E6 : 
it becomes negative for K-83 as pointed 
out by Bethe and Eyges.® This inaccuracy 
is due to his rough numerical integration.’ 
(II) The integral* angular distribution 
is also shown in Fig. 2. His function is 
larger for S<L.6, and smaller for SF >15 
than ours. It should be noted that our dis- 
tribution function does ont contain the con- 
tribution of single scattering while Moliére 
took account of this contribution, which may 
make his function larger than ours for 
oe <1.b. The difference for Fis seems 
to be due to the fact that the average number 
of particles having such energy is estimated 
too small in Arley approximation used by 


him.** 


1) G. Moliére, Cosmic Radiation, ed. by W. 
Heisenberg (Dover Publicans, New York, 1946, 
chap. 3) 

2) J. Roberg and L. Nordheim, Phys. Rev. 75 
(1949), 444. 


3) J. M. Blatt, Phys. Rev. 75 (1949), 1584. 
4) J. Nishimura and K. Kamata, Prog. Theor. 
Phys. 5 (1950), 889. 
5) B. Rossi and K. Greisen, Rev. Mod. Phys.. 
15 (1941), 204. 
6) See the reference (8). 
4 In this paper, we limit ourselves to the shower 
initiated by a electron of very high energy. 
a Differential 


mo(Z, 0)2x0d@dF represents the average number of 


angular distribution function. 
electrons with energy between /# and #+dH 
lying the angle from the axis between @ and §+d6. 
t+ More strictly, the interpolation formula (5) 
of reference (1) is not so accurate. 


* Integral angular distribution function z2(@) 


oo 

276d6 is given by the formula, zo(@) = \Z 0)adZ.. 
0 

** The possibility that this difference is due to. 

the inaccuracy mentioned in (I), may be excluded, 
66 

because the particles corresponding to pole have 
1 


the energy less than the critical energy of the: 


material. 


A Possible Explanation for the Devia-- 
tions of Nuclear Magnetic Moments 
from the Schmidt Lines 


H. Miyazawa 
Department of Physics, University of Tokyo 


March 22, 1951 


The magnetic moments of odd nuclei 
when plotted against nuclear spin, fall into 
two groups roughly paralleling the Schmidt 
lines. This fact constitutes a strong support 
to the nuclear shell model” which assigns a. 
definite stationary state to nuclear particle. 
No satisfactory explanation has yet been. 
given, however, for the uniform deviations. 
from the Schmidt lines. Several attempts” 
to obtain a better agreement by mixing 
different states have succeeded partly but 
are not thoroughly convincing. 

The experimental fact that the deviations. 
are in the opposite direction for nuclei with: 
nucleon spin parallel or antiparallel to total 
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spin, suggests that the deviation has its 
origin in spin rather than in orbital angular 
momentum. In this communication we shall 
consider the intrinsic magnetic moment of a 
nucleon bound in a nucleus. It is not equal 
to the value measured in free states, because 
the nucleon is greatly influenced by closely 
Consider a Fermi 
gas composed of nucleons with momentum 
up to P. 
tions of a nucleon to states with momentum 
below P are excluded according to the Pauli 
principle, and consequently for a nucleon 


packed nuclear particles. 


In this nucleus the virtual transi- 


with momentum zero, say, the virtual mesons 
with momentum less than P are lacking. 
‘This naturally results in the modification of 
the anomalous magnetic moment which is 
regarded as arising from the virtual meson 
cloud around the nucleon. It is generally beli- 
eved that among the virtual mesons, those with 
momentum of the order of or below the 
meson rest mass x has a large contribution 
to the magnetic moment: for otherwise the 
recoil nucleon current would become much 
larger to destroy the approximate equality 
Ly—1=|4,|. Now P is about 1.5 x; there- 
fore a considerable decrease is expected in 
the anomalous magnetic moment. 

This diminution can be calculated with 
a suitable meson model (pseudoscalar theory 
with cut off) adjusted so as to fit the mag- 
netic moment of the free nucleon. For heavy 
nuclei the nucleus may be taken as a Fermi 
gas of infinitely large dimension. The 
Spherical wave functions instead of plane 
waves are used. ‘The result is, for the resi- 
dual odd nucleon, 


Au=0.68—0.23("(r)) nam. (1) 
The second term is in general not large. 
‘One can thus conclude that the anomalous 
magnetic moment of the bound nucleon is 
about half of that of free nucleon. Although 
the above figures have been obtained for a 
special model of the meson, the conclusion 


is nearly independent of the model if the 

model is adapted for free nucleon moment. 
In order to see if the above mentioned 

change Ay is sufficient to account for the 


Magnetic moment—Nuclear magnetons 


1 ee a, terres, etait 


1/2 3/2 5/2 7/2 9/2 
Spin 
Fig. 1. Magnetic moments of odd proton 


nuclei. Only heavy nuclei (A>20) are 
plotted. Full lines represent the Schmidt 
lines, dashed lines the present theory. 


Magnetic moment 
ro) 


—1 
ar) - 
1/2 3/2 5/2 7/2 9/2 
Spin 
Fig. 2. Magnetic moments of odd neutron 


nuclei. 


observed data, the magnetic moments of odd 
nuclei are calculated by the single particle 
model, with intrinsic moments 


Pp=2.19— Ap, 
Mn=—1.914+ Ay. 


We see that even better agreement is achieved, 
if we put 


An=1—-0.87 € ) as 
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‘the resulting curves being plotted in Figs. 1 here is equivalent to a part of the exchange 
and 2. This value of Ay is larger than magnetic moment, the so-called spin exchange 
that of (1) by the factor of 3/2, but in view moment. 

-of the crudeness of the model adopted, we 


may conclude that a possible explanations 1) E. Feenberg, Phys. Rev. 77 (1950), 771; M. 
for the deviations of nuclear magnetic mo- G. Mayer, 78 (1950) 16, and other papers 
ments from the Schmidt lines are given in cited in these papers. 


2) 4L. L. Foldy and F. J. Milford, Phys. Rev. 
80 (1950), 751. 
3) A. Bohr, Phys. Rev. 81 (1951), 134. 


‘this way. 
One can prove that the diminution of 
tthe anomalous magnetic moment calculated 
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If we neglect, in Feynman-Dyson’s rule of calculation, the contributions due to all closed 
loops of fermion line, we may deal with the one-particle theory for the fermion. The trans- 
formation found by Pryce, by Foldy and Wouthuysen and also independently by the author 
enables us to get some intuitive explanation of fermion’s behavior when it is free. In this paper 
we will show that also when the fermions are interacting with other fields, this transformation” 
is rather suitable to get a physical interpretation of the results. For example, we are able to 
compute the effects of the Zitterbewegung. Although it is profitable to work in the one-particle 
theory, we must interpret the negative energy states in accordance with the positron theory. So 
we will discuss how far we should modify the one-particle theory in order to maintain the 
straight parallelism to the quantized field theory. A remark is added concerning with the 
interpretation of charge operators, i.¢., Dirac operators p’s. Several results of the transformation 


are tabulated for the sake of reference in future. 


§ 1. Introduction 


In the relativistically invariant field theory we may often neglect the effect 
of vacuum fluctuation of a fermion field. This means to omit the effect of all 
closed loops of the fermion; in this case every fermion line is continuous and 
the number of fermion lines will be never changed. So we may start with the 
if we only pay attention to the treatment of the negative 
present paper we shall treat the case of spin 1/2. The 
1 O or 1 may be treated in an analogous way, which 


one-particle theory 
energy states. In the 
cases of boson with spit 


will be shown in the following paper. 
Let us consider a single fermion interacting with some type of meson field. 


(Of course, the meson field should be quantized, for the mesons are emitted or 


absorbed.) 

There is no difficulty in makin 
fermions. We start from the Hamiltonia 
role. We prefer this to the relativisticall 
we concern ourselves with the intuitive ex 
mathematical aspects of Lorentz-covariance. 


The Hamiltonian of a free fermion H, is given by 


H, = mp, + (Po) pr (1) 


g a generalization to cases of two or more 
n formalism in which time plays a special 
y symmetrical formalism, because here 
planation of the results rather than the 
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In the usual matrix representation of p and a, this Hamiltonian is diagonal when 
p= 0, and in this case the operator p, can be directly interpreted as the sign of 
the energy. In order to maintain this property also for the case of pO, it is 
more convenient to eliminate the “ perturbation” term (pyo)p, and diagonalize 
H, by means of a transformation, which has been proposed by Pryce,” by Foldy 
and Wouthuysen” and also independently by the author.” Then the Hamiltonian 
has the form* 


U7HU= Vit tp Ps (2) 
where 


U=exp (- if oe f, tan7" (2)). (3) 


After the transformation the wave function is also reduced to a very simple form, 
(for pos. energy states) 


1 0. 
eS 0 i, 
exp [i(pX—B,/)]x (3) ((ps)=+7), {5 )((0) =~») (4) 
0 ‘0 
(for neg. energy states) 
0 Oa 
: 0 
exp[i(pX + B)] «(< ((ps)= +4), «(} |@an=-n) 
0 1 
here and later on making use of the abbreviation, 
Ep= Vii + p’- (5) 


The transformation defined by (3) makes it possible to interpret the free fermion’s 
behavior semi-classically; As will be discussed in the next paragraph, we can 
readily see the velocity dependence of operators p's or o’s in the operator equa- 
tions in the new representation. Also we can separate out the Zitterbewegung 
amplitude from the coordinate operator, ‘which behaves just in the same way as 
the position of a classical particle treated relativistically. In this paper we are 
interested mainly in the benefit of making this transformation, which seems not 
to have been fully appreciated by other authors; and we will show that by 
virtue of this transformation we are able to find a semi-classical model of the 
fermion, which is interacting with some type of meson field. 


§2. Transformation U defined by Eq. (3) 


At the beginning, one should notice to the fact that if one writes the operator 


* In the following we employ the p-representation rather than the X-representation, because the 


momentum of a particle is more useful in the physical interpretation of the results than its position, 
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U given by (3) explicitly as a 4-4-matrix, then one will find that each column 
is nothing but one of four normalized orthogonal solutions of the usual Dirac 
equation respectively. 

As far as we are concerned with the operators commutable with p, we may 
look upon p as a parameter. Let A denote an operator in the new representa- 
tion transformed by means of U and let A® be its old and usual representation, 
Then, they are connected with each other by the relation, 

ott)? *A°7° (6) 
where U® means the operator given by (3) in which spin operators ps and os 
are inserted. As the result of this transformation, the new representation 4 
becomes dependent of the velocity of the particle also when the dynamical variable 
A® does not depend on it. On the other hand, the spin part of the wave function 
is velocity independent (see (4)), so the velocity dependence of A gives directly 
the information how the expectation values of various spin quantities depend on 


the velocity of the particle. 
In the following we reproduce the results of the transformation for several 


dynamical quantities. 


(i) The p-operators 


C750 = em (po) _ ‘ 

ie Sep SHE > 
U7*pU= 29 (A, 2) 
U 79,0 = — (po) — O,+ ‘be 03° CA; 3) 


Vi tp Vat 
An interpretation of these equations for the charge operators will be investigated 
_ later. Here we give only the following remark. As has been discussed by Fock,” 
if we imagine a fictitious 3-dimensional p-space, we shall find this p-space rotating 
in the Heisenberg representation, the angular velocity of 


The axis of 1otation in the usual representation of 
1 


about a certain axis 


rotation being 2W +p’. 
p’s lies in the ?,—ps-plane and deviates from the p,-axis by the angle sin™ 


((ps)/Vn?+p*). In our representation this axis is fixed and represented by 


p,; but when p grows greater p-space rotates also about the p,-axis.. This fact 
is illustrated in Fig. 1. 
(ii) The spin operators 
The transformation for the spin vector is given by 
1 
UU =0,, +014 [PX] » (B) 
I V mn? + 9 a AV un? +p 2 


ir motion is of spherical character. This has a 


* The equations of motion for p’s show that the 
This point will be discussed in 


ith the use of exclusion principle when quantized. 


certain connection w 
perbolic cases corresponding to symmetrical statistics. 


Part Il where we shall meet with the hy 
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where 

g, = PUp, (7) 
and 

6,=0—¢G, (8) 


denotes the longitudinal and trans- 
verse part of spin-vector respectively. 
The velocity dependence of the spin, 
which is text- 
books” by computing its expectation 
value, is shown in (B) as an operator 
relation. The tarnsverse pait becomes 
smaller by the Lorentz 
VIRo(= m/V nt p): 


longitudinal part remains unchanged. 


shown in several 


factor 
while the 


(iii) The position operator 
The transformation for the posi- 
tion operator is given by 


UX =X +X (Gy 
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Fig. 1. 


The rotation of p-space in the Heisenberg 
representation. 

The fixed axes are represented by p”s; the axis of 
rotation discussed by Fock is here represented by 9s°. 
As f# becomes greater, p-space rotates about po-axis. 


where 
= 1 m 
eee ( + Gi,) a (eng 
2Vne+ p\* Vit p He 
and 
e'¢ = xo Co2 
E-5(l--er) lp xa. (C, 2) 


X is the coordinate operator in the semi-classical sense ; 


in other words, it 


is canonically conjugate to the momentum Pp, and its time derivative (in the new 


representation) corresponds to the relativistic velocity of the particle ; 
abl ee 


X denotes the position shift due to Schroedinger’s Zitterbewegung.” 
longitudinal magnitude is 1/2% times the Lorentz factor. 


tudinal ratio is also “]— 7. 


That is, we have 


n 


that is, 


P ” 9 
We 9 Ps ( ) 
The 


The transverse-longi- 


Its time derivative is equal to that part of po 
which gives 1ise to pair foimation and destruction. 


(Cf. Eq. (Dy 2) in’ Gv): 


esi). (10) 


X can be interpreted as a shift of the centre of motion. This term has the 
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effect to compensate the decrement of the transverse spin angular momentum and 
conserve the total angular momentum against an adiabatic change of the transla- 
tional momentum. This point of view is justified as follows: The total angular 


Momentum is a constant of motion and invariant against the transformation U. 
That is, 


UX xp]+5o}0=[Xxpl+ to. (11) 


But the left hand side is 


[X xp]+[(Xxp]+[X¥ xp]++o,,4 : } 2 
¢ \] ata Dee ale px}, (12) 
2 se — 20+ [ J ( 
according to (B) and (C). Each term in (12) is velocity dependent; in other 
words, gets changes by the transformation UV. So there should be some pairs 
of terms to compensate with each other and keep the whole expression invariant. 
The first of these pairs is the “ orbital angular momentum associated with the 
Zitterbewegung’”’ and the odd part* of the spin angular momentum. They are 
connected by 
1 

{Xx 9 |=. -=— pxe 13) 

L J 5 ep seal ]po- (13) 
The second is the “increase of the orbital angular momentum by virtue of 
the shift X ” and the decrease of the transverse spin angular momentum which 
has been discussed in (ii). Because there is the relation, 


~ 17; m 
xX = [== oO 14 
Los 2) 2 ( Vint =) 5 Oe 


which justifies the interpretation of X stated above. It should be remarked that 
its time derivative vanishes, i.e., 
X=0. (15) 

The term X together with X constitute the even part (i.e. the part which does 
not give rise to pair formation and destiuction) of X- in the usual representation. 
This even pait may be identified to the position of the centre of gravity in-the 
relativistic mechanics of a classical particle. This point has been fully discussed 
by Pryce ? and Mfller.**” 


* We use the term ‘‘ odd part” for that part of any operator which contains either , or f, and 


“even part” for that containing neither of them. 
** Moller has availed himself of the transformation of variables which may be defined by means 


xK 
of A>A=U-1AU, 


(po) ° 
where U = esp ee tan-1(£-) -o2(1 — aD sk 


and essential points in his results are the same as ours. 
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(iv) Supplement 


yy a ee ) pal 
GBP Teepe t (8+ yee ey ( ) 

; 1 m " 

ai — sa (oy 5 Be 2 
U poU Taree lt (aut 7 2p ° 1 )es ( ) 
o~pa=(4,+4 Tae wie Benn pe sane 


(D, 1) is the transformation for the operator p,¢ which appears in the 
expression of the current in the case of electro-magnetic interaction. 

By summing up Eqs. (D, 2) above and (C) in (ii), we see that the opera- 
tors O and p,0 together form a six-vector and their transformation character with 
respect to the Lorentz transformation is shown in the right hand side of these 
equations. For most of other quantities, e.g. the scalar density p, or the time- 
component density of the 4-vector J, our transformation equations show their 
Lorentz properties only when integrated over the whole space, but not the trans- 
formation properties of the densities themselves. 


§ 3. The treatment of the interaction 


In this paragraph we show that the transformation defined by (3) is much 
useful in treating the problem of field reaction. 

In the ordinary represeatation of fermion operators, the interaction Hamiltonian 
HI’ of a fermion with meson field is of the form 


ella ee - (interactor’ +hermitian conjugate, (16) 
Kk ; 


where aj, denotes the emission operator of the meson with momentum & and 
polarization 4, and in the plate of (zteractor) one should put a suitable operator 
according to what type of meson and coupling is considered. (E.g. in the case 


of scalar meson and scalar coupling, put g(27/e,)'"p, in this place.) We denote 
the coupling constant by ¢ and abbreviate as 


ep=V E+, (17) 

# being the meson mass. Naturally the total Hamiltonian is given by 
H=Myt A! + Ainress (18) 
where Anes. is the Hamiltonian of the isolated meson field which is given by 
Hives. = 313) EKA Ue): (19) 


Now in order to treat the field reaction, let us go over into the interaction 
representation of the total system. Then the Hamiltonian function (D) ng has 


* ( )int. denotes the respective operator in the interaction representation. 
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the form 


(D)in. = 333 aj gtk exp [2723+ (po) pe] eT MK) ; 


(interactor\ - ext —2(mps+ (po) e,)2) |+herm. conj. . (20) 


In interaction representation, thy 0Perators p’s or a’s behave in the same way as 
of free motion. Though the equations of motion 


Fock,» the answers look too much complicated 
—7(kX) 


in the Heisenberg representati¢ 
for p’s and a’s are integrated?Y 
to be written, da@utoe conc opemtor telations.. Moreover, the factor 
ebeves muchumore unhafucely—in. time. due. to the existence of the Zitter- 
bewegung. Thus, in therepresentation hitherto used, the time dependence: of 
the right hand member f (20) is far from a simple exponential one; so we 
must make use of the amiliar technique of projection operators, and wiite down 


the! attixe elements ¢40)me abandoning the exclusive use of the operator form. 


These troubles are aused by the fact that the operator 15+ (po), is not yet 


diagonalized explicily- But after the transformation U we have a simple ex- 
ponential time face's as will be revealed in the following. 


If we petfom the transformation U we have 


U-(9) a7 = p36 reat exp (ce,,t) exp (Z Vn + pst) ie oe KX) -Ux 
U -“interactor) U «exp (—iv ne + peat) + heim. conj. . (21) 


At first sizht, the right hand side of (21) may look rather complicated ; however, 
it is arrmged in a physically interesting way. In the new representation of the 
U-(interactor) U, one can sce the velocity dependence of the interactor, 


interactbr, 
Let us consider the operator eo bX) 


as was shown in the preceding paragraph. 
in the new representation and use the following notation 


UM TEXD ae X+ X+X) _,- HX) . (yee oil \, (22) 


t is due to the results of (iii) of the preceding para- 


where the second statemen 
unit operator either if the recoil 


The term (recoil) turns out to be 
i the fermion had no inner degree of freedom 


We will analyze this term in the next paragraph. 
As will be shown there, we can consider (recoil) as expressing the disturbance 
of inner degree of freedom ? and o caused by the recoil. It consists of two 
types of expressions, one containing , and the other free of p’s. Now we 
should classify the operator ( recuil) + U~* ¢ interactor \U into two parts, one of 
which contains either », oF (2 and the other does not contain. The term con- 
or pf, will gives rise to a pair formation or destruction. The distinction 
lf-evident after the transformation, and only p,; and py, 

Consequently one will never feel it 
It is noticeable that the equations of 


graph. 
momentum & might vanish or 
other than that of translation. 


taining /; 
of the sign of energy is se 
causes the change of the sign of energy. 
necessa1y to use the projection operators. 
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motion for g’s and o’s are vety simple it our represenation. Only A: and pz 
show the dependence on time, which is glen by 


(P:) m= 01° exp [—22 Wn? 4+ prt: ps | =p {22 Vit + pe : ps] Sas (23) 
(2) int. = Po" EXP [#2 Vn + pe: ps]=eX [72 Vn + pre Ps): Px (23) 
—i(kKX) 


The operator of momentum transfer, ¢@ » 44 behaves in a simple manner, 
which was not the case hitherto; that is to say, \ have 


(eTHEE)) ie oD), cep [f(A EDA), og Ep] 


=exp[i(Vm?+ p’— Vi + (p—k) +. 0,] eT KX) | (24) 


As the consequence of these simplification brought abouiby U, we get a single 
exponential time factor, after uniting the time factors of he term ((recotl)-U~™* 
(interactor\ 7), and of the term Cree This procdure is equivalent to 
shift the factor exp[—i“y2+ p*t-ps] in (21) from the rightto the left and exp 
[+ivn2+ pt-p,] from the left to the right till they are wjfied into a single 
exponential function, thereby taking account of the commutatiq relations for p's 
ee oo 

Finally, we have the Hamiltonian in the interaction represenation, which is 


of the form 
O79) in. = az, exp [1 Vn? + pest Vm + (p—k) esteye]- x 


tpg EO" eecoil )-U-‘(interactor)U + herm.conj. . (25) 

Here the double sign in the time factor should be settled to be positve when 
we deal with that part of (recoil) + U~*( interactor) U containing p,; or ps and to 
be negative for the other part. (The summation indices + denote the summation 
over both paits in Eq. (20).) In our new representation we find interaction 
operators of somewhat complicated appearence, but the physical meaning of these 
operators is clear and able to be read directly. Moreover, the interaction Hamil- 
tonian shows a simple dependence on time in the interaction representation. 
Thus we can readily find a physical interpretation of field reaction on the fermion 
as far as we take the free motion as the basis of describing the effect of the 
meson field. If we desire, we can at once make a non-relativistic or extreme- 
relativistic appioximation to any order in p/m or m/p. 

, In computing the perturbation effects caused by H’ by means of the contact 
transformation method, we meet with the integral of the form, 


\2 “O) ase (26) 


Then, as is evident from (25), we have the following factors after integration 


exp [é(Z,ptZ,_ peste, et] 
(Eps Ey pPrtep) 


(27) 


or 
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Comparing this with the corresonding expression of the quantized field theory, 
we find that in our calculation the energy differences are as well exact for transi- 
tions accompanied by pair formation or destruction as for those not accompanied 
by them; this is due to the existence of the factor p,; and the discrimination of 
the double sign in (25). Such correspondence to the quantized theory is auto- 
matically established also in any higher order processes, which should be computed 
from the following type of integrals. 


(FY fae faer-- [dee ger H(t") Tee H(tn). (28) 


This is due to the fact that the requirement of the momentum conservation in 
higher order processes are automatically fulfilled by virtue of the spatial ex- 
ponential factor et(kX) But if we want to maintain a perfect parallelism of 
our scheme to that of the quantized theory from which all closed loops are dropped 
out, we must deviate a little from the formu procedure: That is, instead of 


computing with 
(FY fear fet [a7 Bundt") Bede) Banka) 7, 29) 


which results fiom merely substituting U-"(D)iu.U given by (25) into (28), we 
must employ the following expression 


7 lyn ef t ie 
Ge) |" dt! degp > (B)me ht") Tp Tint") T* 


ent KU (OAc) (30) 


This piescription invoives nothing new, because it corresponds to the use of 
piojection operator technique in the usual method of calculation and: distinguishing 
the sign of energy in o:der to take only the holes of the negative energy sea 
as giving the true contributions. Let *A(p),. Ap) respectively denote the 
e positive or negative energy state for a fermion with 
resentation the operator which represents the operator 
So by inseiting /, our results 
In the Appendix I, we 


projection operator into th 
momentum py. In our rep 
+A(p)—~A(p) is nothing but /’s irrespective of p. 
will become in conformity with that of position theory.” 


shall check these points more closely. 


§ 4. Recoil of a spin 1/2 particle 


in the preceding paragraph, we meet in the 


As was already mentioned 
the type given by (22). 


interaction Hamiltonian with a factor of 
Here we give the term (recoil) explicitly as* 


* NB. ue KEY et (RX) : pti(RX) 77 —1,-HRX) 2 Uae HOU 1 p—k) U(p). 
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(recoil) =exp{ 10 (p,(az) + (67))/V 247} (31) 
where 
2=(Vnit pt mle+ (Vint + (p—ky —Vn+ PP» (32) 
7=[kxp], (33) 
and 
ree 1/2 
a aL aes Eye be) 


In (34) the variable ® vanishes in. case of K=O. (recoil) would have been 
reduced to unit operator if the paiticle had no inner degree of freedom so that 
the charge operators p’s and the spin operators o’s disappeared and the effect of 
the recoil was only to change the momentum from p to p—k. Thus we are 
justified in interpreting the term (recoil) as due to the recoil disturbance of the 
inner degree of freedom. Expanding the exponential in (31) we have 


Geol conn ee ee (35) 


The term containing # may be interpreted as the disturbance of the Zitterbewegung 
caused by the recoil, for the factor p,(o%) has a similar construction as the Zit- 
terbewegung in the free motion given by (C,1). The term containing 7 cor- 
responds to the disturbance of the shift of the centre of motion given by (C, 2). 
In fact, such correspondence is justified in the non-relativistic limit. In this case 
the term X and X is given by 


a 1 
xX Koy 36 
Qi ay ( ) 
and 
n 1 
X~__I|pxe], (37) 
me 


respectively to the first order of p/m. Putting these expressions into (22) we 
have the expression 


nee be 1 
(k, X+ X48 (Ie ee =i 
oO MAID woexp[—i (KX) +95 pAlKS) + 7 a(o-[kxp]))] 


= eX) i( 5 p.(oh) +7 4(o-[k xp]))) (38) 


which checks our statement. 

? is the safety measure how far we may neglect the disturbance of inner 
degrees of freedom due to the recoil. The behavior of @ as a function of p/m, 
k/m, and 0(@ denoting the angle between p and Kk) is much complicated: and 
it is hard to make a general discussion about this behavior. Here we restrict 
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ourselves to the limiting case of £0. In this case (34) reduces to 
ah +V¥ 14 (p/m)? —(2/m) cos 0)? + (p/m)? sin’ 4) 172 
2 (4 1+ (p/m) VF (p/m) 


It should be remarked that it is only when > and f= that 9,,. reaches 
the value 7/2 and the recoil effects on the spin quantities are expected to change 


(39) 


sins .= 


the character of the interactor entirely. 


§5. Some examples of application 


In our system of calculation, operators appear a little more complicated than 
those in the current use, but they readily furnish us with physical models and 
are suitable for a qualitative discussion. For a precise numerical evaluation the 
resort to the Feynman-Dyson’s scheme is recommended. Some results of applying 
our method will be surveyed in the following. 


(i) Compensation effect in the self-energy problem 


As was explained at the end of § 3, we will insert p's in the train of the 
transition operators in the transformation function by which the field reaction is 
taken into account. We might expect that in computing the 2nd order self-energy, 
the contributions due to pair formation in the intermediate state and those which 
do not come from intermediate pairs cancel each other. In higher order processes, 
it is not a simple matter to make a general discussion on the classification of 
compensating terms. But in each practical case, the computation is not so hard. 
As will be observed in Appendix Il, there are two groups of interaction type, i.e. 


fs— Px group and 1—p, group. f's3— 1 group comprises those interaction type with 


p; for their even part and p, for their odd part. As long as the fermion under- 
goes a single type of interaction, the mixing of p;——% type and 1—p, type in 
higher order processes does not occur. Then, for- classification of compensating 


terms, one sbould compute the sign of a train like either 


Pils? P33" ** and — PsfifysP1** CC. (40) 


or 
PoP sPoPsk-** and 11,0 oPsPo"** etc. (41) 
(Here in order to distinguish the inserted p; from p's contained in the original 


expression, we have put a bar upon them.) 

Now in a process where the ultra-violet contribu 
compensation effect will be stressed for that type of interaction which contains 
p; in the interactor of the usual representation, as compared to p, type; for, as 
recoil by ultra-violet mesons, the fermion have a large virtual 
(Cf. § 2, Eqs. (A), the velocity dependence 
hows us that 1l-type interaction will be 


tion. plays a main role, the 


the consequence of 
momentum, and p; goes over into py. 
of p-operators). A similar reasoning s 
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much more compensated than p-type. In fact, as is well known, the negative 


value of the second order self-energy in cases of neutral scalar and pseudovector 


: : . 9)10) 
mesons were found and investigated by several authors.’ 


(ii)  Axomalous magnetic moment 


Let us consider a fermion of ‘electric charge ¢ in a homogeneous magnetic 
field of stength AY and the direction e (an unit vector). Then we have the, | 
interaction Hamiltonian of the fermion with this magnetic field 


Up (CA)U, (42) 
with 


A=5H\exX]. (43) 
As the results of the transformation shown in §2, we have 


(| Bees (8147 5 a0) | lee 


The second part of the first factor is proportional to X, ie. the current associated 
with the Zitterbewegung. In the non-relativistic limit we can put, according to 


(36) and (37) 


an 


il 
90, A= 
Que " 


X= 


and have the reduced Hamiltonian 


Soe test: jiexX]+5"[exo}p.+ 7 le x[pxel]}), (45) 


in which we find the interaction energy due to the normal magnetic moment, 
efT Cid 
-— (9,0 :|e x F |p.) =—— 9, (Ge 46 
ee (0:5 +[ Jee) ati ) (46) 


Thus we recognize the position. shift of Zitterbewegung and the current accom- 
panied by it as the origin of the normal magnetic moment. If the fermion interacts 


with some kind \of meson field, then the Zitterbewgung amplitude will be modified 
and we shall have 


eo otis (47) 
in the place of X with no mesonic interaction. Here e** denotes the transforma- 
tion function to take the virtual meson cloud into account. How to construct 
this transformation function in its interaction representation was discussed in § 3 
We may bring it back into its Schroedinger representation by merely dropping 
the exponential time factor. By actual calculation it turns out that this trans- 
formation function must modify the factor p, in the unperturbed Zitter-amplitude 
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in order that we might have a positive sign of anomalous magnetic moment. 
Because the modification of the o factor (in the unperturbed amplitude) will 
always decrease the effective value of the spin component in a certain direction. 
These points were fully discussed by Welton™ and Koba.” 

In the transformation function the operators S has the same character as the 
interactor in the first approximation. From this fact, one may expect a positive 
sign of anomalous magnetic moment in the case of neutral scalar meson™™ or 
of neutral vector meson (photon), and a negative sign in the case of neutral 
psevdoscalar.” In the former cases the interactor have a factor p,; or p, respec- 
tively ; so these cases are expected to give rise to a modification of p, in the 
unpeiturbed amplitude, for this modification is determined to be great or small 
essentially according to the order of magnitude of [., S].. On the other hand, 
in the latter case of pseudoscalar, the interactor is j., which is obviously com- 
mutable with p, in the unperturbed Zitter-amplitude ; then the modification of o 
dominates and the result becomes negative. 

By making use of the calculational technique developed in this paper, one can 
find Koba’s model of the anomalous magnetic moment of an electron out of the 
usual quantum electrodynamical scheme: but we will not go into the details of 
this problem any further. 


(ii) Minute remarks on nuclear interactions 


At the end of § 4, we have noticed that in the expression 
(oZ) + (97) 

VL +7? 

cos @ vanishes only in the special case of >, p>, O=z. Thus, generally 
speaking, it is rather small region of the integration domain where the type of 
the effective interactor becomes altered very much from the original expression 
in which no account is taken of the disturbance of p's and o’s. From this fact 
we may say that interaction types containing derivative of the meson field amp- 
litude (in their usual representation) will yield higher singularity compared to 
those free from derivative. However, this cannot be considered as contradicting 
to the equivalence theorem™ in nuclear force problem, because in the ¢?-order 
and Born approximation the even part of interactor of the vector-type coupling 
is propoitional to the respective operator of the scalar-type coupling, as is verified 
from the results in Appendix II. The equivalence is guaranteed in such a 
problem as we retain only the lowest order contributions, but the deviation occurs 
in higher order contributions, especially when we take the intermediate pair 
creations into account. 

At the end we add that the recoil disturbance of Zitterbewegung yields the 
tensor force without 7~*-singularity in the case of pseudoscalar meson and pseudo- 
scalar coupling ;” and that the recoil shift of centre X yields the spin-orbit 
_ coupling in the case of scalar meson and scalar coupling, which was discussed 

by Dancoff.” 


(recoil) = cos ® + zsin pee 
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§ 6. Interpretation of o-operators 


We have met in §2 the rotation of p-space. So here we add some points 
of interest in the physical interpretation of p’s, by the way. 

The expectation value of (, s, 1, and p, are scalar, pseudoscalar, 4-component 
of vector and of pseudovector respectively. These four operators constitute a 
closed set, in which every product of their linear combinations is again such a 
linear combination of them. The multiplication law in this closed set suggests 
us how these operators should be interpreted physically. However, we take a 
different way and for some while consider the relativistically symmetrical for- 
malism, and then come back to the formalism initially adopted. This way might 
be longer but more smooth than the short-cut mentioned above. 

Now, in the relativistically symmetrical formalism, the above mentioned 
densitiy operators correspond to 1, Fy) 7a and 74.3; respectively. They are gene- 
rators of reflexions in the representation of the full Lorentz group. But we can 
interpret them as generators of reflexions of world line in Feynman diagram, 
instead of reflexions of coordinate axis. This will be clearly seen in the S-matrix 
of Feynman’s theory. The S-matrix is constituted of a sum of terms like 


m) (n=1) “Sir 
(Green function ) (inter actr\ (GF) tin. (G.F.) laa Bec ate 
(2) qd) 
sr (Intr.) (G.F.) Intr.) (G.F.)*. (48) 


Here the energy differences corresponding to some integral of Y-functions are 
inessential for our purpose and not explicitly written down. In computing the 
transition probability of a ceitain process we shall multiply the S-matrix of the 
interested process with its hermitian conjugate from the left. Thus we shall have 
operators of the following type, 

° Centre 


(GE Inte) (GP) Inte) (GE) iitr AGE) Ine (ORY x 


(GE) Inte (GE) Sate (GB) (Tite (GP) Boe (GF). (49) 


Let us take an example to fix our idea, and suppose that there stands a factor 
fs as a part of the (v—1)-th interactor on each side of the position, “ centre” ; 
then we can make this (w—1)-th interactor free of ps, putting two p,-factors into 
the centre, i.e. 


Centre 
(n=1) (n) VES (2) (m-1) 
+ CLutr.) (GE) Int.) (GF) pp, GF.) Intr.) (GF) (Lutr.) ++ 
free Sree 
of Ps of ps. (50) 


* ; 5 
G.F. stands for Green function and Intr. stands for interactor. The suffix attached to the zy- 


éeractor is showing its order in the train, 
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Of course, by viitue of p,2=1, the p, factors in the centre are cancelled. But 
they have left their trace in the remainder of (50): In view of the constitution 
4 
of the Green’s functions, 1/307 udu — 1, where g, denotes the propagation 4-vector 
. . . see ‘ 

for respective states, it is evident that there is a change of sign qo—gq(r=l, 
2,3) where p; has passed over. 

By proceeding in this way, one can, in general, omit 0; (oc7 1251), P2(ocyins)» 
p;(=7,4) contained in interactors, but, on the other hand, making the following 
replacement, 9,>—4p 


p=1,2,3 in all factors of the train (48) lying on the left-side 


of that interactor in which we omitted Ps» 
p=4 ” Py» 
p=l, es 3, 4 ” Py (51) 


The above statement in the relativistically symmetrical theory is a little 
obscured when we come back to the asymmetrical system. But we shall find 
the analogous conclusion here, too. 

By application of p, the sign of energy does not change, while the sign of 
momentum will be reversed. 


ps" Ps Cs = Pas 
pst U py =U. (52) 


By application of p. the sign of energy will be reversed, while the momentum 
remains unchanged. 


pz? Ps P2 = Ps . 
py U p, = U. (53) 
And by application of p, the sign of both energy and momentum will be reversed. 
Pi? Ps Pr = —Px 
pr! U p, = UA. (53) 


The apparent paradox, that we have obtained the same result in both cases of 
symmetrical formalism and asymmetrical one in spite of the different interpreta- 
tion of the expectation values of operators, will be solved when we consider that 
it is the mutual commutation relations between these operators which underlies 
our discussion. 

In this way we axe justified in terming p’s as the charge operators: For the 
reflexions of world line in a Feynman diagram means physically an occurrence 
of a pair formation or destruction when the change of the sign of energy is 
contained in the reflexion. Thus three distinct types of reflexion attributed to each 
one of p’s correspond to different types of pair formation or destruction. In actual 
cases, these’ pair formation or destruction are accompanied with the simultaneous 
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change of momentum, and their exact representation in Feynman diagrams are 
difficult to be given; but neglecting this fact we sum up the results schematically 
in Fig. 2. 

In the sense stated above, the rotation of p-space which we met with in §2, 
can be interpreted as the change of the character of pair formation and destruc- 


tion. 


(a) (b) (c) 


space-like direction 


UWOT}IIITP IHIT-dUT} 


interactor containing pg 7nteractoy containing pg tnteractor containing 


Fig. 2. Schematical representation of the effect of p’s contained in the interactors. 
Here we omit the momentum transfer caused by the interaction. 


§ 7. Summary and acknowledgement 


We have shown in this paper, that in case when we can neglect the effect 
of the vacuum fluctuation of the spin 1/2 field, we can get semi-classical models of 
spin 1/2 particle which facilitate us much in qualitative understanding of the 
results. We should start from the one-particle theory for this fermion, and make 
use of the transformation proposed by Pryce, by Foldy and Wouthuysen, and 
also by the author. Then, we find semi-classical interpretation of the behavior 
when the particle moves without interaction. The results was summed up in §2., 
and they furnish us with quite suitable basis for treating the interaction. The 
treatment of the interaction was described in §3. The result is in conformity 
with the positron theory, if we adopt the prescription stated there. 

In concluding, I wish to express my cordial thanks to Prof. Tomonaga for his 
interest in this work and valuable discussions. 


Appendix I 
Here we discuss the correspondence between the one-particle theory and the 
quantized field theory. 


In constructing the transformation function, we must compute integrals of 
following type, (given by (28), § 2) 


gt 


(ZY fzeyae| Keyan see [Hed (a, 1) 
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In our system each A(t) is of the form, according to (25), 


ae 2 —1(k2 7 — 
pay tage (RX) pp pes. (U1 (ps) (Int. Up) ocen 


po AE pn PLO p—k) (Inte. UP) al 

+ hermitian conjugate. (a, 2) 
Here ( evens ( )oaa denotes respectively the even and odd parts of the expres- 
sions inside the brackets. On the other hand, in the quantized theory, we should 


substitute the following expression for H{¢) in place of the above expression 
into (a, 1) 


BB EF tical a (DK) bus DER a a o (BB) (Tate) Pres) 
+6_,(—ptk) b%,(— pea * pnt pp, (p—k) Inte.) pws (DP) 
+ 5%, (p—k) o%,,(p)e nt pnt pot, (p--k) (Intr.) bw (DP) 


+ bp (—D+K)b aus (pee = p-n “ v 6*_, (p—k) (Intr.) bw (P) } 
+hermitian conjugate, (a, 3) 


where 8* and 4 denote the creation and annihilation operators of fermions, and 
¢(p) and ¢*(p) are eigen-solutions of Dirac equation with momentum and its 
complex conjugate. y is the spin index, and + denotes the sign of charge. By 
comparing (a, 2) with (a,3), we shall find the term by term correspondence 
between two cases. For there is the following correspondence of the expressions 


in both cases. 


1 
At Pin (p—k) (Iutr.) biw(D)>5-C + ps) -O-'"(p—k)(Intr.)U (Dp): 51+ ps) 


St gy (p—k) Inte.) uP) >= py) UB) (Lutr UW) =P), 


Sig (p—W) nth.) $y (p) > E+ py) - UW) Inte UD) bs), 


DS $*,(p—k) (Lntr.) bu (P) s(1 —p,)-U-p— k)( Int. Op) +). 


(a, 4) 
s of both theory is checked 
the interaction Hamiltonian : 
processes, as is clear from 


Thus the correspondence of the transition element 
with respect to the elementary processes described by 
This statement is also true in general higher order 
the following reasoning. Here we neglect all vacuum effects, and the train of 
intermediate states in quantized theory which appear in (a, 1) is continuous, in 
other words, every particle generated in the preceding step must vanish in the 


next step. In the unquantized system we do not need to say about this continuity 
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of intermediate states, b t we notice that here the distinction between process with 
and without pair formation is automatically established by virtue of p, in the 
exponential time factor before and after integration over time. The spatial ex- 
ponential factor takes automatically the momentum conservation in higher order 
processes into account. 

However, we must take care as regards to the sign of a trdin of terms, each 
of which is given by (a,3). For positive energy states the creation operators 
stand on the left-side, while the annihilation operators on the right. For negative 
energy states the situation is just reversed. So, if a certain intermediate state is 
one of positive energy, we have a factor 6,(p)4¢(p), which can be identified to 
unity in the one-particle theory. But for a negative intermediate state we shall 
have a factor 4% (p)6_(p) =1—46_(p)6*(p), which should be put —1,; because 
we should discard all effects due to the negative energy sea. This discrimination 
of sign of intermediate states can be established in our system of calculation by 
inserting p, into the middle of two transition operators of adjacent step. 


Appendix II 


We have purposely separated the term (vecoi/) in the discussion of §3. The 
following results will be useful in calculations of any kind of interaction type. 
By suitable change of the notation, one will readily find the essential part of the 
term (recotl)U ~(interactor )U for any kind of interaction. Here we shall abbre- 
viate as, 


Hp=m+Lp=mt+Vne+p, 

fg=m+ Eq=m+ Vike @- 
2[ Eg gtpta|'"U~"(q) -1-U(p) 
={Hpltat (p-d) +1(4 x P)-S) } +7904 (99) Ha— (pt) Ha}, (b, 1) 
2| Ep gtppa|'"U'(@) - py U(p) 
= Pol Hpa + (G-P) +7 ([9 xpP]-o) } +7{ (0) up— (ps) ug}, (b, 2) 
2[ EpEgttpttq]'"U-*(q) -pu-U (p) | 
= pit Upta— (9°) —i([a x p]-) } + ps{ (QS) Hp+ (pa)Hg}, — (b, 3) 
2[E pEgttptta)”-U~ (@) + 5U (p) 
= Ps HUpHa— (9: P) —1([9 x p]-0) }—p,{ (9-8) p+ (pS) Hg}, (b, 4) 
2[EpE gupta)” U*(q)-o-U(p) 
={HpHaS + (po)at (ac) p— (p-a)o—i[¢ x p]} (b, 5) 

+ i02{ HpA— LqgP— ital p x F]—ipp[Q xo]}, 
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2[ EpEgtppg]”-U-*(@) « p6-U(p) 
= Po| Hplad + (po)g+ (go) p— (py)o—ila x p]} 

+7 Upd — H'gP—ipp[d x 6]—ingl px ]}, (b, 6) 
2[ Ep L£gttpftg|'?-U-(q) -p,0-U(p) 
= P:{ pad — (po)a— (qa)p+ (pa) +i[¢ x p]} 

+ Ps{ tp + PoP —tftp|| X 0] +7¢4q pxc)}, (b, 7) 
2[ pL gttptg)'”?*U* (q) -0,0-U (p) 
= Ps\ HptgS— (ps) a— (gs) p+ (pq)o+i[¢ x p)} 


— ps4 Up + HgP— ipa x O]+i4q[pxo]}, (b, 8) 
where 
U(p)= exp] r 4 pA PO) tan™ (en = (2up-Ep)""{ tp—-ip,( ps) }, 
2, |p| wm 


U-(q) = exp| + Be at tan (M1) — (2g Bg) Ha + ips(99) f 
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ff values of the ~ decay for forbidden aeriines are classified according to the experimental 
spectra. They are found to fall into distinct groups, if the correct fermula for the forbidden probabilities 
of Fermi theory worked. out by Nakamura, Shima and Kobayasi are adopted. The possible selection 
rules, and the conditions for the uniqueness of the matrix elements adopted, are also discussed. From 
the results, interaction types of the Fermi theory coould be limited to some extent. 


§ 1. f-ray spectra in the case of the forbidden transitions 


Recently the analysis of B-ray spectra has made great advances, undoubtedly 
due to the good use of the thinnest sources and the improved availability of many 
radio-active isotopes. While we have, reasons to believe that the Fermi theory 
of B-decay is well founded in the case of allowed transitions, both with regard 
to the spectra and the selection rules, the check of the theory seems not to be 
finished in the cases of the forbidden traiisitions. In addition to the encouraging 
fact. that Konopinski and Uhlenbeck” have once succeeded in rep:oducing the 
so-called A-U type spectrum with a specific second forbidden formula of the 
Fermi theory, the discovery of shapes corresponding to their predictions on the 
basis of some Ist forbidden formulae speaks strongly in favor of the Fermi theory. 
Actually, as was first confirmed by L.M. Langer and H.C, Price® with the spectrum 
of Y”, the fo bidden correction factor, the so-called ‘a’ type, of Konopinski and 
Uhlenbeck’s theo1y finds its direct countéerpait in nature, not the linear combina- 
tion of more than two correction, factors such as in the case of Rak. . 

Nevertheless, it can not be overlooked that beta emitters have been discovered 
which have allowed spectra and forbidden life times. Such instances have recently 
been woiked out with much more reliability. Konopinski and Uhlenbeck were 
the first to point out that the allowed shape of Na™ might correspond to the 
beta decay exclusively induced by the matrix elements of ja or {7,, which 
happen to be predominant among various matrix elements of the first forbidden 
formula. This interpretation can be extended to the cases of allowed spectra 
with the first forbidden life times. On the other hand, since the second forbidden 
formulas have no matrix elements coriesponding to the allowed shape, it may 
be, plausible, for the cases of beta emitters which have longer life times, to attempt 
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to derive the required spectra, i.e., the allowed shape, by suitably adjusting more 
than two matrix elements of the second forbidden transitions predicted from any 
of the five Fermi interactions. Unfortunately, this attempt was found to be hope- 
less in the case of P®. If we try to explain P” by means of the selection rule 
4/=+2 in the tensor interaction of the second forbidden transition, there is no 
alternative but to adopt the following correction factor in formula (80c) of 
Konopinski’s™ article for 8-ray spectra: 


Cop ~ 33 | A,,|"3a 
i 


oe 
+ 3 (Ty! 5 BD.- Cl 


ni 
—[ ~ T,; A,;* + comp. Conj.] 5 & 


where a, C, D., E, are the complicated functions of W,, W, 7 defined by (31), 
(29) in Konopinski’s” aiticle. 

Generally speaking, owing to the rapid decrease in 3D,—C near the low 
energy end, we cannot expect the allowed shape by combining the adjustable 
coriection factors involved in the tensor interactions. We meet with the same 
difficulties in the other interactions and also in the cases of other elements. 

In order to settle these difficulties in the Fermi theory, some alternative 
such as the combination of the Fermi theo-y and the Yukawa theory, or the 
more speculative paiticipation of the mu-meson in the beta decay of the’ nucleus 
have been suggested by one of the authors. At the present stage however, It 


Fig. 1 shows values of a, 304 —C, 
1/22 by substituting the values of 
Wp, Z for the B-decay of P%? ploted 
versus JV. We cannot cancel out 
the steep decrease of the correction 
factor corresponding to | 743 7, by 
linearly combining the other two, 
without giving an unreasonably large 


value to | aj | /; 743 }- 


Correction factor of forbidden trarsitions 
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may be necessary to atrauge an obvious perspective of the data concerning the 
spectra, matrix elements, and the selection rules, before making a next step. 
Possibilities could not be passed over that the present difficulties will be overcome 
by developing the Feimi theory in the detail. 

Accordingly, we have analysed the data available to us in the following 
way : first, a Classification of the shapes of the beta ray spectra and the possible 
assignments of the matiix elements was made, secondly, the absolute values of 
these matrix elements or the specific life times, i-e., f¢ values, were computed by 
the exact formula of the probabilities predicted by the Feimi theory in the case 
of the forbidden transitions. The form:las were mainly worked out by Nakamura, 
Shima and Kobayasi.” (See Appendix 2). We shall denote these specific life 
times by fé, distinguishing them from those evaluated conventionally from the 
formula of the allowed probability. The differences between the values of /¢ and 
ft may amount to as much as 10°, since these differences are very marked in the 


cases of low maximum energy. 


§ 2. Matrix elements 


1. Onigueness of the matrix elements 

The above-mentioned classification of the data concerning the spectra and /¢ 
values enables us to discuss the matrix elements adopted in each group. 

In the first place, it must be answered whether the selected matrix elements 
could be enough to represent the actual transformation of the nucleus without 
ambiguity. The existing analysis was already sufficient to claim that the assigned 
matrix elements are unique and sufficient except in the. case of the second group. 
In this case, in order to reproduce the allowed shape from the forbidden formula, 
the question what matrix elements should really contribute in the transition is 
very difficult to answer. According to our analysis, these spectra could not be 
expressed by any linear combinations of available matrix elements. 

In the following we will assume that they aie due to the single matrix, fa 
or f75, and we first explain the reasons why the values ff vary between 0.85 x 10° 
and 9.2 x 10", the interval of which covers as much as one to sixty. (See Table 1). 

A peculiarity of the nuclear wave functions might be mentioned for their 
explanation. If we confine our attention to the spin and the parity of nuclei, it 
may be natural to assume that they are partly due to fa and partly to fz, the 
former takes part in the beta decay with the smaller ff values, the latter with 
the larger. This assumption is almost consistent with the consideration of the 
relative values of Ja and J7;. (See Section II, (1)) The main difficulty lies 
in the fact that the formula includes other matrix elements which have the 
same selection rules as those of Ja or 75, thus destroying the uniqueness of the 
latters. (Thorough analysis of them appears in Feenberg’s article.” ) 

4 solution of this difficulty may be to analyse the conventional selection 
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Table I. Beta decay in the case of the forbidden transitions 


ee 


Elements Wy (mer) Z(sec) | a | ft Pier BE a aie 
: : Matrix Elements 
ist Group 
yn 5.2 2.2 «105 a 6) 1.8 x 108 Se 108 
K55 217 2.96 x 108 a 4. x 107 
Ass 2.108 4.5 x 108 a 4.5 x 107 AG #2; 
Css 10.43 2.3 x 108 C01) 4.0 x 107 5 x 107 
S,59 3.88 4.7 x 106 a, +8)1 ..88x10% 9 | ° 6.2% 107 a 
Ss,” 2.05 By 36103 a 6) 1.5 x 109 7 x 107 Bis 
K,.35 ONE 2.96 x 108 a | 4.1 x 107 
yu 4.01 5.3 x 106 Pa |e ae Vel eat 
K# 8.06 4.46 x 104 r Lix103 | 132x108 | 
2nd Group - | P | — r P = : 
Cats 1.5 1.3 107 417" 10) 3.0x 108 | 5 
Aut 2.88 2.3 x 105 Loy) (85x10 | 6 . 
Na 3.7 5.3 x 104 leh) 9.6 x 105 “ 
P,,147 Soiad 1.2% 108 1 12)| 18x 108 ‘6 | 
vss 2.42 1.4 x 106 1 13)/| 18x 108 ) Ja 
S15! 1.15 6.3 x 108 1 | 20x 106 » 
P3145 2.83 1.2 x 106 LF 14S) ayBBxl0! n 
ZN ALT 6.1 x 104 1 3.5 x 106 » | 
Rel86 3.1 3.2.x 106 1 15) ) 186x107 | ' 
Na” 2.12 8.2 x 107 1 atl Bj Main 3.9.5% 107 ” 
ps2 4.37 1.2 x 106 1 9) | 4.96 x 107 ” 
T,70 2.94 1.2% 107 1 16) |. 5.2 x107 : \rs 
Cu 6.7 3.3.x 104 1 2 x 107 = 
T,1 2.7 6.5 x 107 1 | 1.7~3,4 x 107 ‘ 
Ago 2.25 1.9 x 107 1 1 x 107 5 
(2.04) (6 x 106) 
3rd Group 4/= +5, no 
RaE 3.8 ecie wh 9.8 x 107 1.3 108 eh Tes 
4th Group | 4/= +3, no 
Be 2.08 1013 HE a 6 x 1032 6 x 10° Sea 
5th Group linear comb. 4 x 1015 5x 108 Agi, Tas 
C16 2.4 3x 1018 Acdansig) 4x 1013 ee 


Note 1. It was customarily pointed out that the empirical transition classification breaks down in the 


Ist group, because of very large /¢ values. 
the allowed formula for / function in th 


But this opinion seems to be very doubtful, since they used 
e case of forbidden transitions. If we improve it by using the 


correct formula of forbidden transitions, which will be indicated by the notation /, the results of ft in 
the Ist group can be classified in a distinct group of the reasonable order (Compare ft given by the Table 


III of Feenberg and Hammack®), with our /¢ in the Ast group of our table I). 
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Note 2. The column “ Types of Spectra”. Type a, or c, means the B-ray spectra with experimental 


correction factors denoted respectively by the functions mentioned below: 


1 9 9 
a=sel(Mo—-W)?+ 2M, 
c= gp BUVE-DE4 8-4 + 10(}72—1) (I%—W)?}]. 


1 means allowed type spectra. I.inear comb. means that the type of spectra can be reproduced by the 
suitable linear combination of the respective matrix elements, in Cop in this case. 


rules more thoroughly. If the spin-orbit couplings could be assumed to be very 
weak,’ as in the case of the deuteron problem where the D-state probability in 
the ground state of the deuteron is about 427, we have the following relations. 


J=I+L 
where 
f =) Nucleon Spin, 
£=%) Nucleon Orbital Moment. 


If we could further assume that, for the stationary state of any nucleus, practically 
no exchange of angular momentum between / and JZ take place, that is, each 
separately is the constant of motion, the selection rules for the beta decay not 
only for / but also those for 7 and Z hold 


M A independently. For instance, {7, not only 
Cleat area 2050 yes forbids the change in 7 values but also re- 
fe [=0€ 90, 4L=0e-30, ves ites /.and Z to be conserved, while the 
Bea eee yes term Jo-7 allows the change in J and Z by 
Shy Nh ees No +1 although it forbids the change in J. (See 


Table II) We have therefore the following 
table II for the matrix elements participating in the first and the second forbidden 
transition. 

According to this table H, we can uniquely conclude: All teims except 1 
vanishes if the conditions A are fulfilled: 

Since the selection rules for the above terms are thus determined, we can 
definitely know the validity of our predictions in comparing this result with the 
informations about the actual nuclear transitions. Most crucial test of our theory 
will be gained in the spin states of the second group. If it will not be established 
that, for instance, the beta decay of P* is followed by the selection rule Jd/ 
=0<-—0, JZ=0<-->0, our consideration should be withdrawn. 

Il. Relative values of the specific life times and the corresponding matrix elements 

It was shown in the table I that the values fé evaluated in the first group 
are greater than those in the second group by the factor~10. On the other 
hand, we know that &,, participates in the beta decay in the first group and fa 
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Table IJ. Selection rules in the case of very weak spin-orbit coupling 
The first forbidden matrix elements: (See Appendix 1) 


i 


Matrix 
Element firs \r fa | Jom | joxr Bij 
eee ae - Eee ies ee teen 0, +1 
| | | (no 0-0) | (no 0-0) (no 0-0) (no 0-0) 
| ogee PRotig | 0 ee 
VE 0 2 Vas =I @, set 
(no 0-0) | 0 (no 0-0) | (no 0-0) ‘ (no 0-0) 
| | == 
0, +1 0, +1 | 0, +1 0 2 
| 0 J ’ +1, +2 
we | (no 0-0) | (no 0-0) 0 | (no 0-0) | (no 0-0, 1/2-1/2, 0-1) 
Parit : P f 
ie ie Yes Mes Yes | Yes Yes Yes 
| : 
The second forbidden matrix elements: 
a 
Matrix 
Element | Rij Riits Agi jaxr jar T43 | Stik 
ar 0 0, <1 Opeee | OF (esl! Up eeu! 
(no 0-0) (no 0-0) | (no 0-0) (no 0-0) (no 0-0) 
az 0, +1, +2 0, +1 Oe ee 0, +1 0, +1, +2 0, +1, +2 
: (no 0-0, 0-1) (no 0-0) | (no 0-0) | (no 0-0) | (no 0-9, 0-1) | (no 0-0, 0-1) 
7 | Once ee eee ee. gee 7 eto | ed et ee 
- (no 0-0, 0-1) | (no 0-0, 0-1) (no 0-0) | (no 0-0, 0-1)! (no 0-0, 0-1, 0-2) 
1 | 5 i ; 
aie No | Yes No No No No | No 


= : 


in the second group. That is to say, By, is the first order term with regard to 
both o and r, while {a is of the first order in @ and O-th order in %. With 
regard to the fourth group, the condition A,,/7T4j=—5.8 was ‘needed for repro- 


: ; 2 
ducing the measured spectrum of Rak. Since Aiyj=| %*; Bee glee mai is of 


the first order both in @ and in 7, 7yj= {x,(Oxr),+4,(6x71), of the first order 
in o and of the second order in 7, we can roughly estimate the ratio of various 


matrix elements as follows: 
fal: |Bule=|Agl + | Zl =9-8: 1. Ci) 


This ratio agrees well with that of the values ft in the first group (~10’) to 
that of the second group (~10*). \ 

Next, it will be mentioned that there is a difference in the values f¢ between 
the second and the third gioups by the factor of about 10. It is easily shown 
that the following relation holds if we assume the free particle model for the 


nucleon : 
|fa| : rol (A+ P2) : (P,—P2) 


where P, and P, represent the magnitude of the momenta before and after the 
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beta decay. That is to say, 
(P,+P,)’~Kinetic energy of the nucleon inside the nucleus 


(a few 10 Mev.). 
(P,—P,)?~The energy emitted inside the nucleus 
(a few MeV.). 


Therefore we have the following order-estimation : 
[fa oe Pete toi). eee Le (2) 


As for the second forbidden transition, the magnitudes of the values ft in the 
3rd and the 4th groups may not be unreasonable compared with those of the 
first forbidden groups, if we take into account the above considerations about the 


se S7s 


order of the matrix elements, 4,,, 7; and S/. 

The analysis of the beta decay of Cl*® was precisely studied by the Columbia 
University Group™, and the spia of Cl*®* was measured” to be 2 and that of 
A*® is reasonably assumed to be 0. C. S. Wu and L. Feldman have shown that 
the measured spectrum can be reproduced by the vector or tensor interactions 
with 4,,: 7,,= V18:1. It is very interesting that if we assign the beta decay 
of Cl** to the matrix elements 5S,,,, f¢ becomes unreasonably small as shown in 
Table I, while we obtain ft of a reasonable order in the case of the linear com- 
bination theory mentioned above. 


§ 3. Discussions 


We shall determine the necessary conditions for the interaction types of 
the Fermi theory, in the light of the results obtained above. To derive the 
required matrix elements in each group, the following interaction types should be 
needed : 


Table ITI. 
eee 


Matrix Interaction jt 
Ee 

Group 1 Bij tensor or pseudovector 107—~108 

(i) fa tensor or vector 105~106 
Group 2 ee Sa 

Be seudoscalar - 

(ii) \75 | Leoiass or pseudo 106~107 
Group 3, 5 Asi,T¢3 st tensor or vector 103~109 
Group 4 Stik | tensor or pseudovector 109~ 1010 


rr 


It is evident that a single type of interaction can not explain the present data 
consistently. Therefore, it is not surprising to assume that besides the Real 
interaction usually adopted for the allowed transition, the pseudoscalar or the 


errIrer a rt-_ * = 
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pseudovector interaction should be accepted simultaneously. It is interesting to 
note that each ft value of group 2, which have the allowed spectrum, never ex- 
ceed that of the group 1, which have the first forbidden ‘a’ type spectrum, In 
view of this fact, the above assumption seems to be able to answer the problem 
of (forbidden life time and allowed shape.) 

Appendix 1. For convenience’s sake the explicit forms of the matrix elements 
appeaiing in the B-deca¥ of the forbidden transitions will be quoted below from 
Konopinski’s article 


2 
B ea | facts + ost — 3 910° ris R= | \41%; = 


tj 


a 2 nN + 
Ai;=| just s+ 4;%1— =, 2-7; Tiy=|Je(OX1)5 +45 (oxr),|, 
» 


2 


9 4 ' 
Sipn= | 4 OX jX ny — Pj) — 5 O¢igX 0 T| ° 
co) 9) 
Appendix 2. The life time for forbidden transitions when F(Z, W)=1 was 


calculated by Nakamura, Shima and Kobayasi,” by using Konopinski’s formula. 
Some data necessary for the analysis in Table I. are quoted because of its 


difficulty of access. 


i ao 31 By3|?7.( WM") 4+another terms, (+) ; 
t. mt? 45 


2 nee , 
‘5 =" [ S/S cael? fg fo") 


97 


z 1 te WA e Wee | 
ghee (We) +221 MW) + M 
+f D1Tes tay [in We) E55 so EGA. o( A) 


f 
+{A,yl?t{4(%) 
Af DT ys ARt DTG AGI] nM) # 2 wo}| ©) 
t944ig VT ut tg7* td 2 11 > 24) 
‘ Ws pin ape BOL ie aye eae \ 7a 
Relea 5.79.6 5.7-9-32 2-5-7-9 idle a5) 


Anyi diam IAT BBO Ws 78 ) n+ (ae 2) £, 
of =(<4 S457 *B-9-7-8 3-097 8 


We 2 38 901"? )R+ was 2te) 1, 
I Wi=(ee sae Seay idle ec ( : 8 


; We we  WTWe __2We)\ py (WL, M)z, 
1,W=(qa497 5-7-9 5.7-9-16 aa) ee 53) 
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7.07) =( VL STW 2161 _ Mid Lang 2 La WEA WEI 
12 hee 4.7 7.8 7.32 8 
rcv) =( Loa 1139, 134 R+(2 4+ He) 2, 
ive 7-81 ..4-5-7-81 490.25, 27. fpdoe al 4.5 
1,(Wy=( Awe Ws ABs! 898M, 2) 
SEAS JN a7 SE A Sy ae nye ieee 
78 3 
i ( We Wi; Has, n 
2.5 8.9 
R=(W2-1)",  L=logi + (W2=1)". (6) 
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It is shown that one of the variational methods of Schwinger applied to the one-dimensional 
wave equation gives a lower bound of the absolute value of the scattering phase provided the 
potential is semi-definite and too strong, a condition satisfied for potentials proposed for the 
neutron-proton scattering. Further a simple modification of Schwinger’s iteration procedure is 
proposed, which converges not only mathematically but also more rapidly than the original one. 
An upper bound of the absolute value of the phase is also shown to be obtained if the iteration. 
method is carried out to the second approximation. Numerical examples are given in the case of 
a square-well potential, and very accurate upper and lower bounds of the phases are obtained. 


§ 1. Introduction 


Recently many attempts” have been made to extend the variational methods 
to problems related to eigenfunctions belonging to the continvous spectrum. In 
paiticular, the scattering phase has been calculated successfully by these methods.” 
They are similar to the usual Ritz variational method for computing eigenvalues 
of Hermitian operators, the main difference lying in the following points : 

1. The stationary value is unique (so long as we are concerned with simple 
problems containing only one phase) ; 

2. The stationary value is in general neither maximum nor minimum. Thus 
we do not know in general whether the value of the phase given by these 
methods is an upper or a lower bound to the correct one. 

But there is an exception to this general rule. One of the methods of 
Schwinger? is capable of giving either an upper of a lower bound to the correct phase 
under rather general conditions. in the present note we consider for simplicity 


‘the phase of S-scattering by a short-range potential, and in the first pait we shall 


show that the Schwinger method gives a lower bound of the adsolute value of 
the phase provided (1) the potential is semi-definite (everywhere non-negative 
or non-positive) and (2) it is “ weak +) the sense that the correct phase Is less 
than 7 in. absolute ‘value. These conditions are fulfilled for all potentials so far 
proposed for the neutron-proton ecattering. This is a remaikable property of the 


Schwinger method, for +t seems that other methods hitherto proposed do not give 


an upper or a lower pound of the phase even under the restiictions just stated. 


ee er 


* Though the manuscript of ‘this paper was received last summer, its publication has been delayed 


to this number through the carelessness in business affairs, 
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It will be noted that the same result also holds in more general cases (higher 
angular momentum, proton-proton scattering). 

Schwinger has also given a systematic method for successively improving the 
trial wave function.» If his method is applied to the case where the above 
conditions are satisfied, it should give a monotonic sequence of values of the 
phase. We have attempted to prove this and the convergence of the sequence 
to the correct value, but unfortunately we have not been successful. Instead we 
are lead to a modification of the method which not only proved to be convergent 
ultimately to the correct value but also converges more rapidly than the original 
method of Schwinger. When , 7, are respectively the first and second appro- 
ximations of the wave function determined by the Schwinger iteration method, 
our modification consists in replacing ~, by the best function w,’ which is expres- 
sible as a linear combination of ~, and zw. It is important to note that there is 
no need of additional calculation in obtaining w,/ and the corresponding value of 
the phase, so that ul can still be regarded as a second, and not a third, approxi- 
mation. Nevertheless a simple example of the square-well potential shows that 
the improvement is remarkable and z,' gives a very accurate lower bound of the 
phase. 

We shall also show that the Schwinger method is able to give an estimate 
of the upper bound of the absolute value of the phase too, provided the iteration 
method is carried out to the second approximation. It may be remarked that the 
method of obtaining this opposite bound is analogous to the estimation of lower 
bounds of eigenvalues of Hermitian operators.” 

A natural question which presents itself is whether there are other methods 
for estimating upper or lower bounds of the phase. The answer is affirmative, 
and it can be shown that we can deiive formulae more general and accurate than 
Schwinger’s, although it seems that his method is distinguished among them by 


its simplicity. In a subsequent paper we want to treat the problem from a wider 
point of view. 


§2. Extremum property of the stationary value 
We consider the radial wave equation for the S-scattering problem: 
d*u/dr? + Pu+W(r)u=0, (1) 

where & is the wave. number and W(r) is the potential multiplied by —2m/% 
(m=reduced. mass). We assume that |W(r)| is integrable at r>co. The phase 
d.is given by u(r)~ sin (4r +0), r>00, where (r) is the solution of (1) satisfy- 
ing the boundary condition ~(0)=0. As is well known the phase 0 is positive 
(negative) if W(r)=0 (<0) everywhere. More generally 0 is a monotonically 
increasing function of W(r). 

According to the method of Schwinger,” the quantity £ cot. d is characterized 
as the unique stationary value of the functional 
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J(u\= \ Saat j 0 vo) ae ar 0 a (7, < Wr )u(r') dr! 
Ea 0 Hu sin tray | 


and the function which makes (2) stationary is the correct wave function. Here 
G(r, r’) is the Green function givea by 


G(r, r') = sin kr, cos fry, r<=Min (7,7), 1% =Max (7,7), (3) 
and satisfies the equation 
{(d°/dr*) + P}G(r,1) =—d(r—7’). (4) 


To examine the extremum property of /[#], let us first assume W(r)Z9 
and set 


Wiu=u, £?W? sin bras. (5) 


Then (2) can be written as 


tes (v, v) — (vv) _ (v, Av) Azae 6 
Joi PDA OHO) = OE (Ant) (6) 


where (f, £) =| fre dr is the usual scalar product* and 7 is an integral operator 


with the kernel 
Hr, 7) =W)'Gin 7”) W (ry. (7) 
H and A are Hermitian operators. 

Functionals of the abstract form (6) appear frequently in the variational 
methods in different fields of application, e.g. in the variational treatments of the 
collision problem by other authors” as well as in the problem of the asymptotic 
neut.on densities by Marshak and Davison.” So it would be woith while to 
derive in general terms a necessaly and sufficient condition that the stationary 
value of the functional (6) be the minimum. 

First we note that we may normalize v by 

(vy, f)=1 ; (8) 
without loss of generality, for (6) is homogeneous in v. Then we have by (6) 
and (8) : 
J{z]= ©, Av), 6J=2(dv, Av), FJ= (dv, Adv), (9) 
(dv, f) =9. (10) 


It follows from (9) and (10) that 6/=0 if 
Av=cont:f' oF v=const + A~'f, (11) 
eT 


* In what follows we consider only real functions so that (/, H=(& Sf). 
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and this gives the correct solution. The corresponding stationary value of / is 


Th=NA f= VATS): (12) 
The case where A does: not exist requires special treatment, but there is no 
essential difficulty and we may omit it. 
Now we can state the lemma: Jn order that the stationary value (12) of /[u] 
be the minimum, it is necessary and sufficient that one of the following equivalent 


conditions are satisfied :* 
(A) the quadratic form 
(¢, Ag) + ey, f)’ (13) 


is positive definite for some fixed constant c ; 
(B) if we denote by P the integral operator** with the kernel 


Pr, A) =fO)FO): (14) 
all eigenvalues of the ‘Hermitian operator A+ cP are positive for some fixed con- 
stant ¢. 

The equivalence of (A) and (B) is clear, since (13) can be rewritten as 
(yg, (A+c'P)y). Hence we have only to prove the lemma for (A). If (A) is 
satisfied, we have 


(y, 4g)>0 if (¢,f)=0 and #0, (15) 


whence follows by (9) and (10) that 6°/>0 for dv#0, and the stationary value 
(12) is the absolute minimum, showing that (A) is sufficient. Next suppose that 
(12) is a minimum of / at least in the neighborhood of the correct wave function 
v given by (11). Then we must have 6°/>0 at least for sufficiently small dv~0. 
But as dv is restricted only by the condition (10), the relation (15) must hold. 
Now take an aibitrary g and set 


CON MOS a 
with v given by (11). Then we have (¢’,f) =O and hence by (15) (¢’, Ag’) >0 
provided g’A0, i.e., g is not a constant multiple of v. On substitating g’ into 
this inequality and noting (11) and (12), we immediately obtain 


(4g, 9) hi: (9, f)*> 0. 
Since this is true if gy is not a constant multiple of 2, (A) holds if we take c 
such that c> —f, since (v, f) = const (Af, f)#0. Thus (A) is shown to be 


necessary. 


. a Similar condition has been derived also by Davison, reference 4). Roughly speaking, his con- 
dition is equivalent to our (B) wh she special value c=0, Consequently, his condition is sufficient but 
not necessary. In fact, there are examples where / has the minimum and yet (B) is not satisfied with 
c=0 (eg. the case 7/2Cd<zn in our problem), : 

me: In abstract terms, we should define P as a constant multiple of the projection operator on the 
one-dimensional subspace spanned by re 
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Returning to our problem, we shall next show that the condition (B) is 
satisfied if the correct phase 0 is less than 7. For this purpose, suppose that A+¢P 
had an eigenvalue <0 or, what comes to the same thing, that H—cP had an 
eigenvalue A=1 for every choice of c. If ¢g is the corresponding eigenfunction, 
we should have* 

ho = (1 — cP)¢. (16) 


Noting (7), (14), (5) and setting g=W7}¥, it follows** that 
W(r) =|"Go. YW) Wr)drt— ck (lk Wy sin brdr) sin br. (17) 

Operating with 4" (d?/d/°+#) on both sides, we obtain by (4) 
db /dr + Bb + OW (r)p = 0. (18) 


Thus ¢ is a solution of the wave equation with the “ potential ” 21W instead of 
W. Also it follows from (17) and (3) that ¢ satisfies the boundary condition 
¢(0)=0 and that for r>« 


¢(r) ~i((" W¢ sin br dr )(e cos kr—ck~ sin kr) 


=const. sin (4r+6), tan 0=—ck. (19) 


If we take ¢ very large, tan@ is negative and very small. But 8 must be positive 
because 2-270 in the wave equation (18). Hence @ must be at least very 
near to 7, and we should be able to make 6>06 by taking c sufficiently large, 
for 6 is less than z by hypothesis. But this is a contradiction, for the phase 
belonging to the wave equation (18) cannot be larger than é since the “ potential ” 
JW is not stronger than W if AZ1. | 

Thus we have obtained the result that the stationary value of J is the absolute 
minimum provided W(r) 20 and 6<z, and the Schwinger method gives an upper 
bound of Acot dé, or a lower bound of 6, in such a case. These conditions are 
fulfilled in the case of neutron-proton scattering. 

Quite in the same way we can show that the method gives a lower bound 
of £cot 6, or an upper bound of d (lower bound of |3|) provided W(r)<0 and 
o> —T. 

It will be remarked that these are the only cases where the Schwinger method 
gives certainly an upper or a lower bound of &cot é. The proof will be omitted 
here, though it is not difficult. 

These results can immediately be extended to more general case with higher 


* Since we have assumed that |/(7)| is integrable, the operator H-—cP belongs to Hilbert- 


Schmidt type and has a pure point spectrum.) 
** In deriving (17) we have divided (16) by W (rh. Therefore (17) is at first correct only for 
such ~ with V(r) >0. But as A40 we can define (7) by (17) itself for all » without encountering any 


contradiction, and (17) is extended to all values of * 
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angular momentum and containing Coulomb force. We have only to replace 
G(r,r’) by the Green function appropriate to the wave equation containing the 
centrifugal force and the Coulomb potential, £~ sin £r by the corresponding regular 
solution of the wave equation, and 6 by the relative phase shift. Then we have 
only to take as Il’ the short range potential as above. 


§ 3. Improvement of the successive approximation 


Schwinger” has given a method for systematically improving the trial function 
u(x). When w,(r) is the stating trial wave function (first approximation), his 
method consists in taking 


nalry={ G*(r, 7) Wr')u,0') ar’ (20) 
0 
with 
G*(r, 7) = cot 0-271 sin rh sin £r’ + G(r, 7’) (21) 
as the second approximation, where £cot d should be replaced by its first appro- 
ximation /[2,]. 
_ Again let us assume HW(7) 20 and set v,= Wu, Y= Wu. Then we have 
by (20), (21), (6), (5) and (7) 
Ue= (Vp, Ar) (Myf) "f+ A—A)a, (22) 
We observe that 
(v%, U2) = V4) (23) 
as is immediately seen by taking the scalar product of (22) with 7.. 

Now we consider the problem to make ./[w,'] stationary when 2! is restricted 
to linear combinations of “, and 7, It is convenient to write the corresponding 
oe = Wu! in the form 

Wu! =v! =a, (2, f) 7% +.4(U, f) “10>. (24) 
Then we have by (6) 


J(u!) a J, + 24,4.) 2+ a°/o 
(a, +42)” 


where we have set” /, = /\z,1, J, =/[m,| and 
J 2=Nty u\= (Ary, V)/(Yy J) (Sn J): (26) 


If we regard (25) as a function of the two-dimensional vector (a,, a,), the result 
of (11) and (12) shows that the stationary value occurs for 


3 Ripe niy ( 3 : es (\)= const.( oe) (27) 


and that the stationary value is 


(25) 
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pnneanles (25 OP 


= )2—-h2)/A-Aets)- (28) 
Hence 
has = ee day si =e 475) 
/ 2 >) (29) 
Af! =) = Je) (A Wa + J2)- 
When the stationary value of /[z] is the minimum (the case 6<m), the quantities 
(29) should be positive, for 7.’ is a better approximation than both 7, and 4s. 
In fact the denominator of (29) is positive in this case; this can be shown. if 
we note that it can be rewritten as 
(z, Az) with z= (v,f)~%— (nf) (30) 
and that (z,/)=0 (see (15)). 

Hitherto ~,, ~. (and the corresponding v,, v,) have been arbitrary in these 
equations. Now we take as v, the Schwinger second approximation (22). Then 
Jy J> are respectively the first and second approximations of £& cot 6. To obtain 
uf and J by (27) and (28), we have only to calculate 7, We have by (22) 

Av, =0,—Vot (Hy AM) (Ov fF 
and hence by (26), (23) and (6) 
J2=h — pb; (31) 
with 
P={ (v2, V2) — (a 2%) }/ vf) nf)- (32) 
It follows from (29) that 
h—J f= /20-l: +Jo), 
Tr—It = (Sit hey": t)2)- 
The denominator in (33) is positive according to what is shown above, provided 
the stationary value of /[u] is the minimum. Also (27) becomes 
a: a=(p—l\t+h):* P- (34) 
Thus ~,/ and /|z,/] is immediately obtained if ~ is known. But @ is easily cal- 
culated by (32), where the necessary quantities are given in the original nota- 


tions by 
(v5 2%) = Wudr, (Ve V2) =|. Wudr, 
0 


(33) 


(39) 
(vp f= al" Wu, sin kr dr, (»f)= cal Wu, sin kr dr, 


and these are in any case calculated in the course of computing /[#,] and /[~,]. 
In this way we see that there ts no need of additional calculation if we take Us as 
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the second approximation instead of w,, while the resulting value of #cotd is 
improved considerably as we shall illustrate by the following example. 


Let us consider the case of the square-well potential 
Wr) =2—(0Sr<6), =0(r>4), 
ers 
so that the resonance occurs at zero energy. The exact value of £cotd is 
h cot ds), =5 Ok +0.0326727 Bi + OCA). (36) 
To apply the variational method, we take as the first approximation 
u,(r) = sin a (Oe) a= (2), 


which is the correct wave function for #=0. If we calculate the values of J[2] 
for 2, and the Schwinger second approximation 7, we obtain 


Tl:]—J,=0.0033030 Batt. , | 


(37) 
J [#2] —,=9,0000353 Bh4+4--. . j 

On the other hand, the modified second approximation zw,’ gives 
J [us |—J>=0.0000033 Bh'+---. (38) 


Thus /[7,’] is more than ten times better than /[v,!. In this example /[z.] is 
already so accurate that practically further improvement would be unnecessary, 
but in other problems the improvement may be expected to be of practical im- 
portance. By the way /[#,], /[w.] and /[m.’] are all larger than J, and we have 
a verification of the general result of §2; in fact, the conditions 1/0 and d<z 
are: satisfied. 

Hitherto we have assumed II’ 20, but the expressions (33), (84) and (35) are 
significant without this assumption. Although in the general case we cannot expect 
to show rigorously that 7’ always gives better result than w, and w,, it is very 
plausible that this is usually the case, for it is easily seen that x,’ makes /[w] 


stationary in the general case too when w is restricted to linear combinations of 
#, and. 2. 


§4. Upper and lower bounds of the phase 


In this section we shall show that also an opposite bound of & cot d can be 
obtained in the case discussed in § 2, provided the second approximation of the 
Schwinger iteration method is calculated. Then we shall show in Appendix that 


the modified iteration method of §3 is certainly convergent to the correct result 
From (22) we have 


W=U.— 04 = (%4, Av;) (pS) iA, (39) 
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Also we-note that 


(w, 7) = (Wa 2) — (2%, 2%) (40) 
by virtue of (23). It follows from (39) that 


(Aw, w= Ce, Ad)? Ory) Pte ff) — (e. A2,): (41) 


Substituting (6) and (12) into (41) we can easily derive 


Nuj—,=4 at wth 4 kel rz) me (42) 
(mf)? (oy, F)*J(e1] 

If we replace 4 by A+c?P in (42), /[w] and J, are increased by the constant 
e (see §2. P is given by (14)), and hence the left side of (42) is unchanged, 
while /[w,| on the right becomes infinite when c++. If we assume W2O 
and 0<7 as in §2, the operator A4+cP is positive definite for sufficiently large c. 
Let «>O be the limit of the smallest eigenvalue of A+cP when c++ (since 
P is positive semi-definite, all eigenvalues of A+cP are non-decreasing functions 
of c). In other words, 1—a is the limit of the largest eigenvalue of H—cP. 
Then the inverse of the positive-definite operator 4+cP has the largest eigenvalue 


a for c>+o. If we further note that wz and v, are independent of ¢ even if 
we replace A by A+cP as is directly seen from (39), we have 


O< lim ((4+cP) 7m, w) Su (w, w) =a7"{ (Wy V2) — Wp 7) }- 

c++ 
On replacing A by A+cP in (42) and making c++, we obtain therefore 

0< Mul-S un fA @o2)—@n %4) } (a> 0). (43) 
Since J[7,], (Wf), (71) and (v7, 7) are known by (35), (43) gives a lower 
bound of /, provided we have only a rough estimate of «. It will be noted that. 
l—a is the largest value of 4 for which the phase belonging to the wave equation 
(18) is just cqual to x. If 6 is not very near 7, 4 will not be very small com- 
pared with unity (cf. the example below). Also it will be noted that, for the 
purpose of applying (43), we have only to calculate (Y, Y.) and /[w,] is not 


necessary. 
As an example, let us apply (43) to the case of the square-well potential 


discussed in §3. The result is 

Jul—S/ra71(0.0029744 Bk +--+). 
If we adopt the exact value of a: a=0.87779 + O(4*), we obtain 

SoZ yk + 0.0825872 ES Re (44) 
This gives a lower bound of /,, the exact value of which is given by (36). The 
coefficient of é°4 in (44) is smaller than the exact one only by an amount 


0,0000855. Thus the accuracy of the estimate of the lower bound is much better 
than the corresponding upper bound /[#,] and comparable with that of /[~,] (see 
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(37) ), and may be regarded as sufficient for practical puiposes. 
In the same way we can estimate an upper bound of #& cot 6 in the case 


where W<0 and d>—z. 


Appendix 


Convergence of the modified iteration method 


Again we assume /// >0, 8<n (the case J/V <0, 6>—7 can be treated in the same way). By (33), 
(32), (30) and (40), we have 
Tl) J [ee J = (a, @)7/ (01, JP? (nm 7G, A2)- (45) 


2 


As in §4 the left side is unchanged if we replace 4 by 4+cP. The same is true for 2 Let B be the 
limit for c—oo of the largest eigenvalue of 4+cP (which is a non-decreasing function of c, see §4). 
We have shown in §3 that (2, f)=0 and (2, 4z) >0. Hence Pz=0 and 


O< (z, 4z)= lim (2, (A+cP)2)SA(z 2)- (46) 
c>—o 


In particular it follows that B>0, and we have by (45) and (46) 
Sls) —J (e728, w)*/@1, J)? S27 2)+ (47) 
The denominator on the right becomes 
(va, J)?» V1) — 271, J) ay J) (M1, V2) + 1, J)? (Ha, V2)) 
={(a1, J) -— (a APs, 21) + @1, S)*L (2, Ve) — Hy 21) F 
= (w, f)? (1, v1) + (4, f)2(w, w) 
S23 S) (v1, v4) (w, w) 
by (380), (28) and the Schwarz inequality, and we obtain from (47) 
S14) Se S28) 4K A, 21) 1, &) 
= (28) “MPAA AL4erv— (1, Ars) 1, AY-AIP, (48) 
where we have written (zw, w)=|lcl|? etc. and substituted (39). 
Now suppose that we have calculated a sequence /[#p’], = 1, 2, -.., by the modified iteration 
method ‘given in §3, where w,’=, and w,,/ is determined from w,,/-, just aS %/ was determined from 7. 


Then /[z,,/] form a non-increasing sequence as we have. shown before. Since the sequence is bounded 
below by J[z,,/]=/o, it is in any case convergent to a certain limit and we have 


0S [ttn] — J |4/n41] 0, zc. (49) 
If we apply (48) to w,,/ in place of wz, and note (49), we have (v,,/=/V bu,,/) 
len Aen’ —(Un’y An’) On’s fF }-20, n>, (50) 
in the sense of mea convergence with respect to the norm || ||. Except for the case 6=7/2, A has no 


eigenvalue equal to zero, so that 4-! is a bounded operator’) and we can operate with 4-1 on (40) (the 
exceptional case d=7/2 offers no real difficulty, we have only to replace 4 by 4+c¢P and hence / by 
J +c for some fixed c). Thus we have 


lon! fen? — GES Aang) (OY, i) 7l4-17 } 0. (51) 
Since the-norm of ||v,,/||-1v,,/ is equal to unity, it follows that 
len Cn’ AV LZ [en en Cn’, Aen’) 11 @n’, Jl 14a I. (52) 


Hence the sequence |lv,,/|] | (vn’, f)|-1 -has a limit, for this is the case with J [#n’]. If we take the 
scalar product of (51) with 7, we have 


lon“ 3£ (m7, TS) Gi Av,/) ny AAGyy, S)}-90. (3) 
Since ||vn/l|| (¢n’, £) 1-1 was shown to have a finite limit, we can multiply both sides of (53) by |[v,,/|| 
nr 
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> (u,/, £)—-1, and noting (6) and (12), we obtain 
L—Jo“¥][een/]>0 or J ten! 12Joe | (4) 
Thus the sequence /[z,,’] converges to the correct value _/). 
On the other hand, multiplying (51) by |lv,/||(vn’, 7)—1, we have 
(en’, fn’ —J [een JAY 
or, by (54), 
Wn’s f) i fo- AT 


in the sense of mean conversence. Thus wz,,/ is also convergent to the correct wave function at least in 
the sense of mean convergence with the weight function }#(r), provided it ts properly normalized. 
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The transition temperature of the kagomé lattice with Z=4 is obtained 
and compared with that of the square lattice. 


After the work of Onsager,” who solved exactly the problem of Ising model 
for the case of plane square lattice, the same problems for the honeycomb and 
triangular lattice were treated by several authors.” Other than these three types 
of lattices, there is left a lattice, called in Japanese kagomé (woven bomboo 
pattern), which consists exclusively of equivalent lattice points and equivalent 
bonds. Since the number of nearest neighbors of a lattice point is as many as 
in the square lattice, namely four, it is interesting to verify the natural conjecture 
that the curie point, in general, is determined solely by the relation ch247= sec 
m/Z established by Onsager for the three types of lattices. 


Fig? 1. Kagomé Lattice 


Let us stait from a variant of the honeycomb lattice, which has an extra 
spin on the middle point of every side as well as on every vertex (say decorated 
honeycomb lattice). Let its interaction parameter be Z. By summing at first 
over the spin variables with respect to the vertices in the partition function of 
this lattice, we arrive at the partition function of the kagomé lattice (Star-triangle 
transformation), with an interaction parameter K; in fine . 
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Fig. 3. Star-Triangle Transformation 


Fig. 2. Decorated Honeycomb Lattice 


ve el Mo(wi that hs) — 2(ch®Zch3L) J/A,K(wima+ pane + Bava) | 
Ho 
a* = Bch27—1. 


Then there holds the relation between the partition function of the decorated 
honeycomb lattice f(Z) and that of the kagomé lattice f,(*) 


f(L)=29 (ch®L-ch3L) "7 Cay, 


where JV is the number of vertices. 
On the other hand, the decorated honeycomb lattice can be transformed to the 


ordinary honeycomb lattice, by summing at first over the spins on the side, with 


interaction parameter //; in fine, 
ST etHoturt Ha) = 2(ch2/) 1/2,Huapa 


Bo 


where et=ch2L. 


Then the partition function of the decorated honeycomb lattice is connected 


to that of the honeycomb lattice f,(H) by 
fe ) = 2%? (ch2L) sails Oh 


Thus we have 


where r= 2en—l. 


we can deduce the thermodynamic properties of the 
In the ferromagnetic case, 


temperature *=342V3, 
which is a little below than 


By means of this relation, 
kagomé lattice from that of the honeycomb lattice. 


the specific heat becomes logarithmically infinite at the 


corresponding to ch2H=2 of the honeycomb lattice, 
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that of the square lattice &”’=3+2V 2. 

But in the anti-ferromagnetic case, there is no phase change. - Thus the 
transition temperature of a plane lattice is not determined solely by its nearest 
neighbor number 7, and. the former formula appears to be rather of fortuitious 


origin. The mcthod here employed to reduce a new lattice to the known lattice 
may be applied in a number of ways. But it leads, in general, to rather com- 
plicated lattices of meagre physical interest. 

The author wishes to express his thanks to Professor K. Husimi who brought 


the kagome lattice to his attention. 
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Note added in proof: Mr. T. Utiyama has developed a general method valid for the lattice obtained 
by replacing all the black squares af chess-board by an “elementary figure” (=/./:) which is supposed 
to be a rectangle with y(=0) vertical cross-pieces. In £./, the ‘ vertical, upper and lower horizontal 
interactions” are denoted, from left to right, by B; Bours, B°* and Bow (u=0, ---, vy), where some #’s 
may be 0 or +00, For the partition function etc., he has given explicit formulas depending on four 


parameters .53, .9!, etc. which can be calculated by inspection of the “./ For example, 


ov 
Ig=Sych (B—By— + —Boy +1) » Sh(B% + BoX)ch(B"* + Bo*)---ch(B°¥* + Boy*), (2% terms) ; 
here, we write I-st, ch(8B—fi— +: —Boy41) (= the “leading factor”=/./.), 2-nd, all the ch(B+A,+ -- 
=E Poy—-1—Boy +1) obtained from the 7. by alternations of signs before fj, ---, Boy—1, and 3-rd, the factor 
with “ *-argument ” of each term which is ch(A?"*+8,y*) or sh(f2"*+ B,y*) according as the signs before 
Bow—y and Bsz4, are equal or not. .S! is written down by the same tule, with the Z.%: sh(B+;+ -- 
+Poy+1) and with ‘ *-argument”: (624*—Aoyu*), therefore is simply equal to its 7.7, if B?*= Bop. 

The Curie temperature is characterized by the Eq (C): |.5S”]=].53], where if some f’s are +00, we 
equate the coefficients of the highest terms in exp(+oo). For example, we have for the Kagomé lattice 
with B= Bo, Bs=B, By =+00% S.=ch(B—fi—3)sh2Bo* +ch(B+ Bi— Bs)ch2Bo*sh2B.*=(exp(P;)/2) - 
(2ch28/sh?28), S’>'sh(8 + Bi + B3)=(exp(Ai)/2) -exp(28), therefore, from (C), exp(48)=3+2V 3. 

In the same manner, we have from the Eq. (C) for the case y=0 with four different positive in- 
teractions, the relation: gd@28+ sd¢28°+ gd28)+gd281=7, which is characteristic for y=0. 
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In our previous consideration, the so-called ambiguities of quantum field theory can be removed 
by the certain general conditions of integrals. These procedures are equivalent with the subtraction 
theory which subtract. the ambiguous terms from the matrix element in question. In this paper, 
we again examine these subtractions from the slightly different view point and develop this con- 
sideration along the positron theoretical subtraction and indicate the gauge difficulties can be 
removed by some technical procedure treating with the density matrix of the vacuum. To clarify 
it, we utilize the solution of density matrix in the constant external electromagnetic field obtained 
by Fock’s proper time method and separate the non gauge. terms from it by this procedure and then 
arrive the throughout gauge invariant result. For the case of the density matrix in the arbitrary 
external field, we need the slight modifications, but there does not appear the essential changes of 


the subtraction terms. 


§ 1. Introductory remarks 


It is believed that in the region of quantum electrodynamics the extremely 
beautiful theories of Tomonaga-Schwinger-Feynman have swept away every difficulty 
except the divergences themselves. Certainly the problems of divergent difficulties 
are not the own subject of these theories, but the characters and meanings of 
these difficulties and the relations of these ones to the other results have been 
more clarified by these theories. Mathematically the divergent difficulties are 
closely connected with the singular functions in the commutation relations. That 
is to say, the divergences in the quantum field theory are partly due to these 
singular functions. 

While the same singular functions play the very important roles in the finite 
regions and one obtains the satisfactory results which are compatible with the 
experiments. Accordingly, the behaviors of these functions in the finite regions 
would remain unchanged in the future theory. 
the behaviors of singular functions are not so decisively separated 


only the favourable parts. Even in the finite results there 
ue to these parts and the other not due to them. The 
ambiguity problems are those examples which are due to the unfavoutable parts 
of singularities. Therefore the ambiguity problems are not considered separately 
from the divergent difficulties. But the only reason why we have to. pursue these 
problems is due to the fact that the existences of the formal requirements con- 
cerning with these appearences are independent on the divergences. In order to 


However, 
that we can pick up 
exists the one which is d 
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harmonize the above two situations, we are obliged to use some unsatisfactory 
techniques” in the courses of calculations, though each of which is not reasonably 
acceptable in the strict sense. 

In spite of these circumstances, if we will forcibly draw a line between me 
ambiguity problems and the divergence difficulties, the situations are as follows 2 
The former come from the infinite remote boundary values in the momentum 
space, that is to say, in the coordinate space they come from the behaviors of 


lim Il x eee he) ot lim ll %y,Sr()> it Beep Pes |e (1) 
az>0) t=1 z>0 i=L 
while the latter due to 
bignS ia). GO eed itt i ghetale (2) 
>) x>0 


Therefore if we are abie to remove the divergence difficultics throughout in the 


theory, the singular functions become regular 


lim [S®(#) lay. = finite (2’) 
x0 

and then 
lim I x,[S°(e)]ny.=0, (1) 
w>0 f=] . 


which indicate that there exist no ambiguous results. 
In our previous work,” we proposed the method holding the identity (1’) 
apait from the singular behaviors of functions (2) and utilized the conditions* 


1 9 Yy 9 
| 4a) (Se+Z)a(e+ 2) =0 (3) 
and 
| (aa) 28"(g? +L) =o, (4) 
which are deduced from 
lim Boe Cy==0 (3) 
and 
Limi OGy=0) 
ha 4% SO" SO (4’) 


This procedure follows from above-mentioned point of view. 

However, even though this method succeeded in a few examples and the 
reason why these proposed conditions are necessitated is explained by the general 
eres analysed by Fukuda and Kinoshita,” what degrees we are obliged to 


* The third condition proposed by Fukuda and Kinoshita can be deduced from Zi xyrpry XK) (xr) =0 
and the second condition, This condition is referred to (4/’). 
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‘utilize these conditions is yet questionable. Therefore the results which are 
removed ambiguous terms in viitue of this method, are not more reliable than 
the original one. We hardly say that the results does not miss out the physically 
meaningful terms by wrong applications of these conditions. Expressing the 
other way, these conditions are so strong that the results remain the whole 
physical terms, as criticized by Koba et ale 

Accordingly, in this paper we try to examine the other reliable subtraction 
procedure maintaining the above mentioned point of view, and indicate the pre- 
viously proposed method is slightly stronger than the one developed in the 
following. 

For this purpose, we treat the density matrix of vacuum in the external 
electromagnetic field defined by® 


p(x, 2") =O"), 2) o=—- SOR, 2"), (5) 


where the function S®(a’, x”) is the modified S“ (a’—2") function in the external 
field and ¢(2’), ¢(2’) are the electron wave functions in Heisenberg representation 
concerning only with the external fields and not the virtual fields. The cases 
including virtual fields and the more complicated cases are not considered in this 
paper. Therefore we only consider the closed loop type processes in Feynman- 
Dyson diagram. 

Firstly, we deduce the solution of density matix in the constant external 
field for preparations in section ~. Then we separate the non-gauge terms and 
obtain the gauge invariant unambiguous results after these terms are subtracted. 
In section 4, we consider the case of abitrary external field and separate the 


subtracting terms in this case. 


§2. Solution of density matrix in the constant external field 


Defining the density matiix pl, xl )=— SY(x, 2”) as equation (5), the 
equations which the density matrix holds are as follows : 


| ref ee —ieA,(2)) +m|so (z’, x”) =0, (6) 
Ory 
or 
(2 + ieA, (2"))S® (z’, 2!) re mS O(a"; z'") =0. (6’) 
aw 


To solve these equations, we reduce these first-order equations to the second-order 


ones by 
ee =| ref 8 ied, a) —m [42 x!) (7) 
7 ’ ax, . 


and then we have 
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[ (2 — ie G2") <0 + Loca at) [4CH, 2") =0. (3) 
Oty 2 
—laly ~ iw 

22 


According to Fock’s proper time method,” we replaced this equation by five 
dimensional tee 


Sahee 


where o,, is Pauli’s spin matrix, o.)= 


(2")) a og F ya ) [R=o. (9) 


where 
ear ae [due (w)R, (a) ae (10) 
and separate (9) by 
R= of (11) 
into two equations 
Fat Gar aD) +8 J=0, (12a) 


and 
br tL O"S— 5 oot) 9D faery (128) 


(12a) and (12b) are the fundamental equations of Fock. 
Next, replacing generating function S by 


1 
— mu + e| daA,(4#1)Z.+ S’, (13) 
0 
we have 
Oo FE VOS” : ; é 
on ce +e\ da rate (,)y) 2 (14a) 
and 


a , "In gio 
Oy fees ee e{ da Fait Sheds Pa E a(2f ada GE ay (%,) 


Ou OX1y 
t oan (4,) 
+) da ga eee =7{-]/2 
where 
4, =ax'+ (l—a)e" = 24+ (+5) 
and 


GA 
ee 


g=a'—2"', ee 


PPE PRS ee ea 
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It is remarkable that the solutions of above equations have no non-gauge terms 
and only include the apparently gauge invariant terms. 

Here we assume the external electromagnetic fields are constant, i.e, 
F,,=const. and then the fundamental equations in question become very simpler 


forms, 
as’ a5 
aes .. Fy 20) 15 
au “s Ox nae 2) ipa) 
ve +(Ors'—% Oy NS 0. (15b) 
Ou 


The assumption of constant field in the above equations is equivalent to the 
assumption that we neglect the higher order derivatives of the aibitrary external 
field. And then if we take the effects of the higher order deiivatives into con- 
siderations, only slight modifications are necessitated for this solution. 

For the solution of equation (15a), we assume the form 


Sl=(z, Fa), )=ele, 4) we ~ (16) 
and obtain 
e(F, x) =< F) cath (-F) (16’) 
or 
ies +, eF coth (cF), 2) (16”) 


from the equation 


ag 4g F*=0, 


du 


where we read 
Piva lr pe os age os PF ys 
———— Jo 
n 


for the sake of simplicity. Substituting the above solution into (15b) and using 


pyssi= 5 +5 S[(cF) coth (eFx)], S[J=1, (17) 


y) 


we have the solution 


5! _ sinh (e%) te | 
f=fo€XP [ — F-Spfles n‘ +log (Fu) pe =—(af )v 


feu ok { sin (ei) | 4 (oF )n | (18) 
i exp eat og (eFu) 9 


and 
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(of) ) S05 yf ain 


fy being the coistant which is determined that the solution A (z', x’) must tend 
to d\(4/—2'’) when the charge e becomes zero. 


at 19 
f= 1622 oa 


Summarizing the previous results, we have 


so, ymin ( 8,48 Fyn) =m] 
x Ph: exp [- imu + = © (oFu) oe i(2, eF coth(ef), 2) 


167° 
oe sinh | (20) 
2 (cF'u) 
To transform this result into.momentum space, we use the free vacuum electron 
density matrix 


; (7) potas tHE Gis\ i ipe x 2 
wie = at Te =4(z) = aay Oe 6( 7° +x) (21) 


1? 


and x=" and 2 ==). Finally we have the solution of density matrix in the 
x 


constant field as follows: 


SO ca!) ne adie pe inp m+ £ GF: ) 


+55-(r, (€F8,) cot (eF9,), =} | (22) 


exp [-<@r)a, +a te, (cot (eF,) —1), z} 


1 sin (eF ] : 
eS 109 22s ET Go 42). 
P (eF dx) ae 
In the above equations (20) and (22), the reason why we don’t write 


ie pate: : , 
Ay (4) > 54 ip is that in the arbitrary field the same original form A,(*) ap- 


pears and these terms are only the origin of the non-gauge results and we dare 
indicate these circumstances more precisely. 


$3. Separation of non-gauge terms and subtraction of ambiguous terms 


From the solution of density matrix (22), we can expand it in power series 


1 / He = “ 1 o” e 
Se, 2) = egy | 004, Pn) 
rae MB(cAy Ds A (CF, 0,0 * (03) 
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Qn- 
where 2"-” factor of denominators is duc to the doubled summations of df ate hie 
above equation also can be rewritten in virtue of the character of neste 
functions of A,, 


BEAUtaNe Se 1 oO" »—teA,, (x)= BS A ee Te nits 
Oe SS om, ee : e =| IT (CF os): (24) 
i 8(cF,..) i a ; 

s=1 ss 


Noticing that the non-gauge terms if thet would occur, are due to the first 
factor of equation (24), we separate it into the two parts, one of which is free 
from the non-gauge terms and other perhaps the non-gauge one, i.e. 


C2) Nn p—teAy 2 (1) yt zs n 
SO (xl, x")= pa see [? ea ie Cee) | IT (eo) (25) 
Ml OCF a) e=0 s=1l 


and 


See LE Coe 
a P,0g/ © 


A (2, #°") = (cf 4u%e pip “35 7 i : 
ap 2’ 2! I O(el*, , ) Je s=1 
sal Seow 


It is noticeable that in the case in which the non-diagonal S™(2’, x’’)’s play a 
role as the case of transitions of real electron the above separation is not correct 
and the more complicated separation of (26) is necessary, and therefore the above 
separation is only meaningful in the case of vacuum electron problem in which 
only the diagonal S (4, x)’s are treated. 

Bearing the above remarks in mind, we can evaluate the each terms of (26). 


Expanding also in power series 


SOG se ae HL ee ete 4 LT 1 yp + LTT yy) eee ; (27) 
we only consider the diagonal So (4,2) a5 follows: 
~ i 9 . 9 
lim Iy =lim [ieAye,S(z)] = On 4) | (ap)(, LP +x)" p+ x), 
230 z>U a 


oe eng a oe alo: 3 
lim ITy =lim [ HA) SO) [ese | WA" +x), 


z->U 
jl : O¢n Ayz dole any 2 
lim [1 Sk iets) BW OF yg 
ni oy =0 
z>0 as 9) (cl @ 


epi ayer YG: mth ices (28) 


lim I y= lin Pease. ohmic Gon 2) (rel) 2 r\( (dp) xo" (p+x), 
Hel 


2>0 


lim Ty = him Fx =) 


z->0 


and the higher than third order terms are always zero in this limit, According 
> 
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to these results, there only exist the four non-gauge tcrms 
SD (a, 4) =f {Ty ITy+ Ly + LTT y}- 
This fact is simply explained in the general discussions: that is, the reasons why 


these teims appear are that the singular S“(*) function have third order sin- 


sularity in a point 7=0 and then 


lim II SSO YyZO; for! 71, 2 “and 3 (29.1) 
z>0 i=1 Y 
and 
4a) 
ewe, BELT (29.2) 
z>0 Ox 


The first three inequalities raise three non-gauge terms /,, //, and ///y, and 
the second one non-gauge term //y;. 

From these circumstances, if we assume a-frrort following procedure in- 
dependently of the analytic behaviors of f(#) 


lim «"f(«)->0 m=, DB, «sere. ; (30) 
ad 


the above unsatisfactory terms would vanish. In our previous works, we utilized 
three conditions of momentum space integration form (3), (4) and (4/) instead 
of (80). To illustrate these circumstances, we can calculate the gauge invariant 
terms (25). 

The gauge invariant terms are evaluated in the similar way for the diagonal 
elements as follows: 


SOG pd ATP es (31) 


and 


; , 1 (/de7*4p2uSO(y! zl . 
lim Ig =lim | 5 ( BORNE d) Fie pea (cf) | (p) (Pp +x), 


z->0 20 6 (Cras) 2 (27) g 

eel Lf Oe eS Oe) _ 
lim IT,=lim| ( , ) Fo) (ck. | 
z>0 z>0 8 0 Nez@ 5) 0 (ef45) e=0 (« ) “ as) 


9 
eM 


~ 4(ny (or) ss 5 SEF))\ (dp) a" +2). (32) 


In these results, if we utilize the conditions (3) ard (4) devising slight modifi- 
cations, both terms are dropped, while using the condition (30), they remain and 
have non-zero values. And the second equation destroys the equivalence theorem in 
7-decay contrary to the previous paper in which the same theorem holds. That 
is, the previous conditions are more powerful, though a little dangerous.* In this 
paper, we only subtract the certain terms with the weaker condition (30). 


* For example, if we would remove the difficulties cf equivalence theorem in the matrix Z/q, the 


first term of the scalar type y decay Leirg the gatge invariant also is dropped in this procedure, 
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Finally, after the subtraction procedure (30), we obtain for’ the diagonal 
element 


SO(a4,x) = 


— Gray) exp] — 5 CF) —F Slog 10 CEP) fac 4 


=— Gan | @S, Gre Se op be ptta— “(oF)). (33) 


From this result, we have 


Slr SY (#, #)]=0 (34) 
and conclude that there does not exist any effect of vaccum polarization under 
the influences of the constant external field.” 


To demonstrate the correctness of above result, we will apply it to the processes of y-decay and 
compare with the many authors’ calculation results, From (33), we have 
1 © Mn- 1 Bon— 1 


iy a7. |) exp[ — 9 OP Ox + 2,2 (277) Ted. 


(27)5 


15 (e70,)2" 1822+ x), (35) 


where Aon—;’s are Bernoulli’s numbers 


Bon _ 2 Ll ee, 
272)! (222 — = + 32n A 52n a 727 + } 


(36) 
The exponential function can be expanded in power series of e¢, 

exp=1-£ (a7), + ¢ of (oF)? + By Sp? hone —${ 507) rs Bs(OP )SpP2} O80 
Then (35) becomes 


em 
(4p)a(g2+2) + yg) | (dp)0" (92 +2) 


ean 
= satya g (oF)? + BiSbe*) | (NOG +2) 
en Gs r2)( YT ae 3 
F)3+By(oF) Sp Ap) O// (PP +x) Hb eserere (37) 
+ 3x) 19°? )5+ By (oF) Sp (a) PP +x) 
From this result we can evaluate the matrix elements of the processes in question. And we have 
A) y-decay of scalar meson with scalar coupling®) 


JG =Z Spl So (4 2] 


col 


= LOO 2 ltytt0t0) Far Fe + 3 SD) Ft } \anart+x) 


ef ly n,,2, (38) 


2472 m 


B) y-decay of pseudoscalar meson with pseudosclar coupling 


~ 


Focorsbr0—Z6SplrsSa (x2) 


2 Sf ea 
aime $Sp(tarervtete) My Fool (4p)8 (7° +x) 


2p 1 + $( Fas Fig + Fai Foy+ Fiohss)- (39) 
Wt y 


This term destroys the equivalence theorem as discussed above, 
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G) ese of vector meson with tensor coupling) 
; BU st6Ots110)= in ‘se Sp[tste SoM (x, 2) ] 


Be 2 7. es eee ee a he 2g 
aime aaah J GWT st 11ery) May Moot Spr eretetvrpTotats) May “pa Kas) 
ao (270 )' =! 


x | (up)a"(g2-+x) 
OE iol Fs FoF, t Ping aan aglevy sa a 
as igi 


These results agree the ones of other authors’), 1) entirely. 


§ 4. Extension to the solution of density matrix in 
the arbitrary external field 


From the above subtraction procedure in the constant external field, we will 
next analyse the effects of arbitrary external ficld on this procedure. However, as 
it is very complicate to obtain the rigorous solution of density matrix, we only 
consider the qualitative behaviors of the effect of field. 

In this case, it is very convienient to represent the field quantities in mo- 
mentum space, say 


2 
a3 


jx : 
Clay (Sree : an) [fw aan, er = (Ay) A Gee) Pa) ag 


Then the effects differing fiom ones of the constant field are represented by some 
k’s dependent factors in the equations. One group of these effects appears in 
the d-function of density matrix (22) which are estimated by 


P+ x) a] P+ xt Vays), 
tJ 


where d;; are the #,’s independent some furctions of other parameter a,,:::@, by 
which the density is integrated from 0 to 1 finally. Next effects appear in the 
displacement effects of the momentums of vacuum electrons except one in d-func- 
tion. These effects are represented by 


pp + Wek, 


where ¢,’s are the some functions of a's and slightly different forms in each 
momentum # in the expression. 51 is the stmmation of only the %s of field 
strengths /,, multiplied. This reason is due to the fact that the behaviors of A, 
type factors appear in this solution in quite similar way as the constant field case, 
as stated in the section 2. 


For example, let the certain term of the solution in the constant field be 
=|((P(P) (Any PoP) OP +9), (4) 


then we can estimate the same term in the arbitrary field by 


On the Positron Theory of Vacuum 319 


M= It \ day) (ahiye™ - [Capi p+ Sek MP ++ Yds) — (AU) 


x (A (&,) abo ae ; F(h,) ++ (kn)). 


We can also treat the non-diagonal density replacing by more general form 


t=! 


ii =11\ da,| (ah Ne le? vigile (adp)e” (pt Seb) 
0 


x OCP + xt dd bh;) (Aa), PE) Fn). (41) 
Using these crude estimations, we also examine the preceding subtraction pro- 
cedure. 

Firstly, we estimate the subtraction terms /,, //y and ///,, in which only A,- 
type factors appear, and then only 0-function, are modified. However, after the 
integration of momentum of vacuum is performed, this modified effects vanish 
perfectly. That is, in these terms, there exist any change essentially. 

lim Ty=limTy, lim [y= tim Ty and Lim Ifly=lim IL y. 
2z=0 z=0 


z= z=0 


To examine the next subtraction terms //y and ///y,, we modify /¢ as 


pe 


(2x a da (ap)e™| (ger “LG a ai (9), Dan 619) 


+5 (ir + xg) —m) (oF (Q) 0 '(p'+x4dq’) 
a = a) % | d al (dp)e"| (dq) e”* kcal Lee Gay a S ip—m\oF ae +x+ dq’) 


eS: cea) dal Cape | dave [AGE 9) + GG NOM ++ ae »). 


The term of first line is identical with the 7, except the argument of d-function 
and then the terms of //y, and J//y, constructed from it is identical with //y, 
and //Ty. The essential changes, if they would appear, are due to the cffects 
ot the term of second line. But after some calculations, we have 


Line [y= lin {Ty ae Aayir J (ap) | VLE is tia 
z->0 
Opera ket dks + dyhh’) 


x (paCe))| 6! (7F’ (hes) bo) ee Cis (oF s)) | 


=lim IT yy, 


z>0 


3 (1 F j Ih oe oy 9 Si ; 
lim [1], =imn [yy — I | das| (dis) e®*| (ip) + yf'9x)o CPt at Raghit;) 


£30 5a 3;=1J 0 
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x (AC) A(ha))] el GFE DE) + © (iphs) (oF Gs) )| 


= bit LIT 7. 


20 
Accordingly in these terms the effects of derivatives give no modifications. For 
the term ///y, we are also the similar consideration as above. 

Consequently, we can conclude that the effects of high derivatives of field 
strength give no contributions to the subtraction terms and then one can only 
subtract the same terms in the constant field even in the arbitrary field. 

However, if we subtract all divergent terms according to the positron 
theoretical method, there exists one subtraction term which differs from ones in 
the case of constant field, i.e. 


é ; ine 7 ya M49 
— eof MMe laGHOD +3 GN OFM). 8) 
This term is nothing else the divergent charge renormalization term. 

After all the solution of density matrix in the arbitrary field is 


iia el p ames lee ahAPm 9 p24 x— Didyhhs) 


+ (contributions of effects of second group, ~->f+ SIJch) 


ap reel (dq)e™ [e, (7g) + 2 (irq) (af) |" (¢° +2). (44) 


§ 5. Conclusions 


In this paper, we proposed a more satisfactory subtraction procedure than 
the previous ones. This procedure is a little weaker than the latter and then a 
part of formal requirements, i.e., the equivalence theorem does not hold in this 
procedure contrary to the previous ones. As far as the gauge invariance is con- 
cerned, this procedure is reasonable. However, if we will apply any subtraction 
procedure to the more complicated processes than treated here, our condition (30) 
has the very inconvenient form against the conditions (3), (4) and (4”). For 
this reason the subtraction procedure here proposed must be extended more con- 
venient form. 
by By the way, we only indicate that there exists a more satisfactory subtrac- 
tion procedure at the background of the strong and apparently curious conditions 
in our previous paper. 

In conclusion the author wishes to express his sincere gratitude to Prof. M. 
Kobayasi for his kind guidance and encouragement. 
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The similar subtraction procedure has been originally proposed from the different view point 


by If. Umezawa and R. Kawabe, Prog. Theor. Phys. 5 (1990), 769. 


The relation of this 


procedure to these authors is clarified in our foregoing letter; Y. Katayama, Prog. Theor. Phys, 


5 (1950), 906. 
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The gauge invariance theorem and the equivalence theorems are studied in the Feynman-Dyson 
formalism. Our results may be of considerable use in reducing complicated calculations. When 
the Dyson diagram contains a closed Joop, certain ambiguities appear as usual, From the standpoint 
that surface integrals in the momentum space should be estimated accuraiely, however, they are 
easily removed by a simple prescription, As an application of our method, the two-gamma-decay 


of a neutral meson is reexamined and entirely consistent results are obtained. 


$1. Jntroduction and summary 


Recent developments in the quantum electrodynamics mainly due to Tomo- 
naga,” Schwinger,” Feynmin” and Dyson” have enabled us to calculate radiative 
corrections in a completely covariant manner and to obtain. finite results by 
climinating divergences through mass and charge renormalization. There remain, 
however, still obscurities concerning the gauge invariance, validity of the equiva- 
lence theorems, and though several authors"~” have made remarkable contributions 
with respect to these points, one can hardly regard them as ultimntely settled. 

We have investigated these problems from a practical point of view, é.c., in 
such a form as to be immediately useful for carrying out the covariant perturba- 
tion. First we consider in what form the gauge invariance theorem and the 
equivalence theorems are generally guaranteed in the Feynman-Dyson formalism, 
and obtain certain rules of dividing complicated diagrams into suitable classes, 
which method proves very convenient in the higher order calculation. 

Next we consider the well-known ambiguities, which are due to charged or 
nucleontc closcd Joops in the Dyson diagram. One finds the inconsistency that 
in the momentum representation even the result obtained by a formal calculation 
does not always satisfy the requirements of the gauge invariance or the equiva- 
lence, though they are of course automatically fulfilled in the coordinate represcn- 
tation. We trace the origin of this fact and asceitain that it is nothing but what 
gives rise to the ambiguous terms in the practical calculation (z.e. the non-gauge- 
invariant or inequivalent terms which have been already studied by many authors 
and also those néwly introduced ones in forms of surface integrals). Thus we 
have got a simple prescription: erase ihe terms that yield the above-mentioned 


formal discrepancy, and the ambiguitics in the practical calculation will be removed 
simultaneously. 
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As an example we apply our method of calculation to the case of the two- 
gamma-decay of a neutral meson and arrive at the following consistent results. 
i) Matrix elements for scalar meson with scalar coupling and for pscudo- 
scalar meson with pseudoscalar coupling become finite and gauge invariant. 
ii) The equivalence theorem for pseudoscalar meson is valid in this process. 
iii) Transitions in other cases are forbidden in agreement with Furry’s theorem 
and/or Yang’s selection rule. 
Finally we discuss the relation of our method to other treatments brictly. 


§2. Gauge invariance and equivalence theorems in the 
Feynman-Dyson formalism 


As is well known, gauge invariance and equivaleace theorems are all alike 


mathematically in the sense that they are concerned with the behaviour of a 
term with space-time derivatives. It is therefore to be expected that these 


problems may be treated in parallel. Indeed this analogy is especially con- 
spicuous when the equivalence theorems for neutral meson are considered. 


A. Gauge invariance theorem 


In the quantum electrodynamics, the gauge invariance of the Feynman-Dyson 
formalism has been proved by Feynman himself in his second paper cited above.* 
We shall here extend his procedure to the more cencral case of nucleon-meson 


system interacting with electromagnetic field. 

For a certain process we have many Dyson diagrams, the number of which 
increases very rapidly in general when the order of the process become high, 
and their treatment comes to be more and more difficult. Therefore it is desirable 


to have some rules to divide those complicated diagrams into suitable classes. 


We shall see that the requirement of the gauge invariance in fact affords us such 


rules. 

It is sufficient to confine our considerations to real photons because We can 
discuss the gauge invariance for virtual photons in the same way before taking 
the vacuum expectation value of the P-bracket. Accordingly we may regard the 
nucleon-meson system which interacts with photon field 


Dyson diagrams of the 
lines in connection with several 


as consisting essentially of some charged open 
real photon lines. 

Now we attend to 
from the diagrams; then several diagrams are _reduced to the same incomplctc 
form, which we call ‘skeleton” and denote by J,, in distinction from the original 
ones, D. Conversely we may construct a class of diagrams D, belonging to D 


ne skeleton D; by attaching that photon line to all charged lines and all 
into a number of J,’s_ by 


a particular photon and remove its representative line 


from o 
(possible) vertices, and thus we can classify D 


* Compare ref. 3, see especially section 8 of the latter. 
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starting from individual D,’s. As will be seen in the following, each D, forms a 
gauge invariant class, that is, the sum of the matrix elements corresponding to 
iD, is invariant under any gauge transformation with respect to that photon, and 
therefore our classification of diagrams may be called a gauge-invariant one.* 
Considering such a class as a whole,** one can not only evaluate the matrix 
elements fairly but also classify the nature of the problematic terms appearing 
when charged lines have closed loops.*** 

In order to avoid unnecessary complication, we discuss only the essential 
part of the proof of gauge invariance in the nucleon-meson-photon system. We 
may assume namely that the skeleton is a charged open line connecting with 
one or two neutral lines at cach vertex, without destroying the generality. First 
we decompose the skeleton into clementary parts E.; that is to say we examine 
each possible type of vertex separately. 

Here we restrict ourselves to the scalar meson ficld—other cases can be 
treated in a similar way—and enumerate all possible E,’s (Fig. 1). 


DS 
R R ee A R 


& v3 
i | 


Yawacck 


i. 


0 ‘ 
ip ork Nba bee Q 
a a ee { 
/ Pai wih 
Veikega, at 
————— proton**** ——>»—— neutron -~~--»-~--~ photon 
me we - me (positively) charged meson****—-—>»>—-—- neutral meson 


Whether the coupling in d, e and f is scalar or vector will be indicated 
by suffix 1 or 2 respectively. 


In these diagrams neutral particles are all assumed to be actual, their energy- 
S$ Pp : S 
momenta satisfying ccitain relations,***** whereas P, QO, p and g are in general 


* Tf the charge flow consists of two (or more) independent branches, Dy is divided into two (or 
morc) subclasses. (This is quite natural, since the gauge invariance is closely related to the conservation 
law of charge-current.) 

Further, some modification of our rule is required when one carries out the so-called “ renormaliza- 
tion” procedure, (See §3 of the work by Koba, Kotani and Nakai.!)) 

** In the processes where two (or more) real photons are involved, a class which is gauge invariant 
with respect to one photon is not necessarily invariant with regard to the gauge of the other. In such a 
case one has to group the diagrams into certain superclasses, each of which being gauge invariant with 
regard to all photons. 

*** An illustrative example calculated by our method has been given by Kotani and some of us.19 
**** Although the sense of the arrow in charged lines is of little importance, it is convenient to fix 
it, ¢.g., to the direction of the positive charge flow as in the present paper. 


***** This assumption is inessential to our argument. 
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energy-momentum vectors for virtual states ; when they do correspond to actual 
states, however, they satisfy the following equations of motion: 


(iyP+m)$(P)=0, $(Q) GrO+m)=9, 

ae Oe #( Mie ) (2, QO, p or g being actual.) (2.1) 
(7° + °)b(p) =0, $*(g) (7+ #) =0- 

Neutral bosons in the above figures are described as being absorbed ; the case in 


which one of them is emitted may be obtained by reversing the sign of its 
energy-momentum. 


Writing down the essential parts of the matrices corresponding to these 
diagrams, one gets in the momentum representation*: 


ROS” 4 (2) Ea G20). <A) ee 2,2b) 
(ae wl) re Pane ( ) Paye w(h)(gt p)u = 1 (2.2b) 
iL 1 
==, Bc 
HO—M guy Dre fit Eid (scalar coupling) (220,) 7% 
+ me P+ 
pe td reat ve 3 (yr es (vector coupling) 9.9d.)** 
¢ nies P 2 
~P(R)t,- em (scalar coupling) (2.2e,) 
q + me” 
OE 79g) (en (vector coupling) (2.2e,) 
P+ 
nae (R scalar coupling 221 
TOR HR) pling) 2.21.) 
1g— G ; 
rp)t_y (vector coupling (2.2f, 
ratte 14 (R) e i pling) ) 
= P-—m , 
— b(R)c,A,(k Ere ll vector coupling 2.29 
syria ) w(h)7p (cee: ( 0 ipling) (2.2¢) 


wea A poe Oe 
When one has to do os external charged lines the propagation function in 
(2.2) should be replaced by the corresponding wave function : 


(vector coupling) (2.2h) 


7P— _, (p), Bore w—™ _,5(Q), 
Po +0 if P, Q, p or @ is actual. (2.3) 


—$* (9), 


9 Se ’ 
Pre FP 


* For the interaction Hamiltonian used in this section, see Appendix 1. 
** 75/=13 (symmetrical theory), or t3/=1 (neutral theory). 
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An arbitrary skeleton i, can be constructed from these elementary £,’s by 
connecting same kind of charged lines in succession, and correspondingly the 
matrix element for 7, may be expressed in terms of (2.2) by identifying the 
propagation functions with one another. 

Now performing the gauge transformation 

1, (hk) 1, (2) +12, 4 (2) (2.4) 
in (2.2a) and (2.2b) and picking out the contribution from the second term of 
(2.4) (we shall denote this procedure by l,(4)—/4,), we obtain* by the help 
of the conservation law of energy-momentum and the cquations of motion : 


ides ea a Pe (2.5b) 
. Z 


where 7, =1 if ? is virtual and 7,=0 if P is actual. It is very important that 
apait from 7 both (2.da) and (2.5b) are the difference of two terms with same 
functional forms but with arguments different from each other by the energy-- 
momentum # of the photon under consideration. 

We examine the gauge invariance of the clementary skeletons by combining: 
(2.2) and (2.5). There are now two cases to be considered separately, according 
to whether it is possible or not to insert the photon line in question, say %,, 
into the vertex. 


1, The cases where an insertion of ky into vertex is not possible 
(Caststape, a be ef Sand A) 


For example, let us construct two 


R 
diagrams from ¢, by inserting 4, into : 
charged line and evaluate the correspond- "2 
ing matrices according to (2.2a), (2.2e,), -_—-— 
(2.2f,) and (2.2b) and by the use of the P \ 
Lorentz condition for A,. Then we get Xf 

oS ee oe y 
pers WPA =m. (y,7P—m 
G+ L+h)? 4+ 2? P* agg: 
I 7” es ae 
mr Sas CD iy aes 0 0p ciel 2 
gre "(g—h)? es ( Pt ne 22 
By Ay(t)>ihy 
mpeg (Rt EEA yyy PM 
gt (P+2)? +77 U Se ee 
in 1 a PP 
+ ioe Na : | bH(R)cz tes 
eas ae "(g—h)? + Pe Pasa 


* Scalar function A(4) is omitted, for it appears always as a common factor. 


5 


ia 


ewe 


at oe 


E similar to (2.7) or (2.9) after A,(k)ik, by takir 
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But $r12=%4.=1 since both P+ ard g—Z& are virtual, so that this becomes 


1 = iy(P+ 4) 
ay PRE OY is ee Ii 1 + -P— 
IR ae te yey ates 
+t (P+ hk)? + 07° (g—A)*+ pe P? +m 
the two terms of which have again same functional form with arguments differing 
from each other by &%. 
2. The cases where an insertion of ky into vertex is possible 
(cases 6, Cy and fo) 
For example, we consider following three diagrams constructed by inseiting 


&, into two charged meson lines and a vertex, 


4 if i i? n k 
ys ‘ i y 
« a? x ‘ 
ar x mene, 
/ \ aes. / N 
f wall 4 > ahs 4 
p re 4 pa 4 9 
Fig. 3 


and evaluate the corresponding matrices in terms of (2.2b) and (2.2c), making 


use of the Lorentz conditions for A,, Ay, too. 


i ; I , il 
—— iA ge 9=-—$— > _ 214, 4) Pua 2.8 
g+pe (prhy+ nl Yee ey) 
1 1 1 ° 1 ; 1 
eh OA, ARAM Soviet ee a term ay gE 
ee (4) A, (4) Hye ye e+e w( al Pa CE (2')p Pre 
By A,(4) ik, we obtain a result of the same type as (2.5) or (2.7), 
1 : 1 1 : 1 
Bee A te ee eA ee (2.9) 
G+ i re Ce) ne: 


ary skeleton we may Start, we obtain a result 
ng into account all possible 


Proceeding with these procedures up to the 
therefore, we reach the follow- 


Thus, from whatever element 


combinations with regard to Ria: 
initial and final charged segments of the skeleton, 


ing conclusion. 
Considering all possible connecti 
1 general an expression of the form 


F( t) initial — ipa tH k) , 


on of the skeleton with the particular photon 


%,, one gets i 
(2.10) 

after A, (4) >tkp- When the charged line is open, Himitiat = Yyina = 9 since initial 

and final charged segments are both external, so that (2.10) vanishes and there- 


fore in this case the gauge invariance is unambiguously guaranteed, 
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However, when the charged line forms a closed loop, initial and final segments 
coincide and are of course internal ; accordingly 7nétiaa=Yyinat= 1, and moreover the 
expression (2.10) should be integrated with respect to a certain intermediate 


energy-momentum. Namely, we have then 
| F(dat— | FG-Dt (2.11) 


This does not always give zero because of non-vanishing effects of the variable 
translation in a divergent integral, and therefore we can~say nothing definite 
about the gauge invariance in such a case. We shall discuss this problem in 
detail in the next section. 


B. Equivalence theorems 


These theorems have been already investigated by many authors from their 
respective points of view.’? We now study them in the Feynman-Dyson formalism 
and examine to what extent (including higher order processes) they are applicable. 

In spite of the before-mentioned analogy between gauge invariance and equi- 
valence theorems, one should not lose sight of their essential difference: The 
former is a requirement which any formalism must always satisfy, while the latter 
is, so to speak, an expedience which can be utilized in certain limited cases. One 
should also notice that photon is neutral while meson may have charge. In fact 
the adequacy of equivalence theorems for charged meson is restricted to a very 
narrow region, as will be seen later. 

Replacing the photon by the neutral meson and the charged line by the 
nucleonic line, we can apply the arguments used in the proof of gauge invariance 
theorem to the cases of equivalence. For that purpose we introduce the similar 
notions as the equivalent class D,, the skeleton By, etc.* 


1. Neutral scalar meson 


i 


In the case of the equivalence 
theorems we have only one diagram 
for elementary skeleton &’s: 

The corresponding matrix is given 
by 


—>—— _ nucleon 


~~~» a boson or two bosons 


# Q 


Fig. 4 


SAEs Bg (Sy SP ee 
$+ 


O + mi? (2.12) 


v 


servation of tge. Theretore the notions as the skeleton 
theory, 


ts a ea Saw run 
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q(r) being a wave function (or wave functions) of a boson (or bosons) 7, and ¢ 
the coupling between ry and nucleon fields. For Fig. 4 and (2.12) one has of 
course the understanding as. (2.1) and (2.3) respectively. 
Now we consider the interaction between a neutral meson and a nucleon, 


17O—M 4 "4 Pm Bealaeaeoupling Hie. 6 213 
Gan? ? E P+ ne ( p ng). ( 1¢. )) ( : ) 


Changing the coupling to a vector one, one obtains from (2.13), 


17O—M 40 Nel 7~P— Mm 
oan! @)es Gr!) Pe +m 


~~ 


Using the energy-momentum conservation P+/= Q and taking into account the 
understanding as (2.1) and (2.3), this becomes 


aye ai (p Jed 

= HOM go 2)-f GO mig P =m) 
O* + 1°" Porm 

2 SL TY ia ees ERS 
Or+ ae d ( ) Sh HP ( ) 3 Pi+ne ( 


Next we examine , by combining (2.13) and (2.14): 


| / . r ; 
| \ / / 
} ee: eure 
Df pe / “ 
= = P Q f Q 
Fig. 9 Fig. 6 
Matrices for vector coupling are 
ORM. 2 it (P+L) = gop) cf (yl iyP—-m 
+m xs (P4l)?+ 00 PZ) rs G17) Pe+ 0? 
Oe ih irate WO) iy ed amie 
a ine QeiG7) (Q—1)° +10 “@) e+ mw 
; 7 — '+(Q—Ll)— m ~P—m 
“ iyO-—m , Oba! )s vas 40 =! »,—70U of! (2 7 (r)F— = te 
~ OP +m’ pi (P+/)*+ mt ted 1) % (Ol)? +00 k P?+ 10 
17P—m (2.15) 


ir 1.go | Nee Sty So 
x One POLE mee ‘ ) Pe+n 
(2.7) or (2.9) except the third term. Hence, if 
6, bt =0 (2.16) 


OK ae | 


(2.15) is of the same type as 
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is valid for all /(7 being the index of the vertices), just the same argument as In 
the gauge invariance theorem leads to the confirmation that the vector coupling 
in neutral scalar meson theory is of an illusory character, except in the case of 


closed nucleonic loop. 
2. Neutral pseudoscalar meson 


In this case the corresponding expression to (2.14) is 


BEBO Cer Gee ee 


+ mt? Pe+m 
SO "(L)t4 G70 + m—tyP +m—2m a Ete aaas 
int’ | )ts Gr r ) pane 
= —2m ag 2 ee b° (2) ze pte sae 
O° + m0" P? +7 
SEI Ny try, pei ee 2.17 
Ot? O 3 Tor — Gob (L) e537, Peage ( ) 


the first term bringing out the equivalence of the pseudovector coupling to the 
case of pseudoscalar coupling. The remaining terms have an analogous form to 
(2.14) and one can easily derive the condition for the validity of the equivalence 
between both couplings of pseudoscalar meson theory except in the closed nuc- 
leonic loop: 


Ts sss air Curae =0, forvall ¢,. (2.18) 


3. Charged scalar or pseudoscalar meson 


In this case we cannot proceed to the second step in the above reasoning 
owing to the conservation of charge. It is in general impossible to combine an 
elementary skeleton with the charged meson line under consideration. Therefore, 
the equivalence theorems for charged meson are valid only in the following three 
exceptional cases: 

(i) Both nucieonic lines forming a vertex with a charged meson line are 
external. In such a case y=0 in (2.15) and (2.17). (E.e¢. second 
order nuclear force.) 

(ii) The contact interaction plays the role of cancelling a redundant term 
as in §2-A-2. (E.g. second order y—2* process.) 

(iii) All bosons except he charged meson under consideration are neutral 

meson, in which ‘s the equivalent class can possess its meaning. 


4. Vector and pseudovector meson 


Applying the above procedures to the tensor coupling of the vector (pseudo- 
vector) meson field, we obtain, besides a non-vanishing (vanishing) equivalent 
term to the vector (pseudovector) coupling, an additional term which represents 


Seemed 


ae ee 
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an interaction including the first order space-time derivative of nucleon wave func- 
tion. In the case of neutral vector (pseudovector) meson, such an additional 
term alone appears if the following condition analogous to (2.16) or (2.18) is 
satisfied : 


= = . Silas = fi 
neutral vector meson: Cheat la ho, 


neutral pseudoveetor meson: c4y57 6. Sita typ, for all €,. (2.19) 


§ 3. Ambiguities due to a closed loop 


Among the difficulties of the present quantum field theory there are those 
contradictions that the final result obtiined in our covariant formalism does not 
always satisfy the requirements of the gauge invariance or equivalence, though 
they are of course formally fulfilled at the beginning of the calculation. These 
so-called “ambiguities of the current field theory”’ appear when the corresponding 


‘Dyson diagram contains a closed foop. In order to remove such ambiguities 


many authors have proposed various prescriptions.?~” 

In this section we shall take the case of a closed charged line and examine 
the validity of the gauge invariance both in coordinate representation and in 
momentum representation. Comparing these two different verifications we can 
find a natural means to remove the apparent contradiction. The same argument 
can be applicd to the case of the equivalence theorems. 

We consider x+1 real neutral bosons 
interacting with 2+ 1 virtual fermion Jines 
and assume one Of these bosons to be a 
photon. A gauge invariant class PD, for this 
process contains 7 diagrams, in every one -of 
which the relative position of the boson + xcept 
that photon is the same. Its representative 
diagram is given by Fig. 7. 

The corresponding matrix is,* apart from Fig. 7 


a common numerical coefficient, 


MG, Sega a Ain Sp Fy 4 p-1) FS 4p — HLT pat Aue) 9: (41) "On (An) >» 
(3:1) 


in coordinate space, and 


; ly — Ht 17 ty— Mt pr 7 
M (iy , k = =— —2 lat dif 5 af aE yd j= | -. 
(Ans &p-1) (—2z) 0 poe are. ae pal 


5 Ay (4,9 (4) ny bn (An) Ot Ro— ty) 9 (tyat Re oe ty) A(t hy-1 tpi) (3.1) 


* For simplicity’s sake we shall omit here.and in what follows in this section the operation S/ur 


which must be taken with respect to the fermion closed loop, because it is not essential to our argument, 
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in momentum space, where ¢,, is the potential of the pth beson field or its space- 
time derivative and /', the coupling between the boson 4, and the nucleon field, 


and p is assumed to have a period 2%, i.c., p+ u==P. The representations in co- 
ordinate and momentum space are connected with the Fourier transformations of 


Sota). 4, G@,) and ¢. Ga. 


So(s) Bai [th aeg, 
Sm Jf + we 


A, ijn Oe by (Xp) =$,(4,)c%"?. (3.2) 
Performing the gauge transformation Ay (4%) —> OA(ay)/Oay, (3-1) changes 
into 


M (Hp) %pu1) = (—22) | dz, dxy| O(4, =H) Sp Sp —Xp~1) — 9 (Fo Lp 4p SF) F 


: Be RS es. (4) 0: (41) ==, (4p) --'Pr (4n)- (3.3) 


Here we have carried out a partial integration* and used the equation 
) BS 
fet SS At a — 220 Ce) 
Ox 
Correspondingly, A, (4) 7,4 (2%) transforms (3.1’) into 


MM’ US Raa) a (—28)"*"| dp ia ind ge Le a J Biter i 
le ce, A Pps 


Ay) 9, (Ay) “On (An) O(t, +h —h) OU, mach ape) 0 (4+ kg s—T a). (3.3) 


Up to this stage the two representations are connected uniquely by (3.2). 
Now, integrating (3.3) with respect to x, and summing up from p=1 to 
p=n, we obtain 


2 Ma ian) 0: (3.4) 


Thus the gauge invariance is guaranteed if all diagrams belonging to the same 
% at / 5 

), are taken into account. Integrating (3.3’), however, with respect to 4, 4,-*: 

f, and summing up over all ~, we obtain (writing ¢ instead of 4), 


, 


3} A (ly byes) = (— 28)" f dl FO —FUHA) En) $8) babs)» BAY) 


p=l 


j 
77 (t— 1h) —m 
ea OM 


where EG) SIT. rr, ; 
ae ae = hy)? + 100° 


(This gives an example for (2.11).) (3.4’) does not always vanish because” 


* ; ; ‘ 
We drop the surface integrals in the coordinate space. This corresponds to 2%6(/)=0 in mo- 
mentum space, 


— yt 
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us alld (AP Coca i ON : 
f: Way ape jars; s (4... VEO (3.5) 
isi | Ot 

gives zero only if {| dF (2) is convergent or logarithmically divergent, but becomes 
finite and non-vanishing when { @/(¢) is linearly or quadratically divergent and 
diverges when § dfF(z) contains higher divergency. (See Appendix 3.) Thus 
we see that the gauge invariance is not always valid in momentum space, while 
it is guaranteed in coordinate space. 

As is evident from above considerations this discrepancy originates in chang- 
ing the order of the integrations in the divergent integral including singular 
functions. To make it clearer, we shall examine the most simple expression 
obtained by inseiting (3.2) into (3.3) with p=1. 


“\nt1e ice lp ts oy je 8 
M' (1, x) =(—" ) | ves alegdty el Ged mE: 
Sx ROSE ae Ee 


n _ 
ay oa pe el a 
Ye : . 
te = mm 


f=2 


. eikoro,tkiz1 ff (Z,) 6,(4;) oy Onk'n) - (3.6) 


Integrating two terms of (3.6) separately, that is, integrating the first (second) 
term in the order 4,(¢,), 1%, one obtains, 


Md, 2) = 2 1 Yen dt gllty--lly 


{anit Mt gm it (2, —Z_)otkor _ jt tf Mitr %q) cons be i 


t+ m0 yy + m0 
y i 
(i aes ae ae LG 
jf gS 289} Akasa) PL). (3.7) 
g=2 (2° + 100° 


Here the integration variable 7, in the first term and ¢, in the second are com- 
pletely independent of each other so that we may identify them. Then we can 
reach (3.4) by integrating (3.7) over all ¢’s and taking into account other members 
of the same D,. (3.7) will be still correct even if one integrates (3.6) inversely 
first with respect to x,, next ¢, in the first term and 7, in the second. This time, 
however, /, and ¢, are not independent but are connected by the conservation Bes 
arising from the integration over %, so that the different result from above will 
be obtained. Indeed, this is the case of (3.4’). 

After the above analysis we can now set up a method to remove the dis- 


. ions : ‘the gauge invariance in 
crepancy between the two representations and to recover the gaug 


the practical calculation. For that purpose it is sufficient to notice that such a 


factor as (3.4’), which contradicts with the requirement of gauge invariance if 
(3.5) does not vanish, will necessarily appear in the actual evaluation of the 


matrix element as a non-gauge-invariant term, Hence such a term shonld be 
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ignored in order that one may obtain a consistent result. This rather crude 
procedure might be justified by the inference that in the future correct theory 
the gauge invariance will hold also in the momentum representation. Thus we 
have got the following prescription : 

Those non-gauge-invariant terms should be dropped which coincide, by the pro- 
cedure A,(k)—>tk,, with (3.5) which remains in the formal proof of gauge imvart- 
ance in momentum space.* 


§4. Two-gamma-decay of neutral meson 


This theme of “the decay of a neutral meson into two photons through 
virtual proton field” has been already analyzed by many authors. <And as it 
reveals the so-called ambiguities most explicitly, 


it is regarded as a stumbling stone of the new 7h 
formalism. In spite of several attempts to 
remove ambiguities,” it seems that the problem Aon Ne 
is still unsettled. We shall now reexamine it Sek, 
from our above-mentioned point of view. , ‘ 
There are two diagrams which represent Pier 


this process: This pair of diagrams makes not only a gauge invariant class for 
the photon & and 7 but also an equivalent class for the neutral meson /. 
The essential part of the matrix element is given in general by 


M=1,A,(k) A, 2) PP), 


Yes = {asp rt, ay (¢+ DSi eer wate ) 4 “ (kel, piesv), (4.1) 
4m "(e+ b)2+nt “(t+ k+l) +m 


where #(~) means the neutral meson wave function, J’ the coupling of the 
neutral meson with the proton field and (£<>/, w<>sv) represents the expression 
obtained by interchanging & and /, “ and _» in the foregoing term. 


A formal proof of gauge invariance is afforded by the substitution A,(4)—> 
then 


=L/A(k) AZ) PCP), 
De a ee 
S| ee sade farsp{ rite ie Cama aae 
C+h +m (t+h4+1) +7 (t+2)°4+ 00 
(4.2) 


This prescription is not trivial, because the non-gauge-invariant part in the matrix element is 
by no means unique, since any gauge-invariant expression could be added to it, and the term to be struck 
out remains in general ambiguous. 

** As (4.1) is symmetric with respect to 4y and A,, it is sufficient to examine the gauge invariance 
for one of them, the other can be deduced by symmetrization, (See, e.g., (4.9).) 


ee 
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1. Scalar (scalar)*; O=¢, [=1. 


Fig (S.s.) = —8iml > toad RES 
Ot, (+ m’)?* 


=47°mék,, (4.3) 
1 1 
L,,(S.s-)=8m{ hl, — (kL) 8, jad 2x ded 1—4ry(1—x) 
7) ) & ‘ ) we } : ‘ MENTE AT ie 
— 4nd, - (44) 


where L=2(£/)xy(1—x) +m’*, x and y are Feynman’s integration parameters. 
In (4.4) the first term is gauge invariant whereas the second is not. However, 
the latter coincides with (4.3) when A,(4)—7, and so should be dropped ac- 
cording to our foregoing arguments. 


2. Pscudoscalar (pseudoscalar); P=, [=j7;. 


1! (Ps.ps.) =0, (4.5) 
‘ *  Smk plot (pupa) 
Pele = ar oe aay ee 4.6 
lay (Pe.ps.) = — hai] De de aye (4.6) 
with 1 when (pa) is an even permutation of (1234), 
e(ppa) = oi ” odd ” ’ 


O otherwise. 
(4.6) is evidently gauge invariant. 
3. Pseudovector ( pseudovector) = Ob Per ven ol fis =O): 


3 tbo €(avpo) 
Af, (+m)? (mp 


=27n°h,/,e(avpo), (4.7) 


L! (Pv.pv.) =4 at hy 


1 1 
= —i\dt| a " ; 
Tuy (Po. po.) ifae 2ede|, af (¢+hat+lry)?+L}* 


{Sp (rsh a¥ oh oof x ep (Lt ho (tt hl) e+ mSp Ter urTo) +2) ot 

+ (heol, perv). | 
After taking Spur by the help of (A.7) and (A. &), performing the variable 
translation ¢->t—Axr—J/zy in the first term and adding the contribution from the 
second, 


Epi 4 ila by dr | dy (Ulobet (pupa) {x (1—x) (14-29) +4y (1-29) } 
3 0 0-At + L)* 


* Scalar (scalar) or (5S.s.) stands for scalar meson with scalar coupling, and so forth. 
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+2 (ilo{ kye(appa) —e,€ (arpa) } + (LI —D),€ (app) ) {x —+) 1—3y) t+a2°y(1—y)} 
+3), 5 (1-32 + 3y) +2( A) 22y(1—2) d—-y) +£ (1 +2—ay) be(uep)] 


. De ae 4.8) 
Dx F=f eal =e) eo 2 € apy) F ( 
ae 4:lae\. x dx{ dy(k ae Cl a) a FED ( 


But the second line of (4.8) may be replaced by —f.e(ypa) because 
ApAbe'{Bglo| ye (appa) — lye (arpa) } + (kL) 2D), on”) 
=— A, Abe pat (yyp9), 
in virtue of the identity in the determinant thcory, 
(af) \dcde|+ (Uf )ledeal + (cf) |dead| + (Af) eabe| + (ef) |abed |=0, 

where a, «++, f are 4-vectors, (af) is the scalar product, | dcdve | the determinant 
byl Alot (pupa) etc. 

Moreover the apparent divergent term propoitional to ¢* in the third line of 


(4.8) is in reality finite, for it changes, by the pattial integrations of parameters, 
into 


’ 


1 1 2 Dire 1 1 > 2 == (i= 
jar| 24 dx\ dy’ OS EARS = — {acl 24 dx| ay” SUEs eet B Clad 2 
0 0 (27+ LZ)’ 0 Jo (7°+Z)* 
according to (A. 3), so that it cancels the next term. 
Consequently /,, (Pu. pu.) is 1educed to 


‘ ie 1 tic ) 
Lyy (Pv. pu.) = — 1672p. 4,l,¢( urpo \a@ 24 dx{ d hee ie 
pv (Pv. pv.) Pakylet( pvp) \at\ OAD? 


+27°(£—L) ,€ (upyp). (4.9) 


Of the numerical coefficient 2 in the second term, which is not gauge invariant 
for A, or A,, 8/3 comes from the term proportional to Z in the third line of 
(4.8) and —2/3 originates in the surface integral on the occasion of the variable 
translation, 7.c., in the last term of (4.8). This non-gauge-invariant term should 
be disregarded since it coincides with (4.7) after A,(4)—i4,. The first term of 
(4.9) is indeed gauge invariant, but vanishes because of the auxiliary condition 
for pseudovector meson field ,4,°=0. Therefore the transition for Pv. (Pa.ja: 
forbidden in agreement with Yang’s selection rule.” 


4. Pseudoscalar (pseudovector); O=9, P=ipsy sya. 
LT) (Bs. pu.) =0 (4.10) 


/,, in this case may be evaluated in two different ways, that is, directly. by 


utilizing the result of (Pv. pu.) and far more easily by the help of equivalence 
theorems. 


First 7, (Ps. pv.) will be obtained by multiplying (4.9) by z#.. Then the 


second term too becomes gauge invariant and one gets 
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ie 1 Tero, b 
Tp (Ps. poy= — 2 di ae ax ae eb +4i7°h,l,e(uvac). (4.11) 

The first term is equivalent to J,, (Ps. ps.) but the second is not. However, as 
the condition (2.18) is fulfilled here, such an inequivalent term ought to bane 
arisen from the proton closed loop. Indeed, after the separation of the enuivalent 
term by the procedure described in § 2—B, we obtain the inequivalent term: 

at ee Serre iyt—m . iy(tt+k)—m 

py (PS. £2-) inequiv. faeso| rit— Tp GLb) n8 r} + (Aeol, pov) 


sa at Sp{r iy (¢+h) —m atk l)—m |- Aus pioivin 
j (t+ k) +0 A (k 1BAT v) 


=2[aete 2a the 4 Qb4 D2 aes Sieh ae 
“at, (2+m’) ( na, (E+): e(pyoa) + (kool, perv) 
=4i7°h,l,e(ppc), (4.12) 


which agrees with the second term of (4.11), so that this term should be ignored. 
Thus the equivalence theorem for pseudoscalar meson in this process is restored. 

As is seen from this example, this technique of applying the equivalence 
theorem makes the calculation remarkably easier in comparison with the straight- 


forward procedure. 


5. Other cases. 

In S.(v.) and V.(v.) there appear only non-gauge-invariant terms lx Of, 
but one may drop them again by the reason that they coincide with J/,’ after 
A, (4) ik, In V.(z.) and Pu.(¢.) Z,, vanishes exactly. Hence our prescription 
does not contradict with Furry’s theorem.” 


§5. Concluding remarks 


We have shown above that, provided the effects of the variable translation 
in a divergent integral are estimated accurately, we can get satisfactory and 


consistent results for the two-gamma-decay of the neutral meson in complete 


agreement with various requirements (gauge invariance theorem, equivalence 


theorems, Furry’s theorem and Yang's selection rule) by the help of only one 
simple rule that the non-gauge invariant or inequivalent terms which correspond 
to the remaining surface integrals in the formal proof of these theorems should 
be struck off. Our procedure is mecessary and sufficient to remove those internal 
inconsistencies related to closed loops of charged or nucleonic lines in all cases. 
Of course this does not yet imply that we can always obtain an unambiguous 
result, since it may happen that two expressions different from one another by a 
ar equally justified even by our prescription. But in 


gauge-invariant term appe 
irements of gauge invariance 


practice such cases are rather artificial,* and the reqi 


* Imagine two non-gauge-invariant terms Xpand Kus Th (X2)=(¥A), we could either discard 
Xp itself, or transform it into (Xp— Yu) + Vp and discard Y,,, retaining gauge invariant (Ay— 4). 
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and equivalence are in most cases sufficient to determine the matrix element 
uniquely. We hope, in any case, that our rule can eliminate a good deal, if not 
all, of the ambiguities which have hindered us from carrying out the estimation 
of the transition probabilities. 

At first one might be inclined to give up the standpoint adopted by us and ° 
to permit a free translation of the variable even in a divergent integral, taking 
no notice of its effect. Indeed by this procedure the discrepancy in the formal 
proof disappears, and most of the non-gauge-invariant or inequivalent terms are 
also struck out. However, there are other non-gauge-invariant or inequivalent 
terms presenting themselves vot in a form of a surface integral as stated with 
regard to (4.9), and these do remain and spoil the whole result. They represent 
one of the difficulties which have bothered us from the early stage of the covariant 
formulation. 

The methods which have been hitherto proposed to get rid. of this ambiguity 
may be classified roughly into two groups, the one being the so-called regulator 
method (Pauli-Villars),” and the other the assignation of appropriate values to 
some typical integrals of singular functions including convergent ones (Katayama, 
Fukuda-Kinoshita).” As was pointed out by many authors the regulator method, 
when applied to the two-gamma-decay of neutral meson, contradicts with the 
equivalence theorems since it takes away some terms of physical significance 
together with the non-gauge-invariant terms.* In the latter method the circum- 
stances are similar, 7.¢., we fear that certain important terms might drop as the 
mathematically incorrect identities are employed there. Thus both procedures 
seem either inconsistent or too severe. On the contrary, our prescription may 
certainly be insufficient to turn away all kinds of ambiguities, but it will not 
commit a fault of eliminating a physically significant term. 

In concluding we wish to express our sincere thanks to Messrs. H. Fukuda 
and T. Kinoshita for their useful advices and kindly having shown us their manu- 
script before publication, to Mr. Y. Katayama for valuable discussions, and especially 
to Mr. T. Kotani for stimulating debates and constant collaboration. One of us 
Lies is much obliged to Yukawa-Fellowship of Osaka University for the finan- 
cial aid. 


Appendix 
1. Interaction Hamiltonian in interaction representation (#=c=1.) 


(Only those used in §2, z.., the interactions between nucleon, scalar or 
pseudoscalar meson and photon, are mentioned.) 


ae —iedy,tpPA,, 


eae ike 
Recently Peaslee treated the infinite integrals by dropping the surface terms in momentum 
space, and showed that his procedure was equivalent in some cases to the regulator method.?) 
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H™ =icA, (* -0¢/dx,—36*/0x,-$) +2°A,6*d, 
=f rst. Pb* +f brs tb + f bret oh" 
+ ig brs rat Pf: OO*/Oxa+ ig Yrs tat 8G /O% a+ 16" Py s'Tats PB" /AX., 
a= —eg' Sr 7.tPAd* +g brs ryt_pAud. 
where 7. ——7, g==7e and »=<7e" for scalar meson 7,’ =7,, 2 = and g” = for 
pseudoscalar meson; t,/=1 for charged plus pure neutral meson theory and 1,/=7, 


for symmetrical meson theory. The normal-dependent terms are omitted since 
they are not necessary for the evaluation of the matrix element. ~ 


2. Integration formulas (l,m, n etc.: zero or positive integer.) 


dd La, 1 : 12(m+0) 
ate +L ~ E+ 1)!) (2° +2)” 
where dt=dt,dtatt,dt, ¢"™=(¢t-t)", L is independent of ¢, and 4, (a,---4y) is 
obtained by summing up products of Z Kronecker 0’s over all possible pairs 
of 2/ suffices u,, -**, Zy, so that it consists of (2/)!/2'-2! terms, ¢.g., 
A, (p90) =O 49 pot OypFy0 + Ono% vp 
Se ge te A 8) A Ts 


aR ence (n—1)! Vite” 
only when »n—m2Z3. (A. 2) 


A useful formula utilizing the partial integration of a parameter is 


[efits Da CFDA pan (inf apt EOE Sp, 
+2)" (Pa7,)* 


where n—m22, (2/21. (A. 3) 


,(44"++22) 5 (A. 1) 


It is frequently employed to decrease the order of the integral with regard to 7. 
To combine two integrals having different denominator from each other, use 


the following formula : 


bee: Es = nf de | (Arez) (27) : 
(Pt Ay* Jol +A—(A—B)ap do (P+ A= (A= Be 

2 ax és 3 (A—Sb)x mecaaa 
2 eee es ee (A—B)x}""? ( ) 


in which both A and B are independent of ¢ and 2. As their applications we 


have 
i 2 3 nf { (A—B) 2 } 
ee ee — Bal) ae , for all m, 7; 
loa aed {77+ A—(A— By x yer 
Fee n B—(n—m—3) (A—B) d—*), AM bees 
¢— $$ — or md. 
ja (f44)* =—* || {224 A—(A—B)x}"™ 
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3. Estimation of surface integrals 
Using (A.1) and (A. 2) one finds: 


2-1 


bee i ta, 


jac%l ee =a? 
Ot, (t° iD 
l+m+1l—n p2d+ m+) nl prd+mty) P 
=e = A,(puy:+dy-1)  (A.5) 
J (TL 1h a Ls DEC) | ete A al aie 
/0 if 2>l+m+1, ic., | f(2)dt converges or 


logarithmically diverges, 


——__ —— + A, (pa; +-t%y_1) if petia! is 1, z.2., J f(a is linearly 
2'-*(7+1)! ivergent, 


= 41" 


fo) if n</+m+1. 
By iterating (A.5) it is shown that 


9 “Il le, 
Ot,Ole Ols Ors (e+ ee 
(0 if m>l+m+l, 
| pti ete “++ gy) — ee 1(44"**A1) Ope (A. 6) 


if m=l+ m+, ze, J g(a is 
quadratically divergent, 


fo) if ~<J+m+1. 


From (A.9) and (A.6), and taking into account the fact that the integral of 
an odd function over the whole region vanishes, one can conclude that the effect 
of the variable translation (the surface integral) in convergent or logarithmically 
divergent integral does not appear while it becomes finite in linearly or quadra- 
tically divergent integral and involves divergence in more highly divergent 
integral. 


4. Calculation of Spurs 
SP (Tsui po) =4e (ups), (A.7) 
SAT uF oF of xT) 


8 
= = One (potw) —0,,€(aT wp) + dpo¢ (Twp) 
— dace (cpp) + Beat (090) — Dayt (Yo) } 
4 
— ay Oy.€ Yatw) —O,o€ (orwp) +0,.€(awpy) (A. 8) 


—d,.€ (cup) + dye (wpa) —8,,,€ (44a) }. 


10) 
11) 


12) 
13) 


14) 
15) 
16) 
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It will be pointed out that the anisotropy energy is of primary importance in the theory of 
antiferromagnetism. The formula for the susceptibility y=(yj|+2z1)/3, which follows in van 
Vleck’s theory from a rather arbitrary assumption that the parallel and perpendicular domains are 
distributed with a ratio 1:2, can only be justified by inclusion of anisotropy energy. Formula for 
the dependency of the susceptibility upon external magnetic field will be derived and it will be 
shown that the field-dependent part varies proportional to the square of the intensity of the 
magnetic field, and inversely proportional to the anisotropy constant. 


§1. Introduction 


Antiferromagnetism, originally proposed by  Néel” and formulated by van 
Vleck” and others, has recently been studied from various sides.» It is supposed 
that the crystal lattice is divided into two sublattices, each of which being occupied 
by + and — spins, respectively, at the absolute zero of temperature, and an order- 
disorder transition is supposed to occur at the Curie point. This picture cannot 
of course be an exact one, as actually shown by Slater for the case of one- 
dimensional assembly of spins of magnitude 1/2 with a negative exchange integral. 
The picture is exact only for the case of classical spins of infinite magnitude 
which interact with each other according to the usual exchange law. It may, 
however, be perhaps a good approximation for typical antiferromagnetics such as 
MnO and Cr,O; where the magnetic ions have spins of magnitude greater than 
1/2. In van Vleck’s theory, which may be regarded as standard, it is assumed 
that each +spin is subjected to a molecular magnetic field arising from the sur- 
rounding +spins and to the external magnetic field, and that the effective field 
acting upon the spin §* is given by 


Hg = H+ 2eg"*B"8*, (1) 


where / is the negative exchange integral, ¢ the number of nearest neighbors 

a = é 
g=2 the Landé factor, B=/e/4amc the Bohr magneton, H the external magnetic 
field, and §* the statistical average of S* at a given temperature. 


<ES . . ° 
Now Ss and Hs must have the same direction in order that the theory is 
. free from inner contradiction. We therefore put 


il ag @) 
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On solving (1), (2), we have 
. +(] ge 2Q-2yF 
get = COV) a (3) 
1— (Jeg "B04 
so that S* are parallel to the external field, except for the case that 
x =r =1/(— Brg 8), (4) 
where S* are perpendicular to the external field for vanishing field strength. 
For the latter case we have 


we ep(8t + 8-) = DEE (5) 
2 —4]z 

M is the intensity of magnetization per unit volume and N is the number of 

atoms per unit volume. (6) is the formula derived by van Vleck for the per- 

pendicular case. 

Van Vleck assumed that there are parallel and perpendicular domains with a 
ratio 1:2 and gave the susceptibility formula y= (4 + 241)/3. This assumption 
cannot be justified, however, since the difference in free energy per unit volume 
of the two types of domains, namely 3 (71; —71)47°, is positive so that only per- 
pendicular domains must be realized under thermal equilibrium. It then follows 
that the susceptibility is constant below the Curie point, unlike observations. 

The anisotropy energy of antiferromagnetics is of the same order of magnitude 
as that of ferromagnetics as referred to by Néel.” In ferromagnetics, the energy 
to the external magnetic field —WHf can be greater than the anisotropy energy, 
and the magnetization -Wo can easily be turned to the direction of the external 
field. In antiferromagnetics, however, the energy to the external field —}yH" 
ss so small that each spontaneous magnetization of the two sublattices can hardly 
deviate from the direction of easy direction for an ordinary field strength. Theory 
of the susceptibility of antiferromagnetics must thus be based on a consideration 
which takes into account the anisotropy energy from the beginning. 

It is also hardly possible to account for the anomalous resonance absorption 
observed for Cr,O; on the basis of existing theories, but it will be shown that 
st follows naturally from a theory which takes into account the anisotropy energy. 
A theory of the susceptibility of antiferromagnetics and its resonance absorption 
based on the mentioned idea will be developed in the following lines. 


§2. The susceptibility at absolute zero 
We shall first confine ourselves to the case of absolute. zero. The magnetic 
moments of the + sublattices are M*=i1NefS* ; their direction cosines will be 
denoted as a*, B*, 7*. Thus 
M*=4NgBS*=Mi(e, BY, 7) Mo=|MAL- (6) 


We assume that there is one axis of easy magnetization or there are several of 
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them which are mutually equivalent, and that the anisotropy energy has rotational 
symmetry about any one of these axes for small angle of deviation from it for 
M* or M-. Since the magnetization vectors can not deviate significantly from 
a certain one of the axes of easy magnetization for a given magnetic domain, 
we shall select this axis as the g-axis and fix the x- and y-axes perpendicular to 
it. The anisotropy energy is then expressible for small angle of deviation in the 


form 
F=3K[(a? +8") + (a+ 8°) I. (7) 
The effective magnetic field acting upon M+ due to this energy is 
_ K (+ gt ) 8 
uM ’ B ’ his ( ) 


This must be added to the right hand side of (1) to obtain the total effective 
field, and the latter must have the same direction as .W*, so that we have 


H—sAm7— * (, Bt, 0) =M*/y*, (9) 
-M : 
where 
A=—4eg B/N. (10) 


We shall assume that the external magnetic field is in the yz-plane and denote 
its direction cosines by 0, 8, yx, and solve (9). Eliminating 7* we have 


FB n— AMS? — (K/ Mp) BY _B* 


: 11 
Ff p»— AM yt te Gog 
Since the angle: of deviation was assumed to be small, we put 7*+=-+1 and have 
sje 
At= Hy p+ K/M, FA. (12) 


2AK— (Hy x)’ + (K/M,)* 


It may generally be assumed that the molecular magnetic field is far greater than 
the external and effective anisotropy magnetic fields so that the second and the 
third terms in the denominator of (12) may be neglected compared with the 
first. We then have 
HB Velo pey 
Bt= anes jue Rg 
2AM, 2AK Nh 


Therefore the total magnetization is 
M=M*+ M-=(0, HB7/A, 0), 


and the susceptibilities parallel and perpendicular to the axis of magnetization are 
1 


dni Aaeiars (14) 


In powder specimens the axis are oriented at random so that its susceptibility is 
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Sly eee 
) hg sleet) a : (15) 
Formulas (14) and (15) are in agreement with the result obtained by van 
Vleck, but there is an essential difference in the meaning of parallel and per- 
Sanus In our case they refer to the axis of easy magnetization whereas 
in van Vleck’s theory they imply the direction of the spontaneous maegnetizations 
of the sublattices with respect to the external field. 
A higher approximation to the solution of (11) for strong field can be 


obtained by putting 7*= 4 (l- 58"). The result is as follows: 


Tat 2 B- HB (Hy n)* 
as i ee ed Pgs eet 4 
a ) 2AM, + OAK +07"), co 
Line Sa. Fi?p we eipy)  Cian)” 
et pytli (Pate (ar Maha) Mie 4 ) 
ea QAK ( ee oe x18) 
1 fee ser ee ee: £4 BH) (/ - 
lies fe = (Uap VInp2)=— a rs) 

_ TB WP ita (1+ 0(#”)). (17) 


QAM, 2AK 


In deriving these formulas it was assumed that A is very small compared with 
the molecular magnetic field A and moderately small compared with (AM, K/M,)t 
or (41K). The second term in the bracket of (16) comes from the denominator 


of (12). The magnetization parallel to the applied field is 
ALL + 2 )Fat G+ 1 )rn] 


= (Ag+ Bate 4 OCH) )=yH (1s) 
al lk 
where 7 is the corresponding susceptibility. The susceptibility of a powdered 
specimen is therefore 
F (ntwleZis ped VATA ye 
t= A315 cmon ds )) a 
It is observed that the susceptibility increases with increasing applied fieid 
strength. In the case of Mn®” it is found that x is about 58x 107° and 67 x 10 
for H=7000 Oe and 24000 Oe at absolute zero. Comparing this result with (19) 
we find AK=6.6 x 10° Oe... On the other hand, AM?=(3/2)NkT., as we shall 
see below (or according to van Vleck). Putting 2M,/N = 5 Bohr magnetons 
=46x10-" and 7,=120°K, we find AM,=1.1 x 10° Oe, and therefore K/M,=6 x 10° 
magnitude as that found for ordinary 
is of the same order, of magnitude 
a good approximation and the 


Oe. The last value is of the same order of 
ferromagnetic materials. However, since H” 
as AK in this example, our formula (19) is not 
last figure must be considered as representing only its order of magnitude. 
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$3. Susceptibility at an arbitrary temperature 


The anisotropy energy may be considered as very small compared with VAT 
when the temperature is not extremely low, say for 7>1°K. The statistical 
distribution of spins is therefore determined mainly by the molecular magnetic 
field. The specific heat, the Curie temperature, and the susceptibility above the 
Curie point are given almost exactly by usual theories. We shall show that the 
susceptibility below the Curie point also agree with that given by van Vieck for 
a powdered specimen if “parallel” and “ perpendicular "’ are referred to the 
magnetic axis. 

In this section we shal! specialize our model in the following way. The 
spins will be assumed classical, and cach of them will be assumed to rotate in 
a molecular anisotropy field. Let each spin magnetic moment in + or — sublattice 
be denoted as av*+=g38* and the anisotropy energy as f(am*). The potential 


energy for each spin is then 

Vt=—mt Hz +f(m+), AF=H—amt, a=Ni1/2. (20) 
Since it is assumed that f(am*) <*7, the distribution is 

exp (— PF */47) Sexpnn he / £7 A fa yi), 
and the mean atomic magnetic moment is 


mea | ME exp (MEM G/kT) A—fn*)/kT )do* 
fj exp (m4 Hz /2T) A— f (an*®)/ kT) dw* 


where dw* is the element of the solid angle for a*. 
For the following we shall drop the suffix eff and confine our attention to 


+spin. The usual anisotropy energy per atom is the thermal mean of f(a*) 
and is given by 


, (21) 


7(H*) — J exp (m* H*/kT) fam) do* 
f exp (0* H*/2T)do* 


As before, we shall assume that this quantity has rotational symmetry about each 
of the axes of easy mangetization for small angle of deviation for the atomic 
magnetic moment, so that it is expressible in the form 


F(H*) = x(a? 4 Br), (23) 


ath pobers : ‘ , ? 

Here a* and f+ are the x- and y-component of the direction consines of H*, 

the magnetic axis being chosen as the z-axis, and x is a constant which depends 
sn ? , 

on |#*|. (23) corresponds to (7) by putting Wx=K. Now 


| m- exp (n* H*/2T) fim) /kT + dot* 


= grad at Jexp (an H*/2T )f(am* dat 
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gradi+ [ AUH*) ‘| exp (m* H*/kT)do*] 


l 


crady+ f(H*) -{ exp (m+ H* /£T)dw* 


4 F(H*) /2T ‘| m* exp (m+ H*/T) do*, 


where 


C) ) 
rad (4 ; 5 
Sneney Hawk OLO ve 
Thus (21) becomes, by use of (22), 
jan* exp (mt H+*/2T)dw* -(1—f(H*)/2T) 
jexp (m+ H+ /2T) dwt -(1—f (H*)/2T) 
__ grad yz +f(H*)-J exp (nt H*/hT) do* 
j exp (nt H*/kT)dw* -(1—f (H*)/&T) 
_jm* exp (m*H*/kT)do* _ grady* f( 1“) 
j exp (m+ H+/kT)do* PIG: RAN Eee 


m*= 


The first term is expressible by Langevin function and the denominator in the 


second term can be replaced by 1. We have 


AT) —cradyw tf"). (24) 


m* = a al H* 


| 
It follows from (23) that 


of. ee BF (ut?+ BY )at + ae shal oF 


0H, a| H*| | 

af et ; 

ie at? + Bt?) B+ + 429+ + 3+ (1— 
aH,* at Nit re ( Db 


of Ox at? +2 vt +20 
= + + —_ a Tae 
0H,* a eel ay oa P ] 


Thus for small a* and f+ 


2x 
grad y+ fH* =( gree = ge, 0). (25) 
as ra 
We assume that the applied field is in the yz-plane so that at=0. Then (24) 
can be written 
mj |H*|=H,tmL(om| H*|/2T) — 2x8", (26) 
mt |EL* |= Ht mL (m| H*|/27). 
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Similar equations hold for —spins. 
In solving these equations we first put H=0. Then we have 


= a me Pee = 2 
m=ml(amm/[kT), m¢=0, mi= +m, (27) 
which is the usual equation to determine the mean magnetic moment m. The 
Curie point is given by 347,=am’. .Next we take H#0 and put 
ee ee pads 92 
mi= +m+ Amz (28) 


and assume that am, alm, H. H, are all small compared with am. We also 
assume that x/7 is likewise small. After some computations the following results 


can be obtained. For small field strength 


me aay ee Joan el Vin ie dea, (29) 
2a Leas Ew, l+la 


where 


OU 7, wood 20 
‘= Gy pe (amm (kT) = aP(i-3 7 -(@) ). (30) 


Thus the perpendicular and Bigs susceptibilities are 


i a5 6hT, G1) 

all eal = oT: m i> ; 
ed Z 1 iP 39 
MW Tel 3b BTN 8r. \m ) =) 


in complete agreement with van Vleck’s formula. For somewhat higher field 
strength which is still very small compared with am and is moderately small 
compared with “gx, we have 


iy eae to ae 
got tom = S457) ae 2) 


ey es lice ZAl / 1-aN “aed 
=e xX BN 7 ay 
5 (Am Mis | neg on rane Nees 


(34) 


In this case, the magnetic momen per atom a: to the applied field is 


A aera © Oe ete al 1—l\ AS; 
ani Lies Sfie 8 (97h oh) ep ee ) iH 
| ay m,) Px 5 (my +mr )ry= 5 fat eF ster ei "| (35) 
and the corresponding iio soni for a powder specimen is 
ve 1—/\ ~ | 
: it 
= 2al 3 tee 3 Geaei lax ood 


Equations (29) — (36) correspond to (14)—(19) of the preceding section, since 
a=NA/2 and x=K/N. For T=0 the formulas reduce to the latters, because 
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4=kT/am* for small 7. However, 7 would vanish more rapidly if our treatment 
were quantum-mechanical. By use of (31) and (32), the coefficients containing 
Z in the equations above are expressible by y, and y, ; namely, i) a7, 
(l—2)/(1+/)=1—Y7,,/%¥,- Our approximation is valid only when me Jin is small 
compared with | ; from (29) this implies that 


A — 41/71) A? /8ax <1. (37) 


§ 4. Conclusion 


The treatment above shows that the results obtained by van Vleck are es- 
sentially correct except for the meaning of parallel and perpendicular. These 
referred in van Vleck’s theory to the applied magnetic fieid, whereas they referred 
in the present theory to one of ‘the axes of easy magnetization along which the 
spontaneous magnetizations of the two sublattices are directed in the absence of 
external field and from which they are difficult to avert on applying a magnetic 
field. Formula (36) makes it possible to deduce the anisotropy constant at any 
given temperature by measuring the dependency of the susceptibility on field 
strength, so far as (1—y\/¥1) 7°/8ax is small compared with I. 


In conclusion the writer wishes to acknowledge his hearty thanks to Mr. Kei 
Yosida for his stimulating discussions on this problem. The present work was 
aided by the Grant for Fundamental Research delivered from the Ministry of 


*ducation. 
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Resonance absorg‘jon of microwaves by antiferromagnetic substances will be discussed by ex- 
tending Kittel’s theory of ferromagnetic resonance absorption. Assuming the model proposed in 
Part I, it follows that there appears a broad resonance absorption peak below the Curie point for 
a powder specimen, qualitatively similar to that observed by Trounson and others for CryQs, al- 
though the observed ordinary paramagnetic resonance cannot be predicted, probably dug to an over- 
simplified assumption for the equation of motion. 


§ 1. Introduction 


When an antiferromagnetic substance is subjected to a strong static magnetic 
field and a weak oscillating magnetic field the magnetization vectors of the two 
sublattices, 7* and M~, will oscillate about their static values, and in some 
cases resonance absorption will occur. It was shown in the preceding paper that 
if the anisotropy energy is taken into consideration these vectors are directed al- 
most parallel to an axis of easy magnetization, besides being mutually almost 
antiparallel, even for a strong applied field. We shall now develop a theory of 
resonance absorption in such an antiferromagnetic substance by extending Kittel’s 
theory of ferromagnetic resonance absorption. 


§ 2. Equation of motion 


Kittel’s theory starts from the equation of motion describing the relation 
between the time variation of the angular momentum vector, i.e. the magnetiza- 
tion vector divided by y=/e/4amc, and the torque acting upon the latter vector. 
In our case, the torque acting on M* results from the effective field acting on it 
Which consists of the external applied field, the Weiss molecular magnetic field, 


and the anisotropy magnetic field. Assuming that the anisotropy energy per unit 
volume is of the form 


=F Katte) + 48) (1) 


for small «* and §*, where a*, B+, 7* are direction cosines of M#, the axis of 
actually occurring magnetizations of the sublattices being chosen as the g-axis, 
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and K is a constant which depends generally on temperature, the effective magnetic 
field due to the anisotropy energy has the following +, y, 7 components: 


er (c= Be, 0) (2) 


(see (8) and (25) of Part I, and notice that 2x-V/2=K), where M, is the value 
of |-M*| and can be approximated by its value for vanishing field strength. In 
terms of the x, y, components of .W* (2) is expressible as 


Pak 
— MPM #0): (3) 
0 


y 


The total effective field is thus 


H—AM?— a (Me, MP, 0) AS —4yeg-*py/N- (4) 


atrLy 


The equation of motion is therefore 


wt / < 
a OM M* x(H- AMF a9 (uM, igs 0)) 
7} dt My; . 


= M* x (H—AM*)+ _ (M+M*, —M#Mz#, 0). 
0 


Since M* and M™ are nearly parallel and antiparallel to the z-axis, respectively, 
Me appearing in this equation can be replaced by +4, and it becomes 


1 @M* _yypt x (H—AM*) +“. (taf, FUE, 0). (5) 
» as M, 
We now define 
M=M++M-, M'=M*—M. (6) 
Then, adding and subtracting the equation (5) for + and — spin magnetizations, 


we have 


Jd aM _wy H+ ue OL —— es 0), 
7 M, = 
(7) 
My r\ 
1 aM! apy (H—-Am + & (hy —M. °). 
, ot M, 
It can be shown that the static solution of this equation is quite consistent 


with the results obtained in Part I, (29) and (33). a 
Since our interest is in the oscillation of the magnetization vectors, we shall 
denote by 0H, 0M, 3M’ the deviations of H, WM, M’ from their static values, 


and ask for their time variations. It follows by taking the variation of (6) that 
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1 dM _pyy+ MxdH+ on (8M, —8M,, 0), 


if at 0 
(8) 
1 au OM’ x (H—A M) + MI! x (0H AdM) + (0M, —éM,, 0) . 
7 f M, 


In the second of these equations JM” can be replaced by (JZ’, M,, 2M.) and 
the last anisotropy term can be neglected compared with the third term. More- 
over, since A=I1/x, (see (14) of Part 1), H—A-M has the following components : 


H—AM=(0, 0, « H,), a=1—-2,/%,. (9) 
Therefore, assuming that 0M, 0M’, 0H are all proportional to e™, (8) can be 


written as 


1° §M,=H,6M,—H,6M,—M6H,+ MSH, + om, 
if 0 


£0 3, = —H.8M.+ H,8M,+ M3H,—M8H, — aM, 
r ; 


se 0M, =H,0M,— H,6M,— M,pH,+ MSH, , 


(11) 
: “ 0M! =4H.6M, —2M,(6H,— AdM,) + M,) (6H,—AdM,). 


9 6M,! = —4H,60M,/ +2M,(0H,—AdM,) —M{(6H,—AdM,), 


ee. 0M = M/ (8H,—AdM,) — MJ) (6H,—AdM,). 


§3. The resonance condition 


The resonance condition is furnished by the vanishing of the determinant of 
the coefficients of dM, 0M, JM, OM/, OM, OM! in (11). Using A/= 
—aM,H,H,/AK, M/=—vM,H,H,/AK (see (29) of the preceding paper), it gives 
rise to 
[uw cos? 6+a(1+«) sin? @ cos’ 6] H* 
—[(i+@+ 2uG*) cos* 6+ (1—G*) sin? 0] HW? + (1—G@)*=0, (12) 
where cos 6=H,/H, H is written for H/(w/y), and 
G=(QAKY"/ (w/7)- (18) 


In order that the theory of the preceding paper is applicable it must be assumed 
that 2G*>uH*, so that the terms containing « in (12) must be considered as 
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small compared with the remaining terms. The solution of (12) neglecting « is 


—_ (ler 14 
1—G* sin? 6’ ia 


and the solution corrected for the dominant terms containing a is 


i= (1—G")’ 4 acos’ 6H” 
1—G sint 0? -1—G' sin’? 0 


oY oO 9 (15) 
= (1—G*)* [1— uw cos? 0 ((a-+2G2) 
1—G* sin’ 0 (1—G sin* 0)? 


(sin? 0-772— (a+2G°) ) 


—(1—(2—a) G?+3G6") sin? 0) |. 


We shall confine ourselves to (14). The resonance value of 7 1anges fiom 


(1—G*) to (1—G*)# corresponding to 6=0 and 2/2 when G< 1, or from (GC 
—1) to © corresponding to 6=0 and 6=sin"'G"' when G >I. Referring to 
the anisotropy constant in ferromagnetic substances, it may be assumed that G 
vanishes at the Curie point and increases with decreasing temperature. The 
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Fig. 1. Curves of sin 0-d0/dH vs. H for varions values of G, representing 
qualitatively the resonance absorption curves by a powdered speci- 
men; G increases with decreasing temperature. 
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resonance may therefore occur for any oricntation of the crystal near the Curie 
point and for a limited range of orientation below a certain temperature for which 
G=1. For a powder specimen a 10ugh idea of the resonance absorption Curve 
may be obtained by plotting sin 0-d0/dH, namely the number of small crystals 
resonating in the unit interval of H, as a function of 7. From (14) we have 


Cees Si Bite 


pees aye 


Fig. 1 shows the curves of sin ae versus H for several values of G. 
These absorption curves resembles those observed for Cr,O,; by Trounson and 
others” qualitatively in that they have a finite breadth and shift to lower values 
of the field stfength with decreasing temperature, disappearing at a certain tem- 
perature. However, these investigators observed besides such a peak the ordinary 
paramagnetic resonance peak (at H=1) below the Curie point. Also, Okamura 
and his collaborators” obseived for MnS, MnO, and MnSe the ordinaiy para- 
“magnetic resonance peak below the Curie point and did not find any other. The 
present thory is unable to account for these facts. 


§ 4. Discussion 


It is improbable that the non-occurrence of the ordinary paramagnetic 
resonance peak below the Curie point in the present theory is the result of the 
inadequacy of our model of antiferromagneticism, because, as mentioned in Part 
I, the dropping of the anisotropy energy has as its consequence the constancy of 
the susceptibility below the Curie point. It seems rather to be due to an over- 
simplification of our equation of motion. If we assume the spins to. be classical 
and assume them to be piste each to a molecular anisotropy field with a 


potential energy of the form 5h o(4° + 8), the equation of motion for the spin 


z is 
1 dm i, 
Shei 778 x (HT H-Aym ms) 4b, ( Meaty | MM 9 
at o 9 2 ’ ’ 
is oa UW mM 
= ry 2 Q—2 - : 
where a a=—2/zg*B*, 2 the number of nearest neighbours, and the summation 


over 7 is to be extended over the nearest neighbours of 7. Summing up this 
equation over z we have 


1 dM mim My,m 
=. PSUS Fe (St a a, ) 
{a= (pe i mo” o) 


where M=dim,. The summation over z can be divided into the summation 


over the + sites and the summation over the — sites, and if. we could replace 
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the components of mm, by their mean value in a certain sense for each site, we 
have the first of the equations (7). The second equation follows from a further 
simplifying assumption of the molecular magnetic field. These equations are exact 
at absolute zero. 

If we could put the summation over z in the equation above simply equal to 
zero, we have the ordinary paramagnetic resonance only and no other at measur- 
able field strength. It seems therefore that this resonance follows from the 
fluctuating terms in the summation and should vanish at absolute zero. Indeed, 
the measurements both by Trounson and others and by Okamura and others show 
that the paramagnetic resonance drops off with decreasing temperature and the 
corresponding absorption amount seems to tend to zero for 7-0, The elucida- 
tion of this point must, however, await a more detailed theory. 

The present research was supported by the Research Grant from the Educa- 


tion Ministry. 
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The ferromagnetic properties of the FeS;, system are interpreted as an imperfectly compensated 
antiferromagnetism or ferrimagnetism as called by L. Néel.. A special case of #1, namely the 
substance FeS,.9) is regarded as an antiferromagnetic material. In FeS,,, Fe}+ ions appear when 
2 >1, and its ferromagnetism is explained by assuming that these Fe3+ “ions are preferably situated 


on only one-of the two sublattices which correspond to + and — spin orientations respectively. 


§ 1. Introduction 


The magnetic properties of the FeS, system are veiy complicated, as shown 
by the experimental results given by Juza and Blitz”, Ziegler?, Haraldsen”, 
Miyahara? and others”. According to their results, the stoichiometric FeS (50 
percent S) is paramagnetic, and the paramagnetic susceptibility shows two knicks 
a and # at temperatures of 145°C and 325°C respectively. As x increases from 
1 in FeS,, the a point shifts to the lower temperature side, but the @ point is 
fixed at 320°C, and a new knick 7 begins to appear between a-and f. At the 
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Fig. 1. Temperature-susceptibility curve of FeS,, ‘in its paramagnetic region. 
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beginning, this knick 7 is situated in 
the neighborhood of «, but then gradu- 53.9 Atomess 
ally shifts to & and at the same time 
grows to a peak with increasing x. 
(see. Fig..1) 

At room temperature, the suscepti- 
bility y increases. abruptly when x is 
increased from x=1.10 and it becomes 
dependent upon the applied magnetic 
field. This means that FeS, becomes 
ferromagnetic from this value of 7. But 
the ferromagnetic properties of this 
material disappear when the temperature 
is lowered below 200°C. When x ex- 
ceeds a ceitain value greater than 1.10, 
yx begins to decrease because of the 


0 
200. = 100- 0  . 100) “200 AC 


transition from a monophase to a two- Fig. 2. Temperature-susceptibility curve of CrS,. 1 
phase region. The value of x for this 

transition depends upon the temperature, and at room temperature it is about 1.10, 
but increases with an increasing temperature, for example, to 1.11 at 300°C and 1.20 
at 330°C. On account of the existence of such a narrow monophase region, the 
magnetic properties of the FeS, system are much more complicated than those 
of the CiS, system? which shows similar propertics but has a comparatively wider 
monophase region. In Fig, 2 is shown, as an example, the temperature de- 
pendency of the susceptibility of the ferromagnetic CrS,_,;. 

The crystal structure of FeS as analyzed by Hagg and Sucksdorff” is of Nis 
type where S ions are arranged on a hexagonal closest packed lattice, the inter- 
stices of which are occupied by the Fe ions. No change was found in the crystal 
structure at u, 8 and 7 transitions. 

Pyrrhotite, known as a natural ferromagnetic material, has the composition 
of sulphur that corresponds to the maximum. susceptibility. This fer:omagnetic 
material shows rematkable features much cifferent from. otber metallic ferro- 
magnetics Fe, Co and Ni. For instance, its saturation intensity of magnetization 
is very small and amounts only to 23 gauss per gram. Its anisotropy energy is 
very large and it is very difficult to magnetize to the c-axis, contrary to the case 
of Co. In this direction it shows a paramagnetic behavior and the ferromagnetism 
appears only in the plane perpendicular to the c-axis. The gyromagnetic ratio 
in this plane is 0.63, unlike the usual value of 2. 

In order to interpret this abnormal value of the gysomagnetic ratio, D. R. 
Inglis” proposed the idea that the Fe ions in FeS, are in the state of Z=2 and 
S=1/2 and the E-vector is, coupled with the S-vector in the opposite direction. 
This state is, however, consistent neither with free state of the Fe’* ions nor with 
that of the Fe®* ions contained in FeSn.- 
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‘No compreheasive theoretical interpretation of the above mentioned complicated 
but interesting properties of the FeS, system has yet been given. Recently, M. 
Shimizu” has theoretically derived the susceptibility-temperature curve of Fes, 
containing 50 atomic percent sulphur. His theory is’ based on the idea that two 
knicks in the y-7 curve arise from two kinds of antiferromagnetic arrangements 
of + and — spins, the orientations of spins in one arrangement being parallel to 
the c-axis and those in the other arrangement perpendicular to it. He showed 
that ‘the o dered arrangements of them are thermally destroyed at two different 
Curie temperatures. Although his theory does not explain all the experimental 
results, it may probably be certain that at least one of the two knicks arises 
from antiferromagnetism. 

In the present paper, we shall start from the idea that FeS with 50 percent 
sulphur is an antiferromagnetic material. When the percentage of sulphar is in- 
creascd above 50 atomic percent, Fe** ions appear, mixing with Fe** ions, in order 
‘that the newly added sulphur atoms become doubly ionized. If these Fe** ions 
are assumed to tend to occupy only one sublattice of the two, each of which is 
respectively occupied by + spins and — spins alone, the magnetic moments of the 
two sublattices will no longer compensate with each other, and ferromagnetism 
will appear. ‘Interpreting the ferromagnetism of pyrrhotite in such a way, it will 
be shown that other features of the FeS, system can be explained at least quali- 
tatively. 


§2. Paramagnetic region 


According to Van Vleck”, the antiferromagnetic susceptibility above its Curie 
_ temperature 7, is given by the formula 
— Nere’S(S+)) (1) 
DAC) sale) 
where J is the number of magnetic ions, S is the spin quantum number of an 


ion and p,, & and g are Bohr magneton, Boltzmann constant and Landé g-factor 
respectively. 


x 


Since in FeS, 4, Fe atoms are doubly ionized and are in the state °D, the 
magnitude of S is 2. Substituting g=2, and T=7,=325+273 into Eq. (1), we 
obtain 7,,,=28.7 x 10~-* for the susceptibility per gram at the # point. This value 
is in rather good agreement with the value of 27.0 x 10~°, obtained experimentally 
by Haraldsen at the same temperature. Also, the behavior of the experimental 
z-T curve near the f point is similar to that of antiferromagnetics. On the other 
hand, R. Ueda and his coworkers’? observed a prominent peak in the specific 
heat-temperature curve at about 325°C. These facts seem to indicate that the 
point corresponds to the Curie temperature of antiferromagnetics. Thus we may 
say that the spins in this substance are arranged in an antiferromagnetic configara- 
tion, and consequently the crystal lattice is resolved into two sublattices, each of 
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which being occupied by only one kind of spins. The directions of the spins on 
these two sublattices are opposite to each other, and therefore the magnetic 
moment of the whole crystal is zero in the absence of magnetic field, the sub- 
stance being paramagnetic. 

Generally, in semiconductors or ionic crystals, the magnetic ions interact with 
each other through the agency of intermediary non-magnetic ions, and this inter- 
action, which is called “ superexchange,” does not depend only upon the distance 
between them, but also upon the relative positions of the magnetic ions with 
respect to the non-magnetic ions. This circumstance makes it difficult to infer 
the space-lattice of superstructure of FeS due to the antiferromagnetic spin orien- 
tations. The determination of this structure will perhaps be enabled by experi- 
ments of neutron diffractions. 

Recently Prof. T. Nagamiya” pointed out that the anisotropy energy plays 
a very impoitant role in the antiferromagnetism, contrary to the case of ferro- 
magnetism. In the latter case, the energy —MH of the saturation intensity of 
magnetization J to the applied magnetic: field H is so large in comparison with 
the anisotropy energy that a comparatively weak field will suffice to orient the 
spins parallel to the applied field. On the other hand, in an antiferromagnetic 
medium, the energy of magnetization —1/2XH* is very small on account of its 
low susceptibility, so that even a very strong field will not suffice to make the 
spins deviate from the direction of easy magnetization to align parallel to the 
applied field. Now let us assume that, in the case of FeS, o, the direction of easy 
magnetization is in the plane perpendicular to the c-axis below the Curie tempe- 
rature. Then it will be very difficult to orient the spins to the c-axis. 

As to the a-transition at 145°C, the circumstances are more complicated and 
at present it is impossible to clarify what kinds of transitions do occur at this 
point. According to the x-rays analysis made by R. Ueda and others”, the c- 
axis abruptly contracts at about this @ point with increasing temperature, contrary 
to the behavior of the a-axis which shows only a gradual expansion. They also 
show that this temperature shifts to the lower temperature side as the percentage 
of sulphur is increased. The shift of this temperature seems to be intimately con- 
nected with the shift of the a-transition temperature with increasing percentage of 
sulphur. The cause of this phenomenon is, however,, obscure to the writer, and 
ggested that this transition is related with the change of 


it may only be sug 


anisotropy, analogous to that of magnetite at a low temperature. 


§ 3. Ferromagnetic region 


In the preceding paragraph, it was mentioned that FeS, becomes ferromagnetic 


; -céegs 14d0-at room=temperature ; 4 natural pyrrhotite corresponds to 


when 7 € Se 
the value of ranging over 1.15 ~1.20. Its saturation intensity of magnetization 
only about a tenth of that of iron 


js about’ 23 gauss per gram, which amounts to 
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or cobalt. In pyrrhotite having the above mentioned range of values of x, the 
number of the Fe®* ions amounts to 30~40 percent of all the Fe ions. 

If we assume that all the Fe** ions occupy only one sublattice, then the 
magnetic moment of one Bohr magneton per Fe** ion survives, because the spin 
moment of Fe?* ion is 54, and does not compensate that of Fe** ion on the other 
sublattice 4#,. Therefore, the intensity of magnetization per gram, a, is given by 


oT py De ; Qn < 0.5 ’ (2) 
Pe 


where WV is the Avogadro’s number, 4 is the molecular weight of FeS,,,, and: 2+ 
is the ratio of the number of Fe** ions to that of all the Fe ions. Now if we 
put A=55.84+ (1+4)32.06 and +=0.2, we obtain o=23.6 from Eq. (2), which 
is in ve y good agreement with the experimental saturation value of magnetiza- 
tion of pyrrhotite. 

In this way, the ferromagnetism of pyrrhotite is accounted for by an imper- 
fect compensation of two antiparallel magnetic moments of unequal magnitude on 
two different sublattices. It may be called “ feirimagnetism”’ as it is named by 
To Neel. 

In Fig. 2 is illustrated the temperature variation of the reciprocal susceptibility 
above the Curie point of CrS,,,, which has properties analogous with pyrrhotite. 
Both this curve and the susceptibility curve of pyrrhotite represent the ferrimagnetic 
feature and obey the following relation given by Néel: 


ee —— nt (3) 
x Cc Xo te 


where C, %, @ and o are certain constants. 


Now, let us consider the relation between @ and a The relation should be 
expressible as Eq. (2) up to #=0.25, where the number of Fe** ions is equal to 
that to Fe** ions. Above this value, the relation must be replaced by 


7a aan l (4) 
A 


Fig. 3 illustrates the a—+ curve calculated 
from Eqs. (2) and (4) in the cases of FeS,,, 
and CrS,,,. @ takes a maximum value at x 
=0.20, and decreases symmetrically on both 
sides of this value of x. It disappears at x 
=0 and +=0.5 where all the Fe ions are 
Fe** and Fe**, respectively. 


@ (gauss) 


In actuality, @ increases with increasing 
ME ni CM Wal cca: sulphur in the FeS, system, but since it 

separates into two phases, it is impossible to 
Fig. 3. ¢—.x curves of FeS,4, and CrS, 4, observe the maximum value. On the other 
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hand, in the CrS, system, which has a comparatively wide region of the mono- 
phase, the maximum of @ can be observed at abo.t += 0.25. 

In both FeS, and CrS, systems o does not increase continuously from +=0, 
as shown by Fig. 3, but these materials become ferromagnetic only when # ex- 
ceeds a certain value, for instance +=0.10 for FeS,. This is because the Fe** 
ions or the Cr** ions do not all enter the single sublattice. This circumstance 
will be considered in the following paragraph. , 

As to the magnetic anisotropy of pyrrhotite, since in this substance ferro- 
magnetism occurs because the Fe?+ ions take part in the antiferromagnetism of 
the Fe?*+ ions, the direction of easy magnetization should coincide with the p:e- 
ferred direction of the spins of FeS,. The latter was assumed to lie in the 
plane perpendicular to the c-axis. Therefore the direction of easy magnetization 
of pyrrhotite exists in this plane. In order to magnetize to the c-axis, the spins 
of all the Fe2t ions as well as those of the Fe** ions must point towards the 
c-axis. The energy of the magnitization to the external field is then —/H, where 
M is the number of the Fe** ions multiplied by #z, whereas the anisotropy energy 
to balance this energy is the anisotropy energy per ion multiplied by the number 
of all the Fe ions, including Fe®* and Fe**. The latter will be much large than 
the former, and therefore it is expected that it is scarcely possible to magnetize 
the substance towards the c-axis. It is in striking contrast to the usual metallic 
ferromagnetics. : 

As the result of the preceding considerations it is expected that pyrrhotite 
shows a paramagnetic behavior in the direction of the c-axis, and that its suscep- 
tibility-temperature curve shows a knick at about 325°C, as in the case of FeS; a: 
There is, however, no experimental evidence to afirm this knick, so far as the 
writer is aware of. 

In the introduction we referred to Inglis’ explanation of the abnormal value 
of the gyromagnetic ratio of pyrrhotite in the plane of easy magnetization. This 
value is, here, interpreted in the following way. If we assume that, below the 
antiferromagnetic Curie point (that is in the ferromagnetic temperature range), 
the orbital angular momentum is coupled with the spin angular momentum to give 
the expression of the coupling energy A(LS), where 4 is negative because in the 
Fe?+ jons the @-shell is more than half-filled, the vectors Z and S of Fe?* ions 
will be parallel to each other in the lowest energy state. The magnetic moment 
of the Fe?* ion then becomes 64, instead of 4, as was assumed in the preced- 
ing paragraph, and the angular momentum 44. No change is, however, necessary 
for the preceding discussions, since the difference of the magnetic moments of 
Fe?t and Fe** ions remains still one Bohr magneton. 

Now let 2x be the number of the Fe®+ ions and 2V(1—~) be that of the 


Fe2t jons. Then the total magnetic moment and the total angular momentum 


are given by 


(6x V— {5x 2Nx+6 x N(1—24)} ] Ha=2NHn 
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| 4 n-{2 x 2Nx+4x va—22)| | h=3Nxh 


respectively. The ratio of the former to the latter is the gyromagnetic ratio g, 
and is given by 


This value is in good accord with the experimental value of 0.63. 

If the above consideration be correct, the g-factors of Fe** and Fe** ions 
are 2 and 1.5 respectively. Thus, in the Fe** ion, the orbital angular momentum 
is considered not to be quenched by the crystalline electrostatic field and so it is 
expected that in the magnetic microwave resonance experiments, the spectroscopic 
splitting. factor of the Fe®*+ ion will become considerably larger than the value of 
2, like the case of cobalt Tutton salts. 


§ 4. Para-ferro transition region 


In the measurements of both the FeS, system and the CrS, system carried 
out by Haraldsen, ferromagnetism does not occur until reaches a certain critical 
value. This shows that the existing Fe** ions do not gather into one sublattice 
unless the number of Fe** ions becomes greater than a ceitain value. We shall 
consider this situation in the following manner. 

Now suppose that the crystal can be resolved into two sublattices and con- 
sider the state that the one sublattice is occupied only by + spins and the other 
only by — spins, that is, a perfect antiferromagnetic ordered state. Let 2V be 
the number of all the Fe ions, 2Vx be that of Fe** ions, and 2WVxp be the number 
of the Fe** ions on the one sublattice. Then the number of the Fe?* ions on 
this sublattice is W—2/Vvp and those of the Fe** ions and Fe** ions on the other 
sublattice are 2Vx%(1—e) and N—2Nx(1— ) respectively. 

The entropy S for given values of x and p, is given, in an usual manner, by 


S=#108 (sap )(aivxp ) © 


It is, however, very difficult to calculate the energy which may consist of 
electrostatic and magnetic parts, This is, at any rate, a function of x and p, and 
remains the same if one replaces the number of the Fe** ions on one sublattice, 
2Nxp, with that of the same*ions on the other sublattice, 2Nx(1—p). Therefore, 
introducing one ‘parameter a, we assume this energy in the following form ; 


E(a, p)=—ax*(1—2p)’. (6) 
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When a magnetic field H is applied to the direction perpendicular to the c- 
axis, the following energy A, will be added, apart from the energy arising from 
the antiferromagnetic background ; ) 


Ey= —2Np,H | Sx (1—p) +4 {o—*(1—) | —dxp 


Rig (5 xp) |=-2e 171-2). (7) 


Now if we write o for 1—2p, the state of =O corresponds to the equal 
distribution of Fe** ions among two sublattices and that of o=1 to the distribu- 
tion that all the Fe** ions occupy only one sublattice. Using this o, the free 
energy per ion is obtained from Eqs. (5), (6) and (7) as follows: 


fa —az'e!—pyHxo+ kT | *CF log ate) 


++ {1—+(+0)} Loge {1-+(1+2)| 


‘ 
i 


+4 {L-*(1-0)} los 5 {1—x@—e)} |. @) 


For a given value of x, the equilibrium value of a is determined by df/de 
=0. After simple calculations this yields 


Qax? ot feyrx a (9) 


tanh psc Uy 
ahkT l—z(1—o') 


For H=0, the condition for Eq. (8) to have a solution other than o=0, that is, 
the condition for ferromagnetism to arise, is 


2a P| 
- 3 ; 10) 
EL x(1—~x) ( 


From this equation, the Curie temperature 6 is determined for a given value of 


a, as 


9==2 x(1-2) ; (11) 


If @ determined by Eq. (11) is higher than the antiferromagnetic Curie tempe- 
rature 7, which probably lies at about 325°C, the ferromagnetism will disappear 


at the latter temperature 7;,. 
Haraldsen measured the Curie temperature of FeS, for various values of. 7 
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in the ferromagnetic region. Using these experimental values, 2a/# can be 


evaluated from Eq. (11). These results are shown by the following table: 


n Ey 1.12 1.14 1.15 1.20 
6 573° K 583°K 593°K 598°K 603°K 
2a/k 3340°K 3200°K 2940°K 2850°K 2500°K 


Noting that the precision of measurements is not so good, because the 
Curie points of various FeS, lie in the néighborhood of the temperature of transi- 
tion from a monophase to a two-phase region, and that our calculations are 
simplified by neglecting the temperature effect of the antiferromagnetic back- 
ground, the constancy of the obtained values of 2a/4 may be said as satisfactory. 
It is likely that the deviation from constancy for large » is caused by this 
simplified approximation. In paiticular, the observed Curie temperature 603°K 
for #=1.20 may ‘correspond to the antiferromagnetic Curie point 7, 1ather than 
tomo: 

Furthermore, Haraldsen has measured the Curie temperature of CrS, for x 
= 1.17, 1.20, 1.25 and 1.33. These values are all in the neighborhood of 305°C. 
In the CrS, system, the ferromagnetism appears from 7=1.14 at room temperature. 
Substituting z=1.14, and 7=293°K into Eq. (10), 2a/é# is calculated to 1450°K. 
Using this value of 2a/% in Eq. (10), we can caléulate the Curie temperature 6 
for the above four cases. Each Curie temperature obtained in this manner is 
about 35°C or higher. Hence, the Curie points in these cases seem to arise 
from antiferromagnetic transition. 

From the standpoint of this paragraph, the behavior of the o—+ curve given 
in the preceding paragraph must be modified in the following way. In the case 
of FeS,, we may assume that 2a// is about 3000°K. Then at room temperature 
it follows from computations that this substance is paramagnetic when »# < 1.10 
or 7 = 1.40 and ferromagnetic when 1.40 > x 
> 1.10, and that the maximum value of o is 
attained at v=1.20, In Fig. 4, the o—1r(x=1 
++) curves are illustrated schematically. In 
this figure, the dashed lines are the case that 
all the Fe** ions occupy only one sublattice, 
that is, the case of absolute zero. The outer 
solid curve corresponds to room temperature, 


@(gauss) 


00: 0 LanOs onsen Seno SENG S and the inner ones to higher temperatures. 

According to the present theory, the ferro- 
magnetism should appear at a sufficiently low 
temperature for an arbitrary value of x, although it is actually not the case. This 
situation may probably be connected with complicated circumstances in the lower 
temperature region where the second transition corresponding to the a-transition 
in FeS,.. should be expected forshes ia. 


Fig. 4. o—x curve of FeS,+, 
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§ 5. Conclusion 


In this paper, we proposed the idea that the magnetic behavior of the FeS, 
system is essentially based on the antiferromagnetism of FeS,,, and that the ferro- 
magnetism of pyrrhotite arises from the situation that the Fe** ions which appear 
with an excess of sulphur, prefer one of the two sublattices so that the magnetic 
moments of the ions on the two sublattices compensate with each other only im- 
perfectly. The computational results based on this idea seems to favor the 
experimental facts qualitatively, although several assumptions used there remain 
still to be explained. These assumptions should be, in future, confirmed by rigorous 
computations based on more precise experimental knowledge, especially of the 
superstructure due to antiferromagnetism. Experiments on the variation of the’ 
saturation intensity of magnetization with foreign atoms, such as Cu, Zn, Ni etc., 
would also throw light on this problem. Similar considerations as for pyrrhotite 
were given for chromium sulphide. 

In conclusion, the writer would like to express his cordial thanks to Prof. 
T. Nagamiya for his continual advices in this problem. 

The present work was aided by the Grant for Fundamental Research delivered 


from the Ministry of Education. 
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Non- equilibrium properties of the statistical operator are formulated in the scheme of second 
quantization. Some formulae of the so-called quantum hydrodynamics of Tandau and those of 
Bom and Green are examined from our point of view. Further we study Tomonaga’s theory of 
one dimensional sound quanta introducing spin degeneracies, and we make some discussions about 


the three dimensional problem.- 


§ 1. Introduction and summary 


In the preceding papers” we have given a formulation of the density opeiator 
of N fermion ensemble in the scheme of second quantization, by which the 
equilibrium properties of the ensemble have been studied. Our present objective 
is the non-equilibrium propeitics of the assembly of many fermions. The 
mathematical difficulties concerning the many body problem have been proved to 
be so tremendous that one has been obliged to give up straightforward methods. 
At this stage of the problem several attempts have been made. Recently 
Tomonaga” has proposed an idea to describe many feimion problems by means 
of the density operator. This formulation enables us to replace the fermion 
field by the field of sound quanta, a boson field, just as in the neutrino theory 
of light, and to obtain, so far as we know, the most complete solution of the 
many body problem although it is restricted to the one dimensional problem. 
In this aiticle we work out in two directions. The first aims to ask for the 
formulation of the ‘kinetic theory in the scheme of second quantization and the 
second is directed to give, independently, the theory of sound quanta. In § 2 
we consider the kinetic theory and the hydrodynamical equations such as the 
equation of motion and the equation of energy change are obtained. The 
formulae given by Born and Green” in the configuration space or by Kirkwood” 
in the classical theory and further those of the theory of quantum hydrodynamics 
of Landau” are examined from our point of view. In §3 the commutation 
relations concerning the Fourier coefficients of the density and current operators 
are established and we prepare for the description in the momentum space. . In 
§ 4 the one dimensional problem of the theory of sound quanta is considered. 
We take spin degeneracies into consideration and obtain the solution of the 
eigenvalue problem. In §5 we give some remarks on the dynamical correlation 
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function and in the last section the three dimensional problem of sound quanta 
is discussed. There we recall the neutrino theory of light and Pryce’s worlg on 
this theme. He said, “It is to be hoped that really beautiful mathematical 
theory which has been developed in the course of its three years of life may 
eventually find application somewhere in physics’’, although the neutiino theory 
of light must be abandoned. 


§ 2. Hydrodynamical equations 


The temporal development of a field quantity A(x), a functional of the 
fermion wave functions ¢*(7) and g(x), is described by the equation: 


oe 2) 26 He"), A(x)]. (2.1) 


Here the blacket means {| H(2’)A(+)—A(4)H(2’)\de'’ and Hx) is the 
Hamiltonian density. We consider the following two field quantities, density 


and current: 
p(x)=¢9*(x)e(4), (2.2. a) 
Uh <. le), (2.2 b) 
where 
Plo) =e Pe) Fe) 92), 
They are subjected to the following commutation relations : 
[pe (x), p(2’) J=9, (2.3. a) 
Li), 0) = 59 2) 92 Ae 0') +98) 9 ENE 2) 
—Pp* (1) 9(4!)8(4— 2!) —9* (x! Pep(x)8(x—2') |, (2.3.b) 
if 
Li): 0 n= (02) a D2), (2.3. b’) 


where (4), means the representation of 4 in the n-th subspace” and 


(o(e) n= S0(e— 42), (GA) n= PDE 4) Ie He Pah, 


a=1 
we introduce further the energy density which is defined by 


Be) =% (2) 01 P@ +O): (4) 
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where 


V(«)= ee" x)p(')—G(a, 2')d(a—2’) {dz’. 


We assume the Hamiltonian density as follows: 


He) =) slower (2G, xe (2")ola)de. (2.9) 


i Que Ox Ax 


One gets the mass conservation law from (1.1), 
mn 92) 7m j(2) =), (2.6) 


which ean be more directly derived from the Lagrangian density of the form 


L(x) =9*(a)itp (2) — 5 OF) 8) _ —\ ge(xygt (WG (x, 2) 9(2"oa)de" 


One finds further from (1.1) the equation of motion and the change of energy 
density of the form (see §7), 


2D) tp. m(2)=0, 12) =(*) (7) Pp), 27) 
ac Wii 
22) +7. h(x) =0, me=3 (5 VIL e@), (2.8) 
where the interaction energy is omitted (see Appendix. 2). If we assume the 


current operator expressible in the following form by a suitable operator V(x) 
and its Hermite conjugate V*(2%), 


; ii i 
I@)= 10H), VE) }=F (2) V2) + LV*() C2), (2.9) 
we get the fol owing equation corresponding to Euler’s hydrodynamical equation : 
OV « L =: 
{o(2), 2 LP Pw) +5772) iC), VW) + Lp), MO) PVE) 


-jp(2), V(x)} x o(2) +o*(x) x 1p(x), V4) }=0, (2.10) 


where 


we) =5P x V(x), ot (2) = 59 x V*(x), 
are vorticities, and P(x) is the pressure dyadic defined by 
1 a a a eee” ae 
P(x) = T(r) — 5 (2), V@) (VO) -5 G)ip@), P@)y. (2.11) 


The dyadic notations used here are those devised by Chapman & Cowling.” 
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§ 3. Description in momentum space 


One obtains the commutation relations and the formiac concerning the 
Fourier coefficients of quantities when the field quantities are developed in the 
Fourier serics. 


The Fourier coefficients of the wave f.anction are given by 


| : ; 
g* (x) ways pa a; exp (—zkr), 9¢(*)= 3 =>) a,exp (kx), 
Uk Vv 


aS ry ey 
[ans ay Se lax, i =0; [ts a i = On: ’ 
and the coefficients of the hydrodynamical quantities are expressed by 
density : P= 2. ak Gk » (3.2. a) 
i : — h 7 * 6 
current : Jr= Dh Cake Mk, (2D) 
mt ee 
stress dyadic: T= se Wee at. (3.256) 
m ot &. 
Hereby one finds the following commutation relations 
ign A 
Lea ¢2]=9, WP hae < Pari» 
(3.3) 
: h : 
Pt 4 1D fs RD (x) = fe) ry) , 
[7 Vie ] ak Skirt Test) 
(+): %-component of vectors 
and the temporal development of the density operator is expressed by 
. *. 1 9 . 
Pe(Z) = p24 (0) —2h FON 5 et ae Pel been (3.4) 
Taking the interaction energy of the form 
Ls t 3.5 
Aut, == 4 Gr PrP-2— —G (0) pr ’ (3.9) 
2k 2 
Cr c.=%|| G(a, x’) expik(4—24')dx'dx, (3:6) 


-into consideration, the stress tensor becomes 


T,=(") siLaiss GG piss PMs wal. (3.7) 
mt bard 
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§ 4. The one dimensional problem 


S. Tomonaga solved the eigenvelue problem concerning the one dimensional! 
many fermion assembly under the following premises : 

(1) No fermion is in the region of the wave number 7> DNo/4, Po=2=N, 
(2) No hole is in the region of the wave number 7 <37,/4, 
(3) The wave length of the sound waye is larger than 42/1. 

We introduce the spin degeneracies in the conventional manner and then 
consider the eigenvalue problem and the correlation of particles in the one 
dimensional box of length L. We have proposed in the preceding paper to 
introduce canonical variables 


goal ape 
Cx Fars Copia Dic) oobi si ee —Pr,-)> 


: ; (4.1) 
ore ae. (%,,+7,_), aay (7, + —M,), 
pe, [=k Op Ow, [Per ht \=1%5,% (=U, o=+,— 
where 
(P= DD Aik os Usb (4.2) 
w me “ 
z= (S UF w +k. a 2 Sw +5 w ). 
The Hamiltonian of the aésembly: becomes 
Pit ee et 
Li ig pa Ni +N) +>) G, pt pte my Nv, (4.3) 
where 
; - eel 
Cr=Gras, i) Gay x! e™ ded! N=N. +N. (4.4) 
The Lagrangian density of sound quanta takes the form 
oe i a 2 3 os x ° 9 9 
L(2)= 5 ES) —4"| 4) fara ssaort, (4.5) 
= HS ey i 
A= +, » & me = Gla ’ f_=U 
Thereby one obtains the momentum and the energy 
1 - OS ;(4) We OSncey me 
Canes ey d 
55) (Se) 22) 4 9S) $2) ba, (4.6) 


Sa wy 
H*=hS) oh Mr, (4.7) 
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where 
Si(4) =» aes T,exp(—iht), C=C 
Que Ci 
Mi= Oe bh, | (4.8) 
i NIél x Qi 
pe en CS e + Lanch 
aN Spe Fo sh oe) 
L_( [MRL ga_;, [2med 
B — =—( 2mck (ioe ‘4.9 
to DA \N Qnck wal ey 
op=lkla, ot= [Aled pen (4.10) 
' mw Mm 
One finds that H® takes the alternative form 
H=H += 3 (07 wf) FG + SON, (4.11) 
under Tomonaga’s premise. One readily obtains the conservation law 
apa—Peeat,, pea, (4.12. a) 
am Tm 
and the equations of motion 
des es Ge ot a, 
Lp ee ag tage Prk ’ t, = as ve? P-ke (4.12. b) 


It is interesting that the last equation is independent of the interaction energy. 


§5. The correlation function 


nction of the WV fermion assembly by making 


We define the correlation fu 
tes in the form 


use of the reduced density operator of two explicit coordina 


(a: spin variable, v: volume of box) 
OTs : 3 | (ere +é, og a!) p(x, 0) p(x+§, 0) avd 
M(N— 1) pa 
i YW (aha aan Mr Mera, a) ar exp(7s), (9.1) 


~ MN— pe a 2 2 aa 
or alternatively 


om tae —d aya: y.2 
CO= pl ieet Dee —2O) 0) ante 6.2) 
Soy De pa pa CHAIN Untga ats. wr Q, w— Vea Fine Oya) avexp (igs). 
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We divide this function into the three parts. The first is the Coulomb term 


1 
EV a NS ev 
Cle) M(N—lL)o Sin (2 kyr Za at 


the second is. the a term 


Ce = ms y) x (Mua Lies a \avexp (ig), 
g 


eel Lo 


and the Jast is the so-called collision term 


~ it 
CE yS Ww-= be x pad os DS) (aE, Gig sat Unk Paver 


This tern contrib. tes considerably, if the interaction energy has appreciable value, 
although it is neglected in the scheme of the Hartrece-l‘ock approximation. The 
major tack of our theory consists in the evaluation of this term, therefore we 
shall especially pay attention for it. 

\t first we calculate the second term in the right side of (5.2): 


T=0(6) OG ate s) pa Nea 2 exp(igé) (5.3) 
v VU rs 


ae pa {Mia Mevga Exp (tg§) +i. Marga exp (igs) } ie 


Aq 


fea} 
res 


For the complete degeneracy, 
namely at the ground state and 
at the limit of the vanishing 
interaction energy, the first term 
in the right side gives the ex- 
change term and the second eo 


term gives non vanishing value only if £-state is occupied and &+q-state is 
unoccupied. We write 


AE py? 2° 
(4+)? +37 +22 Dho? 


x,v—plane 


~ ] -_ = 
(L) av — Cs) +21 f(9) exp(zgS), (5.4) 
where f(g) is given by (see fig. 1) 
icles 
f= 7(4'0— slat) lal <2 (5.5) 
= Aaa 
“a See gle 


Next we consider the one dimensional problem. 


. The correlation function is 
a function of pf only and given by 
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CO =D ED re q — Nan) avexp igs) (5.6) 
From (4.9) one gets 
+yt _lglZ € + pee 
Pa ete a gh od 4+ M+i+1). (5.7) 


If we are only interested in the ground state, we find 


ccé Walz £9 ) 
€).= wn a ORGS 
\giZ ( ) sin £6 Y 
—1 Brest 
Sa ane oa 28 cosg¢ gone (5.8) 
which splits up into two et 
~ 1 
Ce wilary? 5 ) }, aS 
p($) zr le +5 Hn. +1) cos 9 (5.8'a) 
C,(€) = i {5+ 1, ae a _— 1) cos g§ (5.8'b) 
L q T+ 4U. 
corresponding to —*,. spins and antiparallel spins respectively. Here 
Tomonaga’s notations ‘ 
—_ e = L4 a4 
ge Ole Gq: (9.9) 


are adopted. From these formulae we can infer that the three dimensional 


correlation function contains teims of the form 


— [0 2 expligt) = —8* ele (5.10) 
) q , 
Heisenberg® suggested that any two antiparallel spins do not appro ach to each 
other, tho gh this estimation would meet with great mathematical difficulties. 
From our point of view, his suggestion seems to be reasonable and fit into our 
interpretation. 

We shall add some: remarks on the energy change caused by the d 


We consider that fermions move in a prescribed uniform 
divided into three parts : 


lynamical 


correlation of particles. 
positive charge distribution. The ground state encisy is 


H,: for the complete degeneracy, 
ae ) oy ale 
Sparay ees a)+e x af S 28,0,(,/ ta ), 


for the zero point energy and 


V,= —56(0) N, (5.11) 


cree ass 


QD kl <2k, 
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which tutns out at the vanishing interaction energy into the form, 


es Lk 
Vex 5 DEG Nea Neva ee Pe, (5.11’) 
3 


ial oN "| On | ial> SB, 7 


that cancels the first order term in the zero point energy. We have arranged 
the series of the zero point energy so that the terms concerning the dynamical 
correlation function vanish for the vanishing interaction energy. 

We have dealt with the operators p, and 7,, but the operators 


{? AOE 2 “ak U+5 ee “(4)= % ps ae a5 


are the more fundamental ones. One reason lies in the fact that one cannot 
from the commutation relation (4.1) derive the commutation relation given by 


Tomonaga, 


{et (x), e* (2) J=[A] 6-1 , [er (2), p~ ()J= i [4]0,,-2 5 
[e2(4), p* (2) 1=0, [= 5-4, 


from which, however, one can obtain (4.1). If one remembers the neutrino 
theory of light and the fact that p*(4) represents the progressive wave and 
p-(£) represents the regressive wave, one readily think of that relationship 
between the regressive waves representing negative energy states and positons or 
holes. 


§6. The three dimensional problem 


When one intends to apply the theory to the three dimensional problem, one 
meets with the difficulties that the density operator is no more governed by the 
wave equation and it is hardly possible to compose the canonical variables of 
the density and the current operators under such simple assumptions as the case 
of one dimensional problem.” Here we consider how we could construct the 
Hamiltonian in the quadratic form by introducing suitable operators in place of 
the density operator. At first the following operators are introduced 


T,.= 3) aii ask f=|l|n, A=|2\2, with unite vector x, (6.1) 
[a, Tp] = 21449 n,n1 y it, Git |r Onn ’ k= || 72, = |\2|2", 


which induces various translations along the radial directions in the momentum 
space. One meets with such operators in the neutrino theory of light. The 
canonical aa variable to z, is given by 


a, = Sas &( x Qik q-5— >» 1 4"), L//k, (6.2) 
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‘which is constructed according to the principle of the approximation for the one 
dimensional case. Here we ask for the Hamiltonian in the quadratic form of 
the canonical variables 7, and o,. If the interaction energy ice sent; sitesis 
possible to compose the Hamiltonian in such a form by adding terms 


Qn hh, 
sy “ aT (r- -#)n Ur en * (walt! )n U(r —lel) no k=|h\n, (6.3) 


which vanishes under our approximation, to the Hamiltonian of the form 


Whe 3 lava 1 +E ys 


M0 KI <ky 


Kf= 21M; - (6.4) 
k 


we 7 
Indeed, one is led to the Hamiltonian of the familiar form 


Ke= BG Barats eee > Ce Ce NIG) 
2N, # m Lm 


Before the interaction energy is introduced, we ask for the structure of the 4-th 
component of the density operator. We have 


= 3 Marg =BLa enn saln ere, (6.6) 
where p,, is given by 
Pay (2) = V# x at(x, y,2- Vala 9, a+ *) 
Ny =e sf, b=(aaltl) (6.7) 
The canonical conjugate variables are defined by 


Bb 
natt= Beat ar(oree errs) 


AG ace 


[Pey(A)> Tay (Kk) ]=th 6, at Ohiy ’ (6. 8) 


and the other commutators vanish. If the Hamiltonian is given in the form 


iprgee Sh (224742) Nays (6.9) 


Qin 2.2 
one finds 


as 979 — Vie i 2 fe 2 5 
Pay (2) + CP py (2) =9, ity, (R) + Cagh May (A) = 9, Coy = ato Jaa (6,10) 


When the interaction energy 
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1 
Vin= 5 GE) EA —2)—S GON, 
is introduced, and further we assume 


[P(2), ty(2)]=0, 22d, (6.11) 


which amounts to the assumption of small variation of the density (see (3.7)), 


the wave equations become 


Pay (2) +k pall eytyl WD Paty (2) =0, (6.12) 
zy! 
where 
2 9 9 9 VN. AV Rar 
CH= ee) Cae ep a ie DC ie) (6.13) 
me 


One readily finds that there are “2°+y* Z degenerate oscillators belonging to 
the eigenfrequency |4|C,, which separate out by virtue of the interaction energy. 
Accordingly, one obtains “a*+y° Z eigenvalues of the secular equation and 
corresponding proper variables t,,(4) (¢=1,2,...,S7), and their canonical con- 
jugate variables o,;(4). Therefore the Hamiltonian of the oscillators: 


H (8) => BC Poy) Pay 8) + 4S (LVR —2) + .G (B08) (A), 


(6.14) 
is written down in new variables 
1 4 Lee 
H(2) ay 3 Vee ()t,.(4) 7, «(—4) + es ps a, (ka, ( —2) (6.15) 


1 
+> G(%) papa Teh) oon (—2), 


where 7,,(#) is an eigenvalue and 7,,(4)=C,. 
Next we ask for the no.mal coordinates which are obtained by a unitary trans- 
formation of variables 7,,(/),6,,,(4) as follows: 


SA=(U A al))er a2=(KAU(2)), (6.16) 
and also the eigenvalues designated by 
P2(8) = (U7 (AU (2) Jan (6.17) 
hr 9 9 sNV. Ne 
ACN Cer pennies, (6.18) 
m m 


_ We calculate these eigenvalues by means of the perturbation method. If 
VsN,VtN,G(k)L/m are considered as small quantities, I” is given by 
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PA) = SCS oe Olan OPED : 
a. ee 
p 

/5N, VIN, 
0,= VSN VIM 1G (ih). : (6.20) 
mM 
Explicitly, 
Pe@)y=C. 4 yt DG), (6.21) 
YO CN 3 
D = \ penises See) [> 
(s) on Jo C2: auG (*) 
She oe ras (6.22) 
on" he 2 b+ Vhs 


One finds creation and annihilation operators composed of no1mal coordinates as 
follows: 


oe (B=— | J/ AN 9, (4) +,/ ee at, (6.23. a) 


2A WN T(4) 
Se ae ee AON 
\M=se (We b) 4 EOi@}- (6.23. b) 


It is an interesting problem to compute the energy of the excited state and 
effects of external fields. These investigations are left to another occasion. 

The author would like to express his sincere thanks to Professor K. Husimi 
for the valuable discussions, suggestions and advices through out this work. 


Appendices 


(1) Fermi statistics and Bose statistics 

If our assembly is immersed in a large thermostat, it attains thermal equili- 
brium. Since we regard our objective as an ensemble of sound quanta, bosons, 
we must apply the Bose statistics. On the other hand it should be subjected 
to the Feimi statistics, because it is originally a fermion assembly. Mathematic- 
ally, the distinction between them consists in the alternative whether we adopt 
the representation that the number of fermions is diagonal or the one that the 
number of sound quanta is diagonal. Which type of the two representations one 
may adopt, since one has only to do with traces of operators, one should obtain 
the unique description independent of mathematical treatments. If one adopts 
the Hamiltonian of the form 

z 


Ee 
=} | (N,—1)+—4 R\ Nx s =N= 
iT a ieee | ( k a Pon | &k fo S22 3 


a 
a 
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one gets the grand partition function 


F(8,€) =trace exp(—PH—-EN), N=DN,, 
k 


which leads to the correct temperature dependence of the heat capacity. When 
we intend to apply the Bose statistics, we must lay stress on the assumption 
that the transitions occur at the neighborhood of the Fermi surface. This is 
the essential point discriminating the ensemble of sound quanta from those of 
harmonic oscillators in the conventional sense. The mean energy becomes 


= ho, 


7 exp(Bha,) —1 


3 3 
where the weight in the momentum’ space is not (3) 4x2 but (=) 4nk,. And 
Qn Qn 


thus one gets the same result with the Fermi statistics. Indeed, the heat 
capacity becomes 


at low temperatures. 
(2) The equation of motion with the interaction energy 

Born and Green formulated the temporal behavior of the reduced density 
matrix in the configuration space. This formula is more directly given in our 
scheme. The equation corresponding to (2.7) becomes 


WD — As) =—-(2)r-a@) 


= [oe pP(4)p(a’) —p(4)d(a—2') de’. 
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The correction due to the nucleon recoil on nuclear forces is discussed according to the scalar 
and the pseudoscalar meson theory. The correction entirely changes the apparent form of two- 
nucleon interaction in case of the pseudoscalar theory. The singularity of the interaction becomes 
stronger in this case. Ifowever, the non-relativistic limit is the same as the well-known potential. 
The non-adiabatic correction includes the typical spin-orbit interaction in case of the scalar theory. 
The distinction of the present result from those which were obtained by other authors 1s discussed. 


Introduction and Summary 


Nuclear forces were usually derived in the meson theory by neglecting the 
effect of the nucleon recoil. Strictly speaking, the neglect of the recoil term 
can not be justified, in fact, even in the adiabatic limit because the two-nucleon 
interaction has matrix elements connecting positive and negative energy states 
of nucleons and the state of the two-nucleon system includes more or less the 
negative energy states. Therefore it is necessary to re-examine the derivation 
of nuclear forces by taking into account the effect of nucleon recoil. 

On the other hand, the non-adiabatic effect of the nucleon recoil may play 
an important role in high energy processes between two nucleons. In such cases 
it must be necessary to take into account a coexisting meson field around the 
two-nucleon system and the force may not be represented by a potential; as was 
previously noted”. It may also be imagined that a small deviation from the 
adiabatic approximation has some effect evcn in lower energy processes if the 
phenomena are sensibly affected by a detailed behavior of two-nucleon wave 
functions. Such a consideration may be of interest, too, on a theoretical point 
of view in order to obtain a more cutting insight into the two-nucleon interaction. 

The effect of the nucleon recoil on nuclear forces was briefly discussed in 
other place”. The purpose of the present paper is to give a more detailed 
account of it. The certain considerations on the similar subject were previously 
given by Heitler®”, later by Toyoda®, and recently by Dancoff®. The present 
method and result are different from those given by them. 

We begin with the transformation of the recoil term in the first section. We 
next discuss how the state of the two-nucleon system includes negative energy 
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states. The adiabatic two-nucleon potential is derived taking into account the 
recoil effect according to the scalar and the pseudoscalar meson theory in the 
third section. In case of the pseudoscalar theory the apparent form of the 
potential is entirely different from that which is derived neglecting the recoil 
effect, whereas there is no essential change in case of the scalar theory. It is 
found that the effect makes the singularity of the potential stronger in the former 
case. 

The non-adiabatic effect of the nucleon recoil is discussed in the fourth 
section. In case of the scalar theory the correction includes the typical spin-orbit 
interaction. Dancoff® obtained the term of the same natura but the origin of 
his term was entirely different from that of the present one. Dancoff’s spin-orbit 
interaction can be derived from the adiabatic part by the method of the Pauli 
approximation which is explained in the fifth section, though Dancoff’s method 
was wholly different. Futher it is shown there that Dancoff’s term is completely 
cancelled by the other term which comes from the recoil effect. It is also 
found that the non-relativistic limit of the present result for the pseudoscalar 
theory is in agreement with the well-known nuclear forces. 

In the last section the correction which can be obtained on the basis of an 
inadequate assumption of neglecting negative energy states of nucleons is discussed. 
It is found that the result is entirely different from those in the preceding sections, 
and that it involves Toyoda’s result in a part of it. We see consequently that 
Toyoda’s result is inadequate. 

Our method can be applied to the case of the vector and the pseudovector 
theory, and further to the case of the electromagnetic interaction between electrons 
and protons. In the last case the effect of the electron or proton recoil is 
expected to influence the Lamb-Retherford shift of hydrogen levels. If the in- 
fluence: really exists its amount is expected to be of the order of 10 Mc/s. 
This will be quantitatively examined in the later article. 


§1. Recoil Term 


We shall consider the two-nucleon interaction which is transmitted by scalar 
or pseudoscalar mesons. Let this interaction energy be denoted by WV. Its second 
order matrix elements were calculated by van Hove® in case of the psec.doscalar 


theory. Those in the scalar theory can be obtained in the same way. The 
results are given by* 


4a (7e°p™) O(p? +p? (1) +p?) 
WSS BA ‘A A» Px ‘B 
TE i tp?) (ee) eo 


* We here omit van Hove’s W. for the sake of simplicity, 
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where 4 and B are two arbitrary states of the two-free-nucleon system, p and 
€ are : ry a i 

es the momentum and energy of a nucleon, # is the mass of a meson, V is 
the volume of the normalization space, and all quantities are measured in 4=c=1 
units. Quantities in the state sJ(or #) are indicated by the single suffix (or 8), 
and quantities of the first (or second) nucleon are indicated by the upper suffix 

9 5 eae eae 
(1) (or (2)). The matrix clements are indicated by the lower double suffices, 
“pes : a Ah ene ee oe ; 

for example, as IV7,,=(¢», W4) where $4 and ¢, are the appropriate (charge, 
spin, space, or total) parts of the eigenfunctions of 4 and B# states respectively. 
Such notations will be used throughout the present paper. O(p, p’) is Kronecker’s 
symbol which shows the momentum conservation. Further 7, and 7 are 


defined by 


£ for the scalar theory 

f= us! (12) (a) 
fr=fit QM/ppf, for the pseudoscalar theory 
Ps for the scalar theory } 

~ = Gi?) (b) 

Pr for the pseudoscalar theory] 
(er? + tr re) /2 for the charged theory 

T=) (PrP terre +13 ts’) /2 for the symmetrical theory (2) P(e) 
1 for the neutral theory 


where Mis the mass of a nucleon, g, f, and f are the constants of the scalar, 
the pseudoscalar and the pseudovector coupling of mesons with nucleons, py 2 
and p, are the Dirac matrices of a nucleon, and 7,, 7,, and 7, are charge operators 
which have the same algebraic properties as 9, (. and /, 

The above mentioned matrix elements are written in the form which is not 
symmetrical with respect to nucleons for the sake of practica! convenience in the 
following calculation. They must be symmetrized with respect to nucleons in 
order to obtain: the correct result. We shall first calculate using the asymmetrical 
form and then symmetrize the result. Van Hove" obtained the above mentioned 
matrix elements in the centre-of-mass system assuming that e4’ — eo Sete =, 


This assumption is satisfied if we neglect negative energy states, whereas the . 


neglect of the negative energy states can not be justified for the reason which 
will be acconted for in the next section. We can show, however, that Cig et 
exactly valid in any system without this assumption. | 

The term, (¢{? —e%?)%, of the energy difference of a nucleon in the denominato 
of (1.1) represents the effect of the nucleon recoil. Therefore we shall refer t 
this term as a recoil term. The purpose of the present paper is to study th 
effect of.this term. One may imagine that a contribution from this recoil term 
to the binding energy of the deuteron may be negligible because the binding 
energy (2.17 MeV.) is very small compared with the rest energy of a meson, 
(146 MeV.), and that the adiabatic approximation may be ‘considered to be 
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indi 5 Ve she shor hat the . 
sufficient for a calculation of the binding energy. We shall find shortly t ae 
- a - i” ee 2 *. . . . e 
recoil term will play an important role even in the adiabatic limit in case o 
; tye 
pseudoscalar theo zy 
In order to examine the effect we transform the denominator of (L1) .OBy: 
rationalizing the denominator this can be carried out as follows : 


it ms M?— (42/2) +€&)+ PPro (1.3) 
e+h—(e—s)2 2d +P) +e PD +P’ Po — (PpP,)*} 


Sls (1) ely ee) —y” 
where the following abbreviations are used: -e=é,, @=€4, D=Pz, D=Pa> 
k=p—p, and 


A= pi 1— (4/212)*} (1.4) 
The relation given by (1.3) is exactly valied. If #, is small compared with J, 


(1.3) can be written in the approximate form as follows: 


9 


ee ee {i-(" ) | 
e+k— (e—e,) K+ 12 2M. 2M? 


Z ui ( is i} es 2 Say 2 2 1.5 
- —(~_)+ 2 EPP. + PRs —(PPr)*} (1-8) 
Me(he+kRy\2 \om 2M? : : : 

where the terms up to the second degree in ~/M/ and p/M are reserved. The 
approximation of the last relation is sufficient independently of how # is large 
so far as ~ is very small compared with JZ Since (1.3) is symmetrical with 
respect to ga and ga, the argument is valid when p and p, are interchanged. 


§ 2. On the Basic States of Two-Nucleon System 


We have first to examine the states of two interacting nucleons in order to 
correctly obtain the two-nucleon interaction W. This has usually been derived 
taking into account only rositive energy states of each nucleon. The reason 
may be that the matrix elements connecting positive ard negative energy states 
correspond to the production or annihilation of the nucleon pair. One may think 
that there is no connection between negative energy states ard the nuclear forces 
for this reason. This conclusion is not correct, however, because the nuclear 
forces are derived for the purpose of considering the bound states of the two- 
nucleon system. 

When we consider a free nucleon we can distinctly separate its states of the 
positive energy from those of the negative energy. In this case the momentum 
and the energy commute, and we can consider the simultaneous eigenstate of 
the two quantities. If y* and y~ are the eigenfunctions of ?; belonging to its 
eigenvalues +1 and —1 respectively, four basic states of a free nucleon belong- 


ing to the definite eigenvalue p of its momentum are represented by the eigen- 
functions of the following form: 


Liffect of Nucleon Recoil on Nuclear Forces 383 


uy (P,Q) = Cary’ +ar7-) p( pe) 
us (Ds 9) = (ar y* + ary) e(pa) 
wu (D, 9) = (Si 4° + 747) ope) 
uz (P, 9) = (2: 4" +r") (px) 
where g stands for all coordinates, # is the position vector, @’s and 6’s are the 
spin parts, and ¢ is the space part defined by 
C(t aa i GP et? (2.2) 


The spin functions a’s and 6’s are the linear combinations of @ and #3, and their 
coefficients depend on p and JZ only where « and f are the eigenfunctions of 
a, belonging to its eigenvalues +1 and —1 respectively. 

We assume that the Hamiltonian of the two-nucleon system is given by 


H=H® +H? +w (2.3) 
where H” and H® are the Dirac Hamiltonian of the first and the sccond 
nucleon in the free state respectively: for example, 

HM? = —1p POV + Mps (2.4) 

Let the eigenfunction of 7 be ¢. This function can be written in the form: 

g=$'*¥ OLQ@D+H COC A+ ce OC @+e xe Ox" 2) 9) 
where, for example, 7*(1) -denotes the y* function of the first nucleon. The 
functions ¢** etc. depend on the spin and space coordinates. They can again 

be expanded into the Fourier series: for example, 
f** =Yip.d) p24) 4 (2) + cyn(1)3(2) 
+ 6,8 (1)4(2) + 81) 2 2) \ 9 Des) 9 (D2) (2.6) 


/ 
Four functions ay*¢, By*¢, ox-¢, and fy-g are given by linear combinations 
of ut, ut, uz, and wy if we solve the simultaneous cquations (2.1) for the 
former four. If we substitute (2.6) etc. into (2.5) and then again the above 


mentioned linear combinations into this result ‘we have 


$= D)p.2)p2 x >a \Cey” uj, (M1, Ga) uz (DP. Got eg; tp (Dp, 21) 5 (Dey 2) 
k=1 j=l 


+ cay Ue (Do 91) 4p (De 92) + G5 ie Dav 91) 5 Da» 92) (2.7) 
In the meson theory of nuclear forces the general form of W is given by 
3 3 
W= DD peop? Ws (2.8) 
k=0 g=0 


where p,=1. If we substitute this into (2.3) and then the result and (2.7) into 


the eigenvalue equation 
Hp=(E+2M)y (2.9). 
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we have a system of simultaneous equations for c,;* etc. Owing to the fact that 
W actually involves p,, Py OF Ps ¢** can not be determined independently of ¢*, 
oC epand co in ceneral: 

The eigenfunction ¢ thus necessarily consists of negative as well as positive 
energy states. In other words, the vacuum nucleons are partially absorbed in 
the interacting two nucleons. The interaction operator W is completely represented 
by its matrix elements with, respect to ¢’s. The orthonormal sct which is 
equivalent to the set of all ¢’s is the direct product of two sets one of which 
consists of free states of the first nucleon including negative as well as positive 
energy states and the other also consists of negative and positive energy states 
of the second nucleon. Consequently we arrive at a conclusion that we have to 
take into account both positive and negative energy states of each nucleon when 
we consider the matrix elements of W. The following consideration will be 
based on this general stand point. 


§ 3. Adiabatic Limit 


We shall discuss the adiabatic limit of Ti” in this section. The adiabatic limit 
here means the expression which is obtained from the exact interaction by sub- 
stituting zeros for V’s operating on the two-nucleon wave function. The non- 
adiabatic correction will be considered in the next section. 

The usual two-nucleon potential can be obtained from (1.1) if we neglect 
the recoil term gst In this case, making use of the relation 


An —O(py + py + pe). . 
Va ve aK +e 


= (Pa, 77 e™ G4) (3.1) 
we have 

We —f?Tpe™ p® a ewer (3.2) 
where y is the distance between two nucleons, and ¢Y, and ¢, are the space 
parts of eigenfunctions of the two-nucleon system in the states A and B respec- 
tively. It was shown by the present author that this potential is equivalent to 
the customary one for the large y in the non-relativistic limit.” 

Such a potential is not the adiabatic one in our definition. When we con- 
sider the matrix elements of W connecting the two states in which momenta 
of nucleons are very small compared with JZ the neglect of the recoil term is 
equivalent to the neglect of negative energy states of nucleons. However, we 
can not exclude the negative energy states from our consideration even in this 
limit because W contains p, in case of the pseudoscalar theory. In fact, the 
matrix element connecting the negative and the positive energ gy state is not 
smaller than that connecting the positive energv states in this case. If one of 
€ and ¢€, is positive and the other is negative the recoil term is by no means 
small compared with 4. We have therefore to take into account both positive 
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and negative energy states of nucleons in order to obtain the correct result. 
How the neglect of the recoil term is inadequate can be seen in the following 
way. 

The adiabatic limit of W can be obtained by replacing ~,/Min (1.1) by zero. 
In this case Wy, can be written in the form 


Waa=— (2/2). T pr te L + (e59/AE2) — (98/204) Vina (3.3) 


where Eq. (3.1) is made use of.. The constant 4 is approximately equal to #. 
Its correction factor is equal to 0.994 if we adopt p/M=286/1840. Comparing 
(3.2) with (3.3) we can find how the latter is changed into the former. If we 
replace ee, of (3.3) with J7° we have the potential which is approximately the 
same with (3.2). The difference is a factor, 1—(u“/2M/)*, and 4 in the ex- 
ponential. The substitution of J/° for ee, can be justified if A arid B are positive 
energy states and # is small compared with JZ but ee, must be replaced by — J” 
when one of ¢ and ¢, is negative and the other.is positive. The latter case can 
occur when the meson field is pseudoscalar. 

In order to correctly take into account this point we have to replace ¢ and 
e, by the free-one-nucleon Hamiltonians, and the former must be placed on the 
left and the latter on the right of ep exp (—Ar) as follows: 

(2 at ed gene dhe 9 Phd Ce ha fi Chall hale ac ae « Bad PF (3.4) 
where H™ is given by (2.4). 

If H™ is replaced by Mp5", the transform of ee, is equal to MZ” in case of 
the scalar theory whereas it is equal to —JZ° in case of the pseudoscalar theory 
because p is equal to p, in the former case and to p, in the latter case. The 
negative sign in the latter case is due to the anti-commutability of p, and p;. 
The sum 1+(e€,/J/) in (3.3) is then equal to 2 in the scalar case whereas it 
vanishes in the pseudoscalar case. Therefore we have to adopt the complete 
Hamiltonian but not Mp? as H™ in the latter case even if we want to obtain 
the lowest degree term in 1/J The result is symmetrized with respect to 
nucleons for the reason mentioned in the first section. Thus we have the 
adiabatic two-nucleon potential as follows: 

W,= —g2T po pP re (3.5). (a) 
Wax geeTr le | MALE) (14d) pha Pee — Gar) + PPP (3-5) () 
where the subscripts s and fs are added in order to discriminate two ‘cases for 
the scalar and the pseudoscalar theory respectively, a stands for e%—ax , © is 
the Dirac matrix (vector), and 

p< O/eaeil— C/U)", ge= (HAM YS=h+ (H/2M Ye B-5) 


The former of these potentials is of the same form as (3.2) whereas the 


latter is entirely different from (3.2). The latter term in the brace of (3.5) (b) 
is of the same form as (3.2) but its sign is opposite to that of (3.2) and its 
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magnitude is smaller by a factor (#/2.17)° than (3.2), as is seen from (3.6). 
The main term of //’,, is the former in its brace and the latter is a corection 
term as will be found in the fifth section. Therefore we see that the recoil term 
entirely changes the form of the adiabatic potential in case of the pseudoscalar 
theory. However, we shall find in the fifth section that the potential given by 
(3.5) (b) is effectively equivalent to the usual one for the large 7 in the non- 
relativistic limit. 

The potential W, of the scalar theory includes the term which is similar to 
the main term of W,,, but the isolation of it from non-adiabatic terms injures 
the Hermitian property of the potential. Therefore we can not distinctly separate 
the adiabatic part from the non-adiabatic one. This has no essential effect on 
(3.5) (a) because the neglected terms are corrections. which are smaller by a 
factor (#/247)* than (3.5). (a) itself. It should be noted that W,, given by 


mee 


(3.5) (b) has a singularity of r~? in contradiction to the argument of van Hove® 
while the potential given by (3.2) has a weaker singularity (the present W is 
equal to van Hove’s W). 

From the result’ just obtained, one may imagine that the recoil effect gives 
nuclear forces the qualitative change too in case of the vector and the pseudo- 
vector theory because fhe interactions involve o, and g,. The: final conclusion 
can not immediately be obtained although matrix elements were calculated by 


> and Enatsu” according to these theories, because their results were 


van Hove* 
obtained on the basis of an incorrect assumption that ef? —ef =e;—ef’ =O where 
their 4, and £&,,; correspond to our ef? and e{ respectively. This assumption 
can not be justified even in the centre-of-mass system because, for example. .£., 
is equal to —e> if one of them is negative and the other is positive. The 
definite conclusion can be obtained after the thorough examination of the matrix 


elements is carried out. 


§4. Non-Adiabatie Correction 


We shall next consider the non-adiabatic effect of the recoil term on nuclear 
forces. In this case we have to reserve ~ in (1.3). Since we want to examine 
a small deviation from the above mentioned adiabatic limit, we consider the case 
in which f, is small compared with JZ and we reserve the terms up to the second 
degree in ~)/M and p/M, as is given by (1.5). 

When we substitute the right-hand side of (1.5) for the denominator of (1.2); 
the terms due to the first line in the right-hand side of (1.5) can be written.in 


the form of (3.3). The terms due to the second line can be transformed by 
making use of 


dz O( py t+p?, py +p?) 1 = | 
V (pe —pPy 4k? a) Pa» e 4) (4.1) 
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Then we can replace e and e by pi?op+ AL and pi?op,+ Mos’ respectively 
if we place the former on the left and the latter on the right of o®. If we 
further displace p\” on the left end we have 
CW) na=— Ei TD 0P 1 er* tal l— (4 /2IPR)ioD kp] } 
8 /2MB) | Tp? ore" (P+ Po) na 
+gs(2MA) 7) Tp pes na EPP + Kp — (KP»)” (4.2) (a) 
(Ws) pa= —2n(2M/p)§ Tre pio Baa 
AE ps) THD PTA pa LE QUE Do) 5 
+ Spa MAE) Te p16 na) EDD o + Ke’ py'— (Rpo)"s (4.2) (b) 
where the thick square bracket denotes a vector product of two vectors embraced 
itt ‘it. 
We replace 7p and ip, by V® and place the former on the left and the 


latter on the right of 7e~*” or e~**. We symmetrize the result with respect to 
nucleons. Carrying out the operation by V on poe ore ** we have 


W, = —22T £ f+(," =) (D® + D”) +(,") a(1+5 (aL +6°L") 


-27r we O(\U(142)E (ox) —L@°P")} 


sete (Ko (14 5.) orm + 5 i (4.3) (a) 


oy eo’[ Ma, 1\(o%H) | (G9) » 
Wrs=S ps! v% sale ( ++) v +(,4) la 
ft {1 ~2(1 J x7”! al 
tom Ar ig) A 


Ty ae ped (as 0) (at 1) (oe) 26) 9.0 
ESE % 


“sein lie or} 


Pint sa ee l di 6° DL 46°L” 4.3) (b 
anny, r ; ra +) | Ngati: 
where 
DY =i-2AM + (Ar) 1+ Ar) toc (eV?) 7 — ay (4.4) (a) 
AP ={14 (Ari DP+ (Ar) ~0c(aeV PV} (4.4) (b) 


L® =—i (a), =a” —ae (4.4) (c) 
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and D®,d®, and E® are obtained from D®,d™®, and L® by the interchange 
of the upper suffices (1) and (2). 

Since we are interested in the internal energy of the two-nucleon system 
we write the result in the centre-of-mass system. For the sake of convenience 
for our later calculation we write the two-nucleon interaction in this system in 


the following form: 


W= ps! 050, + psp Vie + pen V.® (4.5) A) 
Wah, ps Oe + ps” Vie + pe png (4.5) (b) 
where 
O,=uj142(u/2M)D} + (2/217 )°20 SL (4.6) (a) 
Ve = — 7 (6°Pu + us?) (4.6) (b) 
Dye, Z 2 2 
ViOC= saya Vu+ueP) (4.6) (c) 
U,.=1— 20ST ie FR eor e's 
Vo =— (Mf) [P, w]— (2M) “foP, uD] (4.7) (b) 
V2 = + (M/1£)[OOV, u] + (2M) “'[6°P7, uD] (4.7) (c) 
(—g;Tr'e-” for the scalar theory 
se ata ay Sales 
(etre for the pseudoscalar theory 
v= (ary 1+ (Ar) (4.8) (b) 
D=1°4 4 Ar) N14 (Ar) 713 0(aeV) 0 — a (4.8) (c) 
S=(0%+0)/2, L=—i[av] (4.8) (d) 


and the thin square bracket denotes the commutator while the thick bracket 
means the vector product. 

represents the total spin angular momentum of the two-nucleon system 
and J the orbital angular momentum. The last term of U, represents the spin- 
orbit coupling which retains the same form in the Pauli approximation. Dancoff” 
obtained the term of the same form but its origin was entirely different from the 
present one. The similar term is contained in U,, but this can not retain its 
typical form in the Pauli approximation. These circumstances wilt be accounted 
for in the next section. If we omit the terms which contain J’s operating on 
the two-nucleon wave function, IV, given by (4.3) (b) and (4.5) (b) reduce 
to the adiabatic potential which is given by (3.5) (b), whereas W% given by 
(4.3) (a) and (4.5) (a) does not reduce to (3.5) (a). The reason for the 
latter fact is that VY,” and V,%-can not be divided into the Hermitian adiabatic 
and the Hermitian non-adiabatic part as is seen from (4.6) (b) and (c). Thus 
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we were obliged to adopt (3.5) (a) as the adiabatic part of W;,. For the lower 
energy case, the main term is the first term, #, of U, in case of the scalar 
theory and the first term of V,, in case of the pseudoscalar theory, as will be 
seen in the next section. 


§5. Pauli Approximation 


We shall discuss in this section the Pauli approximation for the stationary 
state of the two-nucleon system in order to see the nature of every term included 
in the interactions which were obtained in the previous section. The method 
was already explained in the previous paper”. 

The Hamiltonian of the two-nucleon system in the centre-of-mass system is 
given by (2.3) if 7 and —V™ are replaced by V. The energy eigenvalue & 
is determined by (2.9), where Z does not contain the rest energy of two nucleons. 
The eigenfunction is expanded into the linear conbination which is given by (2.5), 
where the coefficient functions ¢** etc. depend on the relative position and the 
spin coordinates of two nucleons. The eigenvalue equation (2.9) then splits into 
four simultaneous equations for these coefficient functions. 

We eliminate ¢*-, ¢7*, and ¢ ~~ from these simultaneous equations. We 
have then an equation for a single function ¢** in the following form: 


Alf *=EYy* (51) 


where 7’ is Hermitian and does net contain ~, Px» and py. We can consider 
the operator H/’ as the effective Hamiltonian because the eigenvalue of A’ is the 
same as that of H—2// where 7 includes the rest energy of two nucleons. 

If we expand H’ into power series in 1/M we have 


eee fa a +W' (5.2) 


where WW’ depends on #, 7 or both. W! can be considered as the effective two- 
nucleon interaction for the same reason as that for WH’. We refer to the limit 
of W' when M-—> oo as the non-relativistic approximation of W and the terms of 
W!' up to the second degree in 1/M as the Pauli approximation of W. The 
usual nuclear potential is the non-relativistic approximation. We consider in this 
section the Pauli approximation and omit higher degree terms in 1/M altogether. 
Further we retain only the terms which is propertional to f* because we have 
considered only such terms from the outset. 

We begin with the scalar theory omitting the subscript s from VW, U, and 
V of (4.5) (a) for the sake of simplicity. The elimination of gt", f° *, and g~ 
from the above mentioned simultaneous equations can easily be carried out. Then 


H! involves 2M4+E£+U)", (2M+ £)7', and (4M+£)"'. These are expanded 


as follows: 
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QM+E+U) = 2M)“ 1 QM) (E+) + (E21)? + aiaate bs . 
Dee a 


(M+ E)7= (QM) 1— (£/2M) + (B/2M)?—...} (5.3) (b) 


The result involves the term such as O£ where O is an operator. We can 
climinate & from it by making use of E¢**=H’¢**. First we replace OL 
by OH’$+* and then expand OH’ in power series in 1/J/ retaining only the 
terms up to the second degree. In this way we have the effective two-nucleon 


interaction as follows: 
W'=U+ (2M) \2du+ (OPP) u(OP) + (6°P)u(GP) | 
+ (200) a7) (Gey) VS (oh) (G°V)V%—V™ (oP) } (5.4) 


where the terms in the first line come from UV of (4.6) (a) and those in the 
second line from V. Further U and V are given by (4.6). 

It can easily be seen that (5.4) includes Dancoff’s spin-orbit coupling in the 
brace of its first line which comes from the adiabatic part of WZ The term 
which is exactly the same with Dancoff’s except for its opposite sign is involved 
‘in the second line which comes from the non-adiabatic part of W. Therefore 
Dancoff’s spin-orbit coupling is completely cancelled by the latter, and (5.4) 
reduces to 


W'=U+ QM)-{ du] (5.5) 


There remains only the spin-orbit coupling in UV. The origin of this spin-orbit 
coupling is entirely different from Dancoff’s. It comes from the recoil term. 

Carrying out the operation of J on w which is given by (4.8) (a) we have 
the Pauli approximation of the two-nucleon interaction in the scalar theory as 
follows : 


—Ar 24/7 
fyi Toh ol) L(y ~\p 1 
ide NON Tp sot by st ss 
r —Ar 2) 1 1 BY 
+9°7T (Ft 2-9} : 
S rv oe a ibid or We? 


Where g is the constant af scalar coupling, and 7, D, S, and DZ are defined by 
(1-2) (c), (4.8) (c) and (d) respectively. The factor outside the brace of the 
first line is essentially the same as the usual potential. The remaining terms. 
are the correction due to the recoil effect. Among them the correction term in 
the first line is the typical spin-orbit coupling which is just in agreement with 
Rosenfeld’s expectation”. 

We next derive the Pauli approximation of W for the pseudoscalar theory. 
Eliminating $*~, ¢-*, and ¢-- from the simultancozs equations for ¢** etc. we 
have | 
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Hl = (QM+ E)-} 244 [(6°R), V}-[o?P) PF} 
+ (2M+ E)~*} (6°) U(6°7) + (6°7)U(GP) } 
—2(2M+ FE) (4M4+ E)*} (VP) GOV) + U(GP) (67) } (5.7) 
where the subscript fs is omitted from U and V which are given by (4.7). 
Further we eliminate E from the right-hand side making use of the expansion 
(5.3) and E~**=H'¢** as before. The result is given by (see (95.2)) 
W'=[(oP)[(6°P)2]] A (5.8) 
where 
w=ut (2/2M?){ 3d-?ud + ve (eV )\V — (u+2v) aV +vSD} (5.9) 
and ~ and v are given by (4.8) (a) and (b) respectively. 


Carrying out the operation of V on w we have the Pauli approximation of 
the two-nucleon interaction in the pseudoscalar theory as follows: 


, ee el say | 
W=g2T £—} 35° ALI (4 _x)} 
ee ye aS +O) Ah + aap e O 
—Ar = 5 \ 
sear (ce Meg Wom 3) 4 
op r 6M Tie (7) al 
—Ar 2 3 
= 27° e ( 12 Fe ls Fg 
Eps x 2M? er 6(r) (5.10) 


where J’ and g,, are given by (1.2) (c) and (3.6) respectively, and ¢(r), 4, 2 
and I’ are defined by 


$(r) =371+ (ar) t+ Ur) (5.11) 
A=3r72 (6x) (6x) —6%G® (5.12) (a) 
Q= 16x) (62x) {0 (A) — HV} +271} (GH) (G7) + (OPH) (67) } 
(5.12) (b) 
P=Asoe(aV)V —xV} — (ox) (xP) (6°) —(ox) (xP) (oP) (5.12) (c) 


The first line of (5.10) consists of two parts. One is essentially the same as 
the usual potential. Another is the term which is proportional to Pier ihe 
This is the correction owing to the nucleon recoil, The second and the third 
line are the recoil corrections too. They are, so to speak, a sort of the spin- 
spin-orbit coupling as well as the correction in the first line. Thus we see that 
the typical spin-orbit coupling in (4.3) (b) and (4.5) (b) disappears in (5.10). 
The spin dependent form of the recoil corrections is similar to that of the 
non-relativistic approximation. This is a contrast with the case of the scalar 
theory in which the correction includes the spin-orbit coupling and the non- 


relativistic approximation is independent of spins. 
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$6 Neglect of Negative Energy States 


It was discussed from the gencral point of view in the second section that 
the neglect of the negative energy states is not adequate. In this section in 
order to compare the present result with Toyoda’s® we shall examine the 
conclusion derived on this wrong assumption. 

We consider the matrix element in which (e—e,)? is smaller than /°+%°. 
Such a case can occur when p and fg are smaller than JZ on account of the 
present assumption. In this case (1.1) can be expanded as follows: 


pA (TOO 9" al (e—e,)° ha 
Wg fie ee (6.1) 
parce v +k al w+h 


where the argument of 6 is omitted for the sake of brevity. This matrix element 


can be written in the following form: 
2n 
0 A s 5 
Wai Oe Se ep eo bese (6.2) 
n=0 


where the square bracket denotes a commutator, 77 is the .Dirac Hamiltonian 
given by (2.4), and U™ is defined by 


ym 4a SI exp (ka) (6.3) 

Vor (+k )*2 
The two-nucleon interaction which is equivalent to (6.1) is thus given by 
w= I! Ww” (6.4) 

n=0 
where IV is the same as (3.2), and W™ etc. are given by 
2n 
en) poe (oe eee Gs ae OT ee. 
Wea pT FT OTL. [®,. poe]... J] (6.5 
PTD A TETAS, 00%. 65) 
aa ee Pe eee ) 


These expressions must be symmetrized with respect to two nucleons. 

According to van Hove® any of H’s in (6.5) is replaced by —H® as 
follows. The right-hand side of (6.5) has a form [HG] where G is a skew 
Hermitian operator which is the second degree in the coupling constants. If we 
denote 747 by A, we can write as 


[7G] =—[1°G]+[ MG] (6.6) 


The latter term, [HG], is eliminated from the terms which are the second degree 
in the coupling constants by an unitary transformation though this can not be 
justified. Thus the first H® in (6.5) is replaced by —H®. Since H® and H® 
are commutable, we can displace the first 7 in any position of the commutators 


— a - + 7 = 
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of (6.5). If we want to write IV in the symmetrical form with respect to two 


nucleons we -can thus write as follows: 
n M 


eerssue weMinhlatl a eT TO | 
rived | n\ (Ope)"* 2p Fenty oj Sei [Ze UL? |. LA rpc VM 
(6.7) 


The difference between (6.5) and (6.7) is the ambiguity of this method. 

Among these correction terms IV is the same as Toyoda’s correction except 
for the sign®. (Toyoda’s sign is incorrect). If the influence of these correction 
terms, W™ (n=1, 2, 3,...), is larger than that of W® we can not consider (6.4) 
to represent the two-nucleon interaction because the expansion given by (6.1) 
converges only provided that (e—e,)° is smaller than pe+ke. The main term is 
therefore W in contrast with Toyoda’s argument. | 

In order to see more concretely the inadequency of the present assumption 
we carry out the calculation of W® according to (6.5). The symmetrized result 


is given in the centre-of-mass system a5 follows : 


We = pT pte (BL) + ETA Pe Oe A+ 2-27 HV) 


4g? Te-* Mio? pP3® — pS pio) {eV — Ar) Var} (6.8) (a) 
|) ets af, le” {M(2r) -1 (036° Be ooo) —2MP 1-18 ps} 


helene bs sy SL) +f2Tep pe” (2714+ 27" 4—Qr "HP ) 
(6.8) (b) 

These results are not in agreement with (4.3). For example, the correction terms 

in the (4.3) (a) are smaller by a factor (u/2M)* than (6.8) (a). That the 


correction terms obtained in this section are too large must be due to the in- 


adequate assumption. 
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AA general method is developed for a rigorous estimation to upper and lower bounds of scattering 
phases in the variational methods applied to one-dimensional problems. It is also possible to estimate 
the mean error of the approxiniate wave function itself.. An essential point in the method is the eyalua- 
tion of mean square e2 of of the left-hand side of the wave equation with respect to a weight function 
chosen appropriately. Also we have need of certain auxiliary constants @, B defined in connection with 
an eigenvalue problem associated with the wave equation, Ifowever, only a rough estimate is required of 
these quantities, and some general methods are given for their estimation. As an example, the scat- 
tering of slow electrons by hydrogen atoms is treated in the one-body approximation. It turns out that 
phases are determined rigorously with the possible errors of 10-3 or 10-4 by assuming a very simple trial 
function containing only two parameters, and that the approximate wave function is also exact within 
about 10-2, 


Introduction 


In these years variational methods have come to be applied to scattering 
problems by many authors,” and it seems that the methods have reached a stage 
of importance comparable to the famous Rayleigh-Ritz method in eigenvalue 
problems. 

As an essential difference from the latter, it was pointed out” that the 
scattering phase as given by these variational methods are in general neither an 
upper nor a lower bound to the correct value, whereas in the case of eigenvalue 
problems the Rayleigh-Ritz method leads always to an upper bound of the 
correct value at least in the case of ‘the lowest eigenvalue. This fact causes 
some inconvenience in the application, for one is not certain whether the approxi- 
mation improves steadily when the number of the variation parameters is in- 
creased. 

In a previous note of the writer,” however, it was shown that there is an 
exception to this general rule; one of the variational methods introduced by 
Schwinger? proved to be- capable of giving either an upper or a lower bound 
of the scattering phase under very general conditions. Furthermore, it was 
shown that the same method, when pushed on to the second approximation, can 
give the opposite bound of the phase, thus enabling us to obtain doth upper and 
lower bounds of the phase. 

In the present paper, we shall consider the problem from a wider point of 
view, and derive formulae giving both upper and lower bounds of the scattering 
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phases in a symmetric form. These formulae contain as a special case the 
Schwinger formula just mentioned, but in general they give more accurate upper 
and lower bounds than the latter. It will be remarked that the foimulae bear 
considerable resemblance with the corresponding formulae in eigenvalue problems 
derived by Temple, Weinstein and others.” 

As an application of these formulae, we shall consider the scattering of 
slow electrons by hydrogen atoms in the one-body approximation. It turns out 
that a very simple trial function containing only two parameters leads to almost 
exact solutions of the wave equation, and the numerical results are in good 
agreement with those of McDougall® obtained by numerical integration. Since 
our solutions are very accurate and nevertheless have simple analytic expression, 
they may be useful as the basis for further approximations where polarization 


and exchange effects are taken into account. 


§1. General formulae 


For the moment we consider the radial wave equation for S-scattering by a 


center of force: 
Ll] = a?u/dr?+[2 + W(r) Ju=0, (1) 


where & is the wave number and W/(r), simply referred to as the “ potential ” 
in the following, is actually the potential energy multiplied by —2mh- (m= 
reduced mass). We assume that the integral j | W(r)| dr is convergent at r>o, 


while W may be O(r*) at r—0. ' 

We denote by 7(7) the correct solution of (1) with the boundary condition 
uz(0) ~0 and normalized to unit amplitude at roo. The scattering phase 7 is 
defined from the asymptotic form of 7(7) by the relation a(r)—sin(kr+y). It 
will be noted that 7 is thereby determined only up to an integral multiple of 2, 
but the latter is completely fixed if we pursue the behavior of #(7) from r=0 to 
y—>co continuously. It is well known” that the phase 7 thus defined is positive 
(negative) if W(r) is everywhere 20 (<0). More generally, it is easily shown 
that 7 is a monotonically increasing function of the “ potential” I(r). 

In order to apply the variational method to our problem, we introduce a 


trial function «(v) such that 
u(0)=0; u(r)—sin(4r+9), 1, (2) 


i.e. u(r) is assumed to be normalized to unit amplitude at infinity. In what 
follows we have also to consider different normalizations on the same trial func- 
tion, so that it is convenient to introduce the following notations: we denote by 
u(r) the same function “(7) normalized according to 


ug(1) —cos(&r+ 0) +A,sin(4r+0), r>0, (3) 
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where @ is a fixed constant and @, is one of the variation parameters. The fol- 
lowing relations are obvious: 


Ay=cot (7-8), (4) 
u(r) =u(r) /sin(g—9) = + (1 +44) '?u(r)- (5) 


We use the corresponding notations 7(7), (7), Jo etc. for the correct wave 
function. We shall refer to (2) and (3) as the adsolute and 6-normalizations 
respectively. 

Applying Green’s formula 


\ SLL sI-Life)dr=tf dg/ar— (of /ar) 2 (6) 
0 
to f=7, and g=w,, it follows easily that 
|, tZluler= 20.4). (7) 
0 
Setting 
Wy = Uy— Ug (8) 
and noting 
L{zw_|=L[ el, (9) 
we obtain from (7) 
y= kiy— |" ual[ivs|dr-+ |" well we, dr. (10) 
0 0 


The first two terms on the right of (10) can be calculated by specifying the 
trial function 7) and give an approximate value of the quantity £4,=4 cot(7—8@), 
while the last term represents the error involved. This error is of the order 
zg and would be small if 7) is a good approximation. In fact, (10) is nothing 
but the formula” of the usual variational method expressed in finite (non-infini- 
tesimal) terms, and coincides essentially with the expressions of Kohn, Huang, 
Hulthén and Schwinger according to different choices of 0.” 

Since (10) is an exact formula, we shall be able to obtain rigorous upper - 
and lower bounds of 4, and hence of 7, if we can estimate the residual term 
J weL[w|dr. For this purpose it will be noted that, although zw, itself is an 
unknown function, we have at least the following informations about w,: 1) 


Lz] is known by (9) ; 2) by virtue of (8) and (3) wy, satisfies the boundary 
conditions 


209(0) =0 ; z(7)—>const. sin(4r +0), roo, 


We shall now show that the desired estimation of the error can be obtained by 
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considering a certain eigenvalue problem associated with the wave equation (1). 


§2. The associated eigenvalue problem 


Let us consider the following eigenvalue problem with eigenvalues # and 


eigenfunctions (7) : 
Ly]+mpy=0, 0Sr<e, (11) 


where p=p(r )=0 is some fixed weight function such that the integral § pdr is 
convergent at ry—oo, and is to be chosen appropriately in each case. As will be 
shown below, p= | /I”| is a convenient choice at least if W(r) is of. constant 
sign. The eigenfunctions are required to satisfy the homogeneous boundary 


conditions : 
g(0)=0; v(r)- const. sin(4r+0), ro, (12) 


with a fixed 6, i.e., g(7) should have the asymptotic phase 0+4+n7z, n=0, +1, 
+2,.... Iff,g are two functions satisfying the boundary conditions (12), it 
follows from Green’s formula (6) that 


\ fA sder= |" Lop lear. (13) 


Let us denote by A, the operator —Z restricted by the boundary conditions 
(12). Then (13) implies that 4, is Hermitian, and hence all its eigenvalues 
are real. Indeed, owing to the assumed integrability of the weight function p, 
Hi, has only discrete, non-degenerate eigenvalues 

tie Me fea fly akg lg inves 
in general ranging from —o to +o, This will easily be seen if one notes 
that 4, is the value of / such that the asymptotic phase d(#) associated with 
the wave equation ; 
@ulkr +(e + Wr) +up(r)u=0 (14) 
is just equal to 847 (d() is a monotonically increasing function of #). The 
associated eigenfunctions ¢, satisfy the orthogonality relations with the weight 


function ¢: 
{i PmPn? Ay = Onn 5 Mm, ==) +1, +2, aero (15) 
0 


It can also be shown that these eigenfunctions form a complete system, and the 
Parseval identities hold for any functions f,¢ : 


| Pear = Xai, | feedr=Sasbn |stedr = S103, (16) 
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where a,, 6, are Fourier coefficients of fig: 


a=| ¢, f par, b,= [ons od. (17) 
Now let f satisfy the boundary conditions (12) and set goo Lf). ben 
t.=[el(fldr=| Ll el far= = ta] Pn f ped = — Pal 


and (16) becomes 


|re r= Xd pn” Ons (18a) 
ate d= —Dpr'63, (18b) 


\ (LU Diptar= De. (18c) 


Let a be the smallest positive eigenvalue, and let —/, be the smaliest (in 
absolute value) wegative eigenvalue*, a>0, 8>0. Then we have —fo' SX py; 
<j" for all x, and it follows from (18b, c) that 


—as"| (LEP D ede Sf PLL flee S Bo] (LED ie ar. (19) 
Similarly, we have from (18a, c) 
[Pedr S Max (us Fe") | (LI FD? 0 a. (20) 
Of course these inequalities are false unless f satisfies the boundary conditions 
(12). 
§ 3. Estimation of the phase and the wave function 


After these preparations we can proceed to the estimation of the error term 
in (10). Since the function cv, satisfies the boundary conditions (12) as we 


noted.at the end of § 1, we can use the inequalities (19) and (20) for f=7e%,. 
Thus (19) gives 


— 45765 <fuz [we] dr S Be'e5, (21) 


where 


d= |Z [we]) 207 dr (22) | 


* We assume that all y,,-0. 
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(note (9)). From (10) and (21) we obtain the rigorous estimation 


AGS ganeea [iz ACA Sn (23) 
0 


This is the desired formula giving upper and lower bounds of £49, and hence of 
7. Also the mean error of w itself can be estimated with respect to the weight 
function p from (20), (22) and (8): 


Jj, io —te)'p dr S Max(up*, Be?) (24) 
0 


In these formulae the quantity ej can be calculated exactly by specifying the 
trial function, though it might be sometimes Jaborious. Also they Contain the 
auxiliary quantities v7", 3)’, which are in general difficult to evaluate exactly. 
But it is important to note that we have only to know their rough upper bounds 
since they appear only multiplied by the small quantity ¢;, and there is no real 
difficulty (see § 4). 

Hitherto we have left the constant 4 unspecified. Indeed, evea if we use 
the same trial function ~, (23) er (24) represents essentially different formulae 
according to different choices of 9, and there is no a priori resaon to prefef one 
to other values of @. 

Therefore it is sometimes convenient to rewrite these formulae in terms of 
w (absolute normalization) instead of 7. Substituiton of (4) and (5) into (23) 
and (24) yields 


: e ul [ul dr 
oe ———-< k cot(7—9) —& cot 4 4 SH Ee 25 
Ke sin’ (7—@) vf ie ee GAC Fee sin? (y—0)— y sin? G48) @)’ ey 
ftw sin (n— 0) Oa} pars ce Max(a,” a, ae pe (26) 
sin (7 — 0) 


with 
c= [CL [u])? 9 dr. (27) 


- Thus the most logical procedure would be to calculate {wZ[u]dr and & by 
assuming the trial function « with some undetermined parameters ¢,, ¢,...(4 being 
one of them) in conformity with the absolute normalization (2), and then to 
look for the values of c, together with @ for which (25) provides the most favora- 
ble estimate of 7, independently for the upper and lower bounds. But this 
procedure is not practical, for on the one hand the absolute normalization (2) is 
not a convenient one for performing the variation because it contains the non-linear 
parameter 7, while on the other hand the expression (25) is a rather complicated 


function of 6. 
Thus it seems that the variation of @ is practicable only in exceptional cases 
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and we are obliged to assume some special value (zero or z/2, for instance) Of 
@ from the beginning. Then the formula (23) with @-normalization is more con- 
venient than (25) with the absolute normalization. However, it will be explicitly 
repeated that (23) represents essentially independent formulae for different values 
of 0, and that in consequence we can often obtain much more accurate estimation 
of 7 by considering two or more different values of 6 than by taking only one 
value into account. 

For these reasons we shall adopt two special values 6=0 and @=7/2 in 
the examples treated below, and take as the standard form the O-normalization 
u, which corresponds to the method of Hulthén.” Setting 6=0 in (3): and (23) 
and introducing the parameter 7=£A, in place of 4, we obtain 


u(r) —> cos kr +y7k' sin kr, rv ©, (28) 
— to '€) Sk cot y-7 + [eZ[e] ar < Bre. (29) 
0 


For 6=7/2 we note that 2g =—4y’, Uxjo=—Ag im, and e%)2=45"€5 by (3), (4) 
and (22). Hence (23) becomes for 6=7/2, after multiplication by £7, 


aug 0 <—t t E e|y Z [ty] dr S Balt. (80) 
i Acot Gui ofan thie ® ray 
In the same way we obtain from (24) specialized to 0=0 and 6=2/2 
\, (w)—i,)° p dy <= Max (ay”, Bo’) +65 (31) 
and 
\, (= Feleg te) 00 S Max (osin Bah) 6 (32) 


After thus having restricted the value of 0, the best estimate of 7 is obtained 
by adjusting the parameters c¢; (7 being one bf them) contained in ~ in such a 
way that the upper (lower) bound of 7 as given by (29) or (30) is minimum 
(maximum). More convenient though somewhat less accurate procedure is to 
determine the parameters by requiring e; to be minimum, and then to calculate 
fz, [x] dr with ~ thus determined. Of course one can devise other convenient 
_ methods according to necessity. 

Remark 1. Since our formulae are rigorous, they have both their merits 
and defects inherent in rigorous formulae. It general they give too conservative 
estimates, and sometimes it occurs that they are too crude to be useful. Usually 
it is plausible that the true errors are much smaller than their limits given by 
(29) and (30). On the other hand, if a small limit of error is attained by a 
simple Ho function, We can safely stop there and need not go on with further 
approximations to ensure the convergence, which is necessary in the conventional 
procedures where no exact estimation is available. 
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2. Obviously the accuracy of the formulae depends on the smallness of & 
or e*. However, even if @ is not very small, fairly good approximation is often 
obtained by performing independent variations for the upper and lower bounds 
independently and with two or more values of @, as stated above. 

3. In general, the calculation of ¢j is rather tedious since the integrand 
contains the expression (Z[m])*. But it should be noted that we need only a 
rough value of ¢. Thus, if the order of magnitude of Zz] is known for all 7, 
e, can be estimated without difficulty. 

4. The parameter 7 in (28) is equal to &cot 7 for the correct wave function. 
For the trial function, however, 7 differs from £cot 7 by a first-order quantity ; 
it should be regarded as a mere parameter and must be strictly distinguished 
from the accurate value of £cot 7 as given by (29) or (30). 


§ 4. Auxiliary constants a, and £, 


According to the definition (see the end of § 2), a is the smallest positive 
value of # such that the asymptotic phase 0(/) associated with the wave equation 
(14) is equal to 6+nz with some i teger x, while —f, is the smallest (in absolute 
value) negative value of # with the same p.operty. Combining this definition 
with the principle that the phase associated with a wave equation is a monotoni- 
cally increasing function of the “ potential”, it is not difficult to obtain rough 
upper bounds of a,' and £,* in each case, as will be illustrated by the example 
given below. 

However, there are some important special cases where at least one of a 
and f, can easily be estimated exactly or at least with considerable precision. 

i) The case W(r)>0. Then 7>0*. It is convenient to take p=W. Then 
the phase d(#) associated with (14) is positive as long as #>—I1 and equal 
to zero for u=—1. Hence p=—1 is the smallest negative value of # for which 
O(f)=0 (mod 2), provided that the correct phase 7=90(0) of (1) as less than 7. 
Thus £,=1 in this case, and it follows from (29) that 


y— [ab [7] @r—ay'e5 SA cot7S 7—{ Uyl [uy] ar + €. (33) 
0 0 


As: we have shown in a previous note,” the right side is actually independent 
of the parameter 7 and equivalent to the formula of & cot 7 in Schwinger’s varia- 
tional method.” Thus we have shown again” that his fo:mula gives an upper 
bound of cot provided that W0 and 7<z. Also it is easily seen that the 


left side of (33) coincides with the lower bound derived by a different method 


in the previous note.” 


It should be remarked, however, that 6=0 is not necessarily the most favora- 


* Except in the trivial case W(y=0. 
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ble choice under the p esent ass mptions. If it is certain that 7<0 for some 
Q <n, it is usually better to adopt the @- ormalization with this 4. This is due 
to the fact that Ay>1 because 0()3e0 (mod z) for ~-lLS 40. To obtain 
more accurate lower bound of f,, it is often convenient to compare I(r) with r~. 
Let there be a constant 4 such that 
Wr) S6r-, O<r <a, (34) 

Then 

Ghai) 2 Een a) Ma oe 20 


Ou W 2 —>0, 
ent) Te v(v+ 1) r a 


for 1+<0. But as the phase associated with the “ potential” —v(yv+1)r~ is 
well known to be —vz/2=—z+6 for all &, the phase associated with the “ po- 
tential? (1+) IV is larger than —72+40, provided that O <—(1+p)4/y(¥41) <1 
or —l > p> —1—d-'(v+ 1). Combined with the result stated above, it follows 
that 0()=20 (mod z) for 0 > p> —1—4-»(v+1). In other words 


Boe 14-6-'(v +1) =1 4 5-1 2—22-10) (3-278), (35) 


provided that IV2>0 and 7<@<z. In particular if it is certain that 7<7/2, we 
have (@=7/2) 


Big 120% (36) 


Another remark applics also to the estimation of 8). Suppose that W’(rv) =0 
for r =a, say. Then it is easily seen that d(”)>—Aa for all y. Therefore, if 
4<O<z and ka<z—Z@, there is no <0 for which 6(”) =6@(mod z). This means 
that we may take §,=©, and it follows from (23) that 


k cot (F-O)< khy— | “gl [x9] dr. (36a) 
0 


Thus we have an upper bound of £cot (7—8) zwithout calculating e3. Of course 
the trial function ~) must satisfy Z[wzj]=O exactly for r >a in. this case. Even 
if W(r) does not vanish exactly outside the 1ange of force, it is natural to ex- 
pect that 8 would be very large under similar conditions (weak potential and 
small £), and it is very plausible that (36a) is still valid. 

As regards the estimation of v9, there seems to be no such simple foimula 
and particular method must be devised for each case. 

_ ti) The case Wr)S0. Then 7<0. It is convenient to take p=—W, and 
the estimation of uw, and f, goes parallel to the case W>0, except that the 
roles of uv) and f, are interchanged. For instance, it follows that the Schwinger 
method™ gives a lower bound of &cot % provided that n> —T. 


§5. Generalizations 


Our method is applicable to more general wave equation .- 
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L [a] = d@*u/dr +[P—1l+ 1) rr? 4 U(r) + Wr) w=, (1’) 
where —/(/4+1)r~? is the centrifugal force and U(r) represe ts some long-range 
potential which is conveniently distinguished from the short-range one W(r). In 
this case we denote by 7 the relative phase shift. In other words, the correct 
solution of (1) is assumed to have the asymptotic form — sin (kr —-lx/243+%), 
where g is the phase shift due to U(r) alone. Then, except for the obvious 
substitution of &r by 4r—l2/2+ 6 in (2), (3), (12) and of W(r) by —l¢é+)r° 
4+U(r)+W(r) in (14), no formal change is necessary in all our arguments and 
formulae; In particular, it follows that the Schwinger method mentioned in § 4 
also gives an upper (lower) bound of &cot7 provided that 1) only the short 
range potential W(r) is everywhere >0(<0) and 2) the correct relative phase 
% is less than z in absolute value. Of course the calculation of such quantities as 
(u, L [tw] ¢r and e€; as well as the estimation of 4, 8, would be in general more 
complicated than before. 

Our method may also be generalized to more complicated problems containing 
compound systems. At present, however, it seems to be of little practical use in 
view of the tedious calculation necessary for evaluating e, and the difficulty in 
estimating such quantities as 4%, B,, and here we will not attempt to derive 


explicit ‘formulae. 
§ 6. Application to the scattering of slow electrons 


by hydrogen atoms 


As an application of our formulae, let us consider the elastic scattering of 


slow electrons by hydrogen atoms in the one-body approximation. The atom is 
er of force and, if we take the radius a, of the first Bohr 


represented by a cent 
ngth, the radial wave equation for S-state takes on the form 


orbit as the unit of le 
(1) with” 
Wr) =2(r7 + 1)e™. (37) 
We note the inequality ; 
W(r) <Wa(1)= 4e-** (1—e*), O0<r<o, (38) 


The right side is the potential introduced by Hulthén.™ It is known that the 


wave equation 
dufde+ +aW,(r)] u=0 (39) 


can be solved explicitly by making use of hypergeometric functions. The corres- 


ponding phase shift is shown to be 


C(a) => +418 rik) —arg( ae — 
mae Mi-(e-Z)F+ 0) 


where I’ is the gamma function. 
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It follows from (38) that the correct phase 7 of (1) satisfies the inequality 
7<C(). (41) 
This gives a rough upper bound of 7. It is seen that ((1) 7/2 for every & 
so that we have 
4 < 1/2. (42) 
Since W(r)>0, we choose p= IV according to §4, i). We shall now estimate 
the auxiliary constants v and fy. % ist he smallest positive value of # such 
that 0(4)=0 (modz). Since 6(0)=7<7/2, we have d(a,)=7. But W<Wy 
shows that ((1 +p)>0(#) and hence €(1+4,)>7z. If we define « by €(1+4) 
=7, it follows that a,>«, for C(a) is a monotonically increasing function of a. 
Thus we have obtained a lower bound of w%. 4) is easily estimated from the 
table of the /-function of complex arguments.” In this way we have the result 
k=O 0.2 0.4 0.6 0.8 1.0 
otal 2b00k.450y 17 d59 2.1 2.3 


On the other hand, this method gives lower bounds of @,;. which are very small 


(43) 


and useless. 
The estimation of & is much simpler. It is easily shown that 


Wr) or" with 6=(1+ Vv 2 )exp(—v 2 )=0.5871. 
Since we know that 7<7/2, we can use (36) and obtain 
Pxizxx 1+2/0.0871=4.407 (44) 
for every & Thus (,,/2 is larger than 8, which is just equal to unity as was 
shown in § 4. i). 
In this way we see that the left inequality of (29) is adequate to give a 
lower bound of &cot 7, while the right inequality of (30) is more convenient to 


obtain an upper bound of & cot 7. 
We next introduce the trial function in the O-normalization (28) : 


u(r) =cos kr—y(r) +h" sin &r, 


H(O)=1, y(r) 30, ro. (45) 
Then we have 
(iol [~,] dr =P—Q+ (2S—1)7 +777, (46) 
e@=P—-20+R4+2(S—1)r+T7, iy fat) 
with 
P={ (cos kr—y)?W ar, o={ (dy /dr)*—ky"| dr, 


jars j (ay /dP? + By)2W dr, | (48) 
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S=e"'|sin kr(cos kr—y)Wadr, T= e*{sin® kr War. 
It will be noted that 
ci [ul [7] a= —Q+R-y. (49) 
We assume the following simple form for y: 
yr)=e*"(1+ a7). (50) 


Direct calculation yields 
PH=Pyt2Pyeyt Pucr’s 


Q= CS am 20 ui¢1 a7 Oy61's 


, (51) 
R=Ryt 2Ryeit Rulrs 
S=S,4+ Sey 
with” 
5 4 1 16 ae ae 1 
EU. faite ES Tool 1 + )——log(1+#), 
Po=—5 +208 + Saye ere” o8( Lt org) arg oe tlt 
7 6 64 2 
Pg ~ Sm eee 
et. 19 16472 (163-2)" POT 
1 : 1 : 1 : 
Garage") One pe OPA) Quit. Crk )s 
Ry=sS(44+F*)*, Ry=— A+) —E A+B) 84%), 
Ryu=— (44+) +8 (84+), 
G =i 4-2 Bi(—2)] =0.069335691) (52) 
ne INES ot abe, Ws OE Fear pene. arktan ici 
91+) 164+ & k 4 
aes 3 16 


1642 (164+2)*" 


1 1 2 
Tides et es fare HOT EYE) 
91+) 2 gt 
By (47), (51) and (52), e2 is an inhomogeneous quadratic form in the two 
parameters 7 and ¢, with coefficients which are elementary functions of & ‘These 
parameters are determined in such a way that e becomes minimum for several 
values of & chosen in accordance with McDougall.® The results are shown in 


Table 1. 
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a 


in voits : r o ea! 
0 0 0.10702 — 0.09589 0.000361 
0.0625 0.068 0.11053 — 0.09926 0.000332 
620 0.136 0.12103 —0 10929 0.000259 
1 0.272 0.16245 — 0.14883 0.000067 
2 0.384 0.21599 —0.19945 0.000029 
5 0.608 0.37101 —0.33837 0.000670 
13.54 1.000 0.78074 | — 0.61523 0.005450 


Table 1. The minimum value of ¢)? and the corresponding 
values of the parameters y and ¢. 


It will be seen that ¢e) is very small, particularly in the range # 0-5. 

As stated before, the upper bound of £cot 7 is calculated by the right ine- 
quality of (30) and the Jower bound by the left inequality of (29), 4 and f,/2 
being taken from (43) and-(44). The results are given in Table 2, and com- 
pared with the results of McDougail® obtained by numerical integration. It will 
be secn that our results are more accurate than the latter in the range 40-3 
—0-6. The mean error of the function ~, itself can also be estimated by (31), 
where Max(a;*, 8°) =1 since « is given by (43) and B,=1 (see §4, i)). 


k k cot 7 
lower bound | upper bound | lower bound | upper bound | McDougall 

0 0.10560 0.10598 0 0 

0.068 0.10917 0.10952 0.55565 0.55706 0.557 
0.136 0.11982 0.12008 0.84749 0.84859 0.847 
0.272 0.16186 0.16192 1.03383 1.03400 1.034 
0.384 0.21629 0.21632 1.05776 1.05781 1.060 
0,608 0.37414 0.37468 1.01851 1.01916 1.007 
1.000 0.78278 0.78643 0.90438 0.90665 0.905 


Table 2, Upper and lower bounds of cot 7 and % as given by (30) 
and (29), together with the results by McDougall. 


We have also derived the formula of cot as a power series in #2. For 
this purpose we simply made use of the approximate formula 


k cot 7=7— (io [7] ar, 


and evaluated the.stationary value of the right side (this is equivalent to Hul- 
thén’s method”, see reference 8)). The result is 

e cot 7=0.1059 4+-0.7665 22—0.1270 A. (63) 
It is verified that this formula is correct to about 107° for £ 0-6. For kw 


~ 
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f-ontains an ertor of about 3 -%!> ‘of course“this error’ is due! to the bad con- 
vergence of the power expansion and has nothing to do with the variational 
method itself. 

In conclusion the writer wishes to express his sincere thanks to Professor 
T. Yamanouchi for his interest in this work, and to Mr. H. Horie for valuable 
discussions. This work was suppported by the Grant in Aid for Fundamental 
Scientific Research. 
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In §1: the spin-orbit coupling shell model is introduced for nuclei with even mass number 
besides that for odd mass nuclei. 

In §2; to summarize, the overal] agreement between Mayer’s shell model and the Fermi theory 
of B-decay is very satisfactory. It is also shown that the type of nuclei predicted by the spin-orbit 
shell theory is useful for the study of analysis of B-decay schemes and’the nuclear spectroscopy. 


{Introduction 


To obtain a definite answer for the check of the Fermi theory of beta 
decay, exact informations of nuclear states concerned have been desired for a 
long time. Mayer,” Feenberg and Hammack,” and Nordheim® developed speci- 
fication of various nuclei by means of their original ideas concerning the nuclear 
shell model. However, the matter under consideration was essentially the ground 
state character of nuclei and the magnetic moments, although a discussion was 
also made on beta decay schemes. 

In this paper, in order to provide a basis for analysis of beta decay, con- 


sideration will be given to the importance of beta emitters and their daughters 
with respect to ground states. 


§1. Shell models 


As far as odd mass nuclei are concerned, the general principle of level schemes 
was already established by Mayer.” However, as far as even mass nuclei are 
concerned, it has not been definitely determined. New reasonable assumptions 
will, therefore, be added in order to complete the level assignments. 


* This article is read at the annual meeting of Physical Society of Japan held at 1, April, 1950, 
in Tokyo and published in Soryushiron Kenkyu 2, No. 3, and No 5 (1950) in Japanese. 
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Odd mass nuclei 


The following is a summary of Mayer’s shell model in view of its bearing 
upon our researches. 


It was first pointed out by Schmidt? that the odd mass nucleus have the 
following magnetic moment : 


m=elt+g, for J=l+1/2, 


mW=Z (2+1) (27-1) ay zit 
‘oe 2/41 fpIe ty 


where g;=1 for the proton, g,=0 for the neutron, and g, is the intrinsic mag- 


i (Sie) 


netic moment of the proton or the neutron. Deviations of experimental Values from 
those predicted by Schmidt are found to be considerable. These deviations suggest 
that the angular momentum / may not be a good quantum: number. In spite of 
this fact, the general tendencies: indicated speak strongly in favor of the proposal 
that the nuclear configuration can be expressed in terms of the angular momentum 


uum @ 


aot?” 


ain! @& 


4% 


Spin 
Fig. 1, a. Magnetic moment of odd proton nuclei. 
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4% 5 &% ts mh 


Spin 
Fig. 1, b. Magnetic moment of odd neutron nuclei. 
Fig. 1 y-valves for odd proton nuclei lie along the two lines PP and QQ; 


whose angle of inclination is 45°, and y-values for odd neutron nuclei lie 
along the two horizontal lines 7/P/ and Q/Q/, For the nucleus lying along 


— 1 
PP and F’/’, the configuration of which has the angular moment l=J]—> 
for the nucleus along QQ an Q/Q/, the configuration of which has the 


angular moment /=/+~——. 
a 


quantum number, though approximately. (see Fig. 1) 

Moreover, it was mentioned that isomers or nuclei which have the same 
number of neutrons have the same spin value each other with few exceptions of 
(Rb*, Rb”), (Sb, Sb’), and (I'”, T°). Moreover such nuclei have same 
configuration with the exceptions of nuclei which have V or Z=51~75 and also 
Rb™. In Fig. 2. 3. following facts should be looked at with care. A) Up to 
the closed shell 20, configurations are completely the same for nuclei with odd 
protons and for those with odd neutrons. B) The order of levels is 1s, 2p, 2s, 
3d, 4f, 3p, dg, & 4d, 3s, 62, etc. This is the order of levels between the 
oscillator and the square well potentials. C) The levels in which J=t+1/2 are 
generally lower than those /=/—1/2. A strong spin-orbit coupling may provide 
their explanation. In spite of this, it is looked at with care that there are, on 
one hand, 6 x2 of 3p state, 36 of og+4d state, and on the other hand only 


4x2 of 4f state and none of 4/6/52 state. This was a reason why Mayer” 
had to introduce pairing energy. 
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orbit 
Pai spin 5% 2% | f% 6 | 2% 5% % | 36 % 
N ; = 
element | F305 Be? | C13 | O17 | Ne | Mg?5 | Si29 | S33 | S35 
bit , 
iain Se | £34 | 7% | 72% | 2% | for 785! 7% | £% PY | £% | ahem 
odd P 
P | j r ~ 
69 79 85 87 107 112 121 123 
element | Co? | Cu" rae As? a IRbRb| Y89 | Nb% age mete Sb Sb 
bit 
os oie fs om | om | 4 
N 
element Zn Kr83 | Sr87 | Zrl94 


orbit ; ; 
spin | S%5| £% | S% te, do f54| h | % | &% | &% | ass 
odd 
4 Cs188 | Eul‘l - és i s,| Rel 
element [127 129 Cst85 Lals9 Pris! Eu153 Tb!59 Hol 19 | Tm 169 Luts Talsi Rel37 
C137 ‘ 
i a = = —_ = +. Eu a 
pe | foe | 6 | me me | me fm |e d9 
odd ae 
N 
118 2 ha 
element Cdl ee S17 | Snti9 | Tet®s | Tei26 Kel?) | Kelsi 


87 


101 


orbit | | Z 
5 dy, ay, P% 
oda | *P!? - i | | 
N Ca 
element | Bat55 | Bat57 Goh 
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—— 
of 103" | 105 Wi 109%5) Saad. AVS 1b) Aa? 


121 |) 123 4 12h) 427, 


ple Ys Y % | me | 2% p% 
ats spin 4 
N 9 207 
element | Yb! | -wiss Ost89 pti% | Hg1% | Hg201 Pb2? 


Fig. 2 Orbits of even-odd nuclei. When two or more isotopes occur, 
individual spin values and orbits are given only when they are different. 


51 53 55 57 59 61 63 65 67 69 7173 75 77 79 81 83 


5gt%, 4d3e 


1 3 5 7 9 IL 13.15 17 19 21 23 25 27 24 31 33 35 37 39 41 43 45 47 49 51 53 55 57 59 G1 63 65 67 69 71 73 75 77 79 Bl BS 


Number of protons. 


Fig. 3. Orbits of odd P-even N nuclei represent discrepancies. 


_Mayer’s assumptions are as follows.. i) An even number of identical nucleons 
in any orbit with total angular momentum quantum number / will always couple 
to give a spin zero and no contribution to the magnetic moment. ii) For a 
given nucleus, the “ pairing energy” of the nucleons in the same oubit will be J 
greater for the orbits with larger J. These assumptions should provide a basis | 
for explaining the order of levels, mentioned above. Thus in the region where 
the number of the protons or the neutrons amounts from 21 to 38, the order of 
levels is 3), f52. However, with respect to the nuclei which has even number 
of protons or neutrons in the shell, the level fy. is lower than £52. On account 
of pairing energy, fi orbits will, therefore, be filled preferentially in pairs. 
Moreover, 4(352) + 6(4f52) =10*, which is just equal to 38-28. On the other 
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hand, in the region where 51 to 76 protons are included, the order of levels is 
425. and 45), 6/41. On account of the large pairing energy, the 64,)). orbits 
fill preferentially in pairs. Moreover, 12(6/;12) +8 (672) + 6(4c4)2) =26 which is 
equal to 76-50. 


On the case of neutron shell which contains more than 51 neutrons, it is 


necessary to investigate in detail some more. 


Even mass (odd-odd) nuclei 


On the case of those nuclei, nuclei, of which magnetic moment is measured, are 
very few. However, there are many data of beta decay which suggest us the 
spin parity of those nuclei.” Following assumptions are adequate to analyse the 
data of #-decay in all. 

1) The odd-odd nucleus, the extra proton of which is in 7-orbit and the 
extra neutron: in 7’-orbit, will have spin 7, where 


6 fae i Sg he i 


2) Parity of odd-odd nucleus will be equal to the product of the parity 
of the orbits which are occupied by the extra proton and that by neutrons. 


§ 2. Shell structure and #-decay scheme 


As for the study of @-decay itself, only forbidden decays are interested. 
The analysis of allowed type $-decays are important only to examine the nuclear 
shell model. , 

I. Nuclear energy levels of N, P in nuclei and types of transitions in 
f-decay. 

1). The nuclei in which the numbcr of protons up to 20 and level states of 
neutrons are below fz. (Namely the mass number is up to about 42.) 

i. If two odd nuclei have the same mass and their protons and neutrons 
exsist up to the same shell (of course, numbers of protons and neutrons in 
the last shell are different each other), the mass defect of such nucleus is larger 
as the nucleus is rich in neutrons. 

Hése? (More. Alt) «Si APG, P*, «Sis) are. exceptions. 4,Si?.and_ gey 
whose spins are, both 1/2, are a discrepancy for the Mayer’s shell model.  ,,.Mg™ 
is expected to be a spin discrepancy for the Mayer’s shell model, since ,Mg” 
has 15 neutrons. 

i. Especially, it is important that, in pairs of mirror nuclei, the mass defect 
is laiger for neutron-rich nucleus. 

ii. If two even mass nuclei are of the same mass number and their pro- 
tons and neutrons are even and exists up to the same shell (of course, number 
of protons and neutrons in the last shell is different each other), the mass defect 


is larger as the nucleus is move rich in neutrons. 
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Here, (Be™, C™) are exceptions. Since the mass number of these nuclei is 
so small, the rule shall not hold with these nuclei. 

We éan determine the order of enrgy levels of each shell under the light 
of features mentioned above (see Fig. 4).* 


Energie Difference {Mev) 


Neutic bi Proton Orbit 
erties Orit 4; No of N or P in No of N or Pin 
aes re Orbit is min. Orbit is max. 
42 
‘a 2S area ea ee a Ae) ——> increases as mass increases —~ 6.2——> ? 
0 ee SS 
Oy 
Pe as rs a 
a S553 3-—= > 39 
28 ee 
-—---- oO =P as er Sis —> increase as niass increases. ———— 3.5 
1 ae Be 
1s ——_———— 
SS e O07 
1s a i 
Fig. 4 


From Fig. 4, following facts may be suggested. If the two nucleus have 
the same mass number and their neutrons are up to fi state and their protons 
are up to @-state, the mass defect is smaller as nucleus is more rich in neutrons, 
since the energy level of fj2 is higher than that of @. Indeed, this is indicated 
in the case of (,-Cl”, Se"). Also following things must be noticed in light of 
Fig. 4. For instance, there is no nucleus in which last neutron exists in 3d state 
and the last proton exists in 2f shell. Generally there appear no nuclei, in 
which other level exists between two levels in which last neutron and last proton 
exists. 

Since such a nucleus has smaller mass defect than other nucleus which has 
same mass number and smaller number of nucleons which exist in higher level, 
such a nucleus is able to be V or P emitter.*” 

On account of these facts nuclei which really exist are limited to one of 


the following types.**” (4f,3d), (3d,3d), (3d,2s), (2s,2s), (25,29), (29, 
2D) (2p As ea Gksy Us): 


* In Fig. 4, the spacings between energy levels of the same orbits of WV and F are exactly deter- 


mined from mirror nuclei, but the spacing of the energy levels of different orbits of 7 and P may be 
difficult to be estimated. 

** Although we must expect same circumstances for the nuclei, the last AW of which exists in 
d(or p) state and the last P exists in 25 (or 1) state, but, since only two nucleons are able to enter into 


s State, there are not two nuclei which satisfy such a condition. 
KK 


The nuclei, where neutrons exist up to g state and protons exist up to 7 state, are shown by 
( 7). 
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B-decay schemes then, are limited to one of the following types.” (4f 
<—+ 3d), (8d<— 3d), (8d<-——> 25), (Q5<--5 2s), (25<—> 29), (26<-— 2p), 
(2p —— Is), (Iss) : 

Thus the analysis of 8-decay schemes will do come to examine the transition 
of the above mentioned types. 

Nuclei, with P>2\ 

There is no mirror nucleus in this region. It is, therefore, difficult to esti- 
mate exact energy levels. In this region, nuclei which really exist are limited 
to one of the following types. (see Fig. 6) : 


Afi» ti), 82 & 4h, Siz), Bf & Sin, 3p & 4K), 

(Bg & dd & 35 & Ghuy 3p & 4fn), 

(Bg & Ad & Bs & bChyys, Be & Adgs & Ghiyjs)- 

(6hojo & Sf & 4p & Tiss, 5g & 4d & Bs) 

CMe Bente Adan Sinds). (Tings eB Bla BM DA R Ap 8 TO) 


Type of nucleus Type of B-decay 


(aps. 3d) cate 4fig <P 30 
(3d, 3d) 

Pe 3d ed 
aa, 24 SAGE a ales ape 3d wae 2s 
(2s, 2s) atl siete Qs +e 2 
(2s, 22) PE ye 23 <—e 2p 
(2p, 2p) 2p 2p a» 2 
(2p, 1s) 2p yea te. a paar af 
(1s, 1s) 1s AS a Eee Ia eem ils 


Fig. 5 Types of nuclei and of B-decay. 


From these circumstances, we can roughly estimate the order of levels, which 
may be shown as Fig. 6. 
Thus, there will exist B-decays, types of which may correspond to the above 


mentioned type of nuclei. 

In the present discussion, we confine our attention to nuclei with the neutron 
number V<4l. As far as nuclei with V>4l1 are concerned whure the goj2 state 
begins to appear the theory remains much to be studied. In “his paper, only 


¢ 


*) Q-decay of nucleus y, 7) is shown by g<-— 1. For the odd mass nuclei, this corresponds 
to the transition from g to » state (or contrary). For even mass nuclei this is complicated. 
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Type of B-decay. 
Type of nucleu,. 


Gh%, ---~ 


(7i14%4 ory Ohi... 


(7i%..., 23. 443) 
(6h, Bf. 4p. 711%, 23. 4%) 


(6/6. Of. 4p. T1429 5g. 4d) 


(590%. 4d. 43, 64124, 3p. 45) 


(3p. 4f;, 4p. 4f) 
(8p fs, 4f7%) 


(4f7%, 3d) 


Fig. 6 Type of nuclei and #-decay. 


the transition of type fz, fija, 8p —fzj, 3f<-—3, will be dealt with. 

Il. f-decay scheme — up to type (3f, 3f). From the Fermi theory of 
B-decay, one can readily ascertain the validity of classification of nuclear states 
that will be obtained from the theory of shell structure. The Fermi interac- 
tioa, i. e. {o as derived from tensor or axial vector coupling. However, for 
explaining a certain forbidden spectrum such as RaE, more refined types of 
coupling may be necessary. Hence, in addition to fo all the matrix elements 
that are actually involved in scalar, polar vector, tensor and pseudoscalar couplings, 
will tentatively be used for the Fermi interaction® throughout this paper. The 
results will be indicated for odd mass nuclei and even mass nuclei separately as 
in Fig. 7 and 8. We shall discuss them in the order of specific transitions. 
Firstly, B-decay of the even mass nuclei (Fig. 7) then for the even mass_ nuclei 
will be discussed. 

Odd mass nuclei 

(i) As regards to the decay of type Is<—> 1s, 29 —+2p, 25 <——> 2s, 
3d——>3d, Afi 42, 3 ——> 39, direct transition to ground state (namely the 
highest group of no 7 rays) must be the allowed transition. 


*) It is interesting to note the availability of pseudoscalar coupling. As will be indicated later, 
the contribution of Jy, as derived from pseudoscalar couplirg is limited only in the case (ii). For in 
(ii), (ii”) the allowed transition due to fy; are rejected on account of the selection rule, because fy; re- 
quire zero spin change. In (iii), (iii’), (iv’), the Ist forbidden transition due to PS interaction (matrix 
element fys7) are rejected on account of the selection tule, because f7;7" require spin change 0 or aay 
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As regards the decay of type 4f,.——>3dy, direct transition to ground 


(ii) 
state (namely, h 


ghest group followed by no 7 ray) must be Ist forbidden. 


i 


2s<-—>2f,,2, direct transitions to ground 


(ii) As regards the decay of type 


"(4 ‘6) Sq umoys aie ‘qiqio 4 03 dn suojoid pue jy1qio J 0} 

dn jsIxo suoxjnou yorys ‘Iajonu ayy, °a}%}S pa}oxa 0} wonisuviy*** xX 

*pourtusajap Jaf you st ynq a}e}s punoiZ 0} uorisues} yoourp A[qeqoid 

ST Jey} UOI}ISUvIT---@ *a)v}s punorS ©} uorrsuey} yoog'-@ 2 ‘Sy 
‘lajonu jo addy 
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states should be Ist forbidden, provided PS interaction dose not exist. If PS inter- 
action: exists, allowed transition due to PS interaction (matrix element 47,) 
should be possible. 

(iii) As regards the decay of type 3d). <-> 25, 3p5). <--> 4f2, direct tran- 
sition to the ground state must be 2nd forbidden. Then, beside the paiticular 


cases,* this transition can not be observed. 


Even mass nuclei 
(i)’ As regards the decay of type (2s, 2s) direct transition to the ground 


state must be the allowed transition. 


2p, 2p) (2s, Ips) (2, 2s) (Bd3, 25 
: 1, 2s) (3d, 3:t) (fay, ded) (fs. Af) (3p%, 4%) , 3p) 


Fig. 8 Type of nuclei 


(ii)’ As regards the decay of nuclei of type (2s, 2A,2), direct transition 
to the ground state must be Ist forbidden. | 

(iii)’ As regards the decay of nulcei of type (3d,)., 25), direct transition 
to the ground states must be the 2nd forbidden. 

(iv)’ As regards the decay of nuclei 3 
direct transitions to ground ae must be ie ra se ee 
oe : more highly forbidden, 


Ee eee, P 
Especially, if the parent nucleus can not afford sufficient energy for transition to the excited 
state of the daughter nucleus, direct transition to the ground state will be liable to be observed . 
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In light of Fig. 7 and 8 we can easily ascertain*) the above things with 
few discrepancies.** 


(1) Odd mass nuclei 

Decay of nuclei of the types (1s, 1s), (24, 29), (2s, 2s): 

As above expected, direct transition to the ground state are all allowed 
transitions. . 

Decay of nuclei of the type (2s, 29) : 

N" decays to the excited state of O”, and direct transition to the ground 
state is not observed (experiment'is not yet definite). If PS interaction does not 
exist, this is in agreement with the expectation, On the other hand, when PS 
interaction exists, we must understand this as follows, namely allowed. transition 
due to PS interaction (matrix element {7;) loses in a competition with that to 
the excited state of O” and will not be observed since the matrix element (7, 
is cosiderably smaller than {1 and {7;. 

Decay of nuclei of type (345), 2s): 

,O” is in discrepancy. /¢ value of direct transition to the ground state is too 
small to be that of second forbidden. No. of neutrons is 11, and this is discre- 
pancy for Mayer’s shell mode]. Thus it may net be surprising to expect this 
discrepancy. The /¢ value is between that of the allowed and the Ist forbidden. 
If this is allowed, there should exist an s state above 2s state, since transition to 
the excited state is also allowed. 

Decay of nuclei of type (3d, 3d) : 

As expected, direct transition to the ground state is all allowed transition 
Dueviegr more 

As regards ,Mg”, since No. 15 is discrepancy for Mayer’s shell, Mg” shall 
be discrepancy for Mayer’s shell. If this is true, it is explained that direct tran- 
sition to the ground state is not observed. 

As regards ,,Si", f¢ value of which is between allowed and Ist forbidden, 
this decay shall be attended by spim change 1 and no parity change and then 
allowed, since ground nucleus ,,P" is in discrepancy for Mayer’s shell model and 


has s state. 


*)- In spite of this success, some difficulties appear as soon as the number of VV exceeds 41. The 
regions 41-50. are theoretically expected to be go2 state. The difficulties are due to the consequences of 
the following three facts, namely-(1), in the case of WV-shell, states in the region of over 41, have not 
yet been determined experimentally, (2) in this region, many states with low ‘Spin value came in light, 
(3) in the region of over 41, decay scheme is very complex on account of small energy space between 
relevant levels. These shall be treated in the later paper. 

**) In the case of B-decay discrepancy, either parent, or daughter nucleus should be discrepancy 
for Mayer’s shell model. 

***), Beside these ground nucleus of Al?9 decay is Si* 
Then ,,A1% decay will probably be in discrepancy and be followed by 7-ray, 


definite. 


9 which is discrepancy for Mayer’s shell Model. 
although the evidence is not 
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Decay of nuclei of type (4f2, 3d.) : : 

As above expected, direct transitions to ground states are all 1st forbidden. 
Moreover, these transitions require spin change 2 and parity change, then only 
matrix element B,; is able to rise these transitions. Then the shape of spectrum 
of B-decay must be ‘a’-shape. Indeed A®™ has ‘a@’-shape spectrum. This is a 
very fair success. 

Decay of nuclei of type (44) 4f)2) : 

As above expected, direct transitions to ground states are all allowed tran- 
sitions: butt Ga tyGars 

Cr” may probably be in discrepancy for Mayer’s shell model. 

It is not yet undetermined that either of Ca” and Sc” is in discrepancy. 
Decay of nuclei of type (3f5)2, 44,2) : 

As above expected, Fe™ and Co™ decay can not go directly to the ground 
state. 

»,Cu™ is in discrepancy. Either of Ni®™ and Co must be in discrepancy for 
Mayer’s shell. 

sNi® should be in discrepancy if this decay is not accompanied by y-ray. 
Decay of nuclei of type (39, 39): 

As above expected, direct transitions to ground states are allowed transitions 
with few discrepancies. 

s/n, »Ni® are in discrepancy. According to Mayer’s shell model, .Cu® is 
experimentally known to have fy. state. Then Zn” and .,Ni® shall probably be 
in discrepancy for Mayer’s shell model. 

(2) ven mass nuclei* 

Decay of nuclei of type (2s, 2s): 

As above expected, direct transitions to ground states are all allowed. 
Decay of nuclei of type (2s, 29): 

As above expected, direct transitions to ground states are all Ist forbidden. 
Decay of Nuclei of type (3d), 2s) : 

As above expected, direct transitions to ground states are not observed. 
Decay of nuclei of type (4f;;, 3a) : 

As above expected, direct transitions to ground states are Ist forbidden (K*, 
C1*) or 3rd forbidden, (K*).” 

Moreover, decay (4f;/2, 3d32) are attended with more than two spin change. 
Then direct transitions to the ground state are able to rise only by the matrix 
elment 4, which belongs to axial vector or tensor interaction. Then the shape 
of spectrum must take ’ @’-shape. 


*) As regards the scheme ot 8-decay, especially the excited states of daughter nuclei, the nuclei 
which belong to the same type are very similar to each other (of course, these are completely different 


from those which lie in the different type). These things will be treated with the analysis of excited 
States in a later paper. 
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Indeed, K* and Cl® have the spectrum of shape ‘a’. This is a fair success. 
Decay of nuclei of type (fs, 4f)2) : 

As above expected, direct transitions to the ground states are not obseived. 

(3) Estimation of nuclear spin and decay matrix clement 

Odd mass nuclei. 

As regards the odd mass nuclei, it is needless to say, since matrix elements 
have been determined by spin and parity corresponding to the type of nuclei. 

But it is worth while to notice that decay of nuclei of type (fi 3ds2) is 
accompanied, by 2 spin change and parity change. Indeed, A® is known to have 
‘q’-shape spectrum. A* and S®, which belong to (fz, 3d4.) and whose spectrum 
are not determined experimentally, must have spectrum of shape ‘a’ and rise due 
to matiix element 4;;. 

Even mass nuclei. 

As previously mentioned, we assumed that the nuclei of type (g. 7) have 
various spin value J which |/,—/e| <I <Jot/e* and are not definite. 
Then, it is necessary to estimate spin and decay matrix element for each nucleus. 
When ntcleus has considerably small J value, we can estimate spin value J for 
each nucleus as follows. Moreover, we can estimate matrix elements pretty 
well too, in view of the fact that ground nuclei (even-even nuclei) always spin 
zero. 

Decay of nuclei of type (2s, 2s) : 
F® jis obviously estimated to have spin 1 and decay due to matrix element 
é. 


Decay of nuclei of type (2s, 2p,/2) : 

This is the decay which is attended by 1 spin change and parity change 
and is Ist forbidden. Then N is estimated to have spin 1. (There are several 
matrix elements corresponding to this decay). (see Konopiaski.) 

Decay of nuclei of type (3d5)2, 2s) : 

Nuclei of this type have spin 2—3. F” is 2nd or more highly forbidden then 
F” is estimated to have spin J=2 or 3 (there are several of matrix element 
corresponding to this decay.) 

Decay of nuclei of type (4/;2 3d.) 

According to assumptions previously mentioned as regards the decay of 
this type, direct transitions to ground states are attended by 2 or more spin 
change and parity change. Then, direct transitions to ground states which are 
Ist forbidden, be able to 1ise only due to matiix element By, and must have 


? 


spectrum of shape ’ a’. 


*) Then there are many transitions which are forbidden, but to the higher order, in point of 
t nuclei have sufficient energy for transition to excited state of ground nuclei. 


fact, almost all the paren 
on with transitions to excited state and is 


Then the direct transition to ground state lose in a competiti 
direct transitions to ground states are observed. As regards Bels, 


not observed in experiment. Merely, 
s to excited states of ground nuclei, 


Cls6, C4, K4, since these have not sufficient energy for transition 


direct transition to ground state are observed. 
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This is a very important touch stone! Cl* and K* are Ist forbidden and have 
spectrum of shape ‘a’. Well done!” (see also Decay of odd nuclei of this type). 
Decay of nuclei of tvpe (3fs2, 442) : 

As regards Co”, Mn®, Co”, V®, direct transitions to ground states are not 
yet observed. Then, as above expected thése are 2nd or more highly forbidden. 

Then these nuclei are estimated to have spin J, 5 =JS = 3. 

Decay of nuclei of type (2f, 29) : 

According to assumption, The nuclei of this type have spin J, 1 <J <3. 
As regards Li’, Li’ (and probably B” too), direct transitions to ground state 
are allowed transitions, then are estimated to have spin 1 and decay due to matrix 
element {a. 

Decay of nuclei of type (3d, 3d) : 

According to the assumption, the nuclei of this type have spin J, lJ < 
3~5, 

As regards P™, (P™”, AY are not accurate in experiments) direct transitions 
to ground state are allowed, then P*(P”, Al*) are expected to have spin | and 
decay due to matrix element Ja. P* and Cl“ may be discrepancies. As. regards 
P* and Cl", /¢ value of direct transitions are too large to be regarded as allow- 
ed transitions. Moreover, P®” is known to have allowed shape spectrum. ‘Then 
P* (probably Cl* too) are expected to have spin 1 and decay due to matrix ele- 
ment f@. But fa@ requires parity change. This is in contradiction to the assump- 
tion that decay of (3d, 3d) type requires no spin change. From these circumstances, 
although /¢ value are large, P® and Cl* may be allowed transitions. 

As regards Na“, Al*, K*, the direct transitions to ground state are not 
observed in experiment then are probably 2-nd or more highly forbidden. Then 
Na™, Al* are estimated to have spin 5 > J > 2, and K®, 3 > J> 2. 

Decay of nuclei of type (4f;j, 4f)2) : 

According to assumptions, nuclei of this type have spin J, 1< J <7. 

As regards Sc! (Fe decay schemes are not accurate) direct transitions to 
ground states are allowed transitions. Then Sc" (Fe™) are estimated to have 
spin 1 and decay due to matrix element (a. 

As regards Sc™, V*, Mn, Sc*, direct transitions to ground state are not 
observed, then, these are estimated to have spin J, 7 > J > 2. 

Decay of nuclei of type (39, 3p ): 

According to assumptions, nuclei of this type have spin J. 1< J <3. 

As regards Cu (Ga® decay scheme is not accurate) direct transitions to 
ground states is allowed, then Cu™ is estimated to have spin 1, and decay due 
to matrix element fo. 

As regards Cu®, As’, Cu, Ga™, direct transitions to ground states are not 


observed, then shall be 2nd or more highly forbidden. Then Cu®, (As 4 Cus) Gall 
have spin 2 or 3. 
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III. Selection rules and spectra in the forbidden case 

1) 2nd or more highly forbidden case* 

In this case, decay due to PS interaction is not observed, since, n-th for- 

bidden decay due to PS interaction loses in competition with »—1-th forbidden 
decay due to other interactions. 
K*®: K® belongs to (fi do) type, and has spin 4, then K® decay must be 
3rd forbidden and rise only due to matrix element S,,,- Indeed this is the fact.” 
C3: Cl belongs to type (2d, 2d), and has spin 2. Then Cl'"-decay must be 
Qnd forbidden. Since matrix element Si, are forbidden for the case 2-50, Cle 
can not decay due to S;,,, although its shape of spectrum is similar to c-shape,” 
and only 4,,;, 7;; Ri are able to contribute to this decay. 

«Be: Be” belongs to type (2/32, 232) and has spin 3. Then Be” decay must 
be 2nd forbidden and rise only due to matrix element S,,.'? Indeed this is the 
fact. 

Cb", ,C*: ghost haunts! Although they have very large ft values, the shape of 
energy spectrum are similar to that of allowed type, yet unsolved problem these 
are. 

2) Case of \st forbidden and shape ‘qa’. Up to the present, 8 elements 
(see Fig. 9) are found to belong to this case. 

Among these, Y™, Sr®, Sr”, Y™ and Cs™ are solved by Feenberg and Nord- 
heim?. The situations ire also adequate in Mayer’s shell model. Cl*, K® and 
A® are solved on this paper. 

3) Case where shape are allowed but ft are larger. 

In this case we have not arrived to conclusion. Following possibilities are 


Fig. 9 1st forbidden transitions of @ shape spectra 


9X ™ 5.29 | 2.2105 a 1.8108 | 3107 
3g 2.05 8x 108 a 7107 
3g0189 4g | 388 | 4.7x10° a 3.8x108 | 6.2107 | By, | AJ=+2 
see! 4.01 | 53x 106 a 7107 ee 
478 10.43 | 2.3108 a 5x 107 
igk?? 8.0 4.5 x 104 a 1.3108 | 
13% 211 | 4.5% 108 a 4.5 x 107 
g5CS137 Ae 2.01 | 1.2x10° a 4.7108 | 8.7x 107 


ft shows corrected value on account of its shape @, 


i 


* RaE210 is treated in the later paper. 
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The transitions of about Ist forbidden ff value and of allowed shape spectra. 


clement ae ee ee ft 
Pmt | 1.44 1.2108 | 18x 108 
osV48 | £2 gail ig ® 1 44x18* Px 48x08. 

jgPr158 Ag 283 | 12x10" | 3.9% 106 
"pees fee AN | B.2x10° | 1.86% 107 
yNa22 4e 2.12 8.2x 107 “ 39 107 
43Pe2 ng | 487 | 12x10° | 496x107 
gg T mi? Le 294 | 412x107 | 62x10? 

| 

/ 


z. e shows the transition to excited state, 


PPD Oe 7” ” ground 


considered: Some of the cases might be allowed transitions, although /# value 
is large, while some of them are Ist forbidden which are caused by the matrix 
element {a.’ 

V. Concluding remarks” * 

Through the whole of this paper, mirror nuclei fall in the neighborhood of 
ft=5x10*%, The region of ft=10** are filled by the other allowed -transitions. 
The difference of f¢ values may be due to the incomplete overlapping of the 
radial wave functions. The Ist forbidden decays fall in the region of f/f=10*. 


As shown in Fig. 10, density curve has four peaks ; namely, 


A RAT Jt ~ 5x10°—-almost of these are mirror nuclei, 
ei tet ee ft ~ 2x 10°—-the other allowed transition, 
Ce a fi ~— 3x10, 

DE hae: feo h0 XA0%. 


From this situation, almost all elements in C,D have been considered to be 
the Ist forbidden; the elements which have ‘a’-shape spectrum are all in D, 
their f¢ values being almost the same order if one uses the corrected 1st for- 
bidden /-functions.’” 


In conclusion, we would like to express our sincere thanks to Prof. Muneo 
Sasaki for his valuable discussions. 
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Fig. 10 /+density curve of B-decay throughout the whole. 
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On the Meson Cloud around 


the Nucleons 
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and S. Kamefuchi 
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Hitherto, the research of the “ model” 
of the elementary particles, that is, the study 
of the kinds of the elementary particles exist- 
ing in the nature and their internal correlation, 
have been an important problem in the meson 
theory. Recently, various theories have been 
presented, which aim to investigate the 
of the elementary particles within 
the framework of the known models of the 
elementary particles or in connection with 
the divergence difficulties in the quantum field 
theory.” Since the most problems in the 
present quantum field theory are related to 
the system of the field around its source, 
one of the most important researches of the 
elementary particles in the correspondence 
theoretical view point is the investigation of 
the properties of the meson cloud of the 
nucleon system. In such problem we must 
be concerned with the field at a local space- 
time which is not always on the surface at 
the time +-0o or —co and so the Heisenberg 
representation is suitable for our purpose. In 
order to get the intuitive picture of the meson 
cloud we shall describe the meson cloud by 
U(x, ¢), which satisfies the homogeneous 
equation of the free meson field and coincides, 
on the world point a/¢ on the space-like 
surface a, with the field operator U(a) 
the Heisenberg representation. Such operator 
U(x, ¢) was. already introduced by Yang 
and Feldman.” When we denote U(z, —0o) 


“ Structure ” 


as U;,,(a), then there is an unitary transfor- 
mation S(a) :” 


U(2, ¢) =S-(0) Uin(a)S(o). (1) 


Since U(x, a) is ‘the free field operator, 
we can decompose it into the positive and 
frequency parts *U(a,¢) and 

In the case of the spinless meson, 


negative 
“U(a,a). 
of which interaction Lagrangian is —gpo~U 

‘ = OU 
(scalar coupling) or —gdoud nae (vector 

a 

coupling), the relation between the meson 
cloud and its source (nucleon field) is shown 
to be as follows: 


SUnGe o)="U,,(2) 


g\°*A(a—2" )dz’O(2’), 


(scalar coup.) 


a aoe x") ay 


Up 


O,(#’) (vector coup.) 
(2) 


=U in(a) + |". tua, oO; x’ dz’, (3) 


O( x) =[S"'(a) Pin(x)obin(2)S(a) ele. (4) 


By means of +U(z,¢0) we can define 
the number operator N(o) of the meson 
cloud on a space-like surface oc: 


Na) =F] {,CUG, 02 UD ag, | ¥ 
i vp r/6 
6) 


No) =) NU) dK), (6) 


where * means the Hermite conjugate operator 
and (k&) is number operator in the mo- 
mentum space. 

As it is seen in (5) that +U(a, a) gives 
intuitive picture of the free meson for the 
cloud, we call +U(2,o) the 
trum.” 


“cloud spec- 
On the other hand, since O(«) 
represents the spin matrix O of the nucleon 
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accompanying the meson cloud as is shown 
in (4), we call O(a) the “effective spin 
(e-spin)” of the nucleon with the meson 
cloud. With the aid of c-spectrum and e¢- 
spin, we can treat the meson cloud and the 
nucleon in the meson cloud. These quantities 
are related each other by the integral equa- 
tion (2), and so we can obtain O(a) from 
a given c-spectrum. 

In this formalism, the investigations of 
the phenomena of the nucleon with the 
meson cloud are achieved by rewriting them 
in terms of the operator U(a,¢) and the 
similar nucleon operator ¢(a,¢). The phe- 
nomenological investigation will be performed 
by a priori giving the phenomenological 
meson cloud U(2, a). 

The relation between this treatment and 
the usual one in the Heisenberg representa- 
tion is as follows: 


[U(a, a) Gs — U(2), 


U(a : es 


where J/(a2) is the canonical conjugate 
operator of U(#). By use of (7) or (2) 
we can obtain U(a, 0’) from a given U(a/a’) 
by replacing exp (tik t’) by exp (+ikt) 
exp (+i(h,-K)t’) (K=VK+). By 
means of this rule, we can obtain U(a, oc) 
from the U(#), which may be calculated in 
the convenient approximation (for example, 
weak, intermediate or strong coupling appro- 
ximation). 

When we represent the energy-tensor 
T,, of the system of the meson and the 
nucleon by means of *U(a,o) and ¢(a,«), 
we find that the total energy consists of the 
kinetic energies of free meson and nucleon 
fields (U(x, ¢), ¢(a,0)) and the interaction 
energies between them. In the non-relativistic 
approximation we can show that this total 
energy coincides with the self-energy obtained 
by the Block-Nordsieck transformation.” 

In the treatment of the meson cloud it 
is important to separate the meson cloud in 


the absence of an external field from the 


one in the presence of the external field ¢V ¢. 
We denote S(a), *U(a, a), *u(a,o; 2’) and 
O(a) in the absence of the external field by 
S)(o), * Ula, a), tyuba,a;2’) and O(a) 
The state #%, in which a nucleon 
and no mesons exist is used for the meson 


respectively. 


cloud of the single nucleon. 
When the external effect is present, the 


e-spin O(«) deviates from the O(a) owing 
to the various effects in the past processes. 


When this O(z) is described by O(#) F [a(x)], 
we ‘denote *U(z,¢) by [* UF} (a, @). 
O(x) F [o(#)] represents the forced vibration 
of e-spin caused by the past various effects. 
[* UF }(a, a) satisfies also the homogeneous 
free field equation. 

The meson production by ‘y-nucleon or 
nucleon-nucleon collisions and the magnetic 
moment of the nuclear system are the im- 
portant problems for the research of the pro- 
perties of the meson cloud. In the following 
letter we shall consider the multiple produc- 
tion of mesons due to the nucleon-nucleon 
collision. 

The authors wish to express their cordial 
thanks to Prof. S. Tomonaga and Prof. S. 
Sakata for their constructive criticisms through- 
out this work. 


1) W. Heisenberg, Z. Naturforsch. 5a (1950), 
951; E. Fermi and C, N. Yang, Phys. Rev. 
76 (1949), 1739; G. Wentzel, Phys. Rev. 79 
(1950), 710. 

2) ©. N. Yang and D, Feldman, Phys. Rev. 79 
(1950), 972. 

3) We may expect that, if the interaction between 
the meson and the nucleon fields is switched 
off by means of a certain external disturbance, 
then mesons would be emitted according to 
the c-spectrum amplitude, This expectation 
was pointed out by Prof. S. Tomonaga. 

4) W. Heisenberg and W. Pauli, ZS. f. Phys. 56 
(1929), 1; W. Heisenberg, Ann. d. Phys. 5 
(1931), 359. 

5) F. Bloch and A. Nordsieck, Phys. Rev. 52 
(1987), 54. 
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On the Multiple Production 
of Mesons’ 


H. Umezawa, Y. Takahashi 


and S. Kamefuchi 


Institute of Theoretical Physics, 
Nagoya University 
April 5, 1991 


Heisenberg pointed out in his famous 
paper” that the problem of the multiple pro- 
duction is closely related to the properties of 
the meson cloud. His discussion was based 
on two assumptions which were introduced 
in taking into account the Bloch-Nordsieck’s 
result? : (i) the spectrum of the meson 
cloud may be classically calculated, (it ) the 
produced mesons obey the Poisson distribu- 
tion. Lewis, Oppenheimer and Wouthuysen” 
treated this problem in detail by means of 
the Bloch-Nordsieck’s transformation from the 
view point that the multiple production is 
caused by the spin inertia due to the meson 
cloud. We shall investigate this problem in 
connection with above various theories of the 
multiple production of mesons and research 
the formula of this problem which is expressed 
in terms of the spectrum of the meson cloud 
introduced in the preceding letter. Further, 
we shall discuss the relation between the 
energy spectrum of the phenomenologically 
given c-spectrum of the meson cloud and the 
multiplicity of mesons. 

We denote the transition matrix element 
for the production of nj, 2», --, Nin ( Sign) 
mesons with momentum &',, Ae, -:, Ap, respec - 
tively” hy) SOs fins Beye TO “and 
introduce the following S”(a/90) : 


S's foc) =VSCny, om DOorreecad (peered 10) 
x exp {i n,(k;X— Kit)} 


x H(V2K; dk;)"*. (1) 

t=1 
Through some calculations, 
the above S"(a/oo) in 


as follows ; 


we rewrite 
terms of the 
“spectrum ” 


S$ (aloo) = (34 afd \ae,,§ dy 


co oo 
\de, pase j a, tt pO aie ae 
—o 


—-w 


r F 
+ ula, Om—1 3 om) V (Gms Y) 


Ft a; 0, Pela 
ena, On-1 3 pee (2) 
ar 
where 
Vo, y)={1+€(a, y)/2} S“"(a,) 


XK din(WV (y)bin(y)S(a,). (3) 


represents the external interaction with the 
nucleon accompanying the meson cloud. In 
(2), for simplicity, we restrict ourselves to 
the approximation of the first order with 
respect to the potential V(y). 
< )=) means the expectation value for the 
state in which there are no mesons. 

We can rewrite (2) as follows: 


external 


S” (aco) =(SK —7) cas + U0) 


m=0 
xX VS Uae as 00 )>m =0%9 (4) 


where we have used the notation 


[.A', Ao, ---, An}=[A, [-4e [---LAn-1, An} } +: }- 
(5) 


(4) shows that the multiple production of 
mesons is Caused by the iteration of the c- 
spectra, in which the vibration of the e-spin 
of the nucleon is forced by the past effects. 
Thus, it is to be noticed that (5) is the 
quantum theoretical relation which corresponds 
to the classical relation discussed by Heisen- 
berg.» *,U and * ju are found to be the 
non-linear operators with respect to the meson 
field operator Ugn. 

Further, we can write (4) in an alterna 
tive form : 


SG: Mm a dey. 725 em) 


n ™m peolee (1,-+1.7) 
=i 1 ngl(2Ky pe sat Pa 
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(OCk,), eo O(k,) v(l)OCka+;) 
= OK) nao 0 (310i +05) dlo/b, (6, +62) 


(b+: +bath):(b+:--+6,-,4+h), 
(6) 


(1,--.n) 
where 5} 
Perm 


all permutations of all possible group (A, 
‘++, kn) which are arbitrarily selected from the 
group (k,, ---,k,) and b;=kyai— Ky. v(0) is 
the Fourier component of the external inter- 


means that the summation over 


action ¢(a)V (#)¢(a) and so @, is the energy 
transfer of the nucleon accompanying the 
meson cloud during the scattering process 
by the external potential. O(4) is defined 


by O(k) (scalar coupling) or ¢K,O,(k) 
O(k) and 
Ou(k) are the Fourier component of O(a) 
and O,(a). (6) gives the intuitive picture 
of the multiple production of mesons : Meson- 
production is caused by the oscillation of the 


(vector coupling) respectively. 


e-spin of the nucleon accompanying the meson 
cloud in the external potential. 

When the followittg two conditions are 
approximately satisfied: (i) O(k;) (i=1, 
---,m) and v(Z) are commutable each other, 
(ii) there are no interferences between 
operators O(k;)(¢=1,---,2) and v(2), we 
obtain the Poisson distribution for the mesons 
produced : 


7 


(probability ) w= {)vanacay} 


x|VDI?) , (7) 


where the 3n-fold integration in momentum 
space is to be performed in such a way as 
to satisfy the energy-momentum conservation 
law. In the case of the Bloch-Nordsieck 
and Lewis, Oppenheimer and Wouthuysens'’ 
approximation,” the conditions (i) and 
(ii ) are satisfied. 

When we assume the energy-dependency 
in the high energy region of the phenomeno- 
logicallg given c-spectra as follows : 


*U(k)oc( fla) 2K 9/VK , 
Tayo)” (10) 


where f(a) depends only on the property of 
the nucleon and not on the energy-momentum 
of mesons. Ea, IS the maximum energy 
which is transferred to the whole mesons. 
Then we obtain the most probable number 


n of the produced mesons : 


Ce nend! earring Pa; for q = = ) 
Me raa)e log Smear for 9=-3 ? 


(p=, 9=-5) gives noclog (Emax) 
which is obtained, for example, in the case 
of scalar meson with the scalar coupling in 
the approximation of Lewis et al.” (p=0, 
q=— =) gives noc (€ »az)”/* which is obtained, 
for example, in the case of the pseudo-scalar 
meson with the pseudovector coupling in 
their approximation. The spectrum, which 
is obtained from the leading term of the 
Pauli-Dancoff’s strong: coupling theory” for 
the pseudo-scalar meson with the pseudo- 
vector coupling also gives noc (€ maz). (p= 
—1, q=0)® gives NOC(E mar). When 
NMk)d(k)odk/K (the Lorentz invariant 
Detailed ac- 


e 


volume), we find NOC (Emax)! 
count will appear elsewhere. 

The author wish to express their cordial 
thanks to Prof. S. Tomonaga and Prof. S. 
Sakata for their constructive criticisms through 
this work. 


1) In this letter we use the same nolations as in 
the preceding letter. 
W. Ifeisenberg, ZS. f. Phys. 113 (1939), 61. 
) F. Bloch and A. Nordsieck, Phys. Rev. 52 
(1937), 54. 
4) Ii. W. Lewis, J. R. Oppenheimer and S. A. 
Wouthuysen, Phys. Rev. 73 (1948), 127. 
5) W. Pauli and S. M. Dancoff, Phys. Rev. 62 
(1942), 85. 
6) .E. Fermi, Prog. Theor. Phys. 5 (1950), 570. 
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On the Intervals of Na °/ and Cu °/" 
G. Araki and S, Tatihasi 
Fireulty of Engineering, HN yoto University 


April 28, 1951 


It was tried to account for the inversion- 


of the 4f 7F levels of the copper atom by 
the over-screenine due to the spin-orbit inter- 
action between a valence and core electrons.” 
Ta-You Wu” pointed out that the values of 
the parameters used in the above mentioned 
calculation are incorrect. In compliance of 
his criticism one of the present writers  re- 
calculated the values of the parameters 
assuming the hydrogen-like radial functions 
The result 
seemed to require no change in the previous 


with certain screening constants.”? 


conclusion, but the definite conclusion could 
not be obtained because the radial functions 
used in the computation were too rough. 

In order to get a more definite conclu- 
sion one (S.T.) of the present writers was 
engaged in the numerical computation of 
the parameters employing the analytical ex- 
pressions of the self-consistent radial functions 
which were given by Fock and Petrashen” 
for Na and by Slater? for Cu. The result 
for Na 3d *D and Cu 4f *# will be reported in 
the following,” in which the notations will 
be the same with those in the previous 
papers.) A preliminary short accouut was 
already given in the form of.a note added to 
the second criticism of Ta-You Wu.” 

We first report the result for Na 1s? 2s" 
2p° 3d *D). Fock and Petrashen” gave only 
the core functions, We have accordingly to 
assume an effective charge, Z—s, for the 3d 
radial function. The calculated values of 
various parameters on the assumption Z—s=1 
are given in Table 1, The value of 6 can 
not exceed the atomic number, 11, of Na 
and we have the normal doublet which is 
not in agreement with the experimental fact.” 

Next we consider Cu 1s* 2s° 2p° 85? 3p° 
3d” Af *F. The result for three assumed 


values of the effective charge for the 4f 
function is shown in Table 2. The inversion 
still can not occur. Since o becomes large 
when the eflective charge becomes smaller 
we may expect, by the extrapolation, the in- 
version of the doublet probably for a value 


How- 


ever, in this case, the absolute value of the 


smaller than 3 of the effective charge. 


doublet interval is expected to be too small 
in comparison with the observed value as 
was pointed out by Ta-You Wu,? and_ the 
theory may still not agree with experiment. 

The sclf-consistent functions which are 
employed in the above mentioned computa- 
tion were calculated for the ¢singly ionized 
atoms of Na and Cu. Strictly speaking, we 
should empley the functions of the neutral 
atoms. The correction for this point may 
give certain change to the values of the 
parameters. 


Table 1 Na (Z=11, Z—s=1) 


f40, 9¢= 0.00002 
56 coe 132 0.00820 
Co, 39== 0.00854 
7-*==0,002462 
alomic uniis 
*Dajg—?Dsig=0.0537 cm! (calc), 
—0.0494 cm! (obs) 7) 


1) G. Araki, Proc. Phys. Math. Soc. Japan 21 
(1939), 508. 
) Ta You Wu, J. Phys. Soc. Japan 4 (1949), 343 
G, Araki, J. Phys. Soc. Japan 4 (1949), 845. 
4) V. Fock and M, J. Petrashen, Sow}. Phys. 6 
(1934), 368. 
5) J. C. Slater, Phys. Rev. 42 (1982), 33. 
6) Ta-You Wu, J. Phys. Soc. Japan 5 (1950), 421. 
7) E.R. Thackoray, Phys. Rev. 75 (1949), 1840. 
8) R. F. Bacher and S. Goudsmit, Atomic Ener gy 
States (1932). 


It would have been better if we had published 
this report in the Journal of the Physical 
Society of Japan, but too many manuscripts 
are now submitted to the journal. This is 
the reason why we report the result here, 
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Table 2 Cu (Z=29) 


| Z—s=7 Z—s=6 Z—s=5 
7 Gnd, 43 Guts an | Cul, a8 Cote Ene, 43 Cae 
10 1.00000 0.00000 1.0000 0.0000 1.00000 0.00000 
By 0.99909 0.00111 0.9996 0.00059 0 99982 0.00024 
2 0.99933: 0.00081 0.9996 0.00042 0.99987 0.00017 
30 0.92212 0.04370 0.9505 0.03155 0.97528 0.01925 
al 0.90750 0.04629 0.9404 0.08423 0.96839 0.02216 
32 0.76393 0.05185 0.8216 0.04762 0.87886 0,04344 
o 27.59486 28.0022 28.3702 
7-3 0.12758 atomic units 0.080357 atomic units 0.04650 atomic. units 
Lsjg—"F' 7/2 3.69 cm~3 | 1.63 cm71 0.597 cm71 


CFsj2—2F72) obs= — 3.6m"! 


Elektronoj ekvilibraj kun mezonoj 
en malalta atmosfero 


Y. Takahashi kai T. Miyazima 


La Instituto de Fiziko, 
Tokyo Bunrika Daigaku 
May 1, 1951 

Kiam y mezono rompigas al unu elektrono 
kaj unu neutrino, pri elektronoj ekvilibraj kun 
mezonoj en malalta atmosfere estis kalkulanta 
de multaj homoj. Sed nuntempe “ mezono 
estas certiganta rompigi al unu elecktrono kaj 
du neutrino} de multaj eksperimentoj. Kon- 
sekence la spektro de elektrono estas daura. 

Ni kalkulis nombron de la _ elektrono} 
ekvilibraj kun mezonoj en malalta atomosfero 
en la okazo de la daura spektro de elektro : 

La daira spektro en senmova sistemo de 


mezono 
T(E )dE ~ E?[8°—-6nh+2E") dk, 
en laboratoria sistemo 
7 V1—p? 1—f cosd 1’ ) 4 f 


Kalkulada maniero utilizis koncepton de la 
elektronona-trairita longeco  (electron-track 
length) kiel okazo de Rossi-Greisen, Rossi- 
Klapman kaj Bernardini. 


Nombro de elektronoj ekvilibraj estas 


n=) Xb) A Bey Ed Ex, 

Tiam %(E;-) 
bability) ke  forjentinta 
energion 7, sur ciu unua longeco. Z(Ex, FE) 
estas trairita longeco de elektrono kiu havas 
energion pli alta ol HE kaj kemencan ener- 


estas probableco (pro- 


elektrono  havas 


gion Ex. 
Ni uzis spektro de Ferretti’) kiel’ ZUM, 
Ey, Wyovestas 


ay ae E 9 (hei 
7a, B)= Be {t— F oxp| 2g) 


of fa (- 28) —e(-2E)] 
Tiu ci estas tre simila al spektro de Tamm- 
Belenky. Ni prenis 10 MeV kiel #. Tio 
respondas al okazo de utilizo de numerilo 
(counter) de 5 g/cm’-lautro. 
Kiam ni komparas kun rezultato de 
Ferretti kaj Rossi-Klapman, ni akiras du 
rezultatoj tre simila kiel Cisubaj skriboj 


30.9 


N= noe - X 0.34802 x = (de Ferretti) 


10° * 


30.7 
9 
Sas = x 034202 x —_- 07 


(de Rossi-Klapman) 
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Tiam E estas 10 MeV, u kaj F. estas 100 
MeV kiel Rossi-Klapman. Sed en la detela 
kalkulado, ni prenis 10 MeV, 110 MeV kaj 
86 Mev kiel ciu E, wz, kaj F,. Kiel vivtempo 
de se mezono prenis 2.10~°. 

Rezultato estas moritranta en Fig. 1. 
Tiam ni prenis 72 de mezono kiel bata 
elektrono (knock-on electron). Je mara-alta 
nivero, kalkula rezultato estas 15% pli granda 
al eksperimenta varolo. Ci tiv kauzo unue 
estas ekscesa takso energio transiga al elektrono 
el j mezono. Duc la spektro de Ferretti 
personne havas eronon. Sed ni povas dire 
nenion pri tiu ci punkto. 


Car ni ne scias kiel la spektro de Ferretti 
estis ludanta, ni normigis kalkulan rezultaton 
al eksperimenta varolo de mara-alta nivero, 

Kurbo A estas eksperimenta varolo de la 
elektrono kaj kurbo B nia varolo kalkula. 
Kurbo C’ montras varon A-B. Kurbo D 
estas varolo de elektrono de netitrecaj mezonoj 
kiu estis kalkulanta de Hayakawa”. Sed 
differenco de kurbo C kaj kurbo D ne havas 
absolutan sencon, car nia kalkulado estas 
normiganta al eksperimenta varolo de mara- 
alta nivero. 


10>" 


19-3 


1) G. Bernardini, B. N. Cacciapuoti and R. Quer- 
zoli, Phys. Rev. 73 (1948), 339. 

2) S, Hayakawa, Preg. Theor. Phys. 5 (1950), 
158. 


Note on Belinfante’s New Theory 


K. Husimi and R. Utiyama 
Department of Physics, Osaka University 
May 9, 1951 


Recently Belinfante’) proposed a new 
idea in this journal in order to construct a 
divergence-free field theory. It is based on 
the following two principles: i) to obtain 
the S-matrix, we should only calculate matrix 
elements corresponding to the so-called irre- 
ducible diagrams; ii) radiative corrections 
are to be taken into account by modifying 
some factors in the integrands of the S-matrix. 
But his second rule is stated in quite a vague 
way. It may perhaps means that one should 
replace Sp, Dy and ry by Sp’, Dr’ and I, 
respectively, as Dyson had proposed in his 
paper.” Then the contents of Belinfante’s 
theory will be identical with those of Tomo- 
naga-Schwinger theory so far as the S(0o)- 
matrix is concerned. 

Now Belinfante insists on the validity 
of the inequality (4), ie, U (tot) 4 U (tot) 
x U(t,t,), rather than the equality, when one 
considers a transformation matrix U’ (Gabo) for 
a finite time-interval (¢,—t)). 

If we make a matrix product of 6 and 
ce (cf. Fig. 1), then it contains contributions 


t, —— 


t 
) c 
fh . 


Fig. 1. 

from those unallowable processes which should 
be abandoned in the case a. However, by 
virtue of the very character of the self-con- 
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sistency of the integral equation which defines 
Sp’, we may assert the equation U(tsto)= 
U(tot,) U(t,ty), if we assume the second rule 
ii) to be the same with that given by 
Dyson.» On the other hand, if our assump- 
tion concerning to this point is not meant 
by Belinfante, then the inequality (4) might 
in general hold, and prohibit us to give a 
uniquely determined meaning to the operator 
U(tst,;). But in this case it seems impossible 
to construct a differential equation of the type 
(6) as will be stated later. 

In the ideal experiment stated in § 2, 
Belinfante seems to miss his object. The 
content of his experiment can be expressed 
symbolically as follows ; 


U (tats) 4 U tot, )OU (tty) 


where O is a symbol (not an operator) re- 
presenting an accidental change of the state 
vector caused by an observation ; 


Y ,(t,) =U (tte) F1g(to) > pay 
(observation ). 


This is an essential character of the ordinary 
quantum mechanics, and is independent on 
the rule i). 

Finally let us consider the eq. (6). 

He asserts the existence of a mystic 
operator B(tf,) which possesses memories 
about the state vector in the past, and he 
attributes this character of B to the inequality 
(4). The deduction of his. eq. (6) is 


OY w(t) _ OU) , y- 
= B(tty) ¥ (bt) , 
where 
¥ it) = U(tto) F so(to) ’ (6) 
Bit, =i) WS? (i ,,) 


Here let us interpret all the product expres- 
sions in the above equations as ordinary 
matrix products. Then from the fact that 


U is unitary and U~'t,) is the left inverse 


of U(tt)), U-'U and UU™~' are both unit 
operators and do not depend on the time fp. 
Then the operator B can be written as follows, 


B(tt)) =lim i {U(t+ At, ty) U~" (tt).—1}/4t . 


From the rules, the operator U(¢+ 4t, to) 
x U-'(t, t)) will in’ general depend: on to, 
and is not equal to U(t+4é, t), if the inequ- 
ality (4) holds. The eq. (6) gives us a rule 
of the change of the state vento fiom ¢ to 
t+ At, ie., (cf. Fig. 2) 


t+ 4 


~ 


| > forbidden 


Vig. 2. 
W (t+ At) =UCE+ At, ty) U-" (tty) ¥ ro(t) 
(AUCt+ dt, t) ¥ ,o(t)). 


From this point of view the operator B 
can only be determined by the knowledge 
of the operator U(ét,) and the latter is ob- 
tained from the usual Feynman-Dyson theory 
by making use of the two rules. Then his 
theory has no point of excellence compared 
with the F-—D theory in case of the practical 


application. Whereas from the logical stand 
point, the operator B should be given a 
priori. But it seems very difficult to give 


the operator B in such a way as to make 
the operator U obtained by the integration 
of the eq. (6) satisfy the two rules. 

On the other hand if we interpret the 
product expressions of the eq. (6) in the 
meaning stated about the ideal experiment, 
then it is very difficult and perhaps impos- 
sible to define U~!(tt)). And the operator 
B depends on the accident at the time fp, 
though it may be possible to define U2 
This situation makes it possible to attribute 
any mathematical expression to the state 
vector. | 

Though his ambitious trial exploring into 
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the foundation of the field theory is very 
valuable, it seems necessary further to investi- 
gate the character of U(tt,) in the ordinary 
Feynman-Dyson theory before any modifica- 
tion of #—D theory will be tried. 


1) F. J. Belinfante, Prog. Theor. Phys. 6 (1951), 
202. 

2) FF. J. Dyson, Phys. Rev. 75 (1949), 16°6. 

3) Sp’, De’, Fy here introduced are in general 
dependent on the time @, 2), Zo. 


On the Self-Energies of Nucleons 


H. Enatsu 
Department of Physics, Kyoto University 
May 21, 1951 


In the previous Iectter,’? we have investigat- 
ed the self-energies of nucleons due to electro- 
magnetic’ and cohesive mesonic fields, and 
shown that the expression obtained leads to 
the mass difference of proton and neutron 
which has the right sign and order of 
magnitude for the definite C’ meson mass. 

It is the aim of this note to envisage 
whether the method of eliminating infinities 
in the self-energies by means of compensa- 
tion” is effective to ones due to z mesons. 

For the z mesons it would be not un- 
reasonable to choose the symmetrical pseudo- 
scalar type with pseudovector coupling which 
seems to be most promising from some 
evidences.» Our computations are carried 
out for all types of mesons, and in order to 
avoid the ‘complicacy, we confine ourselves 
to neutral fields, because in a symmetrical 
theory the first order approximation to self- 
energy is twice that of neutral theory. It is 
well known that there exist ambiguities of 
evaluations in the Feynman-Dyson formal- 
ism.) We adopted here the following way 
_in connection with the cases of electromagnetic 
and cohesive mesonic ones. Namely, accord- 
ing to Karplus and Kroll,” the surface integral, 


@ 
| fer)d'k= \(t-wrrg ao 


= ) fhe’ +upp)d'k’ 
a1) 


has been taken into account. In the course 
of this treatment Koba’s P* symbol® has 
been used by means of which the self-energy 
can be easily computed for any interaction 
with the derivative of the meson field wave 
function. 

The expression for the self-energy of 
nucleon due to z meson is found to be: 


in ONE Ce 


KaK Ae ved ; 
—log “p-*) +7595 (184 +20) 


erowen ati Germ 
tor UpPypy Oky’ Oky’ 


x (log "Fr Eee, a) +finite term |, (2) 


where m: Proton Mass, 
x: Meson Mass, 


J: Coupling constant of meson, 


Ja aA ee Uh ee 
K-> oo. 


As is expected, 
gives rise 
divergences. 


the pseudovector coupling 
to quadratic and _ logarithmic 
After some calculations, it was 
found that the only meson field with single 
coupling which fulfils the conditions for the 
compensation is of the scalar type with vector 
coupling. It is given as follows: 


ern OE 


—log 7K )- aR (51°44) (log g the) 


+flnite term | (3) 


where yz and f are the meson mass and 


coupling constant respectively, and 4’=“ | 
m 


Thus the nucleons have, in first appro- 
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ximation, a finite self-energy provided that 
paar 
and 15° = 8m" + T5x’, ; 


(4) 


which denote two relations between the coup- 
ling constants and between masses of nucleon 
and mesons. It must be remarked that, 
contrary to the electromagnetic case, as we 
assume the symmetrical theory for z mesons, 
the cohesive fields for them should be con- 
sidered as tie symmetrical one. 
Noting that 


m= 1837 m,, x=276 m., (5) 


we obtain for the mass of cohesive meson, 
p=il4T4 m,. (6) 


From the realistic point of view, one 
may inquire into the possibility of explana- 
tion of the existence of heavy mesons (Tt 
mesons),”) at the present stage, however, one 
will see that, owing to the lack of knowledge 
about heavy mesons, one may: need further 
investigations. However it may be, we 
should like to point out that we obtain 
finite results for the self-energy of nucleons 
due to = mesons by introducing “ heavy 
mesons.” 

Full accounts will soon appear in this 
journal. 

The author is grateful to Dr. A. Pais 
for his valuable communication with respect 
to the self-energy problem. 
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On the Mass of Cohesive Meson and 
the Mass Difference of Nucleons, I 


H. Enatsu and P. Y. Pac 
Department of Physics, Kyote University 
May 26, 1951 


In the previous note,!) we have shown 
that the right sign and order of magnitude 
of the mass difference of proton and neutron 
would be given provided that we took the 
values 


=110 m., 
‘fare (1) 


and fi=2e, 


for the mass of cohesive meson and its coup- 
ling constant respectively. However, as was 
pointed out by Wightman,” it is the serious 
difficulty that the range of cohesive force 
which corresponds to the mass value of 110 
m, is too large to be in accordance with ex- 
perimental informations of the so-called mirror 
nuclei. 

In this note we try to investigate another 
possibility for the derivation of the mass 
difference of nucleons. As Pais has described, 
one can get compensation by assuming the 
cohesive field to be of the pseudovector type 
with pseudovector coupling. 

The method of calculation is the same as 
that of I. The expressions for the mass cor-. 
rections due to electromagnetic and cohesive 
mesonic self-energies are as follows : 


Om=Om,+Om,+Oms, (2) 


Om,=m [ 2 a) (log Kk + =) 
an (ase) (oem He’) | 


(Oca 
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4 {t- a+ G82) log A+ (—# 
1 V4I—F | 
+ 104° — 244) 74g tan” (— 


() 


dmy=— —m(s=)| (aga) +] © 


x NUE 
jae, Ma, 


m 


where 


m: proton mass, 
x: (C-meson mass. 


The conditions for the elimination of 
divergences and the derivation of the right 
mass difference of nucleons are 


ise 3 
ay (6) 
and x=13m,. 


Therefore, the range of it is larger than that 
of the meson of scalar type with scalar coup- 
ling. Even if we neglect the effect of the 
surface integral, i.e. dm, it may be shown 


that the most near-by value for mass difference. 


is only 
Om=—-1.70m.  . CD) 


for the zero mass of cohesive meson, which 
is unsatisfactory in itself. 

Then, one may state that the present 
form of cohesive meson theory is not suitable 
for the description of electromagnetic pheno- 
mena for heavy nuclei. 

It is pleasure to acknowledge the en- 
couragement of Dr. A. Pais who suggested 
this problem. 


1) Hi. Enatsu and P. Y. Pac, Prog. Theor. Phys. 
6 (1951), 261 
This letter will be referred to as I, 

2) A. S. Wightman, Phys. Rev. 71 (1947), 447. 

3) A. Pais, Verh. Kon. Ac. Wetenschappen, 
Amsterdam 19 (1947), 1 


Note on the ‘‘ Champ Soustractif ”’ 
of Louis de Broglie 


S. Endo and H. Kanazawa 
Faculty of Generak Culture, Tokyo University 


May 30, 1951 


Recently, de Broglie’) has published a 
tentative theory of mixing fields. He claims 
that there occur no divergence difficulties in 

electrodynamic according to his 
But his theory, as it is, has some 
example, 


quantum 
theory. 
ambiguities and inconsistencies ; for 
we cannot understand how to derive the 
Hamiltonian employed by him from his 
Original idea. So we shall reformulate his 
theory according to his idea. 

We write the equations of two vector 
fields : 


de. CX ) = 


lige? 
Wien eos, 
Yu CX ) eIu(X ), aX. 
(1) 
eu (X)—FG(X) = 45K, 


0 hey aX) 
Me-0) | ® 


where 7, is the charge-current density of the 
electron. Summing (1) and (2), we have 
an equation of the form 


D4,08) =O? (CX) +9. CX)) 
=o. (CX). (3) 


On the other hand, we get from (2) 


e.(X)=— 2 | AKAN" 
(4) 

using the property of the function A,(X ) ; 
(9A, HE dA gaat (5) 


Substituting (4) into (3), we obtain. an equa- 
tion of the electromagnetic field : 


OA 0AyCX ) —0 


A,X) = a) oat X, 


—FjulO(X), 
6) 
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(7) 
where j, satisfies the conservation law 


=0. The equation (6) is equivalent 


0Xu 


to the following equation ; 
(=a) 04) =A X)- 8) 


But if one quantizes the fields starting from 
(8) as the field equation, one meets with 
the well known difficulty of negative energy. 
We take (6) as the fundamental field equa- 


tion. 
Using the action principle 


0 (Ld », = | j (Letectron Ss Lynoton) dX 


e 


+4 \ | Ay (X )Ax( X— X’ era ax: axax’ | 
ae (9) 
we get (6) and the following equation ; 
we 16 4 w) 
(7 shes) YX) = An (X rub), 
(10) 


Ay (X)=a'f DRE Bai VA EXE 
(11) 
By means of (10) we can ‘calculate the self 


energy of the electron according to Feyn- 
man’s method. The static potential of electron 


is given by atime"), so the amplitude of 
virtual photon gets the form of 

shee ed See 

kiuky kykytd kukykyphy ta 


° 


e factor 5~--"—jy is just the 
The convergence facto eed j 


same as Feynman's one. The introduction 
of this factor can_ be understood also from 
the following formula ; 

Reta 


arletexA XX dX ey . 
vig 2) 
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Thus the self energy is given by 


Wik pid OY gcd la 
Am=m 797 (3én ase P(e) 


But in the problem of vacuum polarization 
the divergence cannot be perfectly removed 
out. 


1) L. de Broglie, Jour. de Phys. et Rad. 11 
(1950), 481. 


On the Photo-Meson Production 
from Heavy Nuclei 


S. Machida and T. Tamura 
Department of Physies, University of Tokyo 
May 31, 1951 


According to a recent experiment,” it 
seems that the positive photo-meson produc- 
tion cross sections from various heavy nuclei 
obey the gocZ7? law, Former treatments 
of Fujimoto et al’) and Lax and Feshbach,® 
which took into account the effect of nuclear 
binding to- meson-producing nucleons, could 
show the decrease of efficiency of photo- 
meson production from heavy nuclei compared 
to that from free protons, yet the decrease 
did not depend on Z, so it seems necessary 
to consider the effect of interaction between 
the mesons and the nuclei producing them 
besides the one mentioned above. Since 
none of the known photonuclear reactions 
have cross sections proportional to nuclear 
area at these energies, the nuclear opacity to 
photons .would not be responsible for the 
point: under consideration. 

A little ago, Nambu” has shown. that, 
if we use the Fermi gas model for nuclei, | 
mesons which entered into nuclei be observed 
as though their self-energies have increased 
from the one when they were fiee. That is, 
mesons may be considered to suffer an effect 
of, it might be called, dimesonic constant 
when they are in nuclear matter, which is the 
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analogue to dielectric constant to photons. 
Phenomenologically this effect may be re- 
placed by a rather strong repulsive potential 
to mesons in nuclei. 

In somewhat excited nuclei, nucleons 
will show a spatial distribution shown in Fig. 
1 by dotted line approximately, so it may be 
justified to assume a repulsive potential as 
shown in the same figure by full line. In 
the following, for reason of easiness of calcu- 
lation, we divide the latter into two parts as 
in Fig. 2. 

As the matrix element of. photo-meson 
production is proportional to the amplitude 
of the wave function of the meson at the 
producing point, so the decrease of the cross 
section by this effect may be considered to 


Fig. 1 Fig. 2 


be proportional to (A’/A)*, where A and 
A’ are the amplitudes of meson waves when 
they are free or suffered from repulsive 
potential respectively. If we consider the 
effects of Part I of Fig. 2, the condition that 
the meson wave function is smoeth at R’ 
gives 
( ee i! 
-) KR’ sinh? (A R’) +k” cosh? (kR’) ’ 
(1) 


where 
—k =k? —(QuV /#") <0, (2) 


# being the meson mass, and R’~ R—2r, 
(v)=radius of a nucleon ; R=nuclear radius). 
If k’R’ > 1, then 


(A’'] A)’ (4R/k? +k") exp(—2k'R’) (3)* 


= (44°k"/2pV .) exp(—2k’R’). (4) 


As is seen from (4) (A’/A)?0c(1/V,) exp 
(—2k’R’) and, from (2), &’ increases with 
increasing V,, so (A’/.A)° decreases very 
rapidly with increasing V,. A measure of 
the order of magnitude of Vy is given as 


follows : 
V —»o= he +k*)/ 24s K(k? +1/R’*)/2p 


= 764+20 ~ 100 MeV 

(for meson energy 76 MeV), 
~4A2+4+20 ~ 65 MeV 

(fer meson energy 42 MeV). 


©) 


As is seen from (5), the lower Vy value is 
sufficient to decrease the ratio (A’/.1)", the 
heavier the nuclei. This value might seem 
to be rather high, but according to the 
calculation of Nambu,” if we take the 
pseudoscalar meson theory, the increase of 
self-energy mentioned above comes to 
about 100 MeV. In addition, recent ex- 
periments of large angle scattering of 
mesons by nuclei” seem to support this 
large value.** 
The contribution to the photo-meson 
cross section from Part II of Fig. 2 can 
easily be estimated as that from Part I, and 
is known to be approximately 


=) = ke 
A k*sin® (2k’r,) +k’*cos*(2k’r,) ” 
(6) 
where 
ki’? =k? —(2uV'/#*?) > 0. (7) 


It is legitimate to consider V’< k, sok & Kk’, 
and 


(AA)? 1. (8) 


From (4) and (7) it is seen that by assum- 
ing repulsive potential, which is legitimate by 
several considerations stated above, the main 
contribution to photo-meson production comes 
from the surfaces of nuclei, and it is clear 
that it gives the desired gocZ?/s law. 
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Recent experiments on y-star performed 
by Kikuchi® and Miller’? also seem to sup- 
port our model, According to them, excitation 
function of stars produced by high energy 
y-rays are very similar to that produced by 
mesons, and it could be interpreted by as- 
suming that the mesons produced at inner 
parts of nuclei were absorbed by the latter. 
Meson tracks, which associated with stars, 
were about 5 percent of stars,” and about 
1/4 of the low energy 2 ~-mesons found 
which were produced in the emulsion had as 
many as 8 other prongs associated with their 
production.” Considering the fact that about 
half of mesons produced at the surface can 
go out of nuclei, and the effect of nuclear 
binding make the efficiency decrease to about 
1/3 in these enerzy region, above results are 
consistent with our model. 


** Even when 4/2/=1 the difference between 
(1) and (8) is only 10 percent of (1) and it 
decreases very rapidly with increasing Rf. 

** Nambu et al have shown that repulsive poten- 
tial of about 15 MeV height is sufficient to 
account for these experiments (Y. Nambu, T. 
Nakano and Y. Yamaguchi, lecture at the semi- 
annual meeting of the Phys. Soc. Jap., May, 
1951). But since the effect of dimesonic con- 
stant can be very different to real and virtual 
mesons respectively, it is not permissible to 


compare their results with ours directly. 
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Remarks on the Neutron-Proton 
Scattering with Tensor Force 


Y. Yamaguchi 
Department of Physics, Osaka City University 
June 3, 1951 


While many authors have discussed the 
nucleon-nucleon scattering with central force 
under the so-called shape independent approxi- 
mation,” tensor force scattering has scarcely 
been discussed.”) In this note we want to 
add some remarks on shape independent ap- 
proximation for tensor force. The notations 
used here are the same as in Christian's 
paper.” 

Christian gave the following formula for 
‘““S"_-phase shift 6, (ie., the phase shift for 
the S predominating state) 


S 1 A ca 2 . 
cot d= 4e')"[ (241) -ViK |ae 
40 (1) 


Similarly we get the analogous formula for 
“7)"-phase shift 6; 


x* cot a= 2 +0 ct Fe)" +(5-- a) 


pa 2 -¥.¥s| dx+O(x'*). (2) 
x _ 


If we use the deuteron wave function 


UW 
v=[ 2 |: 
(3) 
ute e 8k 
(@—+> 00), 


wae 


rear “Ry en(t+ es, ax” 


instead of V,, we get another expression for 
0,: 


co 
x cotéd,; =—at (x*+ a") i, Ke ee 


—w,’) da+ FOO 


. 9 9 1 Pp 

= — “+ q- Seg OS 3), 

= ate a)(4% nv) 
ay 
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where 


is the triplet effective range and normaliza- 
tion constant if only the central force is 


assumed. P, means the D-state probability : 


fo 3) 
uw, dx 
J, ts 


P» ra tas ” 9. ; 
\ (uy? +w,') dx 


The result (1’) was also derived by Bethe 
and Longmire.* 

Finally we can derive the shape in- 
dependent formula for the relative amplitude 
ie 

mite fae Roa 
Hy _ Ee [ +1) —=") 
az As 0 ay As 

Rox 


Das 


+ 


VV, |de+- , (4) 


Rx’ cot 6,—Rx? cot db, 


ee ey(" _ Fox es 2 wth 
= (x +a°){"| aM Iba, @ te 


3 3 Dare hem ba yal Oy oa i 


Next Jet us consider the low energy 
triplet neutron-proton scattering. The dif- 
ferential cross section is easily calculated by 
the method described by Rarita and Schwin- 
ger.” At very low energy region we can 
put 6,=0 and must observe only the “S” 
scattering. However, the small D-mixture 
accompanying main S state will cause small 
asymmetric scattering. In fact one finds for 
average differential cross section in the center 
of mass system 


do= aes [1+ (3 cos? 9-1) |ae ; 


(5) 


where 6 is the scattering angle in the center 
of mass system. From (4) and (A’) we get 


RR, R,. And, for instance, Rarita- 


Schwinger potential *) gives 
a’R ~ a’ R,=0.02. 


According to-Christian and Hart”? neutron- 
proton forces in odd state are very small. 
Thus the formula (5) or more exact expres- 
sion including 6; may be useful for the 
analyses of very accurate experiments at some 
energy region, say, ~ 10 MeV. 

The effect of tensor force on reaction 
d(y,n)p will be discussed in another paper. 


1) G,F. Chew and M. I. Goldberger, Phys. Rev. 
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4) W. Rarita and J. Schwinger, Phys. Rev. 59 
(1941), 456, 556. 

5) R.S. Christian and E. W. Ilart, Phys. Rev. 
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On Internal Pair Creation 
following Some Beta-Decay 


T. Nakano 
Department of Physics, Osaka City University 
June 9, 1951 


When the resultant nucleus of complex 
B-decay has ground and excited state both 
having zero angular momenta, gamma radi- 
ation is strictly forbidden. But if the parities 
of the two states are the same and the 
energy difference is more than 2me", there 
would occur internal pair creation or emission 
of an orbital electron, 

Yukawa and Sakata” calculated the pro- 
cess for RaC’ and obtained the result that 
the ratio of the probability of pair-creation 
to that of K-electron emission p is 


po = 3.2x 10-3, 
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But the value obtained from the experiments 
of Ellis, and Aston” and Alichanow, Alicha- 
nian, and Kosodaew” is 


pe= 5. 


Because of the great discrepancy of the 
results of the theory and the experiments, 
Yukawa and Sakata gave up to explain the 
phenomenon by the above-mentioned process 
only. 

As the experiment on RaC is so com- 
plicated that identification of the data might 
be difficult, more simple source of B-emission 
is favorable to test the theory. 

Several authors have reported the ex- 
istence of positively charged particles in the 
cloud chamber tracks from P**.. On the 
other hand, Agnew” and Warshaw, Chen, 
and Appleton® have observed the rise at low 
energy part of B-spectrum of Ps, and Wat- 
shaw et al. reported that the end point energy 
of the low energy component must be 330- 
KeV. If this rise is due to the excited level 
in S82, as no y-radiation have been observed, 
the level would probably have zero angular 
momentum. Supposing the parity of two 
states is the same, internal pair creation or 
emission of an orbital electron may be ex- 
pected since the energy difference of two 
states becomes 1.38-MeV. 

Calculation by the same assumption with 
Yukawa and Sakata shows that ratio of 
electron pairs to A-electrons is 


PAL se; 


The type of f-decay of P* has. not been 
known, but the spectrum shows nearly allowed 
type ; so we may have approximate value of 
the ratio of main to additional part of B- 
spectrum by the formula for allowed type 
transition. Thus we have as ratio of positive 
to negative particles 


ANG. pee 8 ¥ Poni ~13 0-3 
N=; P+ P= x 10°°, 


where Ps, Ps’, Pyair and Py, are probabilities 


of high and low energy part ‘of B-decey, 
internal pair creation and orbital electron 
emission respectively. This result is in good 
agreement with experiments. Though so far 
no -electron have been observed for the 
decay of P%*, if our assumption is accepted, 
there should be K-electrons of energy 1.38- 
MeV with probability of 0.8 x 107*/disintegra- 
tion. 

There remain many positive particles 
associated with B-decay which have as yet 
no satisfactory account. On this point some 
analysis will be made in near future. 

In conclusion, I should like to express 
my deep gratitude to Prof. Y. Nambu, Messrs. 
Y. Yamaguchi and Yoshizawa for their kind 
interests in this work. Further the author is 
indebted to Mr. Yanabu and his collaborators 
who showed him their experimental material. 


1) 1. Yukawa and S. Sakata, Proc. Phys.-Math. 
Soc. Japan 17 (1935), 397. 

2) Ellis and Aston, Proc. Roy. Soc. A129 (1930), 
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Note on Some Calculations 
in Quantum Field Theory 
T. Epstein 
Department of Physics, Columbia University 
New York, U.S.A. 
June 13, 1951 


In a recent paper Yukawa and Umezawa 
have calculated <d'a¢*By> for several 
coupling schemes. In this note we wish to 
show that, contrary to the impression ‘given 
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in their paper, their results can be derived 
using the methods of Pais and Epstein, 1.¢. 
using the general theorem” 


es TRO Rie 
Cus On 


where H is the hamiltonian and yg is a para- 
meter which we take, for our purposes, to 
be the mass of the @ field. 

For the problem at hand # is, in obvious 
notation,” 


H=H(¢)+H(¢)+9$ dx 
xX (PY OP—KP* OP vac)? 


(we have omitted any possible tensor indices) 
from which it follows that 


(@ag*Bgy= on” 


+9) dx)? (@*Opvac. A) 


For both the pseudo-scalar and vector 
theories the second term on the right hand 
side is identically zero. In the former case 
it is trivially zero since the vacuum current 
vanishes, while in the latter case one can see 
that it is zero either by direct calculation or 
by using the fact that the subtraction of the 
vacuum current can also be carried out by 
charge symmetrization” in which case the 
interaction term is explicitly independent of 
#, whence only the first term will appear in 
Ch): 

For the scalar theory, however, neither 
of these circumstances occurs; the second 
term does contribute and indeed, as a simple 
calculation shows, to order g* it contributes 
just the “V.P.” term of Sawada” and of 
Yukawa and Umezawa.’? The result (1) is 
thus in complete agreement with the calcula- 
tions of these authors. 


1) J. Yukawa and H. Umezawa, Prog. Theor. 
Phys. 6 (1951), 112. 
2) R. P. Feynman, Phys. Rev. 56 (1939), 340. 


A. Pais and S. T. Epstein, Rev. Med. Phys.’ 
21, (1949), 446. 
In applying tnis result we will be interested in 


) a _ , whence additive 
Ou / VAC+1 Ou / Vac 


C numbers in / will play no role. 

8) This subtraction of the vacuum current is im- 
plicitly implied in all calculations made with 
these theories since, in the language of Feyn- 
man diagrams, one always omits diagrams in 
which a point connects directly with itself (see 
F. J. Dyson, Phys. Rev. 75 (1949), 486.) If 
one would include such diagrams then, of 
course, most quantitative results would be 
changed. 

4) J. Schwinger, Phys. Rev. 75 (1949), 651. 

5) K. Sawada, Prog. Theor. Phys. 5 (1950), 236. 


Zero-zero Transition and Electron- 
Neutron Interaction 


Y. Yamaguchi 
D partment of Physics, Osaka City University 


June 14, 1951 


As is well known, the zero-zero transi- 
tions can be explained in two different 
manners”; (i) the ordinary electro-magnetic 
interaction between protons and electrons and 
(ii) the hypothesis of direct coupling between 
nucleons and electrons. As for *O'*, the 
energy spectrum,” the angular correlation of 
the positron with respect to the electron® and 
the life time” are all in good agreement with 
calculation based on (1). It seems, however, 
to be of some interest to discuss the assump- 
tion Cii) in connection with the electron 
neutron interaction established by the excellent 
experiment of Rabi et al.” 

Let us assume the direct coupling of the 
type?” 

g VOY) (pOg), (1) 
where ¥ and @ are the nucleon and electron 
wave functions, respectively, analogous to 
the interaction responsible to P-decay. This 
type of the interactions was extensively 
examined by Nomoto.” According to him, 
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the first forbidden transition of axial vector 
coupling (O=(6,7;)) with only the nuclear 
matrix element {75 and the allowed transition 
of pseudo-scalar coupling (O=7;5, nuclear 
matrix element {87s ~ firs) give the desired 
energy spectrum® and all other cases are 
rejected. (In the allowed transitions of scalar 
and vector cases the nuclear matrix elements 
f8 and {1 vanish in contrast to the cor- 
responding cases of B-decay.) Nuclear matrix 
element {75 changes the parity of the nucleus, 
while the nuclear matrix element (¥,*Yir°¥. 


all protons 
(which we shall write briefly as Jr? here- 
after) in the ordinary electro-magnetic case 
does not change the parity. 

The parity change of the nucleus is the 
most direct check of two explanations (i ) 
and (ii).” But there is no definite experi- 
mental evidence concerning parity change of 
zero-zero transition. The current nuclear 
model favours to parity change “no” though 
it is not decisive. 

The angular correlation is as follows” 
1-+£0.95 cos 6 for electro-magnetic case, 
1+0.91 cos 6 for axial vector case, (2) 

and 
1—0.91 cos 8 for pseudo-scalar case ; 


where @ means the angle between electron 
and positron. In these calculations we use 
the plane wave for electron and positron wave 
functions. Comparing the above results with 
experimental one 1+0.85 cos 6,” we can 
reject the pseudo-scalar case. If we assume 
lfrsl?~ 10-°, as in the case of f-decay, the 
axial vector coupling constant must be the 
following order of magnitude 


g ~ 5 me*(e*/me*)’, m=electron mass, (3) 
in order to fit the observed life time of *O’° 
((740.7)10-").® 

On the other hand we can explain, the 
electron-neutron scattering on the basis of 
phenomenological direct interaction of the 
type (1). If we adopt the axial vector type, 
the coupling constant is determined by the 


electron-neutron scattering” as follows : 
g ~ 0 .02 me’ (e?/me*)*. (4) 


Since (4) is quite small compared with (3), 
we must give up to explain the zero-zero 
transitions on+ the assumption of direct 
electron-nucléon coupling, unless the direct 
(non-electro-magnetic) interaction between 
electrons and protons is unreasonably greater 
than the one between electrons and neutrons. 
Therefore we may safely conclude that the 
assumption Cii) must be abandoned and only 
the more reasonable explanation Ci) remains. 
Thus the parity change in zero-zero transition 
and the parity of, e.g., *O’® must 


“ce a? 


is “no 
be even. 
As is discussed above the zero-zero transi- 
tion is certainly caused by the ordinary electro- 
magnetic interaction. Then we can determine 
the values of nuclear matrix element fr? 
from the observed life times and the exact 
expression for zero-zero transition probability : 


23( 5% a). for Ge", (5) 


OT) by for,O28, 
(m=electron mass) . 


fel 


Thus the matrix element Jr? seems to be 
nearly independent of mass number A, which 
is contrast with the expectation (Jf r?oc Roc 
A?/s, R=nuclear radius). However the 
similar situation occurs in the nuclear matrix 
element of a-type transition of the first for- 
bidden f-decay ; i.e., the corresponding matrix 
element B;;, which is expected to be pro- 
portional to A’, is in fact known to be 
nearly independent of .4 from the analysis 
of the so-called ft-values.® And these facts 
must be explained in parallel way. 

Finally we want to add some consider- 
ations about S**. It is very likely that the 
positrons accompanying to the B-decay of Pee 
is originated from the zero-zero transition of 
S*° as was pointed out by Nakano.’ As- 
suming the 1.38 MeV level of S**-nucleus 
with zero spin and even parity, and using 
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the value of nuclear matrix element : 
|Jor|?=2.3 ~ 3.7 (e?/2me*)?, 


the mean life time of pair emission is esti- 
mated as 


1.4 ~ 2.2 x 10-6 sec. 


According to Nakano,’ the ratio of electron- 
positron pair emission to orbital electron 
ejection is 38.0: 28.6. Furthermore the 
angular correlation is 


1-11 cos @), 


if we use the plane wave for electron and 
positron wave functions. Since the estimated 
life time for pair emission of S** is rather 
long, it must easily be measured. We hope 
that these predictions about the zero-zero 
transition of S** will be soon checked ex- 
perimentally. 

I am deeply indebted to Mr. Nakano 
for several numerical calculations. The author 
wishes to thank Professor Tanikawa and 
Professor Nambu for their kind discussions. 
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On the Absorption of the Negative 
z-meson by Deuteron 


— Corrigenda — 


S. Ogawa, E. Yamada and Y. Nagahara 
Institute of Theoretical Physics, 
Nagoya University 
June 26, 1951 


Previously, we have analysed the problem 
under the above subject.» There, wé have 
missed some considerations. 

In the case of vector (or pseudovector) z- 
meson, the initial state with the total angular 
momentum J=0,1,2 exists in statistical 
weights, and in the radiative transition, the 
meson current results in considerable effect, 
if the perturbation method is performed in 
vector (or pseudovector) case. On these two 
points, we have modified our previous ana- 
lysis and we have attained the same conclu- 
sion as Tamor’s.”) That is, the pseudo-scalar 
and pseudovector z-meson is consistent with 
the experiments, so far as the 7™-meson 
capture by Deuterium is concerned. 


1) S, Ogawa, E. Yamada and Y. Nagahara, Prog. 
Theor. Phys. 6 (1951), 227. 
2) S. Tamor, Phys. Rev. 82 (1951), 38. 
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Errata 


Theory of the Temperature Effect of Electronic Energy Bands in Crystals 
T. Muto and S. Oyama. (Vol. 5, No. 5, 1950, pp. 833-843) 


pp. 835, 30th line, for +--+ oy iy cos(wr) }, read ++ + = W cos (w oe 
_ pp. 836, equ. (10), for --=N-V8 «.., read -++-= N12... 
po: 637, equ. (11), ‘jor --:=N—*..., read ---= NV? .. 
pp. 838, equ. (19), | 1ha* C,? ha C,? 
equ. (19°), 1°" “Sxafe’ read -on Me 


» » the last line, for Re: FE) log & Uo +1)], read | - +a) log (2.2, =f 1) |. 
pp. 839, 12th line, for +m.C,{{T?---, read +m*C/f{T*-- 
pp. 843, 2nd line, for (Cz in (ev), e cm/sec), read (C; in “ohh ce in cm/sec). 
pp. 842, Table 1, 3rd row and 5th column, for 0.043, read 0.047. 
2 5 for 0.25, read 0.85.. 
Note on Dirac’s New Quantization Method in the Field Theory 
T. Muto and K. Inoue. (Vol. 5, No. 6, 1950, pp. 1033-1044) 


pp. 1035, equ. (5.4), for ---=2¥, read --=2¥,. 
pp. 1037, 13th line, for -(—k,.’, —k)U_-"(k’), read -+(—k)’, —k’)U_"k’). 


pp. 1042, equ. (28), for sipdn(w)=---, read s:p*b,(%)= 
se for an= |\b* (ar): pb m(ae)dar, read an=\p,* (ae). p* Pm (0 dae. 
2 14th line, for R,,,,(r), read R.,,:(r). 
é equ. (32), for - U(r)? -, read - ezine, , 


pp, 1043, equ. (38), for 3 ea 2 (- ie a/20) (-- 


a Za) ( 
2a 


read --- 3 


back page of the cover, 28rd line, for Note on Dirac’s New Quantized Method --, 


read Notes on Dirac’s New Quantization Method -+ 


Interaction of yu-Meson with Matter, I. ——Nuclear Excitation by Electromagnetic 
Interactions. ——T. Muto and M. Tanifuji. (Vol. 6, No. 1, 1951, pp. 27-36) 


pp. 32, Ist line, for -- Six, read --->}xX. 


R 
Go, equ. (24)” for =e, read ti=7.- 
(CL? eZ? 
, equ. (27), for a, =122"( 4 Z. ane: read o;=12n"( S73) Heh oh 


» » equ. (28), for eg=--- , read ey= 
pp. 33, the ordinates of the left and right hand sides of Fig. 1, 


” 


> s}lun oro) ur ABra0-q 


| 
S 
ox 


I 
te 
r—) 
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for ond S™ (om), read an AS (em’). 
a d 2 
for 2n BY (em’), read InBo (em*). 


pp. 34, to the ordinate of Fig. 2 Ao(em*) should be attached. 
pp. 35, the ordinates of ‘the left and right hand sides of Fig. 3, 


d 
for onAS*, read 2nAse : 

d 
for onBS", read 2nBT5 : 


Theory of the Temperature Effect of Electronic Energy Bands in Crystals, II 
T. Muto and S. Oyama. (Vol. 6, No. 1, 1951, pp. 61-64) 


pp. 61, Fig. 1, for ------ C,2=104 ev’, read ----- when C,,°=104 ev’. 
- x for «+++ when C,?=842 ev’, read ------ when C\?=84.2 ev’. 
ba x the parameters attached to the curves should be read ¢,=1 and ¢,=0.65. 
2 2 
», the last line for —2.09 x 10° sts , read —2.09x 10° 6r 
1 
Electronic States of C,-Molecule, I ——Jnteraction between p-Electrons——G. Araki, 


S. Tutihasi and W. Watari. (Vol. 6, No. 2, 1951, pp. 135~153) 
Figures 1 and ? (p. 151) should be replaced by the following figures : 


0 0 
—0.5 


——s)1un dtur0j}e ul Adi9uq 


—2.0 


—R in atomic units 


—>R in atomic units 
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Statistical Thermodynamics of Solutions of Electrolytes 
and Non-Electrolytes 


Syt Ono 


Institute of Applied Science, Faculty of Engineering, 
Kyushu University 


(Received April 23, 1951) 


In this paper the generalized Born-Green integral equations for solutions of electrolytes and 
non-electrolytes are derived according to the method previously shown. The assumption of super- 
position for the potentials of average force of solute molecules or ions is employed throughout the 
present paper. The integral equations may be used, if the potentials of average force at infinite 
dilution are known, to compute the deviation from perfect solution behavior. 


§ 1. Introduction 


Statistical derivation of the thermodynamical functions of multicomponent 
systems from the potentials of average force of solute molecules or ions at infinite 
dilution has been performed by McMillan and Mayer.” In the present paper we 
shall derive the integral equations, based upon the theory of grand partition 
function, for treating solutions of non-electrolytes, corresponding to McMillan and 
Mayer’s method” of power series development, and the one for treating solutions 
of electrolytes, corresponding to Mayer’s” recent work. 

We consider only systems of infinite extent in volume space, the temperatures 
of which are fixed at 7. The systems are multicomponent systems containing 
o+1 types of molecular species, and the subscript s (or ¢) will be used to refer - 
to species s (or ¢). The symbols without subscripts refer to a set of quantities: 


P=Po ro ae or Pos (1) 
Pai ee 9 (em © (2) 


The symbol p, is the density of molecules of species s, in molecules per unit 
volume, and gz, is the fugacity normalized in density unit; the subscript zero 


indicates the solvent. 


The letters 2, m, 2, etc., when written without subscripts, will be used to 
indicate sets of integers. And the short hand notations : 


Rhizhy! ByleBy! ols (3) 
=P” pybi--+ pF s+ Poo, (4) 


k k 
gh ae ton. 2,"2 By 9 (5) 
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will be used. 
The symbol 


(2,) =Xasy Sis es) (6) 


indicates the Cartesian coordinates of the center of mass of the zth molecule of 
type s. The coordinates of 2, molecules of type s will be represented by 


{4,}=(0), C1), «++. Cs). (7) 
And we will denote the coordinates of all molecules of such a set & by 
{2} ={hot, {ibs 1p 1behs o> 1ot- (8) 
The volume elements are similarly denoted by d(i,), d{%,} and d{#}. And the 


notation 
: re) ) fe) fe) fe) 9 
.: YS ty a ( ) 
(( AG) ¢ opp Ii, 0) reve 


will be adopted. 


§2. Distribution functions and the generalization of the grand 
partition function 


We now define distribution functions F(z, 7, {}), of the coordinates of a 
set 2 of molecules by the statement that in a system of infinite extent (V>~x,/p, 
for all s) at the temperature 7, and the fugacity set 2, the probability that there 
are an appropriate set 7 of molecules at the coordinates {w! within the volume 
element d{z} is equal to’ F(z, 7, {2})d{n}. 


And the potential of average force is defined by 


Wz, T, {x})=—kT In File, 7, {x}). (10) 


McMillan and Mayer” has shown that the distribution functions are given by 
the equation set 


so (EF Rta 2 mB, Eff fof Lee Jam ca 


where & is Boltzmann’s constant, U,{2} is the potential energy of the set z of 


molecules at the position {~}, and (7,2) is the grand partition function defined 
by 


(6, 7) = Bf sfospl— Zl aton 
@ MY) a9 Wk eae (12) 
And here the potential energy of the system is assumed to be a function of the 


coordinates of the centers of mass of molecules alone, Differentiating (11) with 
respect to 
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8/ds” = 8"0/Az,?0- 3"1/0z,"1-0"«/8z,"o, cathy (13) 


we obtain 


3” [— ie Ne om—-p ) 

=H, I’) 4— Vip Vy ; yt == CDSS ane ; ae OER aaa 
a ( ate ) ( ce 7 )| 2, capil [exp LT }ad(n). 
(14) 


Then we have, from (11), 


= F(z, re)” {| ve otic T, {n+m})d\m}, (15) 


in which we have replaced g by m. In consequence Taylor’s expansion of the 
function 3 (z, 7) (p/z)"Fa(z, 7 .{n}) about the point 2 is, according to (15), 


B(2, TL) Be, Teta}) 


—_ < (¢ Fes z*) : p* ares . 

HE (et, TD COL (Ey Fam (ets Tet mb dl}. (16) 
m= mm! ae 

This is the generalized form of the grand partition function originally introduced 

by McMillan and Mayer in the different way from the one described here. 


§ 3. Integral equations 


As shown by Mayer”? (16) can be used to derive a set of integral equations 
which permit us to calculate the properties of the condensed phases. And in the 
present paper, we will derive the integral equations with the following assumptions. 

It is frequently assumed that for chemically saturated molecules we may 


write 
1 eerae a ee 
Onno 3 y \ thy (ta Jee (17) 
$,¢ t=1 j=l 


where %,,(i, 7,) is the potential energy of pair of molecules of type s and 4; 
and 7,. Equation (17) is probably very nearly correct for many molecule types. 
In the case of a fluid, for which single molecule distribution ‘functions are equal 
to unity, we may similarly assume, 


‘ip see 
WA n} og 2: pe pS 2 Ws1(tn ji) (18) 


in which w,,(d,, 7,) is the potential of average force of a pair of molecules z, and 
J» the assumption of superposition, which was first introduced by Kirkwood.” This 
assumption js very useful and appear to be reasonable although it has never been 
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proved to be even approximately true of liquids. 
Introducing (10) and (18) into (16), and differentiating so obtained equation 
with respect to the coordinate of a certain molecules, z,, we obtain 


B(e, r)(£ OF, (Ts int) 


Z TC) 
=- oR 9S Beer, 7)\\ of ay 
aber iapce acs T, {n+m})d\m}, (19) 


where w,*(d,,7,) corresponds to the fugacity *. Replacing {m}+ (j,) by {m} 
for the terms in which 7, belongs to m, and making use of (16), we obtain 


aF,,(z, T, {n}) me 1 Owwse (Zo Je) . 
5G). EEE OG) ee ee 


(2.— 21" ee EF ay Ow; (Zs Je) 2 
> Syed ied A Sei tora mA ETS (20 
2 Ee, +1 { At) a(f) Jt ) 
Here z,,*(z,, 7,) is assumed to be functions of relative coordinates of 7, and 7, and 
to satisfy the relation dw,* (Z,, 7) /0(é.) = —OWu* (¢4, J.) /A(%2) ; this condition is 
valid for monatomic fluids. The principle used in the derivation of (20) is es- 
sentially equivalent to that used in the preceding paper.” 


§4. The solutions of the integral equations for pair distribution functions 


In the present and subsequent sections let us represent the pair distribution 
functions by F(z, 7,) and the three molecule distribution functions by } ee OS 
k,) for the sake of convenience. Then the integral equation (20) for pair distri- 
bution functions can be written as 


0 In Fy, (z,, 7.) rae OwWee (25 Jz) 
1) AT -@KG.) 


= i 1b) Foa( brs jy else Hdd), 21 
ic aan ss 2 ee (Jo &,)Pya(hor Js) 9 (hy) (Ay) (21) 
This is a generalization of the Born-Green-?-Yvon® integral equation. And by 
means of the same manipulation that adopted by Born and Green” this equation 
can be brought to the form 


In F,(r) 42H) 


=n) we Pf Ca andr. Wis, (22) 
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' F,,(7) being defined for negative values to be even functions of 7. There are 
a(a+1)/2 types of functions #,,(7), each satisfies an equation like (22). And 
simultaneous solutions of these integral equations will yield values of the functions 
Fir) if wy(v)’s are known. 

Now, following Green” and Rodriguez,’ we will linearize equation (22) by 
writing 


Pse(r) = (we (7) —wu()) /AT, (23) 
or 
F,(r) =exp {(—wi(r)/4T) + $u(r) }- (24) 
Substitution of (23) into (22) leads to 
bale) = AS eee LN" (ea) EP 
x [1+ for(t+7r)) Po +7) +1) — la + pres) oss) as, (25) 
where 
fa(r)={exp (—wa(r)/4T) }—1. (26) 


In the right-hand side of (25), cubes and higher powers of $(7) ’s are neglected. 
If we replace ¢,(7) multiplied by the factor, f,(7), by (¢e—1), its mean values 
in the neighborhood of the origin, (25) becomes, after integration by parts, 


alr) = 20 ERENT Hr) Go U1) + efit 1) Miles fe( sds 


@7) 
If we write 

rba(r) =n) *)" shud s) sin (rs)ds, 28) 
and 

real) = 22) *{" sfals) sin (7s) ds (29) 
then (27) becomes 

$u(s) = ABor(8) +69) Henin) (30) 
where 

1/2e= 2m)" (2,514) fal He (31) 


We may determine ¢,,(s)’s by solving o(a+1)/2 equations like (30). Then 
the distribution functions can be calculated from them by means of (24) and 


rby(r) = (2m) 71? | * shal) sin (rs)ds, (32) 


which directly follows from (28). 
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§ 5. Pressure and osmotic pressure 


It is possible to compute explicitly the pressure from 


R= oy oe g,—2,* 7— Od uae ee i 
(rm) 2 yy fleet) M82), p(y) POO pray, 
21 0 ar 


2 2B Fr ¢ 
‘ ; (33) 
where p* is the pressure at the state corresponding to the fugacity set z*. This 
formula was justified by Green for the cases of z*=0 and p*=0, and a derivation 
for the general case is shown in the appendix. 
First let us consider the case where the asterisks refer to infinite dilution. 


es = kT 


Then (53) reduces: to 


g Qn 2 © a Aitn(r) 2 ‘ 
P=ATS 2233S psp Pale) Orde (34) 
s=0 ©. s=0)¢=0 0 dr 


for w%(r) is equal to w,,(7), in the limit of infinite dilution. And in this case 


equation (31) defining A, becomes 
1/1,= (22), (35) 
and fu(v) defined by (25) is written as 


far) =exp (—“X)) — 1, (36) 


Here let us consider the function defined by 


A, —tnS00(2) = En Soi (2)-* — £6 £00 (2) | 
F(z)= —tyFi9(2) Aen Zu(2) > —£ie810(2) (37) 
= Eaeh'ap (S) —~Eo1f o1( 2) cs AS —=€o0kes (2) 


It will be seen from (30), (85) and (37) that in the region of sufficiently low 
densities /*(z) is positive for all real z, and consequently the virial expansion of 
the pressure may be possible. And if we could accept Green and Rodriguez’s 
interpretation of the singularity of the isothermal, the density set for which the 
upper bound of F(z) is equal to zero would correspond to the metastable state 
separating the gas from the liquid, at which a real discontinuity in the radial 
distribution functions and all the thermodynamical quantities appear. Such density 
sets will form a o-dimensional hypersurface in the ¢+ 1-dimensional space in which 
the densities are plotted as the coordinates. 

The application of the theory to the one or more solutes in a solvent appears 
to be more important than the one to the gaseous mixture described above. For 
this case we shall find it convenient to use as the reference fugacity Sel 2°. thie 
one, at which the densities of the solutes are zero and the fugacity of the solvent 
is such that the pure liquid has some convenient pressure p*, Say one atmosphere, 
of possibly its orthobaric vapor pressure. And let us consider thé case for which 
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2—2)*=0, i.e., the activity of the solvent is held constant. Then the pressure 
difference —* is the osmotic pressure. For this case (33) is written as 
t= ALS p= SYS pad Flr) EO pa, (38) 
s=1 3 s=1t=1 0 adr 
in which w%,(7)’s are the potentials of average force occurring in the pure solvent. 
In this case 4,’s are expressible by (35) except for s=0 and Ay'=0. 

If the pair distribution functions, (7), are determined by solving equations 
(27), the osmotic pressure will be obtained as a function of the temperatures 
and the densities of the solute. As shown by Green” in the case of one solute 
the second and the third virial coefficients calculated from the distribution function 
and (38) agree with the ones obtained from McMillan and Mayer’s theory. And 
the present theory will furnish more accurate results than the one given by Zimm’s 
theory"? for polymer solutions in which the molecules assumed to be rigid spheres. 
And in the case of rigid sphere molecule the solutions of the non-linear integral 
equation computed by Kirkwood, Maun and Alder™ will be utilized in our theory. 


§6. Solutions of electrolytes 


In a infinitely dilute solution of electrolytes the potential of average force 
between ions of type s and ¢ will be given by 


we (7) = (2.%6°/ Dr) +05 (7)s (39) 
where € is the electronic charge, D the dielectric constant of the solvent, and z,, 
z, are the integer charges of type s and ¢ respectively. (rv) will differ from 
zero only for small values’ of the distance, and will increase without limit, more 
rapidly than v~', as the distance approaches zero. If wy(v) is given by (89), 
the Fourier transformation (29) will not converge, since the absolute value of 
fu(r) defined by (26) decreases as rapidly as 7~* for large distance. In order to 
avoid this difficulty we assume that the potential of average force between two 
ions is expressed by 
wy (7) = (226 /Drje* tour), (40) 
and let a@ approach zero. Then (29) converges for all positive values of a. We 


may assume, as a first approximation 
i = <— 
hy OE mailers | (41) 
=() vY> ata, 
And here we assume that wi(r)/kT is small compared with unity, and may 
neglect all terms higher than the second for r>a,+ a. Then f,(7) defined by 
(26) becomes 


fl =-1 ne (42) 
=—(2,2,6/DrkT) e™ 4> asta 
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Substituting (42) into (29), we have 
u(r) = — (2/7) ‘[ ssn COC (2,246 [DET )\ os sin (rs)ds. (43) 
If we neglect the first term of equation (43) due to ionic radii, we have 
rea(r%) =— (2/n)*(Z,Z€/DkT) |e sin (vs)ds. (44) 


Here we use the well-known relation 


of t= (2/z) |sin (ux) due sin (ut )dt 
J0 0 


Beli uw sin ux ie (45) 
Pte 
Then we obtain from (44) 
aay yi eels, 
«(*)=— ‘ 46 
Sul) (3 RT eg i) 


We assume that all ¢,(7)’s can be written in the form 
bu(7) =Z,Z6(r). (47) 


If all e’s are assumed to be unity, substitution of (46) and (47) into (30) leads 
to 


o(r) =(— \ Ses +r Praeee ie 
where 
2 ae ) Be} " - ae: 


Then we have, according to (47), 
2 ir ZL4€ 1 1 
IN a : 
u(7) iz DkT ian acces Ce 
Inserting (50) in (82) and using (45), we obtain 


rut) =(ZL,e/DkT exp {ar }—exp| — (a2) ""r}] (51) 
From (23) and (51), we have 
woul) =(Z,Z,€/DET) (1 /r) exp {— (42) "r}. (52) 
If we let « approach zero, (52) becomes 
Wy (7) = (Z,2,€°/DRT ) (l/r) e-*" . (53) 


And if (35) is used, (49) can be written as 
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v= 4n(e?/DkT) Zp, (54) 


from which we can see that equation (53) is Debye’s solution™ of the Poisson- 
Boltzmann equation. Thus we can conclude by saying that the general integral- 
equation theory for solutions of electrolytes leads to the Debye-Hickel theory in 
the limit of vanishing sizes of ions and increasing temperature. And the theory 
of solutions of electrolytes in which the mutual interactions apart from Coulomb 
interaction between ions are taken into account will be developed on the basis of 
the integral equation method. 


Appendix 


According to the general properties of the grand partition function, we obtain, 
from (16) for the case x=0, 


exo se yee ll (Ee *,T,{m})dim}. (Al) 


And then we have 


p—p aT in| CEI" LT (Cot, f {m})a{ mt | (A2) 


aV m= 86! 
For an arbitrary function of the volume V, we have 


aP(V) _ 1 oer) (A3) 
av. BVL ag Ie=1 


And let us consider the function which is expressed in the form 


P(V) =|[ [ee Hoy ++) Hy) AX AX, AX, (A4) 


where & is Cartesian coordinates and da = drdydz. If we write #, = €y,, we 
obtain from (A4) 


OSV yao (OEY, EY 0s FYn) AY: AYs: AY n. (Ab) 


From (A3) and (A5) we have 


aP(V) = “ff (0 (w, Hoy ***s Hn) AL AX, AL 
OV Vide 


ne j a . x, 0 ty 0 re a Vw (00, ges, w,) bday diy (A6) 
BV J Ir i=\\ 04, OVs Oz; 


If we use the above formula, (A2) can be written in the form 
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area Calle fee» al 
pee jaar ane \(G) Fale T, {m})d\m} 


ey ol an F,,(2*, :-T, {m})d\m} 


mao 6m! 


Genel (G ) {px(@ 5 TG ead al Post ix im})} {m} 
3V >| 1a 22) Cae te AG Ae (2*, T, {m})d{m} 


os m | 


, (AZ) 


in which the notation given by (9) is utilized. Replacing m,—1 by m,, we have 


oe (en “{{ AG). F,, (2, T, {m})d{m} 


= (2,— #5") yeaey a “tf {Eyes Ps “Fn aif2*, ZT, {m}+(,))d{m}d(i,). 
And according to iO La have 


: = Epa en F (2 (ae EF, (2*, T, {m})d\ mi = wie aed Pe (S125 


V 5s mz>0 m\ 8 Zs 
(A. 8) 
F(z.) being unity for a fluid or glassy system. On the other hand, we have 


2ST OY Hoge 7 ape 


=z CoE" Ihf(CY (i) Is we (o*, Ty {mb dtm}, (Ad) 


m>0 m' 
and 


pace enel | -\(S) YEle FG oe » LT, {m})d{m} 
mp BGM ofl §E 


x {(G) ay ea iPad T, {m})d{m}. (A110) 


And we obtain the following result : 


= Se NAGY Re (s) AG aun peo es bate} 


ae mele Be say. ACAY 
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« (Oso) D] PA Ts {mba ES ay 


: : : 
Replacing m,—2 by m, or m,—1 and m,—1 by m, and m, respectively according 
as s=t or s#¢#, and using (16), we obtain 


pp je)" if. fe (" Xe aan * 7. {m}) batt veh 


2nV (s,—2,*) 0, (2:—2,*) Pi. spel eos p*) Veo. aws(r) & 
a a y EERO Tor D) 
kT Z, ‘, LT \, rFy(7) emer (A12) 


If we substitute (Al), (A8), (A12) into (A7), we have, according to (A2), 
equation (33). 
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In order to explain the well-known peculiar character of liquid helium an assumption is proposed 


“ 


that as the temperature is raised from O°K atoms are excited by thermal agitation to form “ molecules ” 


of about eight atoms each. Bose statistics is then applied to the system of atoms and molecules. The 
thermodynamical properties, thermomechanical effect, the so-called second sound, viscosity etc. are quanti- 
tatively discussed, giving microscopic interpretation of these phenomena on the line proposed phenomeno- 
logically by Tisza.1) 


§ I. Introduction 


Helium is the only one liquid which does not solidify down to absolute zero 
temperature under its vapor pressure. It is of no doubt that this peculiar behavior 
of liquid helium is due to the quantum effect or the large zero point motion of 
helium atoms owing to their light masses. Liquid helium undergoes a transition, 
the so-called 4-transition, the reason of which is not yet established. F. London” 
and others attributed this transition to the Bose-condensation of helium, because 
if helium is considered as ideal gas of the same density as liquid helium, Bose- 
condensation takes place at 3.14°K, which is of the same order to the real A-point 
(2.19°K under vapor pressure). This seems to be a streng support to the Bose- 
condensation hypothesis. On the other hand liquid helium below the A-point 
(He HW) has extremely low viscosity coefficient and extremely high heat conduc- 
tivity, both of which cannot be governed by ordinary laws, and the viscosity of 
liquid helium diminishes as the temperature is lowered and approaches zero at 
O°K. This phenomenon, the so-called superfluidity of He II, seems to have some 
connection to the surface-film (Rollin film) phenomena of Hell. Landau® and 
others stressed the similarity of the superfluidity of He II to the super-conduc- 
tivity of metals, and according to them the transition is not essential to the 
Bose-condensation. Landau’s argument, however, seems inconsistent, because his 
treatment on the statistics of “rotons” was at the beginning, for non-restricted 
number of them, but the temperature of the A-point was calculated by laying 
restriction on it. 

H. London? developed a phenomenological theory of liquid helium and Tisza” 
extended this idea. He proposed four postulates on the nature of liquid helium, two 
of which are for the lowest state of energy and two others for the excited states. 
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His postulates may be summarized as follows: (a) Lowest state #, has min. for 
V=V,, volume of the liquid. (b) The state 2, is characterized by a vanishing 
rigidity. (c) Viscosity of liquid helium has a gaseous character. (d) There 
exists a temperature of transition 7, This paper intends to give microscopic 
foundation on Tisza’s phenomenological theory. 

Now, energy diagram for liquid and solid helium is illustrated in Fig. 1, in 
which £%, is the energy of liquid and £g that of solid both at O°K. At O°K the 
equilibrium state of liquid under zero pressure is L, with increasing 
to 25 atm. state L’ is reached where transition occurs to solid state 
S’L’ represents 25 atm. pressure. 


pressure up 
S/> themdine 


The energy and volume of these points are as 


follow” : 
Table 1. Energy and volume of solid and liquid helium 
a  ————————— 
Temperature Pressure Volume Energy 
é cal 
4 } “ae a i ees —13.18 mol Difference 
oot ¥ 1.08 cal/mol 

s/ 0 25 21.3 —12,05 evil: 

L 0 0 27.6 —14.2 

Ly 2.19 0 27.36 —11 

Péculiarity of condensed 
helium that the solid curve Molar volume V" (cm*) 

19 20 21 22 23 24 25 26 27 28 29 


E®, lies above the liquid cu- 
rve E® is seen in Fig. 1, 
while in case of ordinary 
substances the liquid state 
has higher energy than the 
solid state. 

This situation seems to 
predict that as the tempe- 
rature is increased some parts 
of liquid helium II will be 
excited by thermal fluctua- 
tion to crystalline state, but 
the entropy condition will 
favour to form large number 
of these crystallines rather 
than to grow large crystals, 
and the number of crystallines 
formed will increase with in- 


Energy £ per mole (cal/mol) 


_ 
ja 


= 
bo 


13 


a 
> 


15 


Fig. 1. Energy of liquid and solid helium plotted 


as a function of volume, 
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creasing temperature up to the A-point. This is just the reverse phenomenon to 
the crystalline-germ formation in ordinary liquid as the temperature is lowered ‘to 
approach to the freezing point. However, that only one atom is excited to the 
crystalline state is obviously meaningless; there must exist certain lower limit 
for the excitation of atoms, and there must be also upper limit being restricted by 
the energy increment for crystalline formation, and the size of the crystalline 
will be restricted within a rather narrow range. It will thus suffice to assume 


’ 


that a definite number of atoms are excited to form a ‘“ molecule’ or a crystalline 
state. The terminology “ molecule” was introduced to speak of the excitation of 
a group of atoms. Molecular part of the liquid helium will have viscosity of 
gaseous character and will form the so-called ‘‘ normal ”’ part. 

Ordinary helium atoms with mass-number 4 i. e. He* and their aggregate 
molecules as well obey Bose-statistics. In the next section Bose-statistics of these 
helium atoms and molecules will be developed with caution as to the lowest state. 
The lowest or the zero-state is not necessarily the zero-state of one body appro- 
ximation but rather means many-body approximation, whose wave function will 
be described by the coordinates of the whole system, that is ¢,(1,..., 4), and 
when a molecule is formed wave function will take the form y¢/,(1,....V), 7 
being the wave function of the molecule. 


§ 2. Bose statistics of atoms and molecules 


Let us consider a system of MV helium atoms He‘, Bose-particles, contained 
in a box of volume . We assume that by thermal agitation a definite number x 
of atoms can be simultaneously: excited to form a stable molecule, excitation 
energy of which we shall denote by J. By collision or so it will be possible 
that 2% atoms form a larger molecule or grobule of atoms with energy about 24. 
But this globule will immediately separate into two molecules containing x atoms 
each, as the entropy is more favourable for the latter. Molecules may have rota- 
tional motion, but excitation of rotational quantum number will require somewhat 
larger energy, and we assume that rotation can be neglected. Molecules or 
excitation quanta J have translational motion whose energy levels we shall denote 
by 7, and its energy by ¢;. On the other hand the system has Debye phonons of 
thermal vibration, we shall assume this to be independent of the number of mole- 
cules formed. 
| Let 7; be the number of molecules in’ translational quantum state 7, de- 
generacy of which is g;, and let 7, be the number of phonons with energy /y,, 
degeneracy of which is f;. Thermodynamic probability is then 


W=II (4+g;—1)! (4,.4+7,—1)! 
wie Dee LIT (1) 


with entropy of the system S=/ log W, where # is the Boltzmann constant. We 
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assume that g,=1, non-degeneracy of the lowest state; then we can omit the 
atomic state 7=0 in this expression. We shall denore by JV, the number of 
atoms in the lowest state, and by €, its energy. Fixing the number of atoms 


Beat ats (2) 
and energy of the system 
E=€ N+ (446) 14+ 3 lala (3) 
we maximize the entropy. For brevity’s sake we shall put 
=o See 


Then 


dlog W— a = BoE 


=— * 8N,+ Sdn! log: poe u—p(4+e)} 
xX Nj 
- S30, log “etfs 2 Bim. a, (4) 


Thus we are led to the well-known Bose distribution laws, namely 
nj =e; [leat b4ten —1], (5) 
L, =fi[[ebs —1]}. (5') 


Inserting the equilibrium values of , we have for the molecular part of thermody- 
namical quantities namely the number of molecules *, energy E and entropy S 


of the system as follow: 


k= N—No _S1g,/[ea+ b(4+es) —1], (6) 
xX 

E=S\(A+e;)g4/[ert 4+e) —1], (7) 

saz + an® bT—2D) gy log[1—e-a-0(4+ 0), (8) 


where as usual 
B=1/2T, (9) 


T being the absolute temperature. Accordingly translational motion separates 
‘from vibrational modes, and Bose- condensation will take place with respect to the 
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former, whose distribution law contains a. However, two circumstances occur 
as to the variation of dV). 


—> N, s 


Fig. 2. Entropy versus nu wber Fig. 3. Energy-entropy diagram (schema) 


of zero atoms Vo. of liquid helium. 


(#=const. curves, schema). dZ£/0S=7 gives absolute temperature. x 


It can be shown that means the temperature a+B(4+e,) =0. 


(0.5/0n*) p=ak. 


1) If we put 
olV,=0, or V,=const. 


we have the equation (6) for the condition determining «, from which S is 
given as a function of the number of the zero state atoms JV,, but it is easy to 


see that above a certain temperature, given by M,=0, «=O (A-point), entropy 
takes its maximum value when 


9, «(7 = Ty). (10) 
This is the case of He I (above the 4-point). 
2) On the other hand we may vary 6N,(40), for which we have 


a=07(T STs)eu- (11) 
In this case MV, is determined by the condition 


nt =a = Dig,/[eh4te) 1]. (11’) 


It must be that x*</WV/x, which is satisfied for 7 < 7,: this is the case of He 
II (blow the a-point), Probable curves of these two cases are sketched schemati- 
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cally in Fig. 2. Entropy versus Energy curve will take the form of Fighs 
(c.f. Eq. (28) below). 

8 is related to the temperature 7, the slope of the curves in the figure, by 
Ea. (9). 


u=N/x (12) 


means the number of molecules when all the atoms are excited (above the A- 
point). For He I, x*=x. For He II, a=0, and x* is the number of molecules 
in Eqs. (6), (7) and (8). 

As to the translational motion we __,,,, 
assume that excitation quanta J behave 
as if they form ideal gas in an effec- 
tive volume V.. Then we have for 
the density of energy level the ex- 


pression 


Le=E (e)de= Ae'"de, (13) 


where 
0 4 A+e€ 


A=V2n2y/ hy, (13) Fig. 4. Density of energy levels (see § 3) 


in which yp is the mass of a molecule 
and # the Planck’s constant. We have then after some alteration 


pt = Ae FEET) fA /2,. 8) (14) 
—n* 4+ Ac *-*4 (kT) 17f(3/2, 5), (15) 
oe 4 42 1 pera 2752 (3,/2, b) +an*k, (16) 
D FAR de 
Fa anh T= Ae (RT) B 2 b). (17) 
In these formulae 

ger) (18) 

for He Il a=0; for He I x* is to be replaced by n(=V/x), and 

, as oe! 

7s ahs |= 5 aia +I) (14+ 55 FEI +t) (19) 


where /’(s) means /™-function. 
For the range of He II (4=0) we may assume that 
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p4>1, (20) 
and the above formulae reduce to 
DW ORY oa (21) 
( Sp ae 8 
i Py Fae) 22 
E=f(T)e "(r+ (22) 
A Spewel: 
= ee ie 23 
Saye “(143-2 ), (23) 
B= —] (Teo er, (24) 
where 
JT) =AT (3/2) (AT) = (Q0pkt/)?"V,- (25) 


The last equations are formally identical to these given by Boltzmann statistics, 
a trivial consequence of the large energy of excitaion i. e. Jd>7. These equa- 
tions are formally identical to those of Landau”. Molar heat is given by G,= 


ToaS/dT or, for Hel, 


L ET ney 1d / Ele 
C.=](T)e7™ {1 3 : ( A 26 
J (Tye ee ae ea ) (26) 


For He I we have 


G= : nk. (27) 


Curvature of the figures in Fig. 3 may be known by means of the relation 
oL/aS*=07/08S=7/C,,. (28) 


Dotted curve (a<0O) in Fig. 3 corresponds to Conk which is smaller 


than C, of the curve a=0, and therefore has larger curvature. 


§ 3. Comparison with experiments 


We will now compare the preceding results with experiments. As Tisza has 
pointed out, for liquid helium above 1°K contribution of phonons to entropy can 
be neglected. Entropy expression of our theory can be written as 


4 Ta ber 
Sx nF eAltToe— ayeT( (1 ~~) 
i hey ) # 2 4d (29) 
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where x=V/x is the number of molecules at the 4-point 7). Experimental value 
of Kapitza reveals to be well expressed by this formula with constants 

4=40kT, (4/£=8.76°K) (30) 
and 


n=0.122N, +=8.22 (31) 


as will be seen in Fig. 5. 
Pneray Of Hell at O°K is 


£,= —14.2 cal/mol. 


Let us make direct calculation of the energy of liquid helium at the 2-point. 
For excitation of molecule energy 4 is necessary, and translation energy of this 
molecule is (3/2)7 as Boltzmann statistics is permissible, therefore at 7, the 
energy of liquid of 1 mole atoms is given by (see Eq. (27)) 


S cal.J/mol. deg. 


C,(cal.Jmol. deg) 


1.2 14 1.6 1.8 2.0 2.2 1.2 1.6 2.0 2.4 2.8 FRR 
Fig. 5, Entropy-temperature diagram, Fig. 6. Molar heat of liquid helium. 
© Experiments. Solid line: theoretical Experiments 


—-- theory, with a single 4 


curve with 4=4.027%, «=8.2 
ae PO ssi theory. Eq._(83) 
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E=E, +-n(44+3kT,/2.) 
= — 14.24 (2.240.8)cal/mol. 
=—11 cal/mol. 


This is the value just given by experiments. | 
Specific heat given by (26) and (27) -has obviously 4-type, and in the Hel 
range coincides with the observed values as is seen in Fig. 6. 


Transition temperature 7, will be given by 


N/2= (QaxmkT/H)?Ve-AlhT . (32) 


As a rough approximation we shall assume the effective volume to be identical 


with real volume, 
Ve= V=2736 cm, 
the molar volume at the A-point. Inserting the above values, 
A/kT,=40, 4=8.2 
we have 
Ty=2.0K 


which is to be compared with the real A-point, 2.19°K. 

If the temperature of He I is raised sufficiently, energy as well as entropy 
contribution from atomic oscillation will predominate and the effect of molecular | 
motion will become comparatively small, approaching the so-called quasi-crystalline 
structure of liquid. But as the critical temperature of He I is only 5.2°K, 
assumed molecular structure can be expected to remain up to this temperature. 
Recently ultrasonic absorption in liquid helium was measured.” It was revealed | 
that above 3°K the classical theory of absorption strictly holds, and that below 
3°K observed absorption coefficient exceeds considerably classical theoretical 
values, having a sharp maximum at the 2-point. This anomalous absorption is 
presumably due to the transition caused by sound waves between molecules and 
atoms. 

We have seen above that our theory gives nearly the same numerical results 
as was given by Tisza’s theory with respect to the temperature dependence of 
entropy (as well as second sound of liquid helium as we shall see later). For- 
mally speaking our results have exponential temperature dependence ~e7“/??, 
and those of Tisza? and F. London” have 7” terms as the main factor: But we 
have already known that these two different forms are equally well to represent 
the observed values above 1°K ; there must, therefore, be certain formal relation- 
ship between these theories, 
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Indeed it is plausible enough that excitation energy J is not restricted to a 
sharp value but rather broadly distributed. We shall assume therefore that for 
the sake of internal degree of freedom or so, levels of excition energy is distri- 
buted with density D(4). We shall denote by /(e) the density of energy levels 
for a molecule with translation energy ¢,(f/=momentum) and internal energy J. 
Number of levels of total energy between €(=¢,+4) and €4de will be given by 


fle)de= Al fe,"2D(d) dead 
e<e,t+4<e+de 
=Ade| Ve—d. D(4)dd 
0 
where A= V,27(2u//7)*” as before. If the distribution of D is of the form 
D(4) =a 
we have 
1 . 
f(e)=Aae**"| Jlm# tdr= Ce, (33) 
0 


With 
re P'(s+1)G/2) at 
I'(s+9/2) 
Experimental formula used by F. London and by Tisza for entropy measure- 


ment is 


S=const. 7”, 75.5. 
Now, it will be easily seen that entropy can be written for Bose-statistics as 


ef(€) PPE) oy, 


et telkT__ 1 


I wo 
nape of 
S=an*k + al, 
with 
F(e)=[ fled 
0 


provided if F(€)log(1—e7*-*@*®) vanishes for ¢—0 and for €—>oo. To obtain 
the above experimental formula we must therefore put fle) ~er, or s=r—5/2. 


Then 


fe Deb% cory Ch a POH) crys, 
ee o &—I r 


nea Car) [et aro CAT)", 
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or 
S= (r+ 1)n*k. 
At the a-point x*=x, and for the value of C we have 


pemet tok Soptieetnd’ Mart lel 
Py+2) &Nyk Lr) eT)" 


Therefore for s=3(v=5.5) we have 


Sg MENS h Mere es ai Ke ap | ~0..006/(&7,)*. 
POS) 4) Ose Tt araet, (eT) 


If we write 


alidd=44°dd/ di}, 


Am 
so that. |, 2@as=1, 


0 
1/4 
Thay {24(V./n) (QxpkT,//) T,=5T,~AVK. 


Since distribution D(4) for large value of J is insignificant, we may cut off 
D(4) for J=4,,. We see that 4J,, is the same in order to that given assuming 
single value of 4, Eq. (30). Density of energy levels f(€) is given in Fig. 4 
by the broken curve. Since by Eqs. (13) and (21) 


& (e) =ne4lkZo(e/kT,)?/ (13/2) kT), 


it is convenient to compare the density of energy levels by taking the ratio, 
that is i 


Fle) /g (2) =0'B/2) (c/kTy)"e— T/ UP) (¢/£T,)" 
putting 
e=A+e(e>0), 4/£7,=4.0, r=5.5, 
we have 
Fle) /g (6) =0.0003 (€/T,)" /(e/kT,)"*. 


With this modified density of energy levels we have the following entropy 
expression : 


S=S,\(T/T,)", r=5.5, 


S)= 1.62 cal/mol. deg., 
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namely that given experimentally by Tisza and by F. London. This modification 
has little effect on theoretical values in the range of He II, where, therefore, the 
expressions in the preceding section with single value of 4 are quite applicable. 

However, the difference. between (13) and (33) becomes significant when 
the He I range is concerned. Eq. (13) gives for the molar heat of He I the 
value C,= (3/2)”k=0.87 cal/mol., which ss obviously too small compared with 
the observed values. On the other hand the density of levels of (33) increases 
much steeper than that of (13) and hence has larger specific heat. Indeed it is 
easy to see that using (33) we have for He I 


C,=5.5nk=1.4 cal/mol. deg. 


which coincides with the observed values as is seen in Fig. 6 (dotted curve). 
In addition, it is obvious that phonon contribution on the specific heat is negligible 
both below and above the A-point. 


§ 4. Conjecture 


The excitation energy 4 is of course due to the change in kinetic as well 
as potential energy of atoms when they rearrange themselves, say, from liquid to 
solid-like aggregation state. This seems to be a kind of transition in lattice struc- 
ture; however, as will be seen soon later, this energy change J seems to be 
rather surface effect than body effect. We mean by surface effect the energy 
increment at the boundary of the globule of atoms or molecule contacting with 
zero-state atoms. Body effect, on the contrary, is the contribution from interior 
of the molecule, 

To clarify the circumstances, we shall consider that the molecule forms solid 
lattice designated by S in Fig. 1, and shall make use of the energy difference 
between states S and L as the body effect, which is abont 1 cal per mole of atoms. 
If a molecule contains eight atoms, energy difference is about eight cal per mole 
of molecules or corresponds to 4°K of temperature which is to be compared 
with 4/k229°K. The difference of about 5°K shall be attributed to the surface 
effect owing to the distortion of atomic arrangement near the surface of molecules, 
where the atomic distance will be elongated and potential energy between atoms 
will increase. But this effect will be accompanied by a decrease in zero-point 
motion and therefore above estimation of body effect seems to be over-estimating. 
Thus surface effect will exceed 5°K and main contribution to the excitation energy 
4d will come from surface effect. 

- Somewhat different consideration will be afforded: indeed if the eight atoms 
in a molecule form a regular cube, half of the atomic bonds will go out of the 
molecular surface and the increment will come from these. Assuming simple 
cubic arrangement and nearest neighbour approximation throughout, the energy 
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within a molecule can be estimated as energy of twelve bonds. Since three bonds 
are to be attributed to each atom, the excitation energy due to bonds is roughly 
12-(1 cal/3)=4 cal per mole of molecules. The rest energy, corresponding to 
temperature of about 7°K, will be of surface effect. 

Atomic globules with smaller as well as larger number by one or two of 
atoms will have irregular form and therefore larger excition energy ; excitation 
of there atomic globules will be impossible. But globules with several eights 
atoms or so may have regular form and may be formed. 

Indeed by collision of two molecules larger atomic globule containing about 
sixteen atoms will be formed, resulting instantaneous association. This effects the 
non-ideality of molecular gas, and improvement of our theory will be afforded 
by taking into account the effect of molecular association, or, in other words, 
its effect on the effective volume JI’, characterizing the free space of molecules. 
As the first approximation we may put V,=V, from which we have obtained the 
transition temperatune as 7,=2.7°K (see Eq. (33)). 

That this value is rather too high means that in a matter of fact 


V.> V. (34) 


Second approximation will be accomplished by taking into account the binary 
collision of molecules. It seems worth noticing that nearly the same circum- 
stances to Eq. (Eq. (34)) occurs as to the case of gaseous helium: that is, the 
second virjal coefficient B( 7’) becomes negative at the temperature of liquid he- 
lium, Boyle point 7,(2(7;)=0) being about 15°K for helium. So that if we 
put the equation of state of gaseous helium as plV,!/=WV£T, we have for sufficiently 
low temperatures the relation 


V’.=V—B(T)> V. 


We have to consider the association or collision of molecules in more detail. 
As we have noticed before, during the collision process of two molecules the 
atomic globules will interpenetrate each other and a kind of association takes 
place. The collision will therefore be schematically represented as is seen in Fig. 
7. During the processes A, B and C, or the reverse, the whole volume is main- 
tained same for it contains 2% atoms always. 

To estimate the variation of potential energy, we shall assume that excitation 
energy 4 is a kind of surface energy. When two molecules are in contact (A 
in Fig. 7) their surface area A, is larger than the area Ag when their centres 


of gravity coincide and form a large globule (C in the figure). The volume 
being the same, we have 


(A,— Ag) /A,=1—2-" =0,.206. 


Therefore, accordi i i i 
is ole to our aasumption, the energy difference between situations 
A and C will be given as 
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6 B A 
4 
+ 
Fig. 7. Collision of two molecules. Fig. 8. Potential energy of colliding 
A; molecules contact, B; interpenetrate, molecules as a function of the seperation ~ 


C: forming a larger globule. 


4,= (1-2) 4~0.214. (35) 


As an approximation we may assume that potential energy is a linear function 
of the distance ~ of the centres of gravity of the two molecules in consideration, 
then potential energy will be giver by the solid line in Fig. 8 as a function of 
the distance x of the centres of the two molecules in consideration, then potential 
energy will be given by the solid line in Fig. 8 as function of molecular separa- 
tion. As another approximation broken line in the figure will also be used. 

When the mutual interaction between molecules is present, we have for the 
energy of the system, instead of Eq. (3), the expression 


pe SL oe (36) 
where ; 
Ue ee (36") 
w>y 


and ¢,, represents the interaction energy between two molecules at yp and v 
respectively in position-space, being a function of the distance 7,,. In place of 


Eqs. (6), (7) and (8), we have then 


nj=g)/[exp {a+ B(d +e, +0U/dn;)} ah, (37) 
caer a mee it he RINE © 
ee ear ee 
ns = ab Sy — Dimes (U— Sa /an). (39) 

3 


We see that from Eq. (35) 
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U=- 5 BU /Br, UO — >3n,0U /an,= —U 
vy 


and as to the position-space summation can be replaced approximately by 


ty=(n*—1)det,/V (n*= S35), (40) 
j 
when #4>1 we have from Eqs. (37) and (40) 


WS Sine [1+ I" 4nvdr {#0} | ) 
j 


where 


yt = dh eje-4—-B(4 +63) (41’) 
j 


means the number of excited molecules in the first approximation (see Eq. (6)). 
We notice the so-called virial coefficient 


B(H= nn|" Pdr(1 elie ne \- ORGY 


is apearing in the above expressions. 
Now that ¢(7) is given as in Fig. 8, we have 


4n|"$ (r) dr = — (2/3) 4,0°(~— (42/3) $5") 
= —0.42 (2/3) do® (~ —0.42 (42/3) 4d") 


(the values in the bracket correspond to the potential energy of broken line in 
Fig. 8). From Eq. (41) we have then for the efiective volume 


V=V+0.22(4/£T)n*o? (~V+0.88 (4/£T) n*0*). (42) 
If we insert the observed value faosele Kit (33), we have 
V.=34.71,cm* (T= 75) 


at the d-point. And since 4/k7)=4.0, n=/8.2, we have the following value 
for the dimension of a molecule (¢=20) 


o=4.9A(~6.2A) (43) 


which 1s a plausible size for a molecule containing about eight atoms as we shall 
see below. But it must be remarked that above value of ¢, is somewhat overesti- 
mated, since we have neglected the body effect of interaction and attributed whole 
effect to the surtace energy. If the body effect is taken into consideration associa- 
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tion energy will be diminished and we will have the potential curve dotted in 
Eig. 8. Another small effect that molecules will deform when they contact is 
also included ; for this effect potential curve will have a small maximum. Now 
that ¢, is overestimated, actual diameter of a molecule will be somewhat larger 
than that estimated above, say 6~7A. 

We can estimate the molecular size by another method: we shall assume 
that in a molecule eight atoms arrange themselves in regular cubic form simple 
cubic. If the molar volume of solid helium V=21.3cm* is used we obtain a= 
3.28 A for the atomic spacing, and for the diagonal of the cube “3 a=5.67A. 
Therefore the molecular diameter will be 


a5. 88A~8.27A. (43) 


We shall employ o7A for the interaction diameter. 


§ 5. Viscosity of liquid helium. 


Extremely low viscosity of HelII has been interpreted by Tisza to be the 
consequence of diminishing number of the so-called normal component as the tem- 
perature is lowered. After the present consideration normal component is of 
molecules. This component resists shearing force and if 7, and p, are the coeff- 
cient of viscosity and density respectively of this component, and p is the density 
of liquid helium, the apparent viscosity 7 will be 


2= (Pn/)%n (44) 


which diminished sharply below the 4-point. Above the 4-point 7, will be the 
viscosity of Hel, which is, as Tisza has pointed out, of same order as that of 
gaseous helium, but is about two times greater than the latter. 

Viscosity of Hel follows the 7'?-law of kinetic theory of gases, and its 
nature will be, therefore, a kinetic one as Tisza has proposed. This argument is 
certainly correct, and normal component of He II as well as He I must be con- 
sidered to be gas-like with respect to viscosity character. 

Tisza assumed that super-fluid component of He II has vanishing microscopic’ 
rigidity. The most spectacular effect of the microscopic rigidity is freezing. 
Large zero-point motion of helium atoms prevents liquid from solidification. In 
general, viscosity of liquids consists of two parts, as Born and Green” have pointed 
out, one of which is kinematical and the other comes from interatomic potential 
energy. Rigidity of solid against shear is typical of potential part. This potential 
part of rigidity seems to vanish in case of liquid helium, and for this reason 
lattice structure, if it were formed, will be unstable against strain or even against 
thermal agitation, and solid cannot be formed as can be. predicted by Born’s 


theory of fusion”. 
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We shall now calculate the potential part of rigidity by the so-called potential- 
cage method™. We notice a central atom enclosed by its nearest neighbours, and 
assume they form lattice. Let ¢(7) be the potential energy between atoms 
apart and a be the atomic distance when distortion is absent. If the number of 
nearest neighbours is 7, potential energy with respect to the central atom is given 


by 
u—ZG(a), 


Now pure shearing distortion vertical to ¢-axis and along +-direction displaces 
atoms on the sphere S, of radius @ with coordinates (4,7, %) to (4,y,7), where 


L=M+L2, VHIy F= 2 


Then the potential energy can de calculated by the method of potential cage, 
smoothing the nearest neighbours on the sphere S, and make distortion. The 
result is 


u=Z\[6vait gy? +e dS,/dnd 
If we expand the integrand for small distortion we have 


u—Uuy= Z(1/30) 9° {4ad’ (a) +a°d''(a)}. 
Now making use of the Lennard-Jones” type of potential, 
B(7) =$o 1/7)" -2(%0/r)} 5 
we have 
u— uy= Z$,(1/30) g* {108 (7,/a)"—36 (r,/a)*. (45) 


From which rigidity G is given as 
aa ees : 
Ge Kiet + Ai3 (7,/a)"— (%o/a)*} $o- 


For helium 7,=2.05A; and for a=3:94A assuming face centred lattice we 
have 


G<0O, or u—u <0, 


and for a=3.58A (simple cubic) G is scarcely different from zero (|~—2)|/g? 
<$,). It will be safe, therefore, to assert that rigidity vanishes in case of liquid 
helium. Zero-point motion of atoms makes atomic distance. so far, that lattice 
formation seems to be impossible under these circumstances, and helium cannot 
solidify if sufficient pressure is absent. 


As to the kinetic part of viscosity of He I we shall make calculation using 


Molecular Theory of Liquid Helium 475 


’ the well known formula 
n=0.499 pov, (46) 


for Boltzmann statistics will suffice in dealing with molecules. In the above 
formula 7 is the mean velocity, » the number of molecules per unit volume and / 
the mean free path: 


7(# poise) 


Vexgs* f V, (47) 
f=1/Vv 2 dv 
where 0 means the effective diameter of 


molecules. We have argued that colliding 


molecules interpenetrate each other, poten- 


tial energy being given as Fig. 8. Effective 


diameter will be given by the broken line fig’ 9, Wikelty'Or Haun 


in the figure, that is 00/2. We have ---- Eq.(49) 
shown, however, in the preceding section that molecular diameter o is about in, 


Therefore effective diameter will be 
6~0/2=3~4A. (48) 
Data on the viscosity of He I is well represented by the formula 
n=14x10-°Y T poises (49) 


as is seen in Fig. 9. Inserting this formula and obtained value of w=8.2y. in 
Eq. (47), we have ; 


&°=166x10-"VT /y, c.g.s. 
—12x 10-%cm?. (50) 


We obtain thus from viscosity data 


d=aBA, (50) 


which coincides with the roughly estimated value of Eq. (48). 


§ 6. Hydrodynamics of He I 


Hell can be regarded as a mixture of two components, namely of super- 
fluid component and normal component after Tisza”. Superfluid component 
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consists of atoms, normal component of molecules. Therefore normal component 
is solute in superfluid component as solvent and its osmotic pressure ~, may be 
calculated by thermodynamical considerations, with the results analogous to the 


Clapeyron-Clausius Eq. i. e. 
(0f/8T) = psn (51) 


where s, means entropy per unit mass of normal component, and p the density. 
Neglecting entropy contribution of Debye phonons, which is correct for TS ISG 
s, can be replaced by the total entroyp s per unit mass. With the help of ex- 
perimental value of entropy we can obtain 7,, the osmotic pressure of normal 
component, as a function of temperature. As entropy is the derivative of free 
energy with respect to temperature the results may be written in terms of free 


energy or, using the Ist approximation (25), as an analogue of the van’t Hoffs 
equation ; 


p=—F/V=n*kT/V. (52) 


We see that molecules exert pressure as if they form an ideal gas. 
Now, total presssure # in liquid helium is written as-a sum of ordinary 
hydrodynamical pressure ~, and osmotic pressure fy, : 


D=f\otPn- (53) 


As pf, exerts on super gs, as well as on normal component p,, but ~, only on 
normal component, if we write their velocity ‘by v, and v, respectively, we have, 
neglecting viscosity, the following equations of motion 


pdv,/dt= a (p:/P) grad fy, (54) 
patv,/dt=— (o/p) grad py—grad pry (54 
with 
P=Ps¥ Pn 
dp= —do/xp, (55) 
ap, = psadT 


where x means the compressibility, together with the equation of continuity : 
de/dt+ div 7=0, (56) 
I= PsVa+ PiUn + (56’) 

These sets of equations, if an equation governing the transition between p, and 


fn and the equation of state are given, will describe the motion of fluid com- 
pletely, 
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Now we will derive the so-called first approximation neglecting nonadiabatic 
transition from one component to the other. So far as dissipation effect is ignored 
this approximation seems to suffice. Then seperate equations of continuity are 
given for the two components : 


dp,/dt + div (0,05) =90, (57) 
3p,/t-+biv (p,2,) =0. (57') 


New variables, mean velocity v and relative velocity v’ of normal component, 
will be introduced : 


V=(PsVs+ Pun) /Ps VU =Un—Us- (58) 


When the velocity of flow is small, we neglect the terms containing square of 


velocities and obtain 


p av/dt=—grad p, (58) 
pv! (/at= — grad pn. (58) 
Inserting Eq. (55) one has 
du/dt=x"'grad p, (99) 
dv! /dt= (e/Pn)s grad I’. (59’) 
For small velocities continuity equations become 
ap/at+p div v=0, as/At+ (p./p)s div v=0; (60) 
and equations (59) of motion take the following forms 
: 8° /a=(p/x)pv, (61) 
8°s/8P = (s°Px/Pn) VT (61’) 


Since Zds=c,dT the second equation may be written as 


aT /ar=ap’T, (62) 


where 


a=,/ ig m (63) 


means the velocity of the so-called second sound. Thi 


was given by Tisza and Landau. | 
In fact it will be shown that above equations are identical to those given by 


quations if the square of velocities is neglected, Indeed 


s result is the same as 


Tisza, and to Landau’s e 
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since dg=—sdT+vdp (g=thermodynamic potential), dv,/dé= (1/p)grad (f-—fn) = 
—gradg. And the merit of the present method lies rather in its intuitive method 
of derivation: it permits further calculations, for instance, taking into account the 
effect of viscosity. We have thus a set of hydrodynamic equations 


psdv,/at= pl— (p./p) grad fos (64) 
Pn@n/ At= On F'n— (n/p) grad Py— grad py + MnP Unt (1/3) grad G, (64’) 


with 0,=div v,, and / means the body forces. 


C,(m sec 


0 
0) 20:2) 0:4 0:6 OSS REL O a aA Oe 816820) et 7 ee 


Fig. 10. Velocity of second sound 
calculated by Eq (65) 


© Measurements 


Inserting 5, Pa, Ps=P—Pn and c, from (23), (21) and (26) into the above 
equation we have 


(us 


A 


> (er/a)b 


143 (27/4) +72 (T/A)? 


d= a-=) (65) 


a 


This. is compared with experiments using the value 4/£7,=4.0 in Fig. 10; the 
agreement is satisfactory. For sufficiently low temperatures we have (4=8.2) 


by~VnkT/M = /NkT/xM=16.1VT m/sec, (65/) 


the velocity of second sound propotional to the square root of the absolute temperature. 
But this does not hold, because phonon scontribution, which we have neglected, 
becomes predominant below 1°K. 


§ 7. Summary 


Bose statistics of atoms and associated molecules is discussed and the 4-tran- 
sition of liquid helium is assumed to be the phenomenon of the Bose-condensation. 
In He I all the atoms are in molecular state, each containing about eight atoms ; as 
the temperature is lowered passing the 4-point certain molecules melt into the 


“WwW 


Ser are 
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lowest state which is atomic. The present theory is analogous to that of Tisza 
who proposed the possibility of excitation of groups of atoms into the normal 
state, but formally speaking rather to the equations of Landau’s microscopic theory. 
In the present approximation the thermal oscillation of atoms or the Debye pho- 
non is treated independent of molecular excitation, giving no influence on the 
occurrence of the Bose-condensation, and the terminology ‘normal’ does not 
imply phonon excitation. Below 1°K this aproximation seems to fail. 

Molecules, whose excitation quanta behave gas-like, are those forming the 
normal component in the Tisza’s macroscopic theory, having viscosity of gaseous 
character. Molecules interpenetrate each other when collision takes place. Action 
diameter of a molecule is estimated from absolute value of the 4-transition and 
from viscosity of He I to be about 6 or 7A. 

He II consists of molecules dissolved in atomic helium of lowest state with 
vanishing viscosity. Molecules exert osmotic pressure. Intuitve treatment of this 
two components-system yields the thermo-hydrodynamics of He II with the results 
same to those of Tisza and of Landau as far as the velocity of flow is small and 
the transition between normal (molecular) and super (atomic) component is neg- 
lected. 

The phenomenological theory of Tisza is interpreted from microscopic point 
of view. It is hoped that the assumption of molecule-forming character of helium 
atoms will be supported by experiments and by theoretical treatment thereof. 

It is of course desired to see if the isotope He® has no /-transition. Solution 
of He? and He! seems to deviate strongly from ideal law. In the present paper 
nothing is said with respect to the solution of He*® or to the behavior of pure 


He’, which will be treated in the next paper. 
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Recent experiments have shown that the A-point of liquid helium is lowered by addition of 
the isotope He, This depression of the j-point is discussed theoretically by thermodynamics as 
well as by statistical mechanics, 


$1. Introduction 


The liquid of pure He! undergoes a transition at the so-called A-point 2.19°K. 
Higher temperature phase is named as Hel and the lower as Hell, both are 
liquid phases and the transition is of second order. It was recently revealed” 
that the A-point is depressed if the isotope He* is mixed; for instance the A-point 
of the solution containing 20.3% of He*® (in mole fraction) is 1.63°K, about 26% 
lower than that of pure He’. When the concentration is raised to 80% the 
A-point becomes 1.0°K, and with increasing the concentration it falls to O°K as 
the pure liquid He*®, whose normal boiling point is about 3°K, has no 4-transition. 

The liquid He’, as is well known, consists of two parts, namely the normal 
(excited) part and the super (ground) part. The solution of He* and He? is 
therefore to be considered as mixture of three components, the concentration of 
the normal being the internal parameter determined by the condition of thermodyna- 
mical equilibrium. Generally speaking the characteristic function, free energy or 
so, of the solution is thus function of four variables, which are € the molar 
fraction of He*, y fraction of the atoms excited to the normal state, and two 
thermodynamic parameters such as the absolute temperature Z and the pressure 
P or the volume V of the whole system. Though this functional form is not 
yet established, as to the entropy of mixing something is known since the ex- 
periment due to Taconis and others? on the vapor pressure of dilute solutions of 
He* in He’, from which they concluded that entropy of mixing of this solution is 
given as 

Smix=%{V," log Vi"/ (Vy" +. V4) +N, log N,/(N." +N) }, (1) 
where JV," represents the number of normal atoms and JV, that of He® atoms ; 
that is to say He* atoms mixes only with normal part of He‘, When the con- 


centration of He® is dilute the above mentioned hypothesis of Taconis suffices to 
treat the thermodynamics of the solution. 


But for arbitrary concentration we need the knowledge of the chemical 
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potentials” of both He* and He‘, which are known only in case of pure substances. 
It is known that the super part of He’? has vanishing entropy, while the entropy 


of the normal part is approximately proportional to 7° with 05.5. The entropy 
S; of pure He’ is given approximately by 
Sel 2413)", oy be Cal/mol. deg: (2) 


where S, is the entropy at the A-point 74° of pure He*. The thermodynamic 
potential G,? and the fugacity y,° or the chemical potential per mole for 2, moles 
of pure He’ are given as 


‘od ea es [Sta7, (3) 
1 ; 
ieee Sry ee (4) 
ot+l1 


In this approximation it is generally accepted, though not strictly correct, 
that the ratio y of the normal to the total number of atoms is given by 


y=(I/T3)° (5) 


in case of Hell of pure He’. 


§ 2. Thermodynamical treatment 


For He II we choose expressions containing a parameter V: 


ses etl) | ©) 
with the enthalpy linear in y: 
H=E+PV=Hy+9— SST (7) 
and 
EER 8 _ ss yore (T/T )’. (8) 


Sea ff eee 
Met gat) uo FD) 


These expressions coincide with Kilpatrick” when v=1, and with the well known 


expressions given by Eq. (2), (3) and (4) for pure He’. 
Now the thermodynamic potential G of the solution is given by 


Vol: U4N4 i 
Game engee + RT{nglog — 2+ nilog ay (9) 
Vola + U4 Vall, + V4ng) 


denote molar volume of pure He’® and He‘ respectively, and the 
h we have modified the Taconis’ hypothesis 
(1) by volume concentration as the 
molecules different in size. 


where v, and 7%, 
last term is the entropy of mixing in whic 
by replacing the molar concentration in Eq. 
latter is more suitable in case of solutions of 
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We denote by y the fraction of excited atom, which is determined by the 
condition of thermodynamic equilibrium 


aG/ay=0. (10) 
Thus we have 
Le ane 
appl? ai oe uke Ee C2 
where €, denotes effective concentration given by 
C= Hal Gat Med (12) 
and 
VG hire (13) 


Inserting the above expression for y,', we get the following equation deter- 
mining the concentration of the normal as a function of 7 and ¢: 


{zy a Ji 2e@F1) zy (a—Dé. + log — Se i| (14) 
de atv SS, (a—1)é,+1 (a—1)€, 
which gives Eq. (5) in case of pure Het. 

Assuming second order transition we put y=1 for 7=7), and obtain 


Prabal ie viot+l1) R iF (a—1)é + log aoe ae (15) 
i is as (a— 1)é41 ~ (a—1)F +1 
This gives the A-point as a function of the concentration € of He’. 

The actual value of a is about 1.5.. To see the effect of a we have calculated 
T,/T,° for a=1 and 1.5 both for y=1. From the fact that the curves coincide 
almost completely we see that the effect of @ is quite small. We shall take 
a=1 hereafter. Then we have 


P,/Ts=1/ 41 — ter) sae og a-a}" ' (16) 


For y=0o, 7,=7,° and for y=0 it is easily shown that 


: “tt xis 
VEE ENCE SA (17) 
Fig. 1 represents these curves, we see that the curve »=0.5 reproduces ex- 


perimental values very well. 


If the transition is assumed first order equations determining the transition 
are 


(0G/On5) = (OG/Ans) 1, 
(0G/On,) = (AG/On4) m 


where suffixes / and // represent HeI and He II phases respectively. The first 
of these gives 
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gl — Eu 


and the second gives 


RT| CRS GS ie, epee ad | zs fea) 
(a—1)¢,+1 * (a—1)&, +1 a Vi 
from which 7, is seen as a function of y, yz, €, #8, and ply, These two 
equations give consequently 7, as a function of y,, €, 8, and p2,,. Of these p,, 
and y,;, are given by Eq. (8) and (14), wi, remains unknown. 

For second order transition the right-hand side of the last equation must be 
replaced by — (Of%,,/Ay77), and thus yields Eq. (11). 


§ 3. Molecular theory 


One of the authors developed in the preceding paper a hypothesis on the 
atomic structure of the “normal”. According to it, when atoms in the super 
ground) state are violated by thermal energy of the amount J, the excitation 
quantum, about eight atoms form an instantaneous ‘‘ molecule ’’ of the normal part. 
This formation of molecules will come to play from the unharmonicity of the 
vibrational modes of the themal wave, which, for small frequencies giving rise to 
Debye phonons, propagate with constant velocity of the sound but for large fre- 
quencies, where the wave length is comparable with the atomic distance, unhar- 
monicity will come to play maybe to hook together eight atoms to form a 
molecule. 

If x atoms form a molecule by excitation quantum 4, the free energy of He 
II is given by 


Om ae 3/2 —A/kT 7 
Fé= — 2% £7 tog] REE ig i | (18) 
x - IN [% 


with m=am, y=N"/N, and V is the whole volume of the system. 
For solution of He*® in He! we assume this to be ideal and get 


F=F g(V ; RT} ALE A ES |. 19 
ae BT ee ANsz+ VN ee ” ang +yNq ”~ 


We shall put a=1 as the effect of this parameter is small. Then equilibrium 
condition 
AF /ay=0 (20) 
gives 
(QnmkT/le)Pe-""V/ (yN,/x) = (1 Fees, (21) 
where &, is given by Eq. (12). 
Assuming second order transition we can obtain the A-point of the solution 
putting y=1, T=7}, cae. 
For pure He‘ this gives 
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(QrmkT,°/W?)*? exp (—4/kT)) = Mi/ Vox, (22) 
and for the solution 
(QamkT,/1)*? exp (—4/kT,) = 1-8) © EN, / Ve. (23) 
The volume of the solution is 
V=V, (an, +n) /my=Vi/(1—€) (for a=1). (24) 
Thus we get 
(7,/T))*" exp [= (29°/T,—-1) 4/22T1' 
=(1—€) exp [— (#—1)€/2]. (25) 


The last equation gives 7,/7,° as a function of the concentration € and this is 
illustrated by the curve II in Fig. I using the value 


A/kT =4.0. (26) 
Agreement with experiment is quite satisfactory excluding the immediate 


neighbourhood of O°K. This small discrepancy will be attributed to the contribu- 
tion from the phonon which we have neglected throughout. 


o) 0.2 0.4 0.6 08 1,0 
Mole fraction € of He 


Fig. 1 
T: Eq. (16). Ly: v=0. Ip: v=0.5. I3: v=1.0. I: D=O4 
Il: Eq. (25). Molecular Theory, 
II: Eq. (28). Ideal gas. IIT: e=1. III,: a=A.p; 
IV: by A. Harashima (Journ, Phys. Soc. Japan, in press), 
©: Experimental values. 


On the Liquid He® and its Mixture with Hel 485 


For comparison ideal-gas approximation will also be given. The A-point is, 
in this approximation, given by the equation 


2.612 QamkT,/1)"=N,/V. (27) 
Then in place of Eq. (24) we get 
P,/TY={A—s)/L + (@—De}p". (28) 


In this ideal case the A-point curve depends on the value of a. If we choose 


a=1.5 the experimental values are well represented as is seen in the figure. 


§ 4. Pure liquid He? 


That the liquid of He® contrary to He?’ suffers no 4-transition and remains 
normal down to O°K is a fact which can be regarded to be established by ex- 
periments. The reason of this has obviously connection to the statistics obeyed 
by the atoms: He‘ obeys Bose-statistics and He* Fermi-statistics. Up to now, 
however, no theory could clarify these cirsumstances. 

Above cited theory proposed by one of the authors imagine the normal part 
of He‘ as the molecules formed by the excited atoms. This molecule obeys also 
Bose-statistics. 

This tendency of forming molecule seems to be destroyed in case of He* 
atoms by their large zero-point energies, and at the same time as He* atoms 
cannot fall into the ground state because of Fermi-statistics, the liquid of He’ 
will be able to have no super part at all. 

It can be tested easily that He* obeys the Cailletet-Mathias’ law of rectilinear 
diameter, the sum of the densities of liquid and vapor being almost independent 
of temperature, and that the hole theory of liquid is applicable to the liquid of 
He® in this connection. The fact that viscosity of liquid He® decreases with 
increasing temperature” may be also regarded as an evidence of the normal 


character of He’. 
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The method to determine the molecular velocity distribution in steady reaction in homogeneous gas 
phase with negligible reaction heat is formulated, and especially the case where one of the reacting mole- 
cules is very light is studied in detail. In this case the perturbation of the distribution function by the 
chemical reaction becomes most remarkable, and the expansion by the Sonine’s polynomials is not always 
useful. Even then, the correction to the reaction rate is very small except for the most unfavorable case 
and therefore we may use the Maxwellian distribution to calculate the reaction rate. 


§ 1. Introduction 


Before we can get the theoretical rate of the gaseous reacticn, we have to 
know in the first place the distribution functions (f’s) about the molecular velo- 
cities (and their internal energies) for each component of gas, and next the reac- 
tion probability per encounter for various relative velocities of colliding particles. 
Since the forms of f’s depend on the reaction probability, it is natural to consider 
the latter at the outset and this may be calculated (at least in principle) by 
means of the ordinary quantum mechanics. For this sake, however, we must 
solve a many-body problem which is very hard to handle on account of its 
mathematical complexity.” It is usual, therefore, to assume the Maxwell-Boltzmann 
distributions for /’s and to use the relations in the equilibrium state to obtain 
the reaction probability, which are not allowed a priori*. 

Recently, Prof. Prigogine and his collaborators studied the perturbation of Max- 
well distribution by the chemical reaction from the viewpoint of the kinetic theory 
of gases”. The main purpose of their investigation, however, is to show the pos- 
sibility of application of the Chapman-Cowling’s method for this problem, and 
many points remain unsolved. 

In the following, one of these remaining problems (i. e., the bimolecular 
reaction involving very light molecules) is considered. Owing to the lack of de- 


tailed information about the reaction probability, the results obtained are more 
or less qualitative. 


* Some authors tried to get the foundation for the use of the equilibrium relations.%)4) 
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We start from the qulitative discussions about f’s in the steady gaseous reac- 
tion (§2). Then, the mathematical formulation jis presented (§3), and this is 


solved for various cases (§§4, 5 and 6). Finally, the correction to the reaction 
rate is given (§7). 


§2. Qualitative discussions 


The kinetic theory of the chemically reacting gases gives, in general, the 
problem to solve the following set of Boltzmann-equations one for each component 


Ady Cyn , under the given boundary condition in space and time: 
Sas 4 Ta ip t8fods ih) ee) (1) 
or or OC, \ dt /scatt dt / react 
and the similar equations for B, C,...... , where f’s are the distribution functions 


such that /(¢, 7,2) dedr represents the number of molecules in the volume element 
de of the velocity space and dr of the ordinary space at the given instant ¢. 
More generally, it is desired that the /’s include the information about the inter- 
nal states of molecules.* In the following, however, we neglect the effect of 
internal degrees of freedom for simplicity. iJ means the acceleration due to 
the external forces.** 

If the reaction probability is very small, the f/’s will be almost Maxwellian. 
On the contrary, if the reaction probability is large and the activation energy is 
not high compared with mean kinetic energy of molecules at the temperature 
considered, the reaction proceeds very fast and the form of f’s may be quite 
different from the Maxwellian. In the intermediate region, however, we may 
expect the case where f’s are perturbed slightly from the Maxwellian and are 
yet represented by functions containing only two kinds of parameter, i. e., the 
concentrations 74, Wp, Mey++++- (molecule per unit volume), and the temperature 7 
(defined by putting the mean kinetic energy as 3£7/2)***, and their time 
dependence appear only through these parameters : 


Bee OA tin Sse 4) WT (2) 
ot On at oT at 


* As was shown by Prof. Careri,’) “steric” factor may become larger than unity if one neglect 
the internal energy in the collision theory of reaction. 

** The equation as (1) are applied not only to the bimolecular reactions Cee below but 
also to the unimolecular reactions and the photochemical reactions, where it will be most interested to 
investigate the deviation from the Boltzmann distribution about the internal energy. 

*** In general the temperature may change from one component ‘oyene pos and the internal 
energy distribution may follow the different temperature also. Moreover, it is questionable witethes the 
temperature measured with suitable thermometer equals to the one defined by the incon ines? energy 


though it will be a small effect. 
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Such reaction may be called “ steady reaction” because of the invariance of the 
form of distribution functions. Substituting (2) into the Eq. (1) we have the 
equations containing no time explicitly. 

If the reaction heat is not small, we must take account of the nature of the 
wall containing the reacting gas. For the wall with very small heat conductivity, 
the temperature of gas will rise accompanying the reaction to a considerably 
high value, while if the wall is good conductor of heat, the boundary of gas 
remains at the same temperature with the external and the temperature gradient 
will appear in the gas giving rise a problem of heat conduction. The distribution 
functions in the exo-and endothermic reactions was investigated by Prigogine and 
his coworkers with the assumption that the perturbation from the Maxwellian is 
same form for all kinds of molecule in the gas which is not good approximation 
because the f’s for the reactants may be very different from the f’s for the pro- 
ducts. 

In the following, we consider the bimolecular reaction d+22C+D where 
the heat of reaction is very small and may be neglected. Furthermore, we assume 
that the mass m, of molecule 4 is very small compared with that of the other 
molecules (#,, mc and m,), for the perturbation of the distribution function may 
become most remarkable in this case because of the smallness of the energy- 
exchange by scattering between the molecules with very different masses. A 
typical example is given by the famous reaction 


HH, +J_ = 2H. (3) 


The high energy components of 4 and 2 are lost by the reaction, the produced 
molecules C and J have, on the other hand, large energy and this asymmetry 
will disappear immediately by the elastic scattering between the reactants and the 
products. This disappearance of the asymmetry is prevented if one of the 
molecule considered is very light. In the following, therefore, we consider the 
fey fo and fp to be Maxwellian with temperature Z and only the f, is perturbed 
appreciably from the Maxwellian. Furthermore, the effect of C and D on the f, 
is that to make the perturbation from the Maxwellian small. Thus the perturba- 
tion of the 7, in the absence of C and D gives the upper limit of this. For this 
reason we assume for a while that the x and zp is negligibly small (cf. § 6). 


§3. The mathematical formulations 


The equation to be solved is given as follows : 


oo Geese ca ee aaa ) 


The small deviation from the Maxwellian distribution is calculated by putting 
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the 7, as a series 


Sa= atfatfat aleialeieya (5) 


and dividing the equation (4) into infinite number of equation and finally solving 
them successively. Usually, there is no definite parameter of this expansion. In 
the case considered, however, we may use e. g. the reaction probability « as the 
parameter of expansion, considering that the collision between A and B with the 
kinetic energy of relative motion larger than a definite value #*(called activation 
energy) have the average reaction probability a Substituting (5) into (4) and 
picking out the terms without a, we have 


(24) =0, © (4a) 


i. e., the first term of the expansion (») must be Maxwellian type. The integra- 
tion constants are fixed by the requirements that 


| fae. =| fsd€g=Na: 


\ 1/2-myei fide,= BET /2(# j 1 /2-mecifader) (4b) 
Then the terms linear in a from (4) give the following equation : 
fa | as de,= = are beady. (4c) 
On, at /r dt /s at /r : 
The scattering term in the Eq. (4) is given as the form of sum 
(B) (4) (2), ° 
he at 3,4 at ‘sp 


The last term, for example, is due to the scattering of A by 4-molecules. In 
general, the terms expressing the scattering of A by C, D, and other molecules 
present must be added in the right hand side of this equation. If we treat atte 
scattering as the elastic scattering between the rigid sphere, we have the following 


forms for each terms in the Eq. ON! 
(tf a[ dba =|{ Sifu Pa Far badle ea ei 


(fal) n =|\ (Se Saf banded 


* As regards the notation unless otherwise specified, we follow the ref. 6. 
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In the first approximation, we put (as stated above) Sn=fa So=ter Jo=fp and 
Sa=faths=fai+G). Therefore, 


(falda =| (SEP = fiP vedleaden +\\ LLP Lif a) katBe ade 


8 
PP (Gi, G —G haha Cas ss 


=\I 
(afa/at)o=\\ LU Se Las) haa aul 


all 0 £2(G! —G) hap Bandy. 


In the next, the reaction term (df?/d¢), means that obtained by replacing 
fa in the expression (df,/d¢), with fj. It is allowed because of the smallness of 
the perturbation. It must be noted here that the smallness of the reaction rate 
does not mean the smallness of the perturbation. If we are only concerned about 
the rough degree of deformation of the distribution function through the entire 
region of the velocity space and of about the change of reaction rate, chemical 
reaction can always be treated as a small perturbation and in such case we may 
adopt £7/E* as the parameter of expansion (6). When the reaction rate is to 
be investigated, however, only the deformation of the distribution function adove 
£* is essential and the degree of this deformation may become large even if 
kT/E* is very small. Thus the expansion by £7/E* is excluded. 

If the-reaction probability @ is not small enough compared with unity, che- 
mical reaction give a large perturbation and it is dangerous to use the zeroth 
order function /4 in the reaction term (df,/d¢),. Namely, since the number of 
molecules A above E* is reduced by a factor* 


If we neglect this reduction we have as the correction function not the true 
function G but some function G° which is order of magnitude of G/e. When 
the factor € becomes smaller and smaller, | G?| become larger and larger and 
therefore the correction factor (14G°) for the distribution function may become 
negative (G is of course negative at large energy) which is inconsistent with 
the physical meaning. This difficulty is removed to a certain extent by procee- 


* Here and elsewhere in the following, 17(Z) means the distribution function about the energy 
range (4, #+d/). If the distribution is isotropic we have W(L)=(An|m)f(e)e, c= |e. 
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ding as follows: To use €G° instead of G® where € is given by 


en W(14€G) dE \" Weak 
e= ht =or <= ue: 


|. WdE \. W(A—G) dE 


(9) 


We call this renormalization ‘‘ €-process’”’ for brevity. 

Now, we desire the concrete expression for (df,/d¢),. We shall take two 
models for the reaction. 
(i) If we assume that the reaction probability is a function P(g) of the relative 
velocity g, along the line of centres at collision, (df,/d¢), may be written as 


(fu/dt)=fu\ PlsyPlgns a) @ (10) 


Here, (gy, ¢4) @g, means the number of g¥-collisions with 2 per unit time for 
a A-molecule having velocity cy. The most simple choice for P(g) is: 


0, £4, <8", 
PleW)=| ; (11) 
B, ei ees P: Const. 
where g* is related to the activation energy £* by 
1/2(mymp/mMa+men) gr =E*. 
The function 7, on the other hand, has the following form 
A Ge: Ca) ag | (12). 


et so {of(e)" |- ol (22)" i || Wo 
= TD az rg OAT (gy+¢ £4) OPT (£1 yy) & ||P | 


where 


9 (2 : 
= —“ x, 
P(x) wy, _|"e be 


and Dy,» is half the sum of the radii of 4 and B. 

Now, for the reacting collisions, g, must be very large. The large value 
of mass ratio m,/m,, therefore, leads the reasonable approximation that ELS Cp 
for the reacting collisions. Then the function Fdg, becomes (putting cz,=0) 


Fdg\ =n pT D nlf \\s O<¢g I Seg 
ce 
and finally (df, /dt),=f Prat Din\ ‘de 
ot 


ao PuptD in (Ca—h*) fav See. (13) 
0 eee 
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(ji) when we take the model that the collisions between A and 2 with the kinetic 
energy of relative motion larger than £* lead reaction with probability , similar 


equations are obtained as follows : 


(av) 


Fig; caldg 


9 Mp 5 ; Mp. 2 mr \? 27, 
= nyt D 4u— exp! — 2, (Ca — &) |—exP| (ea $8) py) & 48s 


rd QRT AT i 
(127) 
df ) = ON, D gnla ia Cu. ee (15) 
dt /r 0) TP 2 aS Sl 


§4, Expansion by the Sonine’s polynomials 


The most familiar device to solve the problem is the expansion of the cor- 
rection function G by the Sonine’s polynomials* (and the determination of its 
coefficients). Namely we substitute the expansion 


G= Soy Si (V2), V= (104/2kT) "C4, (14) 
n=1 


into the equation (4c) and after multiplying S&}(V*) (v=1, 2,3...) to the both 
sides integrate over the whole c€-space. When this procedure is done, we have 
a set of infinite number of simultaneous equations for 4, G, Gs)..- 


3 an (Lo n\+[m, n)')=[m],.m=1,2,... (15) 
where 
[7 sJ= SPJ SRA VSS La SRV) + SRC) — SRV) — SIA(V4)) had de ea, 
=[s, 7] 
I sV=HSNI SRO YL. fa(SRUM) —SE8V")) handBarde.de,=[s.r] 
J=§ Sin) (fi/de) de, 


* As is well known Sonine’s polynomials are defined as 
n 
Se”) (xe) ete ACR (m+n—1)-+--(m+p+1) [4 !(2—p)!, 
p=! 
the orthogonality of which are \o en (2) S(@ (x) mde = 


0( +9) 
T'(m+p+1) |p! (p=). 


By the conditions (4b), we have a@)=0 in the expansion (14) while a, 1s not zero, 
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Practically, it is impossible to solve this set of equations, and usually one takes 
the first few terms only. This is permissible at least for the slowly varying 
perturbation from the Maxwellian. But it is not allowed for a sudden change of 
the distribution function. In the chemical reactions, (df,/d?), is appreciable only 
in a small region (near the activation energy). Thus it is hopeless that the right 
hand sides of (15) converge to zero quickly, because the polynomials S{}(V*) is 
no more oscillating near the activation energy (V*>1), at least for the small + 
(see Figs. la and Ib). Even then, the approximation by the first term may be 
useful if the concentration of A is considerably large. In this case A-A-scattering 
will occur frequently and, therefore, the distribution function will be slowly varying, 
or rather Maxwellian with a temperature 7—AT (7 is the temperature of B- 
component and — 7 is a small temperature fall). Observing the relation 


PAT- AT) =P? (TY SUAT/T "SR (MEPAKT ), 


we may expect that even the first | 


{sr 


proximation. It is g¢onfirmed in 
another way as follows: [m, x], 
[m,n] are proportional to 74D%/ 
VS tg, (tattnD 43/V ma) (Mal Mz) 
respectively and their coefficients 
are roughly of the same order of 
magnitude, except [, 1]=[1, 2] 
=0. Then if 24/7,> (m4/mz) 
(Daz/D,4)*, we may conclude* 


8 
term alone gives the good ap- 6 / 
4 


> Ag, Og)... aS expected. On the 
other hand, if 74/2%_.<(m4/mz) 
(Dap/D.)°, the coefficients a, a, 
Ug... have values of the same 


Fig. la Sonine’s polynomials S()1/2(V?). 
iy 


order. Thus the use of Sonine’s 
polynomials is impractical. 


Fig. 1b (7) =Maxwellian x S@)1/2(V’?) 


* The authors confirmed this by taking the first three terms of (14), 
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§5 Method of differential equation 


Fortunately, we can solve this problem by another method. Utilizing the 
smallness of the velocity-(or energy-) change of the molecule A at a scattering 


with 2, we can approximate the integral 


[J Pfefafadéeandleandey 


by the differential expression” 


é 4 
Fe aes ag ta) ee ome 24" ee! 


Wn Ci lyr bt aba Mp Cy AC4 Nt Dap 


Changing the variable from the velocity to the energy, we obtain the differential 


equation (for 74<z,) : 


Dee My Eee W(2)(= 
A 


Mp, 


(16) 


7) — aWw(£) 
2E kT ak 
“aN WOnde ME ae ji (E!—B*!) WEE; = all 4) ae, 
M4 Na 
(for 4<£*, the last integral has to be replaced by zero), which is similar to 
the Smit’s equation” for the velocity distribution function of electrons in the case 
of gas discharge. Putting for brevity, 


o 2 73 kta lal 9 makT _ 1 


a ——— = ’ 


hy Mitipe bea A m, b B 
(16) becomes 
1 _ aw aber te _ 
EM }=a{ WdE~ B \( E1?~— E*!2) WE. 1 
Ge ae dE 0 Ca ine one 


Observing that the Maxwell-distribution W/"dE=(2/vV7) (L/kT )'"exp(— E/T) 
dE/kT is the solution of the equation obtained from (17) replacing A and B by 
zero, we put 


W=W°14+ WM). (18) 
Then we have 
aW, rem 
ey, aga ss ee aA ors ER") Wak, 


which gives 


HR iE 
W.=—( dE lA \ W dk By 
uv 1) s 0 


Ee yr (21? — Btu) Wak} +const. (19) 


BE 
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integration constant being fixed by the condition 
[ww az=0. (20) 
0 


As the right hand side of (19) is a small perturbation we may use the Max-- 
wellian JV° in this expression, and, therefore, (19) gives the solution directly 
(with €-process). The general feature of this solution can be seen from Fig. 2 
which is calculated numerically by (19) putting E*=1047. At first stage | W}j 
is very small and suddenly in- 
creases near the activation energy. 
Such behavior will be represented 
by the function with following 
form, 


Fe" —C) (21) 


though the gradient of W, above 
£* is considerably smaller than 


(21). 


Fig. 2 General feature of the function W,(Z) 


Above £*, by taking the main terms of (19), we have 


W,=W,(E=E*) + p21 


A 
4 to BeBe * 


The values W,(4=£*) for various £* is given in Table I. 
In the same way, we have for the model (ii) (§ 3) 


. am E . 
W!=W) (B= £*)— 5 aT JAE E*: (22') 


* 
A 


Wj (E=*) in this case is given by Table II. The difference of these two 
tables is due to the different expression of % for each case. 


Table I. Table JI. 

EF kT W,(E=£*), model (i) E* [kT W/(£=E*), model (ii) 
10 —3.39x 10-3 B malts 10 —7.18 10-2 @ mzlm, 

14 —1.56 x 10-3 14 —4,56 x 10-2 

18 —8.97 x 10-4 18 —3.34x= 10-2 

22 —5.83 x 10-4 22 — 2.64 x 10-2 

26 —4,09 x 10-4 26 —2.18 x 10-2 

30 —3.04 x 10-4 30 —1.86 x 10-2 


a 
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§6 Effects of other molecules 


As the reaction proceeds, the concentrations of C and D become more and 
more large. At first we must take into account the reverse reaction and this 
may be represented in the first approximation by replacing 7,4, in the (df ,/at),. 
by (224%,—ugtpK). K is the equilibrium constant in the tomperature considered. 
In the next approximation, the perturbations of the distribution functions must be 
accounted. For C and D the high energy part of the distribution function in- 
creases by the chemical reaction, while for 4 and B decreases. Thus the reaction 
rate drops by the decrease of the normal reaction and the increase of the inverse 
reaction. Such effect will be pictured by the resistance for the moving body in 
fluid rising from the pressure increase before it and the decrease behind. Moreo- 
ver, existence of C and D make the distribution function of A close to the 
Maxwellian. The perturbation of f, is reduced roughly by the factor 


(22) | ( tiny te 2) 
My Mp Mo imp 


“If there are molecules other than C and JD, they give the same effect on the 
distribution function of A. If the experiment starts from the initial conditions 


~of large m,, very small z,, and other x’s=O, the effects due to the products C, 
DP will be very small throughout the measurement. 


§7 Correction to the reaction rate 


We return to the case where the concentrations of C and D is negligible 
-and compute the correction to the reaction rate. The reaction rate before the 
correction is given by (see Eqs. (13), (18/)) 


0 Sal ay ee PS 4 
ys =F og BY z VS = 7 72 ig V Or 
Barina Din) a,( m4 \ ay, ‘% mPa Ne as, 
aC) “1/ 2edT\'2 4 
Oo ( es / 7 2 eee be = a 2} 
r vy co seieDian\ ( = ) V ania dos V°) V*aV, (237) 


while the corrected expression is 


© / QT \i2 
V=Pn,n,7D? A ( = 


714 


‘ 4 se 
CV eee) Fa exp(—-V) 74 Wav, (24) 


ais 


ad) i. oi 6 2 b 24T Le r 4 2 79 ; 
or z inate Dipl ( ) V Wa exp(— ea iad CWE W!)aV. (24’) 


aes | 


‘Using the expressi #8 : 
oe ie a oa see) or (22/) for Ls and IV,’ we can calculate the egs. 
24), (24’). ere § or @ is fixed by equating v with the experimental reaction 
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rate. Owing to this semi-empirical. determination, it is no more needed to per- 
form the €-process (§ 3). 

As a example, we shall consider the typical reaction (3), for T=E*/26z ; 
it is colse to the highest temperature in which Bodenstein™ measured this reac- 
tion rate (Y81°K). From his experimental value we obtain @=0.26 (or a=0.005). 
Using this value, (1+J/V,) is calculated and roughly given as Table III (model 
(i)), and this reduces the reaction rate about 7%. If we use the model (ii), 
‘this correction is approximately 2%. 


Table TI. Besides, if the concentration of 4 

js not small enough i, €., if “24/733 

ElkT 14+, m4[Mty(D4z/D,4)° the correction to the 
reaction rate is negligibly small. Thus 

i ni we may expect that this effect can be 

al F . . 

98 0.94 tested Spor mente by varying the 

2 0.90 concentration ratio 24/7. 

30 0.85 

31 0.78 

32 0.71 


§8 Conclusion 


The perturbation of Maxwell distribution in the steady reaction with small 
‘heat of reaction is found to be very small except for the special case (large 
mass ratio and large concentration ratio). In the latter case, however, experimen- 
‘tal check will give a large contribution to the theory of elementary process of 


chemical reaction. 
The author is much indebted to Prof. M. Kotani for his kind advices through- 


~out this work. 
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In the theory of imperfect gas, the cluster integrals 4; depend on (total volume of the 
system). The double limit process Y-+ co and /-+ co defines two different functions y(z) and 
yo(2) (or, €(2) and ¢(2)). The real behaviour of partition function is not given by x(z), but 
by yo(z), Co(s)« Instead of the singularity of y(z), the upper limit of the regular interval of 
yo(2) is important. Inadequateness of the method of generating function is discussed. 


§1. Introduction 


The method of the cluster integrals was developed by Mayer”, Kahn and 
Uhlenbeck,” Born and Fuchs”, and others to discuss the condensation of the 
imperfect gas. They paid little attention to the volume dependency of the cluster 
integrals and were led to several defects. For example, treatment for pure liquid 
phase was unsatisfactory, for the pressure variation in the liquid phase relates to- 
the dependency of the cluster integrals directly. 

From our point of view, the volume dependency of cluster integrals plays a. 

dominant role also in determining the point of condensation. This paper aims 
thus to give some remarks to the former theories, and to offer a few examples: 
on the mechanism of condensation. 
Kahn and Uhlenbeck took 6,(/) cluster integrals varying with the volume: 
into their consideration but by very short way, and Born and Fuchs expected 
that the consideration of 4,(V) would lead to the second singularity which was 
related to the appearance of the liquid’ phase. 


§2. General treatment 


Let WV particles of the same kind be in a vessel whose volume is V, them 
the partition function Q(7, V, NV) of this system is 


Q(T, V, N) = (2amkT/1)""2(T, V,N), 


(1) 
Q(T, V,N)= ayy). | expl—U(g) /AT day... oay 
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where g represents each coordinate of molecules, U(g) is the potential energy of 
the system, and 2(7,V,) is the configurational partition function. Denoting 
the distance between zth and 7th molecules by 7,;, U(g) is represented by 


O(q)= a3 >) (745). 


If z(7) is a short range force, 2(7, V,N) is reduced to 
27, V,N)=(...[O Msderndey= BIE M™, (Sim=N), Q) 
yr m Z M1; | U 


~where 


fren ur /ATI-L, =e) a [PU fy de (3) 


I>% g>t 


Cluster integral 4, depends on J’, but when VY is far greater than the volume 
-of the molecular interaction, variation of 4,(V) becomes small as V increases, 
and lim b,(V) is definite and finite. This convergence, however, is not uniform*. 


“We niente this-limit by 47, that is, 
slim b(V). (A) 


Pressure #, specific volume v, of the system, are both represented by Gk is 
‘that is, with the aid of the fugacity ¢, 


AV) (AT= SO(V)#, N[V=1/o(V) = Dt UdV)#. ies 5) 


We are interested in the pressure and the specific volume in the case 
V->co. We denote them simply by 7 and v henceforth. 
Let us define the ca i four functions : 


y(Z)= ps ope es 31 lim b(V)2, (6) 
C(e)= Bae= é lim 2-3(V)2"=27'(2); (7) 
o(2) lim > i(V )s, (8) 
Ca(2) =lim 3) 25,(V/) 2 (9) 


“Where we understand that the former two, ie., y(z) and (2) represent the 


‘two analytic functions, whose functional elements around #=0 are Dae and 


* Snyder’s proof*) for the uniform convergence of b,(V) seems to be doubtful. 
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St Lots! respectively. Their singularity is denoted by 2, On the other hand, 


422) and ¢,,(#) are. defined in the circle of convergence of Dane or 


33 28,(V)#. 
Mayer and others””® state that 
plkeT=1 (2) and l/v=C(2) (10) 
and that their common singularity 2, (which is on the circle of convergence of 


s&s’) would give the point of i asec: 


This reasoning is, however, not logical. (5) leads us to the statement that 
P/kT=Yo(2), 1/v=C. (2), at 
and that the point of condensation should be given by the irregular point of 
ya(2) oF Co(2). 
y(z) or (2) is not necessarily equal to y.(¢) or €.(%). These functions 
(6)—(9) are defined by double limit process, and careful treatment is always 
necessary for commutation oF the order whenever double limit appears. 


The function y;(¢) = sa 6,(V )s" converges in the total complex plane as far 
as V is finite, while the befavicue of the limit function Yo(2) =lim Av (2)—is 


rather complicated. We can only say as follows: if we take the domatt where 
7% (%) uniformly converges to ¥..(%), then 7.(z) is regular in that domain. The 
set of the values of ¢ to which 7,(s) is regular, has an upper limit. We denote 
this _by ¢*. 

Now we can prove* that y(¢) is equal to 7.(¢) in some range where ¢ is 
sufficiently small, namely, y(s) is equal to y.(¢) when 0 <2 < Min(e*, ¢,)=2*. 
(It is clear that s* <z,.) In the range z><2*, however, 7,(2) behaves like the 
bamboo grafted on the tree (the fox’s skin sewed to the lion’s), that is, 7.(2) 
has an angle or a jump, or becomes infinite at z=z*. y(z) is regular when ¢< 2, 
so that the true point of condensation z*, the graft point of the tree and the 
bamboo, differs from z, the joint of the tree, in general. 


Ae (2) Cu (z) 


st oe 


Fig. I 


* We are indebted to Prof. S. Izumi. (Mr. Matsubara gave another proof.) 
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It is clear that if y.(2) consists of two smooth functions combined at 2* 
and its gradient discontinuously increases there (Fig. la), then €,(¢) has a jump 
(Fig. Ib) and consequently the isotherm has a horizontal part (Fig. Ic). On 
the other hand, the theory of Kahn and Uhlenbeck cannot give the isotherm of 
the liquid phase even if s*=z,. 


In fact, we can offer examples for €,(%) which shows such a behaviour. 


Example tie (igen2)% et 


b,(@) =exp(—a?/2) a&H,_,(a)/(7—1)! — (42) 


where H,(a) is Hermite polynomial of /th degree. 
Adopting such 6,(a), 


Cale) = 33 44a) 2!=al expl—a"(e—1)*/2]a, (13) 


hence 


f OF” ‘Gat) 


lv Qn; (21) 
hence z*=1. On the other hand lim 4,(@)=0. Hence 


aya 


(14) 


Catz) = tim G4 (2) = 


e(z) = la =0. (0<2< 0) (15) 


We have no singularity of €(2). 
Properties of 4,(a): When a is large, (the dominant term of 7 \@) 1S “a Jee 


Ee OM NEL ( —a2/2)\a2 (8a? 
aE ~ d exp(—a’/2) ~exPl a’ /2) a" (21- @) (16) 
da (i—1)! * (2-1)! 
That is, 4,(@) has a maximum at a= V¥2/ approximately (not monotonously” 
increasing). Therefore the convergence lim b,(a) =6/=0 is not uniform. 


a>o 


Another example will be given in the next section. 

We can show that if 4,(V) is always positive and increasing monotonously © 
with V, its limit being 2?, then z*=z,. Proof*: For an arbitrary 2, which. 
satisfies 7 < %» (2) and €(s) are the superior series to y,(s) and C;(¢) respec- 
tively, so that y(7)=7.(¢), C(z)=Ca(z) (#<%), hence, y.(2) is regular for 
g<z, Therefore, 2* =>. From 2* <#; and 2* =z, we have 2*=2,. 

The real behaviour of 4,(V), however, is very complicated (negative or 
greater than 47), when = lo, (% ean: the volume of the molecular 


J 
interaction). For instance, 6,(/”) =s5\,¢ ay, /kT)4ar°dy for molecules of 


i i = 24 rature is: 
imperfect gas, takes negative values when Y, even if the. tempera 


* Due to Mr. Matsubara. : 


‘D02 


‘low (Fig. 3). 
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We expect that the behaviour of 4,(V/) is such one as shown in 


‘Fig. 3 or alike, and that this complicated dependency of 4,(V) on VV S le) 


is the essential factor of the con- 
-densation. Cf. Example 1 and 
‘2, too. So that we must consider 
as #* < g, in general. 


§ 3. Note on the method of 


the generating function 


Let ¢() be such an analytic 
‘function whose inverse function 
‘is shown in Fig. 4b. (For ex- 
ample, €(¢) is the inverse func- 
‘tion of the appropriate polyno- 
mial of the third degree.) The 
‘value of the proper branch of 
(2) on the real axis of-¢ is 
such one as shown in Fig. 4a. 
The singularities of C(¢) are 
-denoted by ¢{” and 22. 


Speak- 


AE) 


ring in detail, 
point connecting the first and the 


ane 2? 


is the branch 
‘second surfaces, is the 
“one connecting the second and 


the third. 


(2. 
De 


is not a singular 


b3(V) bo? 
y 
b3(V) oe 
V 

bY) 
bp 
" 

b5(V) 
350 
\ Fo 

b(V) 
bg 
- 

b,(V) 
549 
a - 


Fig. 3 


point on the third surface and 2% is not a singular point on the first surface. 


Z 


Fig. 4a 


the 3rd branch 


the 2nd branch { 


the lst branch 


Fig. 4b 
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Riemannian surface of this €(z) is such one that Fig. 5 shows. Cuts are 
just on the real axis in this figure. Following Kahn and others, let us try to 
adopt the method of the generating function to treat such C(z). 

The limit 


lim [@(7, V, W)]"* (17) 
N>o 
is given by the radius of convergence R of the following generating function, 


F(z) = 3 a7, No, W)a*= fed zortwer®]); (18) 


where y() = 3 o,€. 
é=1 


Order of the integration and the summation can be exchanged when 


| (4/)exp[z(€)]| <1, so that 
F(a) = 50.) dé | 8-2 exp [ox ©))} 


=1/ {1—2zvy’' (z)} =1/ {1—20 (2) }, (19) 
where s=2(%,v) is the value of € which satisfies 
€—-x exp [vy (F) ]=0. (20) 


Singular point (radius of convergence) of /,(#) is given by either z(v) 
which satisfies 1/v=C(¢), or 2f, 2%, which are the singular points of €(2). 
We denote them by R(v), R(v) and R?(v) respectively, then, 


Rv) =2(a)exp[—oge@)}}, (21) 
RY (v) =o exp[—oy(e)], (22) 
RP (v) =2% exp[—o4(2?)] (23) 


Rv) 


—  &,°)(v) (on the Ist and 

2nd _ surface) 
R,(v) (on the 2nd and 
8rd_ surface) 


ljv 


Uv (1) Ae aq) lv Us 


— oo 
| _—.  #(v) on the 3rd_ surface 
| _—______.——. -(v) on the 2nd surface 
R(v) on the Ist surface 


Fig. 6b 
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Fig. 6a shows their behaviours. When V is large, we consider ¢() on the 
first Riemannian surface, and then the smallest « giving singular point of 7,(#) 
is R(v). At the. value of v=v where R(w?)=RP (w”), R® (v) curve osculates 
with R(v) curve and so the behaviour (gradient) of the partition function shows 
no discontinuity. If we hold to consider the first Riemannian surface to discuss 
the behaviour of A, then the isotherm would be horizontal where wv Ree gle 
But its derivative is continuous at v=v;?. As we discussed in our former paper, 
sg is considered to be the end point of the supersaturation, and the real point 
of the condensation is represented by a smaller value of z, that is, g=2*. The 
method of the generating function is not adequate to treat such a state of matters. 
In order to get the result that the partition function has an angle point by the 
generating function method, R(v) and RY (wv) curves must be assumed to behave 
as Fig. 6b shows. But it is not plausible. If we pass to the second Riemannian 
surface at the singular point 2, and to the third surface at 2°, we get the iso- 
therm of van der Waals type by the method of the generating function. 2{? 
represents the point where the superheat of the liquid ends. 

In fact, we can show the example that the value of ¢.,(¢) shows a transition 
from the value of the first branch of €(<) to the one of the third branch at the 
pomnue—<«. 

et 2: Take the following 64,(z), 


Me)=F set wal Gp ovl-1e le] BS 


=f/2)¥* | dé, 
where f(p) = 4p'—Be’, A>0, B>O0, or alike, then, 


1 DiGi exp (-#G/2)] # 
* 3) Dep [-Hi/2)] 2 


&, jas 
SEN] 


The behaviour of this £,(¢) and ¢,(¢) derived therefrom were discussed in 
the former paper”: when 7 < oo, €,() has an infinite radius of convergence 
but has a steep ascent at = 2z*, and it becomes to have a rectangular part as 
too; and when to, €.(%) is equal to the first branch or the third branch 
of €(z) corresponding to »<s* or z >2* respectively, where €(z) is the inverse 


function of z=¢ exp.[/() |. 


§ 4. Conclusion 
The authors have discussed the method of the cluster integrals. The cluster 
integrals 4, depend on V, the total volume I, and the condensation point should 
not be given by the singular point z, of the analytic function e(7)= pa lim l6(V) 2", 


but be given by thé irregular point ** of the (non-analytic) fusidtion Ca(e) 


Point of Condensation and the Volume Dependency of the Cluster Integrals OF 


=lim >} /o,V)z’. We have got the possibility of finding the isotherm of the 


V>oa0 l= 
liquid ieee in this way. The method of the generating function is not adequate: 
for such a state of matters. The essential factor of the condensation may be 
the complicated dependency of 6,(V) on V where V < Zz. 

What we expected above, is hoped to be proved exactly by the aid of the 
detailed knowledge of 4,(V) about real imperfect gas. This is the problem of 
the future. In any case, the importance of y,() and ¢,,(z) (not 7(z) and ¢(<)) 
is clear. 

It is the authors’ pleasure to thank Mr. T. Matsubara in Osaka University 
for his valuable discussions. 
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The Effect of Helium 3 Ingredient on the Wave Propagation 
in Liquid Helium II* 


Shoichiro Korpr and Tunemaru Usut 
Physics Department, Faculty of General Culture, University of Tokyo 


(Received May 20, 1951) 


The effect of He® ingredient on the wave propagation in liquid helium II is discussed phe- 
nomenologically on the basis of the two fluid model. The velocity of second sound numerically 
calculated is compared with experimental data. The comparison reveals the peculiarity of the 
normal and supercomponents essentially different from the He* component. 


§ 1. Introduction 


In a previous paper” (henceforth referred to as 1) we have developed a phe- 
nomenological theory of liquid helium II on the basis of two fluid model, intending 
to purify its footing as far as possible. The fundamental thermodynamic equations 
of motion thus obtained on the assumption of thermostatical local equilibrium, are 
found to agree with those of Gorter” in their essential character. 

As a result of freeing the theory from Tisza’s relation, it is found to have 
ability to explain the rise of second sound velocity towards lower temperatures. 
In fact, Nakajima and Shimizu? have shown that the 7*-entropy predominant at 
temperatures lower than 1°K (the so-called phonon part) gives the desired effect, 
if the extrapolated temperature dependency of the concentration of normal fluid is 
adopted. This assumption is of course provisional, and the recent measurement 
of the second sound velocity down to 0.1°K® shows that the concentration of 
normal fluid near O°K will be proportional to the fourth power of temperature. 
‘The consistent description of the temperature dependence of second sound velocity 
is one of difficult problems to be deferred for the future. 

Recently, Lynton and Fairbank” have reported the data of second sound velocity 
in the case of admixture of helium 3 isotope. Their investigation covers He® 
concentrations between 0.09 percent and 0.80 percent in the temperature range 
between 1.24°K and 1.95°K. The velocity of second sound was found to increase 
markedly with increasing concentration and also the above-mentioned low temperature 
rise seems to begin to appear at higher temperature with increasing concentration. 
However, the range in which the above-mentioned rise does not appear is sufficien- 
tly wide and it seems possible to extend the theory to the case of He'~He* 
mixture without abandoning Tisza’s relation. 


*) Read at the Minute Meeting of the Physical Society of Japan, April, 1951. 
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In this paper we discuss phenomenologically the effect of helium 3 admixture 
on the propagation velocity of second sound, restricting ourselves in the temperature 
region between the lambda-point and 1.5°K. The investigation of this phenomenon 
is expected to clarify the motion of helium 3 component in the wave motion and 
then to help ourselves to understand the peculiar character of helium 3 components. 

A theory of this phenomenon seems to have been given by Pomeranchuk”. 
Although his paper is not available here, we believe that his starting point is 
probably different from our purely phenomenological one. It may, therefore, be 
allowed to publish our extension of the thermodynamical theory based on the two 
fluid model. 

We shall treat the themostatics of the mixture in Part I, and then, using the 
results, discuss in Part II the wave phenomena in the mixture, especially the 
propagation velocity of second sound. 


Part I. Thermostatics 


§2. Pressure dependence of the lambda-point of pure He‘ 
As an introductory discussion we shall first treat the pressure dependence of 
the lambda-point of pure helium 4 on the basis of the two fluid model. As stated 
in I, the condition of thermostatic equilibrium is given by 


> AS fe) 
2, —P=( f =0, (2-1) 


where yp is the Gibbs’ free energy per unit mass, 2, and 7, are partial free energies 
(referred to unit mass) of normal-and super-fluid, respectively, and ¢ is the mass. 
concentration of normal fluid. Along the states of constant §, therefore, we get 


TH 974 OF g4=0, 
aTaG. «APOE 


(26) =(22)_ I), @-2) 


or 


with the relations 


Oy =-—s, the entropy per unit mass, 


and 


(2) =v, the specific volume. 
rT 


Making use of the equalities 


(5r).-()aG7),* Gr). 
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and 


Gr) Ge Gr)* Gee 


os 


we can transform further Eq. (2-2) into the following form: 


Os Os 
(22) ee pm ey ae (2.91) 


where C, and a are specific heat at constant pressure and thermal expansion 


coefficient, respectively. 


lim 7( =). Je (2-3) 
E>1 
and 
Ov 
rapa oe.) ye (2.4) 
Esl Y pt 
we obtain 
ee =lim (26) =f S (2-5) 
aT, ee Or a. Tv, 


the well-known Ehrenfest’s equation. Accordingly we can interpret consistently 
the lambda-point as the temperature where ¢ equals to unity, 7. ¢., the superfluid 
vanishes. 

We have assumed above the relation 


Com. — Cop = ian, F( — =) (= =) 
—E>1 pr 


Now if we take up as usual the Te eR con 


and so 


Cyr=lim o3( 28 


El OEY pr 


As stated in I, if H. London’s relation is valid it holds that 


5( s ) 5 


*) Cf. reference 1. 


* 


The Effect of Helium 3 Ingredient on the Wave Propagation 509 


‘by the strength of which the above equation reduces to 
AC. = 45). 
According to Keesom”, the experimental value of the jump of specific heat is 
4C3,=1.90 cal.:deg™". or7h 


Inserting this value and also s5,=0.405 cal. deg-'. gr-. we obtain for the value 


or 
of a, 
o=4.7, 


a reasonable value. This may be regarded as one of justifications of the assump- 
‘tion made above. 


§ 3. Effect of He*® ingredient 


We shall write for the densities of the normal, super- and helium 3 components 
fn fs and p;, respectively, so that the total density p is given by 


P= Pat PabPss (3-1) 
and the density of helium 4, p 
P1= Pn + Pe (3-2) 
‘The mass concentrations of each component are defined as 
ie Pay. (r=, 5) .8). (3-3) 


‘It is also convenient to introduce another definition for the relative concentrations 


of helium 4 components through 


Ea fln and Eas (3-4) 


sand 


Using partial quantities we can write for the Gibbs’ free energy per unit mass 


of the mixture 


= 


= Sn +6 fig + FAs: (3 Pi 5) 


Under the condition of constant ~, 7, and ¢,, therefore, 


By OL = 
oL (Pon — 7,8 +] 6(2 2) a§ oft “6 +8( oe sn, \P 


BD O¢,,/ PT%, 
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Gibbs-Duhem relation state that the sum under the square brackets vanishes, and’ 


hence the themostatic equilibrium condition (04), =0 gives 


Pn — P=. (3-6) 
From the above expression for du, we can also write for this condition 
Po—Ba(SE) =O, (3-7) 
OS n/ PT, 


Ov ral 
=i05 3: 
( Oe ae ( ‘ ) 


Along the equilibrium states of constant # and §,, we obtain hereupon the 
following equation : 


a A eg Gy 
RE OA vets 


or 


Gx) =(3% Deal (a OE, pr, (3-8) 


In the case of He*-He* mixture, we shall also interpret the lambda-point as the 
temperature, where the superfluid component vanishes: §,=1. Then, the &, 
dependence of the lambda-point at constant pressure is given by 
moe lin \ 05,06, 77 
- 


(sehen e 


§ 4. Approximation as a dilute solution 
We shall write the mole concentrations as V,, VV, and NV. Therefore, 


Ory 


Sn>1 


Nv+N,+Ny=1. 


We may take the atomic weigths of He‘ and He’ with sufficient accuracy as 4 and 
3, respectively. Then the relations between JV’s and é’s are 


Fn=4N,/[4 (M+ M,) +35), 
§,=4N,/[4(Mn +.) +3N,], 


and 
£,=3N,/[4(M,+N,) +30) 
On the basis of the fact that at temperatures below the lambda-point the 
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fugacity of helium 3 in the solution He*-He? is really given by Raoult’s law, counting 
only the normal component as the solvent”, we can give at least as an approximation, 
the partial molal Gibbs’ free energies the following expressions : 


Ga=G2+RT In Nn ss 
Nat; 
6.=G 
and 
G,=G2+ RT In ae 


Therefore, the molal Gibbs’ free energy of the mixture can be expressed with 
sufficient accuracy by 


G=N,Gat N.G+N,Gs3 


=N,Grt N.G.+NGI+ RT| Ny In Neb Not 228 i 
Nr+N; N, +N; 


Expressing V’s in terms of €’s, we finally obtain the relevant expression for 
‘the Gibbs’ free energy per unit mass as follows: 


p=G/{4(N+M,) +3] 


oF my In = = as Son &./S, 
36, hie 


=f; (as 2 &,p) + FfB+ RT 


(4-1) 


Using this expression we can derive by straightforward calculations the follow- 
ing formulae : 


oy sles pt ts 


—_ — <, - - 
=, (E,99 + 6,59) +€,53-—R Semin ze Acyint (4-2) 
4644: eve b 
aa SP ie F 
(28) =8a—m) 4°26, 1n fe (4-3) 
OSn/ PT es 4 é at ary 
- cons, 


al i =é {Z), i s i. §./54 
Gs Prt, on” ae "36, +42,/6, 
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eu ) wi Rilroliy yilels at 
beer 3 fed fs 
Bil has'y 
and 
Os z| / O53 ” 4.4 
( a re: rant (2) ao ae §s ( ) 
ELSES 
In the calculation of Eq. (4:3) we have used the Gibbs-Duhem relation 
at 7° Ss 70 
G,. OP» +2. 9F: <9, (3-8) 
OF n OF, 
Insertion of these formulae into Eq. (3-8) leads to 
(= at ds de = oe 
a) } Ou ia | 1—4,)°(38 +4 %8 
ag) +H at = a ine) ( : aSs 
(4-5) 


‘Making use of this expression we shall perform some numerical computation in 
the next section. 


$5. Numerical values of &, and Cam 


For the sake of convenience we restrict ourselves in the’ ith erdbuce region 

‘where H. London’s equation holds and this in turn states that” 

Os$ ; - 

SA) =s(f T)=5,0(2)- (5-1) 

\ OF n PT 
‘The dependence of s, on Z was shown to be negligible in the paper I on the basis 
of Tisza’s idea that the normal component can be considered in a sense as a con- 
tinuation of HeI. In order to obtain a safe conclusion, we shall treat concretely 
the temperature region: 7, => 7 =1.5°K. Then, for the range of helium 3 
‘concentration: §, < 0.008, In (1+ (4/3) aie) can. be consistently replaced 


nr 


with (4/3) +2, and also the factor 35. +4 


7 


In these approximations we can hie dtanes fae above differential equation for 


wiwith 3¢,44¢,. 


TE» Sn» 2), Ea. (4-5), and obtain under the condition of constant pressure 


43 ate 3 
| avn 41, 


TEy fn) =POi eof) OF eee "exp( — 7S.) ]O-# (4 Fa) 
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(1 ab 5 pigs ani 
witaTees 


(1 + 4a =) @ rade) os 
as 


(5-2) 


‘where R/4s,, has been represented by a. 

__ We have computed values of the above function for several values of &, and 
,, the results being listed in Table I. In the table are also listed the values 
of (A7/ On) pts To the values of this differential coefficient the last factor of the 


gs T(°K) é, (07 /0F) vt, 
0 2. 186 1. 0000 ate 
2. 000 0. 6078 0. 5876 
1. 900 0. 4560 0.7440 
1.700 0. 2446 1.2411 
1.500 0.1214 2. 2071 
0. 001 2.183 1. 0000 
2.000 0.617 0.588 
1. 900 0. 465 0.744 
1.700 0. 2535 1. 240 
1.500 0.1301 2. 201 
0. 003 2.176 1. 0000 ae 
0. 005 2. 169 1. 0000 e239 
2. 000 0. 652 0.585 
1. 900 0. 499 0.740 
1.700 0. 2861 1.224 
1. 505 0. 1619 2. 089 
0. 008 2.158 1. 0000 
2.000 | 0. 677 0. 583 
1. 900 0.523 0.735 
1. 698 0. 3094 1.192 
1-525 0. 1909 1.912 


Table I. 


expression (5-2) contributes rather much and therefore a fairly accurate value of 
a is indispensable. We have taken the following experimental values : 


at 
TO, x) =TZro(Fn) °, with o=5.60 and 7,,=2.186°K, 
5y9=0.405 cal. gr-. deg™'. and hence a=1.220. 


The values of 7,(€,) are obtained, as stated before, on the assumption that the 
Jambda-point is the temperature at which €, is equal to unity. 
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Part Il. Thermodynamics (wave propagation) 


§ 6. Irreversible production of entropy 
Appealing to a heuristic method, we first formulate the expression for the 
irreversible production of entropy, treating the helium 3 component as though it 
behaved like the other two, 7z. ¢., normal and super-components. 
The following mass conservation law is invariably valid. Writing the velocity 
fields of three components, v,, V,, and U,, respectively, we define the velocity of 
the centre of gravity, v,, through the relation: 


(U1 = PnUn + PsUs + U5 (6-1) 


Then the mass conservation law is given by 


0p 


=! = —div pv, (6-2) 
at i 1 
or separated for the three components, 
8Ps_ —div 0.v 6.2’ 
at PsU3 ( ) 
8Pn —div PnUnt ie (6.2’) 
or 
and 
oem div pv,—P (6.2'”) 


where J” means the rate of production of the normal fluid per unit volume which 
is always accompanied by annihilation of an equal amount of the superfluid. 


Using the above equations, the momentum conservation law can be easily 
obtained as follows: 


Dw Dw, Dv 


fig. 15110. pe yet os Sel eae orad ax fide 6.3 
7, ati, ( +p ri grad p+ V-/1 (6-3) 


Pn 


where the third term /"(v,—v,) appears as a result of transferring the mass. J” 
per unit time from the velocity ¥, to ¥,. 1’ represents the viscosity tensor. 

In order to formulate the energy conservation law, it is convenient first to: 
introduce another set of velocity fields, 2. ¢., velocities relative to the centre of 
gravity, by the following equations : 


U,=U,—-U, (y=n, 5, 3). (6.4) 


It is clear that these three velocities are not independent of each other but satisfy 
the identity : 


PrU ap p,U, + p;U,=0. 
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Corresponding to the thermostatical equation under constant volume, 
O10 ee TOS)em, + 25 ho M,, (6-5) 
we can write down the energy conservation law as follows: 
= { pn + 24 sr eld —div| a+ D(x U.+ J vip, v :)| +\V7-IT}, (6-6) 


where q, means an ordinary heat current density, and }~-/JI'\ represents the work 
done by the viscosity stress. The term—div q, corresponds to LOS) su, but the 


terms 2 Se ~v; and {V-/I'| do appear only in the latter equation because of 


their ed kinetic character. It may be noted in this connection that 
1 oe 
oe * po2+div © es Urs 


Dw YOU SURE We Du 
=n° Un 4 PsUs a Un— Us) + P3¥5° 3. 
a Dp 59 RD: ( +) Dt 


(6-7) 


We shall finally formulate the expression for the irreversible production of | 
entropy. First, the equation expressing the entropy balance may be written as 
follows : 


BAG st ge E = | (22) 
—_ =—div) = S507Uy | +{ —)- 6-8 
ar 1V T +S 1 0U; rad (6-8) 


This corresponds to the thermostatical equation under constant volume : 

0S= (dS) om, + ds ,0M,. (6-9) 
Secondly, if we assume that Gibbs’ fundamental formula : 

Tds = du+ pdv—Sp,-d>, 


is always valid in the baricentric system even when the continuous medium is in 


motion, we get the following equation”. 
x E ops i> + div pore 
at 
=" +div puv,+p div 0,— (Pn—B,) P+ Xo B, div 0,U,. (6-10) 
Elimination of the term (ds/8¢+ div psv,) from Eq. (6-8) and Eq. (6-10) leads to 


ae —T div 2 + Diy div p,U,-+ TZ p,U; grad 3, 
at /ive tf. 


+5 + div phv,—¥, grad p— (Pn—Ps) I’. (6-11) 
Zz 
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i iminati h re expression with 
Using Eq. (6-6) for eliminating 0,0/ at, we can reduce the above exp 


the relation #,=/,— 7s, into 


a\ iy | De ead | 
2 (2) = oe irs Dt 7 P 


—>3p,U,: [2 +orad f,+ 5, grad T | 


aa E (7 — v3) +7. | 


+)V-I1\ 
+ Tq: grad = (6-11’) 
Transforming again the above equation with the use of Eq. (6-3), 
7 ee Lira Soe | oe erad #,+5, grad | 


—| 4 wi-v2+a,—n, |P 
+ {vei —e,-(V ll’) 
+7 q,- grad = (6-12) 


By the way, it is to be noted that, putting p,=0 and ///=//}, the viscosity 
tensor of normal fluid, one gets for the case of pure helium 4 the same result as 
in the paper I. 


§7. The equation of motion for super-component and the velocity of 
sounds 
If we restrict ourselves to the discussion of infinitesimal motion of the mixture, 
we are allowed to make a simple assumption concerning the velocity of helium 
3 component. Our final aim is to obtain the equations of reversible, infinitesimal 
motion. We shall treat in this section only the case in which the helium 3 com- 
ponent moves with the centre of gravity, 7. ¢., 


U,=0, or ,=%,. (21) 


Another case in which the helium 3 component moves with the normal component 
will be treated in Appendix. 
In the present case 
Psy — Prln =f PsUs5» 
or 


PnU, + Ps U,=0. 
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This specification of U,; reduces Eq. (6-12) for the irreversible entropy production 
to 


(AS Px i Un Ou, 
7r(&) =U, Jo. 7 — + grad (fj,—f,) + Ps(5, — 5, ) grad r | 


il 9 rr? 
—|2(Ui-02) +27, |r 
+{V- ae (VI) + Pay-grad 7 


1 


=p,(U,— ae Sal da Lngrad (Fn—Ps) 
ps 


—f(S, ee ee He ane J (72) 


From this result we can extract the desired equation of reversible motion of super- 
component with the assumption of local equilibrium”, f,=7,, as follows : 


UF grad p+ L(S,—S,) grad T. (7-3) 

ot v 4 
Once the equation of motion for super-component is obtained, the equations for the 
other components can easily be obtained by making use of the above-mentioned 
assumption and the momentum conservation law, but we shall refrain here from. 
writing down explicitly the results. 

For the plane wave motion of the type: y+ ke’ exp (zwt—zkz), we obtain 

from the equations of motion and mass conservation laws the following set of 


equations for x=c?= (w/k)”: 


or, after some manipulations of thermostatical transformation, we get the secular 


equation for +: 


‘ (02/9P)re, Gf : 
#-| ag Re + ear =e sn — 5s) ( ae fe 


Pode x heSo—S. (Fe mass Bae: APs 4 Se ram Fe. ie 


a 
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From this, with the following reasonable assumptions : 


Caine: ce 


and |e} i aes (ee) Pet, (7-5') 
| 7 pe | 
| 2 \ Ops? Pr | p 
we can easily obtain for the velocities of first and second sound 
8e(24 v5. (7-6) 
0p rts 
ghee eee 4 Lk 
OS,’ PP 


Ea? (7-7) 


Az 


respectively. 
It may be noted that c can also be written as 
eat EY (1-7') 
5 = 2 
54d Og PTY 


Using the approximation described in Section 4, we finally get the following 
expression : 


ah-B (Brant a rae) ee 78) 


Restriction ourselves in the region where H. London’s equation is valid, we 
calculate numerically c, from the above obtained expression. The results are listed 
in Table II, and also are plotted in Figure I. The experimental points in the 
figure are taken from the data of Lynton and Fairbank”. 


Temperature (°K) Velocity (m/sec.) Temperature (°K) Velocity (m/sec.) 

Pure Het 0.19g He 

2. 000 15.4 2. 000 15. 36 

1. 900 WT 1. 900 17.74 

1.700 OZ 1.700 20. 01 

1.500 20.0 1.500 20. 67 
0.593 Tes 0.893 He 

2. 000 15. 10 2. 000 14. 85 

1. 900 17. 85 1. 900 17. 85 

1.700 20. 87 1. 693 21.20 

1.505 22. 45 1.525 23.10 


Table II. Velocity of second. sound. ¢» (calculated). 
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oO - 0.4% He*} observed 


Velocity of second sound (m/sec.) 


@ -03% ne} 


* -- Pure He" 


Temperature (°K) 
Fig. 1. Velocity of second sound. 
calculated. 


§ 8. Discussion 

Taking advantage of the reversible character of the propagation of the second 
sound, where the characteristic “ second motion” plays an essential role, we have 
investigated the propagation velocity in two reasonable cases. It may be tempting 
to assume that the helium 3 component should always move in company with the 
normal component. This case is treated in Appendix. The result, however, is 
definitely contradictory to the experimental fact, z. ¢., the velocity of second sound 
decreases with the increase of helium 3 content, at least in the range where H. 
London’s relation holds. The origin of this tendency consists essentially in the 
factor, 1/(€,+§s/¢,), involved in the expression for ¢3, and this in turn, comes 
from the assumption that the helium 3 component should move with the normal 
component. 

Another case, in which the helium 3 component moves with the centre of 
gravity is treated in Section 7. Incase of the propagation of second sound, therefore, 
the helium 3 component is assumed to be essentially at rest. The results, mentioned 
in the preceding section, shows that the calculated velocity is in rather good 
agreement with the experimental results. The curvature of the c,—Z curve is seen 
to be too small just below each lambda-point, but the same deviation already exists 
in the case of pure helium 4. We may, therefore, consider the discrepancy optimis- 


tically as being attributable to imperfection of the empirical formula for the con- 
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centration of normal component. 

We may allowed to conclude that the helium 3 component is actually at rest 
in case of the propagation of second sound, while the other components are in wave 
motion. It is to be noted that the assumption of local equilibrium is not inconsistent 
with the above picture. 

In this connection, the thermal Rayleigh disc experiment; as proposed by 
Pellam and Morse™, may be considered valuable for testing the above conclusion. 
The torque acting on.a Rayleigh disc of radius 7, set in the second sound field 
at the angle af attack 7/4, is given by” 


Nez 4 Cslnysf7? f14 (2) 4 | (8-1) 
3 Ips 
where U2 is the mean square velocity in the absence of the disc. As the centre 


of gravity may be considered at rest and hence so also the helium 3 component, 
the corresponding heat flow density H is 


i= Tin n Om = hs U, 


= PrU (Uin—A): (8-2) 
Taking into account the assumption of local equilibrium : 
O=p,— P= (n—hi,) — T (Sn —5,) (8-3) 


we can write in a more familiar form, 


H= Lin (Sn —3:) On 


= Tet. 2 


aé an LEe Cie 

If we take this relation into consideration, we find that at 1.700°K, for instance, 
the acting torque in the case of €,=0.005 will reduce to ca. 86 percent of the value 
attained in the case of pure helium 4 under the condition that the heat flow 
density should be kept the same. Hence this type of experiment may be con- 
sidered practicable and will afford an interesting check. 

The process that the helium 3 component are enticed by the normal component: 
may, then, be considerd irreversible. One of the possible processes is the diffusion 
of helium 3 component, which may be expected to occur toward the direction of 
larger €,/€,, as may be suggested by the expression for entropy. Another possible 
process is the viscosity, which may be expected to have the tendency to equalize 
the paces of normal and helium 3 components. In any case, a more prudent 
investigation is necessary in order to formulate the proper equations governing the 
phenomena of finite motion. We are now investigating to formulate this idea, 
but it is highly desirable to have experimental data of the phenomena where. finite. 


motion of the components occurs, to determine the constants WHICH will necessarily” 
appear. 
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In conclusion, it may also be noted that by testing this extension the formalism 
developed in the paper I is provided with a new support. The calculations described 


in Part I of the present paper are, in fact, fatal steps of that treatment of pure 
helium 4. 


Appendix 


The case in which the helium 3 component moves with the normal component 
will be treated here. In the present case, 


GH. oF 0,0 (A-1) 
and hence 

pe (Pn + 03) Un + Psy 
or 

(Pm + Ps) Un+p,U,=9. 
This specification of U, reduces Eq. (6-12) for the irreversible entropy production to 


S/2S ar = | 
pee —- — . 2 crad WN n@ 
A) =p.(0.-0) | +5, grad T (A-2) 


Here the relations : 
2 0,4p,= ap —psaT, 
a 
and 
pPs= x PxSx 
and the momentum conservation law have been taken into account. Further trans- 


formation with the relations 


p= BE oe ee (2) ee) (A-3) 


es Prt, OS, PTE, 


and 


vas~t,(22)—#( 2) (A:3') 


give us the following expression : 
(2), =p,(U,—U,) - Eee E — grad p— { (2 a -) +4 (2 a =)}srad i 


an __ ‘Oy | A-4 
3 Oe, ( ) 


— 
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As in Section 7, the assumption of local equilibrium model, (au/05,) =0, enables 
us to extract the equation of reversible motion of super-component as follows : 


rn Hats S)e8( Sp) 87) OD 


Therefore, the equations for x of plane wave motion are given by 


ratte 8 Fo seyae( ye $8 (2) 


or, after somewhat tedious manipulations of thermostatical transformation, we get 


(20), | 

) fe eects a) 
(22) ", 2) JO), Hb), J 
SECM eaniG eee Ce amican | 
P82), 29,, Dee ao 


This gives in a reasonable degree of approximation the velocities of both the 
waves as follows: 


the secular equation for x: 


1.4 ; oad (eae a a0 
dd 


+44 e (0K (=) 


nn 
Sn e,P 


lee JA — 

em Eel), +0420), Joel), 9), J). 09 
with 

H=i,( Nh +8 a PTs, me 


and 


>_{ of 
k= 
Sea beatin (A-8 
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If we make use of the dilute solution approximation, the velocity of the second 
sound reduces to a simple form: 


er (ae) ot Sa nee) Bet) 
if 4 é, - Os; eo + ais. e ag? PT 


te 


(A-9) 


Under the condition of constant f and é,, the variation of c} with €, can easily be 
studied. As can easily be seen from 


6, Pe E,+Ss &. Sab Sa/ Ss F ag2 0S Ps, 
the velocity of second sound decreases with the increase of helium 3 content, at 


least in the range where H, London’s relation holds, in contradiction to the 
experimental results (cf. Eq. (5-1)). 
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If we consider transformation functions in the complex domain, they 
represent clear features that could not be expected in the real domain. 


§ 1. Transformation function (2|2’) 


When an operator # has only real eigenvalues ranging from —© to ©, 0(v—+’) 
represents the transformation function (#|2#’) which has the properties 


[ foal s@), | Clea) =e). 


When an operator # has all complex numbers as eigenvalues, we consider the 
transformation function (z|z’) should have the following properties 


1 wee 
A fleydeG|s) =e); 5-3 2\|2") deg (2") =e (2 
| feldelr)=fe), SE Cle ae'e @) =e @) 
where f(z) is regular outside C, g(<) inside C, while C being a circle with its 
center at origin. So we can represent (z|2’) by 
1 
Gle)= ~— Is <|e"|- 


oli» 
2 4 


We assume hereafter implicitly that in the expression (¢|*|z’) 2’ is greater 
than z in their absolute values. Contrarily to this case we assume that in the 
expression (/|*|/’)Zis greater than /’ in their absolute values, /, /’ being eigenvalues 
of an operator Z. 


§2. Discrete spectra 


Main features of our previous paper (this journal, 6. 2) may be recapitulated in 
matric form as follows. 


When an operator Z has discrete spectrum, there exist eigenvalues /, and 
eigenfunctions (z|z), (z|z), z=0, 1, 2, --- which satisfy the conditions 


(z|z) regular inside C, (x|z) regular outside C 


IZ) @'la)=Cla)e, (lz) (2|ZI2’) =2,(al2’), (1) 
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(ve|2)) (2|22') = (n|n') =0,,', 
(=|n) (ale!) = (ele) = 


~where we use the convention 


He) El) =Sal Cle) aeGl), 
(ln) (nl **) =) (#1) Gl*). 


‘When L represents ~,(2)2°+),(#)#+).(%), % # being related by ze—ez2=1, we 
chave in the z-diagonal ‘prea 
GIL =A) Gat) Gat han, 


-since we get from ##—2#%=1 and its consequence ve—ee= Qe 


e\Zle")s!—2(2|Zle’)=(ele’), (elZ |e’ = 
elBle’)e! —2 (2/2 le’) =2(elzle’), (e|F le’) = 


In case ~)(2), Ar(2)» Pelz) have no singular point other than g= 00, the equations 


(1) may be transformed into differential equations as follows 
L,(2|2) = (2|") oa 
La (nls!) +52 | (ule) (elLle") = Cele" You 
277i Jo 
oo, there remains the part that spoils the symmetry 


‘When (|Z\2’) is not zero at ¢= 


«of equations. 
As an application of the precedings we calculate here eigenvalues of the 


operator 2%, #, # being related by the commutation relation 2¢—pz2=1, p a con- 
‘stant. The case when p is equal to 1, is familiar to us. 
From 2¢—pz2=1, we get 
(z|z|2")2! —p2 Glzl2") = @! —p2) G2) = le) 
~whence we have (91) 
Clea (so 
oneal" ~ (eps) (2/2) pol e—pz 2'—2 3 


‘Substituting this 2 ad in (1), we have 


{e-em }-aeln, 


re ‘ *)— (n\2)} =n) 
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whose solutions are 


ah ~ a Laz! arr: a 
zln)=s, (la) = ae 
When p=1, 
(osteo y= 
(2/—2) 2 
22 (ln) =h(el)s = Ze(nle) =A Cle). 


Ln= Ny (2|”) =2", (ale) Se": 


§ 3. Continuous spectra 


When two operators g, p have all real numbers as eigenvalues, there exist 
transformation functions (9g|f), (~lg) which have the following properties 


gQdA@D=CClr), ClAle)=C@pAeCI7). 
Aga@dn=Alr), (Aldeo=AlaeG@lr) 
where (*|g) (g|**) stands for 


[-Claeacal**). 


In the complex domain there exist also similar things. 

When two operators z, Z allow all complex numbers as eigenvalues, the equa- 
tions that determine transformation functions (z|/) are in the z-diagonal representa- 
tion as follows 


GIL2") 21) =CIDL (2) 
As a first step we consider the case when there exist for each Z only one 
(z|2) regular in both g and / except for g=0o and J=0o 
Transformation function (¢|z) adjoint to (s|/) is determined by the following 
conditions 
1. (2) is regular at s=0o, [=0o, 


2. (le) el’) =(r), 
@t)=— 


Wy, [Z| > 2’. 


eine (z|Z), (|z) in power series in 2, Z as follows 


(2/4) = > Qnre ca Si a, ih, 


uU,r=0 


(heya sialon 
m,n=0 
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. we have 
(ls) (20) =D (Bla PT SUT, 
Therefore we have | 
Seats 
which may be written in matric form as 
BA a) DB Omgls Ae Onn) 


From this relation we have 


which deserves more careful attentions. 
Assuming the validity of this latter relation we have 


(2|2) (Z|2’) P23 (2 ‘esimad Vik 
= 25 Onm? JM ey t-m-1 


=1/(2’—z) = (e|2’). 
Multiplying (2) by (/|2’’) from the right, we have 
(e|Lle") (eld) (dle) = Cel ZI") ("le") = GIZI2" 
= (2|2) f(z”), 
doles (2|Z\2’) = @|2) 22’). 


Multiplying this equation by (Z'\z) from the left, we have the equatica to be 
satisfied by (d|z), 


(U2) (el le") = Cle) lee Ce") = IDC") 
a) | ae’) 


272 Jel! — 


=! (l'\o!) = {): di(2|s"). 


This equation is slightly different from the equation (2) satisfied by (2|Z). 
An example of the preceding is given here. 
Let-L=2, ze—pre=l, then we have 


os SR ae she Sane aera 
ers {(pi)— ln }= 104 


Expanding (|?) in Taylor series in z, we have 


528 G. Iwata 


tz)" (¢z)" 
20) =14l4-4 ies 
(2/2) ing (lee oe 


whence we get 


Ge" (ey 


In the case when p is 1, we have 


) j Dl stergetaae 
pemercr meter Kterara) 


a a 1 
= (41422, —— (es) =/(/|¢) ——, 
Zel=C,  -£le)=las)—4 
Gi) =<, 
t i 2 | eal 
Zz) = 


oe eee te mee ae 
is ig)” ey es yt 
Concerning the case when there exist two solutions (z|/) for each 7, we make 


a cursory mention of the possibility that we may have (s|/); and (djz),(é=1, 2) 
satisfying the following relations 


(lz). (l),=(P)o4, i, A=T, 2. 
(212), Zl2).1+ GID oA2)o= G2"), 


) aS as 
cad} wey ww 


ee | 
Oak ip 


=y u C42), wt U(2+2) (7+4) , 
Gl),.= i ge 7 g 61 SS Ae ccon 


(2|2) mite ep ALLY A) 


ree ee 
5! 


2 | 4| 
(|e = Secs ee aa 
I2)1= : "142)2 10-42) 44) 


(|e) ==: : = = 
: (sl) ey (241) (243) 24 * Gl) G43) G45)" * “ 


(2) (212) er ee ag 


(5/2) 


y, s+ 1 
it G\d).Cle") = 3% =. 


ol Hs 
ow ot ~ 
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It is proposed and discussed a new mechanism of emission of nuclear 
fragments from highly excited nuclei upon the basis of liquid drop model. 


§ 1. Introduction 


In the previous paper” we showed that the nuclear surface tension decreases 
with increasing excitation energy or nuclear temperature. While the free particle 
model of a nucleus was adopted there, it seems more reasonable to use the liquid 
drop model as is readily seen from the nature of the phenomenon. We want to 
discuss here the emission of nuclear fragments from very large cosmic-ray stars, 
which have been analyzed by Harding, Lattimore and Perkins? and Perkins®, 
throughout upon the basis of liquid drop model. 


§2. The surface tension in the liquid drop model 


Bethe® gave the expression of nuclear surface energy in the liquid drop 
model as follows: 


# O(0).\% rk 
U(T) =0.113 (sk 57840, 

ory) ‘ (1) 
(U and T measured in MeV), 


where we use new values of parameters listed in Table I. As was stated in I, 


Table I 
: | unit | Value adopted by Bethe Value used in this paper 
9 10-15 cm 2.05 1.37 a 
a MeV 10 19 a 
Co MeV 11.5 22 a (Fermi energy) 
r | MeV 9.6 14 b 
KK MeV 4 7.55 ip 


In this table we use Bethe’s notation, (cf. ref. 4)). 
a Fernbach, Serber and Taylor, Phys. Rev. 75 (1940), 1352. 
b N. Bohr and J. A. Wheeler, Phys. Rev. 56 (1939), 194. 
c L. Rosenfeld, Muclear Forces, Vol. II. 
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the surface tension O(7 ) is connected with U by the well-known thermodynamical. 


relation: 


oh yap len: (2) 
oT 
From the Weizsacker-Bethe’s semi-empirical formula we find 
U(0)=U,=0(0)=14MeV for. T=0, (3) 
while the third law of themodynamics demands another initial condition : 
Ooh ab Ta: (4) 
or 


The inhomogeneous differential equation (2) with (1) is solved by numerical 
integration under the initial condition (3) and (4). The result is represented by 
the curve 4 in Fig. 1. For comparison, if we put O(7)=14 MeV in the ex- 


z . og - 
pression (1) (ie., we use U=0.113,7%), (2) becomes a linear differential 
equation, whose solution obeying (3) and (4) is a curve ZB in the same figure- 
A curve C represents the “ quadratic law’ derived in I: 


T2-T? 


O(T)= —-14MeV, .. (7, ~ 9 MeV). 


2 
c 


As is seen from Fig. 1 the temperature dependence of nuclear surface tension is 
not sensitive to the adopted nuclear model and this fact has already been re- 
marked in I. 

The relation of temperature to excita- 
tion energy depends of course on the 
adopted nuclear model. HLP showed that 
the cosmic-ray star data are consistent 
with the liquid drop model only when 
volume waves do not contribute to the 
nuclear excitation. Therefore we want to 
adopt this rather curious hypothesis with- 
out any proof, though this fact may con- 
cern the ‘central core’.model” of a 
nucleus suggested from the electron-nucleus 
scattering experiments.” For heavy nuclei 


(mass number ~100) the surface energy (1) (which is equal to the total energy, 
according to our assumption) gives roughly the same numerical results as given 


from the free particle model, if we take into account the temperature change of 
surface tension in (1). 


Fig. 1 


Thus it turns out that. our previous consideration based on the free particle 
model are not essentially altered even if we adopt the liquid drop model. In other 
words, our previous results were justified also from the liquid drop model. 
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Furthermore the width J for symmetrical fission is of the same order of 
magnitude as the neutron width 7, in highly excited nuclei (with excitation 
energy ~AZ,; £,=average binding energy of a nucleon, A=mass number) as 
was shown in I. Since the width corresponding to two extreme cases of (large 
and small) particle emission are of the same order of magnitude, the width for 
a particle with arbitrary mass number may not be greatly different from J or 
from J°,, as long as we stand on the statistical point of view. 


§3. Emission of large fragments due to dynamical process 


The statistical theory predicts that particles with arbitrary mass number can 
evaporate roughly with the same emission probability. This result is contradicted 
with the observation of HLP and of Perkins. We are, therefore, compelled to 
abandon the statistical treatment, in which the statistical equilibrium or quasi-static 
characters of the process concerned are assumed, and to search a new mechanism 
of emission of fragments. It is very likely that some new events occur before 
the statistical equilibrium is reached because of very high excitation energy. 

In this connection, let us again refer to Bagge’s old work.® Formerly he 
showed that the Coulomb barrier height decreases with increasing excitation 
energy due to the increase of average amplitude of nuclear surface waves. How- 
ever, he did not take into account the change of surface tension with temperature. 
Thus we correct this effect and recalculate the mean square root 4 of amplitude 
of surface wave for various temperatures (see Table II). The infinity at T=Z;, 
is merely originated from the assumption of infinitesimal vibration which is no more 


' : A 
valid at very high temperature. In any way we can regard —~ as ~0.5 at 
} R 


T~T,. (R=nuclear radius). 

It is not unreasonable that a fragment with linear dimension (corresponding 
mass number is (2/7,)*~ 10) is occasionally ejected from the nucleus, through the 
appropriate surface waves excited by incident cosmic-ray particle with great energy, 
considering the results concerning widths obtained in §2. In this connection we 
also refer to Mayer and Teller’s mechanism of origin of chemical element (“ fission 
of cold polyneutron”’).” Since the wave packet (with linear dimension ~ 4) of 


Ais? 2 J 
surface wave has the total energy AZ, (~) ~ 150 MeV on the average, the mean 


Table II 
Calculated values of 2/R for 3;Br8° nucleus. 

temperature excitation energy a/R 

1.5 MeV 18 MeV 0.054 

3 72 0,12 

6 288 0,24 

8 512 0.40 

9 640 co 


R=nuclear radius 
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kinetic energy of emitted fragments will be ~(1/2) 150 MeV=75 MeV. Thus 
we may expect that in very large cosmic-ray stars we frequently observe nuclear 
fragments with average mass number ~ 10 and average kinetic energy ~ 7) MeV. 
These two figures are fairly in agreement with observed values.” 

Unfortunately this medel can not explain the angular distribution of fragments. 
A possible explanation may be concerned with some ‘“ impulse ’’ action, which is 
often met with in break-down phenomena of elastic bodies, but no definite con- 
clusions can be stated. 

After possible fragment emission the special modes of the surface wave 
(favourable to fragment emission) will soon damp. and thermal equilibrium will be 
reached, and then the normal evaporation process starts. The latter process is 
responsible for the major parts of prongs in large star. 

The author is very much indebted to Dr. Perkins for information of new ex- 
perimental results before publication. 
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Statistical problems of two-dimensional Ising ferromagnets of various lattice types are re- 
duced to those of square nets so that direct applications of Onsager-Kaufman’s method are 
allowed. Most of the physically interesting lattices can be treated systematically, but lattices 
with longer period of translational symmetry could hardly be handled. The triangular and 
the honeycomb lattices are treated simultaneously, and particularly their dual relation is given 
in the most general form. 


§ 1. Introduction 


Since the usefulness of the method of eigenvalue problem in crystal statistics 
of Ising ferromagnets was made evident by Kramers and Wannier,” Montroll,” 
Lassettre and Howe,” and others, remarkable progresses have been achieved in 
the two-dimensional cases of no magnetic field. Namely, Onsager® at ‘first estab- 
lished a theory which allowed him to obtain an exact solution of the two- 
dimensional square net. But because of its very complicated structure, it was not 
possible to attack other lattice types until Nambu,” Husimi and Syoji,” and 
especially Kaufman” contracted the formalism considerably. Now three typical 
lattice types are in our hand. As already mentioned, the problems of the square 
net were investigated in full detail by Onsager himself and by Kaufman. Husimi 
and Syoji calculated the exact eigenvalues of the honeycomb problem, and Wan- 
nier® also treated the latter, reducing it to a kind of square net and applying the 
Onsager-Kaufman’s method. Furthermore, using the so-called dual transformation 
they went to the case of triangular lattice and discussed its thermodynamic be- 
havior. Although the dual transformation is useful when the spin-spin couplings 
are isotropic in three directions, and although it can give the partition function of 
the entire crystal, all results obtained through the transformation from the honey- 
comb lattice cannot be said to describe the whole aspects: of the lattice under 
consideration, for not only the case of anisotropic couplings but also the problems 
regarding the propagation of order inside the ‘crystal cannot be treated at all. 
But the author does not know anyone ever has attacked directly the triangular 
problems on the Onsager-Kaufman’s line. 

On the other hand, Nambu” and Newell” formulated another method, in 
which spins are added one by one on screwed lattice points. Their results were 
éxactly the same as those of Onsager in the case of square net. A merit of this 
method is that it is easily applicable to the triangular lattice, which indeed Newell’? 
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solved in the anisotropic case. In this method, however, there are defects that 
the eigenfunctions are hardly obtainable and that therefore the propagation of order 
is unknown. Moreover, it is difficult to apply the method to the honeycomb lattice. 
At the present status of our problems, it is desired that statistical problems 
of two-dimensional lattices in general are investigated on the way of Onsager and 
Kaufman. So we attempted the generalization of Onsager-Kaufman’s method so 
as to be applicable to various lattice types, and succeeded to solve the triangular 
and a few other lattices straightforwardly. Lattices with rather longer periods of 
translational symmetry are difficult to be handled by our method. 


§2. Transformation of lattice types; Method of imaginary couplings 


Onsager-Kaufman’s formalism is in itself proper for the square net. It is in 
principle applicable to all kinds of square nets, but to other lattice types its direct 
application is not always allowed. As shown by Wannier, the honeycomb can be 
considered as a kind of square net with respect to its statistical character, there- 
fore it is in the range of Onsager-Kaufman’s method. In the case of triangular 
lattice, however, no topological deformations are effective as in the honeycomb, 
in order to bring the former into a square net. Nevertheless, as described im- 
mediately below, this lattice can also be considered as a limiting case of a square 
net, so that Onsager-Kaufman’s method is still of use. All other types of two- 
dimensional lattices could be shown as well to be special cases of certain square 
nets. 

We assume that a triangular lattice has anisotropic couplings as shown in 
Fig. 1. Now suppose that we replace virtually every spin by a pair of spins, and that 
spins in one and the same pair interact with each other with imaginary coupling 
parameter K. Real couplings are redistributed as shown in Fig. 2. Now this 
new lattice is unquestionably a square one, therefore there are no difficulties to 
use the Onsager-Kaufman’s method. Then, if we proceed to the limit K—> oo, 
two members of every pair coupled with K have to orient themselves parallel to 
each other. As a result, every pair behaves just as a single spin, ie., we come 
back again to the original triangular one. 

On the contrary, the limiting process K—0 leads us to a honeycomb, as already 
shown by Wannier. Accordingly, the honeycomb and triangular lattices should 
be supposed as two opposing limits of square nets. At this point we could find 
the reason of their dual relation, We shall return to discussions on this relation 
once more in § 4. 

An general, we can transform all the two-dimensional lattices into. square nets 
iby introducing zero and infinite couplings. When the transforms have the transla- 
tional symmetry of lower than three steps in two directions, their statistical prob- 


Xe ; Site baie Hae: 
lems Cat easily be solved by Onsager-Kaufman’s, method, so are. their limiting 
cases, i.e., the original ones, 
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Fig. 1 Fig. 2 


§ 3. Mathematical considerations of the limiting processes K — oo or 0 


The limiting processes K-— oo or O have definite physical meanings. But 
since the formalism of Onsager and Kaufman is of rather abstract character, it 
will be worth-while to note when and how we should perform the limiting pro- 
cesses in the course of calculations. 

For the brevity of description, we shall call the bonds along which the crystal 
are built up by the operators C’s as longitudinal, and the others through which ~ 
the operators s’s connect spins with each other as transversal. 

(i) Coupling X is transversal and tends to infinity. 

In our formalism the central problem is to solve the eigenvalue problem of 
a certain operator V which is defined in the spin space and characteristic of the 
lattice under consideration. The cooperation of the coupling is expressed in V 
through the following exponential factor for every pair of spins connected by that 
coupling : 


exp Kss'/=exp (—7KP’Q), 
where 8, 8’ and P’, Q have the same meanings as in reference 7. If we suppose 
K as sufficiently large, the above expression is easily transformed into the follow- 
ing form: 

(2 sinh 2K°*)3 {1—-i P’ Q} 
where 

sinh 2K - sinh2K*=1. 
Now the operator 4 {1—7P’Q} is a projection operator because of the following 
identity 
4 (1-iP’ Q} -4 {1-7 P/Q} =4 (1-7 PFD}, 

and its eigenvalues equal to 1, or 0 for —7P’Q= $s'= +1 or —1 respectively. 
Accordingly, the factor selects all the states in which two spins of every pair 


connected by the coupling X are parallel. Evidently it is the very thing that we 
expect of the infinite coupling. Unfortunately, since the projection operator is 
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not a spin representation, we are forced to solve the eigenvalue problem with 
finite K and then let K tend to infinity at the final stage of calculations. 

(ii) X is transversal and tends to zero. 

There is nothing to say of this case, as 


lim exp (—7K P’Q)=1. 
K->0 


We are allowed to proceed with zero coupling from the start. 

(iii) X is longitudinal and tends to infinity. 

A new step coupled through A with the previous one is described by the 
following operator 


exp K+exp (—K )-C=(2 sinh 2K)? exp K* C=(2 sinh 2K )* expik* PQ. 


As K tends to infinity, K* does to zero, and thus the operator does to exp K, 
as is easily expected. Evidently this exponential is nothing but a Boltzmann 
factor due to our imaginary coupling, so we can omit it after all. Thus we may 
safely assume that : 


lim (2 sinh 2K)?* exp GA 7 EO) —2: 


K->o 
As a result we can ignore all the factors including the coupling K in V and solve 
the eigenvalue problem of the rest. 


(iv) X is longitudinal and tends to zero. 
In this case, 


lim (2 sinh2K)* exp GK* PQ)=1+iPO, 
K>0 


which is not a spin representation. Therefore we must postpone the limiting 


process until the application of the theory of spin representation is performed 
and eigenvalues ‘are revealed. 


§4. The triangular and the honeycomb lattices 


As a starting point we take a square net shown in Fig. 1, where couplings 
J and X alternate in one direction, and couplings Z and JZ do in another direction. 


As usual we close the lattice by 2 steps in the former direction and by 2x steps 
in the latter one. 


According to the formalism of Onsager and Kaufman, the eigenvalue problem 
characteristic to our lattice is related to the following operator V, if we construct 
the lattice step by step in the direction along which the couplings 7 and XK operate : 


V=VIV;V.V, (1) 


where 


V,= (2 sinh 27) 2 (2 sinh 2K)? I exp (/* G31) I exp (K* G.,) 
rat r=1 ‘ 
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= (2 sinh 27) = (2 sinh2K)? IT exp (¢/* Po,1Ox-1) exp GK* Px.Qh,), 
1 1 
V'=/ and X interchanged in V,, 


Ve= i exp L85,_18>, il exp M8», 8»,..4 (2) 
I 


= M Sa (iL PLO.) iT exp (—iMP,,..Q.,)-exp GMP,Q,,U), 
V.=L and M&M interchanged in V, 
PT EM a Ns oe 
and he /rTs etei 


As already discussed in detail in the last section, now we can go at once to 
the triangular case. Most easily we can reach there by putting K—> o, K*—0. 
Then we should remove all the factors dependent on K and K* inV. As a result 
the operator V of our eigenvalue problem takes the following form: . 
ae? VV (3) 


where 


V,®=(2sinh 27)? ID GJ* ParQo—)> 
1 
V/=(2 sinh 27)* I exp (i7* P2,Qz,)- 
1 


Now we are ready for the triangular problems and the straightforward 
calculations analogous to Kaufman’s will lead us to the partition function and other 


properties of this lattice. 
On.the other hand, if we put K=O in Eq. (2), the resulting operator my 
should correspond to the honeycomb lattice, as was often stated. The result, is 


V= VJ VL VV, (5) 
where 


VM= IT exp (—iZ P»,Q:,-1) 
: (6) 


n—1 
V/= IHexp (—iL Pr,41Qs,) + exp CLP, Qo, U). 
1 
Here we can have an insight into the origin of the dual relation between the 


triangular and the honeycomb lattices, For this purpose we may carry out the 
following transformation JD on V“, which is the same as Onsager used previously 


in order to prove the self-dual character of square nets: 
DP, Qrs QO, Pris 


(It should be noted here that the dual relation between triangular and the honey- 
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comb lattices is half due to the self-dual property of their common progenitor.) 


Then we have 


D: V+ VO=VLOV VY V, (7) 


where 


V,=(2 sinh a7)? (2 sinh 2K ) > IT exp (—7/* Ps, Q»,—1) Hl exp (—i1K * Pop i1 Que) 
r=1 


V/=/ and K interchanged in ia 
n (8) 
VoO= IT exp (iL P»,Q,,), 

1 


a n-1 i 
Vi{M= Mexp (tL Pep i1 Qerit) exp (iL P,Q,U). 
1 


If we compare Eqs. (3), (4), (7) and (8), we can recognize with ease that 
there exists a close parallelism between V“ and V™. So as to avoid unneces- 


sary confusions and make correspondence clearer, we alter the notations of couplings 
on the honeycomb side, i.e., 


ay dR ee 


Then, we may tabulate the correspondence as follows : 


vo | 7 LOM Ve Vy vo VW 


Vo afi eT Y* RI v Vi» V~ 


Except for differences which will be described just below, V“ equals to the 


Hermitian conjugate of V“ because of Hermitian character of their components 


V’s. The differences in question are as follows: First V® has a factor 


(2 sinh 27 ye whereas V does (2 sinh QL)? (2 sinh 217) r, secondly the para- 
meters /, ZL, and M on one side are just replaced by its asterisks on the other 
side, and thirdly a few factors including U seem to disturb the above cor- 
respondence. However, it can be proved that. the last mentioned unpleasant 
feature is only apparent and we are allowed to disregard it entirely. (See Ap- 
pendix.) Accordingly, if we denote one of eigenvalues of V“ by 4°( 7, L, AZ), 


then 4( 7, Z, MZ) is also a member of those of V™, i.e., of V™, provided the 
‘following condition is satisfied : 


MCF, L, M)=hC]*, L*, M*) / (2 sinh 27* sinh 2Z*-sinh 2M*)?. (9) . 


Remembering the relation between the partition function of a lattice per spin 


J and the eigenvalues of the V, we can conclude without difficulty the following 
equation : 
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FOL L M)=f(/*, L*, M*)/ [2 sinh 27*-sinh 2Z**sinh2M*P. (10) 


where f and f™ refer to the triangular and the honeycomb lattices, respectively. 
Eq. (10) reduces to the so-called dual relation first pointed out by Wannier” when 
we put /=Z=M. Thus this equation may be called the generalized dual relation 
between the two anisotropic lattices under consideration. 


§ 5.. Conclusion 


We proposed a method which enables us to reduce statistical problems of 
general two-dimensional lattices to those of square ones so that Onsager-Kaufman’s 
method can be used straightforwardly. By this method, indeed, most of the 
physically interesting lattices can be treated systematically, but lattices with longer 
period of translational symmetry could hardly be handled. 

The triangular and the honeycomb lattices were treated simultaneously, and 
particularly their dual relation was given in:the most general form. 

The work here reported has been partly supported by the Scientific Research 
Expenditure of the Education Ministry. 


Appendix 


In case of square nets, it could be easily seen from Kaufman’s article that the 
self-dual character is not disturbed by the presence of factors including U, although 
he did not take care of them-explicitly. Since our two lattices are two limiting 
cases of one and the same square net, namely, the one is derived by AK-— © and 
the other by A—>0, it is almost self-evident that also their dual relation will not 
be influenced by such factors. 

In order to show this vividly, we should go from our spin space to a linear 
space spanned by P’s and Q's, and investigate rotations in that space which induce 
spin representations expressed by V's. For this purpose it is more convenient to 
compare V® not with V™ but ‘with V™ directly. 

Before entering into this space, we must eliminate U from V’s after Kaufman. 
As a result our problem splits into two. parts which can be treated separately. 


Namely : 
V®=3 (14+U0)V% 43 A-U)V 
Vo%== V./= he VV Ve 


n : n—1 ; is 
V.z= Il exp (—iZ P,,.Q2,-1) +I] exp (—2M Po, 11 Qo) exp (iM P, Ons 
1 L 


V/+=L and M interchanged in V.* 
and , V=4(140)V*4+3 (i-U ) V ”- 


VP wF= V, (A)& Vi vm V, 
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Ve Il exp (iL* P,,.Q,,) +I exp @(M* Pops Os 1)3 
1 1 
V,/=L and MM interchanged in V,, 


VMs II exp ( hat a] P», Q»,-1) ’ 
al! 


n 


a 
Voz = H exp (= 77 Props Q:,.) -exp( +7P, i): 


where double signs should be read in order, and the notation of coupling para- 
meters in V™ are changed as in the text. 

Now we consider rotations in the generator space which induce representations 
V+ and V+ in the spin space. We denote these by R®* and R®* respec- 
tively. First we take up the triangular case. Rotations represented by V,®, V,/ 
and V= are easily found in the form: 


c(J*) is /*) 
—is(J*) cC/*) 


R,Y= 1 : 
1 
{1 
1 
Ped ne eee 
ee) ae, 
c(M) +is(I7) 
c(Z) is(Z) 
—is(L) c(Z) 
R= c(M) is(I) } 
—is(M) cl) 
Fis(J) " ¢(l) 
where c(/*) =cosh 27*, s(/*)=sinh 27*, etc. 


Finally the rotation of V,/* is obtained from that of V,* through interchange 
of Zand M The resultant rotation is given by the following matrix: 
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a 6b Fe 
c a b 
Rot c a ob 
+O ca 
where 
 ) — 
CLL) Gat jcl f*.  ic( L)c(a)s(/*) 0 0 
+s(Z)s(M7)c(/*)? +7s(L)s(J7)s(_7*)c(_/*) 
—ic(L)c(M)s(J*) — c(L)c(A2)e( J*)——is(L)c(M)_—— = 8A ola }s( 7*) 


. —is(L)s(7)s(J*)c( J*) +s(L)s(M)c(/*)? — +:2e(LZ)s(A7)c(_/*) 


|—c(Z)s(f)s(//*)_ —ic(Z)s(M)e(*), (Zs) ic(M)*s(/*) 
—s(Lye(M st J*)c(J*) —is(L)e(M)cCJ*)> +e) cl *) 


is(L)c(Z)s(J*)* —s(Z)e(LZ)s( J*)c( J*)  —2c(Z)’s(*) c(Z)c(M1 )c( 7*) 
+s(L)s(IZ) 
0 0) 0 0 
—is(M)*s( J*)c(J*) s(M1)*s(J*)* 0 0 
b= | —s(M)c(M)s(J*)c(J*) —is(AZ)c (1) s(/*)’ 0 O obs 
ic(L)s(M)c(J*)? —c(L)s(M)s(J*)c( /*) 0 0 
+i5(L)e(M)cC/*) =s(Z)cU)s(/*) 
and 
s(L)2s( J*)2. is(L)°s(J*)c(J*) —s(Z)c(L)s(J*)  —is(L)c()c(/*) 
(L)*s( 4)? #8()°8C) =is( De) 
a 0) 0) 0 0) 
0 0 0 0 
0 9) 0) 0 


Next we go to the honeycomb case. As before we can find rotations cor- 
responding to V,, V,’, V., and V,'* in the form 


c(M*) is(M*) 
—is(M*) c(M*) 


pth CE tee) 
um —is(P¥y ctl) > 


BR,/=matrix obtained from the above through interchange of Z* and M*, 
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1 
c(J) isC/) 
ROX —is(/J) c(/) 
: 1 
and finally 
c(/) tis(/) 
1 
1 
c(J) is(/) 
MA)t — 
os iJ) ) 
Fis(/) ey) 3 


In order to make comparison with #* easier, we prefer to calculate the Hermitian 
conjugate of V“™ which has evidently the same eigenvalues as the original one. 
Then after multiplication of matrices in the reversed order as in V™, we arrive 


at just the same form as #®*, ie., 
ROt = (RM*)* 


where asterisk means Hermitian conjugate of matrix and changes of coupling 
parameters into its asterisks simultaneously. Thus we have proved the dual rela- 
tion between the triangular and the honeycomb lattices exactly. 
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Without use of perturbation calculation a general formula is derived for the vacuum induced 
current due to external electromagnetic field. This formula is valid for any charged field with 
arbitrary spin and interaction type. The terms corresponding to self-charge and observable current 
are shown to be of negative signs. The condition for the fimiteness of the self-charge is also con- 
sidered. These circumstances give rise to the serious difficulties in solving the problem of divergence 
of self-charge etc. from the standpoint of the realistic mixed field theory. An application of this 
formula to induced current in the e?-approximation is stated in detail. In order to settle these 
difficulties entirely it is expected that the further material property may be introduced for the 


vacuum. 


$1. Introduction 


It may be said that any problem in the quantum field theory depends on the 
property of the vacuum, because external effects always influence the vacuum 
fluctuation and what we can observe experimentally is nothing else but the devia- 
tion from the vacuum induced by the external disturbance. In this respect it is 
an important problem to investigate the property of the vacuum fluctuation in 
connection with the definition of the vacuum. 

The phenomenon of vacuum polarization in quantum electrodynamics is the 
most simple and typical problem relating to vacuum fluctuation, and has the 
realistic effect, for example, in the problem of the energy level of the electron 
in hydrogen atom. Moreover, the vacuum polarization has the characteristic that 
it always contains the effects of all sorts of charged field coexisting in the nature. 

In the discussion of this phenomenon there arise the following two important 
problems, namely, the problem of the gauge invariancy of the theory (self-energy 
of photon) and that of the gauge invariant part of the induced current. 

The former has been investigated by many authors? taking account of various 
charged fields. As is well known, the photon self-energy can be made vanishing 
in view of the realistic standpoint. Moreover, we know that this problem relates 
closely to the properties of the zero point oscillation of the charged fields and so 
to the definition ‘of the vacuum.” 

Now, it is important to research the more detailed contents of the materiality 
of the vacuum in connection with the investigation of the gauge invariant part of 
the induced current, This part has been also calculated by various authors for 
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i Def 2 roximatic se results 
the charged fields of spin 0, 4, 1” and 3” in the ¢’-approximation. These resu 


can be written as follows: 


N= Dealt a (X ) ’ 


where 6/, is the gauge invariant part of the induced current due to the in: 
current /¢(X). a, a and a, diverge for the cases of spin (0, 4, 4, BAe 
and (#), respectively. 

a, is usually managed by the renormalization procedure, which corresponds, 
in the Dirac-Heisenberg-Weisskopf’s® subtraction theory, to the subtraction of the 
field independent polarizability of the vacuum. 

Terms a, @-:- give the observable effects. In the case of electron they 
correspond to the Uehling term,” which affords a few percent contribution to the 
level shift of the electron of the hydrogen atom in the opposite direction to the 
electromagnetic shift. When we take account of other charged fields, that is, 
proton, meson etc., there arises a possibility that the above effect is more 
strengthened because of the same signs of a, for various charged fields as is seen 
below. However, when a,-terms are convergent, a,’s of heavy charged particles 
are very small because of their large masses (a,ccl/(mass)*) and so their effects 
on the level shift will be small compared with that of electron. But, in fact, a, 
diverges in the case of spin 1 and this divergence can not be avoided by the 
charge renormalization procedure” in the framework of the present quantum field 
theory. In the ¢’-approximation it was shown that a,’s have the negative sign.” 
Moreover, this property of @,'’s was, in this approximation, shown to be inde- 
pendent of the spin property of charged fields.’ 


Because of this property of a, the cancellation of the divergences of a, of 
various charged fields is impossible. The remaining possibilities to solve these 
difficulties of a, within the framework of the present theory have been considered 
to taking into account the higher approximations of the perturbation calculation 
and the tensor interaction between charged fields and electromagnetic field. In the 
é-approximation for spin 3° it was shown that a, has the negative sign, too. The 


introduction of the tensor coupling in the cases of spin 4 and 1 could not solve 


the difficulties either, because of the negative sign of a, and the appearance of 
new divergences in a, and a. This property of the tensor coupling was also an- 
ticipated by one of the avthors (H.U.)™ and will be proved in this paper more 
strictly irrespective of the spin property of charged fields. 

In this paper the general discussions of the gauge invariant part of the induced 
current (taking into account the above two possibilities) are developed independently 
of the spin properties of charged fields and the perturbation approximation. In 
§ 2, without use of any approximation method, we shall derive the general formula, 
being valid for any kind of charged field with arbitrary spin and coupling type. 
In §3, based on this general formula, we shall develop the general discussion on 
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the properties of gauge invariant ind.ced current. In § 4, these general considera- 
tions are further developed in the ¢°-approximation. 

It can be expected fiom the intuitive consideration that a, is of negative sign, 
because in the vicinity of a charged souice the induced particles with the charge 
of the same sign as that of the source are repelled and the induced particles with 
the charge of the opposite sign are attracted and so, as a result, the apparent 
charge of the source will be found to be smaller than its initial charge. This 
property of a, is explained as a result of the usual feature in the electrodynamics 
that the external disturbance is weakened by some inteinal effects in the matter, 
when we regard the vacuum as a polarizable matter. This feature of @, and, 
moreover, the fact that all a,’s have negative signs are proved in the general form 
of the present quantum field theory (§ 2). 


§2. Derivation of general formula” 


(i) For the general consideration of self-charge (and observable current) it is 
sufficient to compute the induced current in vacuum due to a given external 
potential 4f(X) and examine its first order term with respect to Ag xpyaniin 
quantum electrodynamics of electron, for instance, such a circumstance is easily 
understood by the following considerations due to Dyson” ; Between the observable 
charge ¢, and the initial charge e there exists the following relation 
pieaZ eS, (1) 
since Z,==Z, as shown by Ward™, The radiative correction Af’ (k) for the ex- 
ternal potential Af(4) is given by 
Aj! (2) = (221) Z,Dy1(e,)? Ag( 2) 


: D Dé ' 
=4,\1 o— -$——8 | Ag z), 2 
al i (272i) (2zxi)? a (2) ©) 


where the definitions of ¢,, 7, Dy,’ and D, are the same as those given by Dyson.” 
In Eq. (2) the first term on the right hand side corresponds to the “ charge re- 
normalization term” and its factor is equal to the factor in (1). Thus we find 
that when 4,’ is known the factor of its charge renormalization term can be 
regarded as the factor giving the observable charge ¢,. Now, it is evident from 
these considerations that for our piesent purpose we have only to calculate the 
induced current 0/7,, which is linear in the external field Aj. In the following 
we shall study A,’ by calculating the current operator in the Heisenberg repre- 


sentation.** 


%=1 and the Heaviside unit are used throughout this paper. 
(1) and (2) are the relations obtained from the discussion in the mixed 
nterested in are those in the Heisenberg representa- 


*) The natural unit c= 

**) Although the Eqs. 
representation and the quantities which we are now i 
tion, the similar relation also holds in the latter representation when the real particles are absent in the 


remote past and distant future, 
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In general, the Heisenberg operator #’(X) is given by 
F(X) =(S™ [oe] F(X) S[e]) x0» (3) 


Spots aes ) Slo] a4x’, (3') 


where /(X) denotes the corresponding quantity in the infinite past and xX “es 
means the point X lying on surface «. When the interaction is switched off in 
the remote past, #(X) satisfies the free field equation of motion. As showsnilry 
Yang and Feldman,” the relations of the quantities of the infinite past are just 
the same as those in the interaction representation and so henceforth the former 
is identified with the latter. 

The interaction Hamiltonian A(X) of the system of the charged fields and 


the electromagnetic field is decomposed into two parts : 
AUX ) =i (eX) 4+ CX ), (3”) 


where AH‘ and H® denote the interactions of charged fields with the quantized 
(internal) and external electromagnetic fields, respectively. 

As we are concerned with the contributions which are linear in Af(X), it is 
convenient to rewrite S[o] as given by (3’) in the following form ; 


S[o]=S,[e] S,[o], (4) 

with 
Sjla]=1=i f(x) S[o!} a4Xx", (4’) 
Steere ieee [0] eX") S,[o']) Solo] a4". (4) 


In (4), S,"[e] H*(X) S,[e] denotes the interaction between the external field 
and the charged particles clothed in the cloud of electromagnetic field. In the 
following discussion we shall expand S,[o] in power of A‘ and fix our attention 
to its first order term. As for S,[o], the calculations are carried out without use 
of any approximation method, and so the results thus obtained are regarded as 
including all the higher order radiative corrections. 


(ii) In general, the Lagrangian of the system consisting of the electromagnetic 
field and field of charged particle with x piktany spin and coupling type can be 
written in the following form: 


home [Rit J pnt (5) 
they pei OF Ont toy pus yoo (5") 
clit Zt Ox wt Ong* ms a + a (5’’) 


In the above expressions Q,’s represent the field quantities of charged field and: 
electromagnetic field and Qayp=0Q./0X, X°, VY, Z, Voares functions sof Qyis 
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and do not contain Q,.,’s. X°, Y°, contain only the field variables of the cor- 
responding individual field and 7%, V’ contain the variables of both the charged 
field and electromagnetic field A,. 2 contains A, linearly and V’ at most q-ad- 
ratically. Further, we can assume, without loss of generality, that Z'™* does not 
contain the variables Q,., of electromagnetic field (i.e. corresponding Zy,=Zay,* =0). 
Because, although in the tensor coupling case there appear the terms such as 
d,A, in (5), we can eliminate these terms without modifying the equations of 
motion of field quantities by adding a 4-dimensional divergence to the initial 
Lagrangian. (5), (5’) and (5”) are the most general Lagrangian which is ad- 
missible within the framework of the canonical formalism of quantum field theory. 

The current operator S,(Y) in the Heisenberg representation” is defined by 


: aL™ 97 a7ok By” ; 
S,(X)= OO OL ; 6)*) 
» (X) pnijovipAy 1" Coa a ena, (6) 


On going into the interaction representation, the interaction Hamiltonian 
H(X,e) and the current operator 7,(X,¢) take the following forms : 


BOG aya 1 25 O° 2 ey Ny NG» (7)** 
with 
ee Beg aes Wee ana es 
and 
’ fat OZ a Ox 7 * NN. 
fis ta A) Aus su Vy 
dA, 
- OZ) 
+Z, ae Ox* BA N;, NN. ie 8 
»4as “a4, ra4Vo (8) 
namely 
FACS a)= _ dH(X, 4) (8’) 
OA. 


The so called normal dependent parts of (7) and (8) are found to be quadratic 


functions of A,’s. 
Noticing the relation (8’) between the Hamiltonian and the current operator, 


we can rewrite (7) into a more conventional form: 


H=H'+H*, (9) 


*) Our definition of Sp above coincides with the usual definition”) | LdX= [Sb ApdX, since In 
our case the derivative of dy does not appear in the Lagrangian. 

*% For the tensor coupling of spinor field the Lagrangian is not of the form (5), and so the 
surface dependent term in A/(x,¢) must be determined from the integrability condition as in the Kane- 
sawa-Koba theory. (Prog. Theor. Phys. 4 (1949), 297) Wor the tensor coupling of vector field, such an 


exceptional situation does not appear. 
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‘ Bs i , 
Hi=—j,%A{—4 ed [.A,"] A; : (9 ) 
“i y 
H'=—ji As, (9) 
where we have put A,y=A,j+ Ag. The current 7, has been decomposed into the 


following forms : 


PET oy. Aen ae me (10) 
or 
Jum=SutSus C10") 
with 
Seu the Lays Fe? =f Ly]. (10”’) 


Ju” [A¥] and 7, [AZ] mean those parts of 7, which are linear in Aj, Ay. In 
(9) we have already omitted the terms quadratic in A,®. 
(iii) The vacuum induced current 0/,(X ) is afforded by 
ON (X) = (fet Ie) =S2" [oe] (G(X) +H (X) ) So Le] (11)® 
— (vacuum value), 
where 
Py Gate ri [o] vies MAL): [o], (12) 


i.e. J, represents the current due to the particles clothed in the cloud of electro- 
magnetic field. As far as the first order contribution of jf with respect to Af is 
concerned, we can take S,=1 for the second term on the right hand side of (11), 
since 7, itself contains Af linearly. Then, we find that (jf)oc Ag. As we are 
now interested in the gauge invariant current alone, we shall omit the non-gauge 
invariant term such as (jy) from the following considerations and pay our atten- 
tion only to the contribution coming from jj} in (11). 
Understanding these circumstances, we may write 0/7, as follows: 


0/,(X) = Soe [o] Iu(X) S5 le}i— GCL) yo (11’) 


Now, expanding S, in power of Ay we find that the first order term of 0/7, turns 
out to be 


DJ X) =i | IE(L), AX Mo A(X) 4X" (13) 
=| Kn XOX) AX) aK (4) 


*) Kallen’s treatment! is equivalent to putting 5;=1 and’ taking into account only the higher 
order correction arising from .%. The induced current thus obtained, however, does not give the genuine 
charge renormalization term. 
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where 


Ky (XX) =i LIX), CX) To - CS 
As is easily seen in (12), the current J, includes all the higher order radiative 
corrections. In this sense, Eq. (13) can be regarded as the generalization of the 
Schwinger’s formula’? for the induced current.**) (Henceforth we shall omit the 
superscript ‘2 ”’.) 
The Fourier transforms of Jj, and Af are introduced as follows: 
Iu(X) =f H(z) edt , | 


(15) 
AZLX) = (MV) efit. 


< . = . t 
Substituting (15) into (13) and performing the integral {a ) ex’ (making the 


surface o flat), (13) reads the following form: 


3],(X)=(2n)* \ d'l | th | fie? 


Iu(—b, —&)| 0 )* 


c 1 
x (b, & \9,(—t, —4,) | 0 > - 
( Ae at a) | / ky—tp 
+>) (—-0,% | Iu, —&y)| 0) 
s 1 ; 
x (—L, ky |FvE, —4)| 0 elu? i 


where S! means the summation over all the possible intermediate states with 
energy #, and total momentum J (or —@). As & is the energy of the inter- 
mediate state induced from the vacuum, it is evident that &, >0.,. Here, we have 
also used the Hermitian property of the current operator j. 

Jext we shall examine the relation between the first and second terms on the 
right hand side of Eq. (16). Let us?) be the C-number wave function of the 
charged particle with the momentum P and charge +e, and let v(/&) be the wave 
function of the photon with momentum #. In general, the matrix element of J 
appearing in (16) will consist of the energy denominator and the numerator which 
contains wave functions #,’s and v's, Since we have the relations v(k) =v(—k) 
=v*(Kk) and u,(P)*=4;(—P) (if necessary, taking the appropriate representa- 
tions of fundamental matrices ; or f), the operation of taking the complex con- 
jugate of a wave function can be regarded as the operation of reversing the signs 


*) On the physical (invariancy of the whole theory for the translation of coordinate) and 


mathematical (commutation relation of field operators and the vacuum value of their quadratic expressions 


being functions of the distance of two world points) grounds it is evident that Ap, (X, X’) = Kp, (X—-X”). 
**) It is to be noticed that the exact formula (13) can be obtained by substituting 7 in the 


Schwinger’s formula by the current ju arising from the particles clothed in the cloud of electromagnetic 


field. In this connection, see reference (12). 
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of both charges and directions of momenta of all the particles present in this state. 
When performing this operation on (4, %|J,(—@, —4%)| 0 ), the numerator turns 
into that of (—J, 4, |.4,(@, —%)| 0), while the energy denominator of the former, 
being equal to that of the latter from the beginning, does not change its form. 
From the consideration of invariancy of the whole theory for the charge conjuga- 
tion, it is evident that for a state (2,4,) among the states in the first summation 
of (16), there always exists, in the second summation, a corresponding state (—4J, 
ky) as can be obtained by the above operation. Therefore, we see that 


=, 2) | Ju(—4, — 4) | 0 )* 4 | I(—4 —&) | 9) 
=>) (—1, Ro | FCe, —hy)| 0 ) (-4, XR | FC4, —k,y)| 0 a (17) 


Inserting (17) into (16), the induced current 0/7,(Y) is reduced to 
d7,(X) =A S aa Ett hy (Gate ZEON 
J-0 Jo 


kB 


x (4, Ry |A.(—28, —k,)| 7 eT 7 e) Pag (18) 


Bi. p3 


(iv) Now, we shall see the property of the kernel A,,(Y¥—X’). Introducing 
its Fourier transforms K,,(X)=§ X,,(/) e“*d‘/, we obtain 


BA, X)=§ Ky (LAs) e*d41. (19) 


As we are concerned about the gauge invariant part of 07,(Y), (19) can be 
further rewritten in the form 


OJ, (X)=f GZ) Bus) e'* aL. (19’) 


G,(Z) is a 4-vector composed of the 4-vector /,, so it must, in general, take the 
form 


Gy == Khe), 1c (20) 
By use of (19’), (20), we obtain 
0 £ c= fitica OF y(X) _ yh ( — ANeaX) 
Siu (X) =h (—-D) ae h(—O) Oa (X) 


v 


| 


ea Cpl Aa) ) (19’’) 


i.e. df(X) =) L(L-22) Ag.) ad. (19"") 


Here we have used the Lorentz condition for the external potential Af. Now, 
let us consider 0/,(X). As A,’, Af and aAg+bA, are linearly independent, by 
means of (19), (19), and (19) we get 


Ky=L(C 0") 6, . (21) 


(A; and A, are not linearly independent, but connected with each other by the 
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Lorentz condition. Therefore, in the above consideration we must not use Ky, or 
Ky). Since X,, is a tensor of second rank and the relation (21) holds in any 
coordinate system, we get finally the result 


Kyy= Kany eK Opn (21’) 


Among the components of A,,, therefore, we have only to calculate the, component 


a 


(v) Using (18), (21’) and expanding 1/(4,—4,) in power of D=/?—&, we 
find 


L, ky | di(—b, —&)| 9 >|? & 


O7,(X) =2' 2 j LLNS. a 
0 
05 Te aes) ott. (22) 


When we take into account the covariancy of (22) for the Lorentz transformation 
(both sides of (22) must be 4-vectors) and the linear independence of each term 
on the right hand side expanded in 0, the expansion coefficients must be world 
scalars if the Lorentz invariant integration [ae is performed. Moreover, as these 
0 
coefficients do not contain 4, it is evident that they do not contain @, and so 0 
either. Now, as is easily seen, |(¢,4,|J,(—l, —%)|0)|? >0 (In deriving this 
expression, we have used the Hermitian property of J), 4,>0 and (42—f) >0 
(the energy of the intermediate state is generally larger than the magnitude of 
the corresponding total momentum of the state). Therefore, all the expansion 


cocfficients are found to be positive. 
Introducing the external current given by 


Ii (X) =—OA4g(X), 


we thus obtain the general formula 


Su (X)=%) anes V(X) (a,<0, n=1,2,--) (23) 
with 
Ay,=2' 7° >} a | <2, hy RA ents —hy)| 0 ) |? tout Fo any (24) 
F (k—)" 


Eq. (23) corresponds to the generalization of the formula previously given by one 
of the authors (H.U.) and R. Kawabe.” It is noteworthy that this general 
formula (23) has been derived without use of any approximation method and is 
valid for any charged particle irrespective of its spin property and coupling type. 

In the following sections we shall discuss the general properties derived from 
this formula and show its application to the second order induced current. 
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$3. General results of the formula 


The formula obtained in the preceding section is of very general features. 
For in its derivation, starting from the general Lagrangian we have only used 
the general properties and requirements of the theory which are to be allowed 
within the framework of the present quantum field theory, i.e., the Hermitian pro- 
perty of current operator j, the invariancies of the theory for the charge conjuga- 
tion, gauge and Lorentz transformations and Lorentz condition for external field. 
This formula is, therefore, valid for any system consisting of charged particles and 
electromagnetic field, being independent on its spin property and coupling type. 
Moreover, this has been obtained without using any approximation. In the follow- 
ing, we shall discuss the general results which are directly derivable from this 
formula. 

As was already mentioned in the foregoing section, the expansion coefficients 
An's (in (23)) are of negative signs. Since, in particular, between the coefficient 
of the first (renormalization) term a, and (renormalized) observable charge e¢, 
there is the relation 


ri ad i (25) 


we find the self charge, inclusive of all the higher order radiative corrections, is 
of negative sign. This result may be regarded as due to the general feature of 
electrodynamics that an external disturbance is always weakened by the effect of 
some internal phenomena (Lenz’s law). (1) 

If the coefficients a, given by (24) lead to diverging results in the actual 
calculations, by applying the momentum conservation law to the intermediate state 
and representing the integrand in terms of the variable 4%, it is easily found in 
(24) that the order of divergence of a4; is lower than that of a, by order 2. (II) 

The current operator j can be expanded in usual way in power of 2° Le, 
I= Iu. Substituting Fp DiIy into (22), we get the same formula as (23), 
for Jj,” is Hermite operator.*) When the various charged particles u’s are co- 
existing in vacuum the same formula is also obtained by inserting J,= )'jye into 

a 


(22). (IIL) 
2m 2m@+1 


When the approximate expression J= 3) J (or =>} Jj) is inserted into (22) 
n=1 n=1 , 
the induced current 07, can be obtained, which includes all the contributions to 


the order 21 (or 2(m+1)) and a part of higher order contributions of the order 


aa ee: * be "ee *t-1y9 r : . : - t 
du = ("a i| 4 an hes Xd [2(Xn), é [A (Xy—3), 2 [Beez |7(4), Ju(X)]]-], 


which is easily found to be Hermite when remembering the fact that the commutator 7 {4, B] with 
. > 
Hermite operators 4, B is Hermite. 
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2(m+1),---, 4 (or 2(m+2),---, 2(m+1)). Now, for example, let us consider 
the self charge inclusive of the corrections to the 4-th order of ev. In view of 
(III) its e? and e corrections arising from |{|.j™ |) |? and |(|,7® |)|?, respectively, 
are found to be of negative sign. But, there is another e‘-contribution coming 


3 
f 4 rh a 2(8) - ° e ie a 
from the cross term (|.J® |){|7@ |), which appears when j= 3'1J7™ are inserted 
n=1 
into (22). The sign of this part can not be determined by the above considera- 


tion only. There may be, therefore, a possibility that if the contribution (|7® |) 
x (| J@ |) contains a positively diverging part, the total self charge becomes finite 
as a result of cancellation of diverging parts. (If, a part of ¢%-contribution com- 
ing from (|Jj® |)¢|,j |) is added to the e¢’ and c'-self charges, the total becoms 
negative in virture of (IIT).) 


When the higher order contributions of are in this way taken into account 
successively, there may generally appear various types of divergences in the ex- 
pression of self-charge. In order that the self-charge becomes finite as a whole, 
the sum of the coefficients of the terms with the same order of divergence must 
be vanishing. Now, let f(e*) be the sum of the coefficients of the highest order 
diverging terms. Then, in order to obtain the finite self-charge, it must be satisfied 
at least that f(2@)=0. Now suppose that the algebraic equation /(¢’) =0 has the 
roots of odd multiplicity ¢=A. Then, it will become possible that the self-charge 
has a positive value for such value of ¢ as ¢ >A or & <A. Such a result is 
evidently inconsistent with the above general conclusions (I), (III), which are 
true for any magnitude of coupling constant e. Therefore, we can say that [eo 
=0 has always roots of even multiplicity only. Moreover, in order to cancel all 
kinds of divergences in the self-charge the coefficients of lower order divergences 
must also vanish for the same value of e determined by /(e’)=0, which has made 
the highest order divergence vanishing. 

In quantum electrodynamics, in general, the similar consideration as Dyson's” 
shows the following fact: The renormalization factor of the effective potential 
A! is given by 1/2zic(e), while after the charge renormalization is consistently 
carried out this factor becomes 1/277-c(c,). (It is easily verified that the result 
is obtained by simply substituting e, for ¢). In this case, therefore, we may 
state the above result as follows: Zhe condition for obtaining the finite self-charge 
in quantum electrodynamics ts that one of the roots (with even multiplicity) of the 
equation f(c?)=0 must be equal to c/137. IV)” 

In the e-approximation of perturbation calculation it was shown by many 
authors” that the self-charges are negatively diverging for the spin 0, 4, 1, # 


Kyen if in the 4-th order perturbation the con 
the root ¢2=A can not 
of odd 


*) From this result we see the following fact: 
dition for cancellation of divergences of self-charge is given by ¢2(e,2—A) =0, 
be regarded as the correct value which guarantees the theory from divergence, since it is the root 


multiplicity. Therefore, at least the sixth order contribution must be taken into account. 
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particles. In view of (I), (III) the divergence difficulties appearing in the self- 
charge and observable current can never be removed by introducing any charged 
particle or any coupling types. In the actual calculations, however, there frequently 
appear the ambiguities resulting from the infinite integrals,” which lead to the 
result inconsistent with the above general property. It seems probable in our 
treatment that some of the ambiguities have been settled by first performing the 
time integral | a. Even if we can eliminate some of the divergences appearing 
—co 

in a, by suitably defining the ambiguous integrals, it is evident by (II) that an- 
other divergence, the order of divergence of which is lower than a, by 2, will 
inevitably appear in the next term a4; Moreover, it will be seen that use of 
these ambiguities can not remove all the difficulties. (V) More detailed discus- 
sions in the ¢-approximation relating to this point will be developed in the next 
section. 


§4. Application of general formula—c’-approximation — 


According to (III) in the preceding section, we can discuss the induced current 
O/, in ¢-approximation by means of (23). As in the lowest approximation cross 


terms such as (|J,|)(|.J.|) do not appear, the discussions become very simple. 

Various attempts to settle the divergence difficulties encountered in this pro- 
blem of self-charge and observable current in e-approximation, i.e., introducing 
the charged particle with higher spin or assuming the tensor coupling, etc. have 
been suggested by many authors. But, in view of (1), (IID), it is easily seen that 
these attempts can never remove these difficulties. 

As for the coefficients @,’s the result (IIT) is also valid when they are 
divergent. Further it will be found from the following consideration that the 
order of divergence of a, is always even: In (24), the factor £,/(4,2—0)"*" is 
proportional to £,°©"*? for large value of %,. Since the current operator is the 
quadratic function of the field operators and their derivative (e.g. KU*(h)U* (—k)) 
and further the commutators or the vacuum expectation values of the quadratic 
expressions of their Fourier amplitudes are rational functions of (4,,%), we find 
that |(|J|)|? cc 4”. For large &,, therefore, a, behaves as £,2"-, namely its 
order of divergence is even. For spin 0, 4, 1, 3 particles these properties were 
confirmed .by many authors.”” Considering the results obtained, it seems almost 
impossible to find a clue to overcome the divergence difficulties. 

Recently, Katayama and McConnell have shown that by use of convenient 
definition of the infinite ambiguous integrals there arises a possibility of saving the 
difficult situations. In the following we shall criticize their method. 

In the self-charge problem for the vector charged particle, adopting the con- 
venient definitions of ambiguities McConnell eliminated second order divergence 
pony Degere sign and obtained the logarithmically diverging self-charge with 
positive sign, being possible to compensate the logarithmically diverging term with 
negative sign of another particle. His starting point is 
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(e2—e) /e= (a/4r) {K,— (1/2) K3}, (26) 
with 
Koen) fexp (im®Z) /Z*-e(Z) dZ, (27) 
= [exp (imi \/ Ze( (27) 


Further, using the relation 

Ky=2+ Kb fin? A/24,—- 1/27’) zo, : or 20 (27'') 
and taking its principal value, he obtained e 

(2-2) /A=(Q—log 7? Z,) zo (u/47). (26") 
As the self-charges due to scalar and spinor fields diverge logarithmically and have 


negative signs, Katayama proposed, as the condition for finite self-charge, the 
relation 


4N,+ N,—3N,=9, (28) 


where WV,, V, and J, are numbers of scalar, spinor and vector fields, respectively. 
McConnell has adopted his definition (27) for the physical reason that otherwise 
there appears imaginary diverging term in the final expression of the self-charge 
(26). Examining the process of calculation we see, however, that before he 
has omitted the negative imaginary part in question he has unconsciously overlooked 
or consiously eliminated by definition a real diverging contribution. A, comes 
from 4 (0) in the expression of self-charge. For 4“ (0), we have following two 


representations : 
jf apa(pt+m), (29) 
{ dz § dpexp[i7( p+ m’*)]. (30) 


The former gives the real second order divergence with negative sign. On the 
other hand his result can be obtained by the latter definition (30) and 


{ dpexp GZpP)=(i?/Z ye (ZY. (31) 


The above relation is correct only for 70, but is ambiguous and requires a 
further definition. at Z=0. In fact, if taking into account the contribution at 
Z=0", we find again the real second order diverging self-charge with negative 


*) We can introduce the contribution at Z=0 in the following form 
tim" dZ\ dp=2e\ dp 
e>09-& 


; , ; nea 1\2 ’ 
which gives the real second order contribution, since ¢ 15 an infinitesimal of the order ( 7 - (pe cut 


_ off momentum) 
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sign. We have no reason to omit this term. As regards this ambiguity at Gail) 
McConnell has not given any physical reason. We may Say, therefore, that his 
method has no consistent basis throughout his argument. Even if some of the 
difficulties are eliminated in a similar way as McConnell has attempted, as will be 
seen from the following consideration it may be very difficult to deal with all the 
difficulties encountered in this problem. 

In treating the divergences by exclusive use of the ambiguous properties of 
infinite integrals, at first sight the following two ways seem to be possible, 1.e., 
(denoting the a, terms of fields A, B,--- by a,(A), a,(4), +--+). 

(i) to change the sign of the highest divergence in a,(B) and make this term 
compensate the corresponding divergence in a,(A), or 

(ii) to eliminate the highest order divergence in a,(2) and make the remaining 
divergence compensate a,(A). 

By the method (i) we must change the highest order diverging term 
—fi(fn >0) of a@,(B) into the same order divergence but with positive sign 
Ta’ (fa! > 9). However, when considering f/,, f,’ >0, it seems to be very difficult 
in most cases to lower the order of divergence f,+/,' without lowering those of 
fn and 7,', respectively. The latter manipulation is equivalent to (ii). 

Next let us consider the method (ii). In order that the divergence in a,(A) 
due to a charged field A can be compensated by the corresponding term a@,() 
due to a field B, it is required that before eliminating some divergence from a,(7) 
by a convenient definition the order of divergence of a,(#) is higher than that 
of a,(A). In other words, for our present purpose we must introduce such a 
charged field & as has the divergence of same order as a,(A) and with positive 
sign after the elimination of the highest order one in a,(2). (There is a possi- 
bility that the divergent term of lower order can have positive value, for the sign 
of a,(2) is generally determined by its highest order divergence.) Now, let 
ay(B) be the remaining divergent term of a,(/) after our manipulation. Then, 
there holds the following relation: 


order of divergence of a,(A) =that of a,’ (B) < that of a,(£). 
According to the general result (ID), it is found that 
order of divergence of a,,(A) < that of a,(B). (m>zx) 


Thus, the introduction of a new charged field B to compensate the divergence in 
a,(A) gives rise to the appearance of new divergences in am(B) (m >n) while 
a,(A) is finite. If we successively apply the above method to the divergence 
which has appeared in a,,(£), we must finally eliminate logarithmic divergences 
in @,,'(6") by means of our manipulation only. This is, however, often very 
difficult. Thus, in this case (ii) it becomes necessary to eliminate the highest 
order divergence appearing in each term a,, inclusive of the logarithmic divergence. 
But, this requirement is in most cases equivalent to the elimination of divergences 
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of all a,’ of a charged field A by means of defining ambiguities without introduc- 
ing another field B. 

From the above considerations, we can say that it may be almost tmposstble to 
find an entire solution for the difficulties of all terms ay's of induced current in the 
e-approximation within the framework of the present quantum field theory. 


§ 5. Conclusion 


In this paper general discussions of the gauge invariant part of induced cur- 
rent have been developed independently of the spin property of charged fields 
and types of interactions between charged fields and electromagnetic field. In the 


1b) cannot solve the 


@-approximation the introduction of the tensor coupling 
difficulties of the charge renormalization term a, and observable current do, @, °°. 
(§4) The utilization of convenient definitions of ambiguous integrals,” which 
seem to be inadequate definitions, occasionally eliminates the divergence of the 
charge renormalization term a, but in this case new divergence difficulties appear 
in observable current. Thus, it is impossible to solve all difficulties of the gauge 
invariant induced current in the ¢*-approximation within the framework of the 
present quantum field theory. 

This difficult circumstance seems to be not amended when we take into ac- 
count the higher order effect in the perturbation approximation ($3), although 
we can not definitely conclude it since there remains an improbable possibility 
(§3, IV). (It is noteworthy, however, that if the possibility (IV) is successful 
in avoiding divergencies, the magnitude of the coupling constant, @, of any charged 
field is uniquely determined when we require the whole theory to be a consistent 
closed system.””) 

The origin of the above difficulties is the fact that any a, has always negative 
sign (§2, §3, 1). This is the usual feature in electrodynamics that an external 
effect is weakened by some internal effects in the matter, when we regard the 
vacuum as a polarizable matter. Therefore, it is necessary to change this property 
by means of certain methods. 

One of such methods is to regard the vacuum as a diamagnetic matter, the 
structure of which is to be conveniently assumed. 

The other method, which is beyond the limits of the present quantum field 
theory, is to apply the renormalization procedure to the divergences of all a,-terms 
(n=1, 2, ---). In the case of spin 0 and 3 only the a,-term diverges and so the 
renormalization procedure is successful, In the case in which spin 1 field is also 


SS 


*) The fact that the observable charge of every charged field has the same value | ¢| may be 
procedure, for the renormalization of charge of any 


understood in view of the charge renormalization me 
t simultaneously of the effect of all charged fields existing 


charged field is to be carried out in taking accoun 


in the nature, 
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considered, it is required to introduce an interaction with the form (A,O/n) in 
order to cancel the divergence of the a.-term, but this new interaction seems to 
cause a further divergence in the a,-term* because of its higher derivative. And 
so the renormalizations of all a@,-terms will become succesively necessary. But 
such an interaction will be equivalent to non-local interactions. Therefore, it 
becomes an interesting problem to clarify the relation between the consistency of 
renormalization procedure and the non-local interaction. Thus, as stressed by S. 
Sakata in connection with the problem of the “ séructure of interactions,’ the 
possibility of the existence of charged fields of spin 1 becomes very serious for 
the problem whether the renormalization procedure can furnish the closed quantum 
electrodynamics in which only finite times of renormalization procedures (in the 
above sense) are sufficient to construct a consistent theory, and also for the 
problem of non-local interaction in quantum field theory. 

At any rate, in order to settle these difficulties entirely it is expected that 
a more wealthy material property may be introduced for the vacuum. 

The authors wish to express their sincere thanks to Prof. S. Sakata and 
Messrs. R. Kawabe and Y. Takahashi for their continual encouragement and 
valuable criticism. 
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Cross sections for the production of negative protons in various processes was calculated 
assuming the pseudoscalar meson theory. Numerical results are summarized in Table I], ¢5. In 
the lack of satisfactory theory for the high energy processes considered here, we have employed 
the Weizsiacker-Williams method. Taking account of the reactions and the non-linearities of 
the meson field phenomenologically to some extent, we have treated the case of modified meson 
spectrum as suggested by Heisenberg. Obtained cross sections for the production of negative 
protons by the nucleon-nucleon collisions are smaller by the factor of about 10-4 in the case of 
modified meson spectrum than those in the case of neglecting the reactions and non-linearities of 
meson field completely. Also the cross section for the ‘production of negative protons by proton- 
proton collisions near threshold is calculated by the method of Feynman’s relativistic perturbation, 


§ 1. Introduction 


Recently Fermi and Yang” and Heisenberg” have proposed composite theories 
of bosons by fermions. Such an attempt in company with the others might be 
suggestive to clarify the concept of ‘“ elementary .particles’”’ and to inquire into 
the correct future theory as discussed by Heisenberg.” But. it.seems necessary in 
the present stage of knowledge, together with the above mentioned attempts, to 
know more precisely the substantialistic properties of the “ mesons ” and the 
‘nucleons ” by experimental procedures. 

From this point of view, one of us (M. T.) has proposed”. to examine ex- 
perimentally the ‘“elementarity”’ of a particle by its creation process, if the 
interactions between the particles were not too strong. Although a strong. support 
was obtained for the existence of the anti-nucleon by the fact that the 7-decay 
of the neutral z-meson® was established experimentally,” it is of much importance, 
for the sake of clarifying the substantialistic properties of nucleons, whether or not 
the anti-nucleon exists really, and whether or not the nucleon-anti-nucleon field can 
be described by the Dirac equation. In this paper we calculate the cross sections 
for the production of nucleon pairs by various processes, and discuss the results, 


§2. Various processes and the threshold energies for the 
production | of negative protons 


Reactions producing the negative protons are considered to be the following : 


(a) paps A Paakbootae Bar ie tN 7t@ mm LP, (c) Bate’ kok 
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Fig. 1. Feynman diagrams for the production of negative protons 


m-+7°—> P-+N, 2+7°—>P-4+P, (d) 7+ P>P-4+P4P, y+ NO-P-+PHN, 
(ea PPS PoE Oe NSP ee, Te Pe Se, ee 
P-+P+N, (f) P+ P>P-+P+P4+P, P+ N>P-+P4+P4+N, (7: photon, 2*°: 
charged or neutral z-mesons, P: proton, MV: neutron, P~: negative proton). 
Anti-neutrons would be produced by the similar reactions. We show in Fig. 1 
the Feynman diagrams of these reactions of the lowest order in the perturbation 
calculation. Although both for the production by cosmic rays or by the bevatron, 
which will be constructed in the near future, the processes (a), (b) and (c) 
would be completely negligible, we consider them too, because we utilize the 
method of Weizsaicker and Williams. 

Now, we calculate the threshold kinetic energies for the above mentioned 
reactions, for they are necessary in the calculations of next section. When an 
incident particle with rest mass mm, bombarded a target particle with rest mass 
m, at rest and rest mass mm, was produced, the threshold kinetic energy A which 


the incident particle should have, is, according to the relativistic kinematics,” given 
by 


E= (mo/ ty) (My + M+ My/2). (1) 


The values of & for the various processes are given in Table 1. (We choose 
Z=c=1, Mand p are the masses of a nucleon and a a-meson, respectively.) 
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a 


Table I. 

Process Reference system Threshold kinetic energy 
(a) c.m. 2M=1.9 BeV 
(b) meson at rest (2M] pn) (17+ pw) =14 
(c) meson at rest (2M/p) (7+ 2p) =16 
(d) nucleon at rest 4M=3.7 
(e) nucleon at rest 2(2M+ p) =4.0 
(f) nucleon at rest 617=5.6 


a 


§ 3. Method of calculation. On the non-linear characters of the 
meson field and the use of the Weizsicker-Williams method 


If we consider the case of production of negative protons by the cosmic 
radiation, we must evaluate the cross sections for the processes (d), (e), and (f) 
discussed in the preceding section. As the cross section for the process (a) can 
be obtained from the cross section for the production of an electron-pair® by 
altering the masses of the produced particles, we begin with the calculation of 
the cross sections for the processes (b) and (c) using the Feynman's relativistic 
perturbation method. Then we can evaluate the cross sections for the processes 
(d), (e) and (f) by the use of the Weizsicker-Williams method.®'* Considering 
the energy spectrum of the cosmic radiation, the energy regions of the incident 
particles which is of mainly importance will be the regions of about 10~30 BeV. 
In this energy region the multiple production of nucleons would not be of much 
importance. 

Now, it would be considerably difficult to give convincing evidences of whether 
or not the negative protons exist among the cosmic ray particles, the future ex- 
periment using the bevatron would be very important for this purpose. In the 
latter case we must consider the production by the nucleon-nucleon collisions 
near the threshold. In this energy region the approximation of the Weizsacker- 
Williams method being not good, »we calculate the cross section for this case by 
the method of Feynman’s relativistic perturbation. 

If we consider the interaction between the meson and the nucleon with 
differentiation, the non-linear characters of the system, such as the multiple pro- 
cesses, would appear markedly in high energy phenomena. As the critical energy 
for these phenomena would be, according to the considerations of Heisenberg,” 
about the rest energy of the meson, it would be of great importance to take into 
account the reactions of the meson field and the correlations between the field 


* We calculated the cross sections for the processes (¢.) using the pseudoscalar and vector meson 
theory with both couplings respectively and reported the results at the annual meeing of the Physical 
Society of Japan, in April 1949,1) 
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components. On the other hand the method of Weizsaicker and Williams holds 
good only when we can neglect the field reactions and the correlations between 
the field components. Still the short range character of the interactions considered 
here makes the approximations of the Weizsacker-Williams method worse than in 
the case of electromagnetic interactions. Unfortunately there being no theory 
which can take into account satisfactorily the field reactions and the correlations 
of the field components in the present, we calculate the cross sections in the 
following manner: In the calculation of the cross sections for the ‘“‘ elementary ” 
processes by the Feynman method, we adopt the pseudoscalar meson theory with 
pseudoscalar coupling, which does not include the differentiation, and use the 
Weizsicker-Williams method, with the meson spectrum derived from the pseudo- 
scalar meson theory with both couplings and to take into account the effects of 
non-linear characters of the system we will treat also the case of modified meson 
spectrum as suggested by Heisenberg’ from the analogy between the meson 
production and the turbulent motions. By including a parameter, which represents 
the above mentioned effects, we might be able to take into account them to some 
considerable extent phenomenologically. 

Discussions on the possible method for the detection of negative protons have 
been -given by Ashkin, Auerbach, and Marshak” in their work on the annihilation 
processes for negative protons. LEarliar results on the producion and annihilation 
cross sections of negative protons obtained by McConnel™ are not in agreement 
with the results of Ashkin et al and ours. The discrepancy cannot be a con- 
sequence of the neglect of radiation damping by Ashkin et al and by us and of 
the Heitler method used by McConnel, because it remains at the low energy 
limit where the effect of radiation damping should become unimportant as was 
pointed out by Ashkin et al. Our results on the transition matrix element of 


process (c) is in agreement with the result of Ashkin et al. So we can conclude 
that McConnel’s results are incorrect. 


§ 4. Cross section for various production processes 
(i) Meson-Photon Collision 
Process (b): m7>+7-—P-+N 
The Feynman diagrams (Fig. 2 (a), (b)) lead to matrix elements proportional to 
M,= —ige my,(p,—k— M) “eu, | 
and 
[N= —ige ty] (K+ 0)°—p? |e 


respectively, where uw, and wv, are the Dirac spinors representing neutron and 
negative proton respectively, g is the “mesic” charge of the nucleon, JV is the 
: y 
ao ere P= MTT 1 P=Palp C=eyf, and %=u,"7,. py, ky, and ¢, are 
ye four dimensional momenta of nucle i 
f nucleon, meson and photon respectively, and ey 
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is the polarization vector of the photon. (We use Feynman’s notations and choose 
Z=c=1.) Following the well-known procedure we obtain for the differential 
cross section for production of a negative proton and a neutron with oppositely 
directed momenta in the solid angle ¢@2: 


Ca wpe hee Pe 
da(n, 7) = da@ DE (e+ 2) {AG) +B) +CM) }, (2) 


. A(0) =[2(Ee—pk cos 9) { E(2e—k) + ef(sin 04 cos 0) — ph sin 0} 
—p2{ M° +29 (1— sin 6 cos 0) }]-(2£e—2p% cos 0— p”)~*, (3) 


where # is the angle between the momentum of the negative proton and the 
momentum of the photon, and (f, £) and (4, #) denote the magnitude of the 
three-dimensional momentum and energy of each of the produced nucleon or anti- 
nucleon and of incident meson respectively. A(@), B(@), and C(@) are the terms 
due to the diagrams (a), (b), and their interference respectively. Here we give 
only A(@) explicitly. If we consider MZ to be large in comparison with g and yp, 
then it can be easily seen that B(#)/A(0)~(p/M)* and C(O) /A(O)~p/M. In 
the case of the production of negative protons by photon-nucleon collisions or by 
meson-nucleon collisions the main contributions from eq. (2) will come from the 
energy region near the threshold, because the threshold energy for the process 
(b) is considerably high as can be seen from the Table 1, and the number of 
photons or mesons equivalent to the field generated by a moving nucleon is 
smaller in high energy region. As the energy in the ¢c.m. system is considerably 
smaller than the corresponding one in the laboratory system, we can consider 17 
to be large compared to # and 4, if the energy of an incident particle to be about 


20~40 BeV. Then we get 
A(0) ~ (1/2) (A+ pcos 0)/(k—p cos 0) ~1/2>B(), C(4), (34) 
and the total cross section becomes 
o(m, p= ng ep/kKE(e+h). | (4) 
For the process 2°+7—p" +p (2° means a neutral z-meson) there are two diagrams 
as shown in Fig. 2/, and the total cross section becomes zero in our approxima- 


tion by their interference effects. 
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(ii) Meson-Meson Collision 
Process (c) 1 4+1+*->p +) 
The associated Feynman diagram (Fig. 3) leads to a matrix element propor- 
tional to 
Pree 24 
H=—ig*iy,(Pi—k, —M) 7a 
where 4, and &, are four-dimensional momenta of the positive and negative mesons 
respectively. We find for the differential cross section (c.m.-system) 


da (a, n*) =d2Qg'p/(2kE*) DC), (5) 


# p'(1—cos"6) + MR + 1) ; (6) 
[P+ # +I —2pk cos OF 


D() = 


where 6 is the angle between the momentum of the negative proton and the 
momentum of the negative meson, and %& and # denote the magnitude of the 
three-dimensional momenta of the meson and the nucleon respectively, and & is 
the energy of the proton. Since we can consider M/>, pas in the case (i), the 
total cross section becomes 
o(n-, mt) wg! p/ 2KE). (7.1) 

For the processes which include neutral mesons, such as 2°+7°—p" + pf and 
nm +72-—+P-+WN, there are another Feynman diagram besides Fig. 3, and inter- 
ference effect occurs between them. In the “symmetrical”? meson theory of 
nuclear forces, the coupling constant of the neutral meson to the nucleons has 
opposite sign for neutron and proton, on the other hand in the ‘“ neutral” theory 
it has a same sign. Such a possible difference in the interaction between the 
neutral meson and the nucleon has no effect for the process z°+47°—»P~ +P, but 
does make a difference for the process z~+7'—+P~+4W, as was pointed out by 


Ashkin et al in the reverse processes.” The total cross sections for these _pro- 
cesses are 


a(n, a) =ag'p/ (RE) (1/8M)~(1/4) (u/M)'-0(a-, nt), (7.2) 


~ a i Z 
a(n', m-)= (ngs) /(LED) x | 0 ers Bs ee 
4/8 M~ (1/2) (u/M)'o(a-, 2*), — (7.3b) 
where (7.3a) is to be used if neutron and proton have the opposite neutral mesic 
charge, and (7.3b) if the neutral mesic charge are the same. In these formulae 
we have chosen the absolute value of the neutral mesic charge equal to that of 
the charged mesic charge. 


(iii) Photon-Nucleon Collisions 
Process (d;): y+P—>P-+P+4+P 
The cross section for the process (d,) of Fig. 1 can be obtained by altering the 


electron mass to the nucleon mass from that for the electron-pair creation due to 
photon-electron collision : 
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a (7, P) =56e°/ (9M) In(2¥/M)=1.1 x 10-*In (Qv/7) cm’, (8) 


where » denotes the frequency of the incident photon in the system in which the 
initial proton is at rest. 
Process (d): t+N—>P~+P4+N 

The cross section for the process (d,) of Fig. 1 can be evaluated according to 
the method of Weizsacker and Williams, if we know the cross section for the 
production of negative protons by the photon-meson collisions, o(y, 7), and the 
meson spectrum of a moving nucleon. 

We denote the energy of the incident photon in the laboratory system in 
which the initial nucleon is at rest by W=7M. We consider the events in the 
reference system in which the initial nucleon moves with the velocity v in the 
opposite direction with the photon, where v is given by the equation (1—z") “4 
=7/2 (we call this system the S-system). Since v is very near to one in the 
energy region considered here, the energy of the photon in the S-system becomes 
M*. Transforming the o(y, z~) in the c.m.-system, eq. (4), into the S-system, 
we obtain 


7 1g°C° See ew 

a(y, 27) =— 2. v Fg 4! 

(1) = 5 ae VE): (4) 
e’=e°/M denotes the energy of the meson in the S-system. If we substitute the 
meson field of a neutron moving with the velocity v by a equivalent free meson 
field, we obtain the number of negative pseudoscaler mesons with pseudoscalar 

and pseudovector couplings in the energy region e’~e’ +de’ as follows ;** 
10° g? pu" de’ De" 

e) de’ = kat BA 9 
q(e’) 2 (e)*N pM (9) 


where a is a parameter introduced to represent the effects of the reactions and 
non-linear characters of the field to some extent phenomenologically. In the case 
of complete neglection of all these effects, « betomes zero and we obtain the 
result given by Heitler and Peng." According to Heisenberg,” in the energy 
region considered here, the value of « which is slightly smaller than one seems 
to agree well with the experiments on the meson production by Powell et al 
But this estimation of « is not so certain, because of the uncertainties in the 
experiments and the difficulties lying in the current theories. We will calculate 
the cross sections for the two cases a=0 and a=l. The conditions 7> 1 and 
7M=> e’>p, under which the equation (9) holds, are satisfied approximately in the 
energy region considered here. 


* Exactly (//2)72+ [1—-{1— G/7?) }¥"1- , 
** y is twice times & used by Heitler and Peng and by us afterwards. In deriving the equation 
rameter to be the Compton wave-length of the nucleon. but the 


(9), we have put the minimum impact pa 
Especially for the case of a=1 considered after, the 


results do not much affected by this choice. 
dependence of the results on this value is quite negligible. 
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Since the cross section for the process 7+2°>P~+P is very near to zero 
shown in the case (i), we need not to consider the neutral meson field attached 
to the nucleon. Then the cross section for the reaction (d,) of Fig. 1 is given 


by 
"Es 
o(r, W) =| "o(m, z)gle')ae’ 
Es 


0 
where ¢,,’~W/2, ¢,/~M and W is the energy of the incident photon in the 


laboratory system. Performing the integration we get 


sei hy eet : (= 1.12 x 107% gt | Tem, 


3) VI, We 
ia Meee | sate sn} 2 fied 0 
j= Z A (10) 


Sa Pal ac ig Po wae LE ae 
Wie eters arg a 


9) 
lo) 


[Jeni ~Lolao? H ~0.15[ Joon (10/) 


The values of eq. (10) for the various values of IV are given in Table IT, 

The cross section for the process y+ P-—> P7 + P+ P, which occurs - ae 
intermediary of the meson field, becomes very small compared to the equation 
(10) due to the interference effects, because for the former process only the 
neutral meson can contribute in the lowest order of perturbation theory. 


(iv) Meson-Nicleon Collisions: mm +P—>P-+P+N 
Process (¢;) 

We calculate the cross section for this case from o(a, 2+), eq. (7.1), and 
the meson-spectrum of a moving nucleon. Transforming into the reference 
system in which z~ is at rest, we get 

o(a™, n*) = (ag4/pe!) VT OM etn » (7) 
where e’= (24°/p) —p is the energy of the a*-meson in this reference system. 


The spectrum of the free positive mesons equivalent to the meson field of a 
proton moving with the velocity v is given by 


2 9 the de! if if 
Bi\del— o meSiy: Li 
ae EM ARS 


iS Wks r ‘Cae 
where. § = (hy) 
The cross section for the production of a negative) proton by a collision 
between a proton at rest and a negative z-meson is 


[sd 


a(n, P)={ "O(n, nm) a(e’)de’, 
Ey * 
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where e’~ ME and ¢,/= (2/p) (7+2p) (cf. Table I). Performing the integration, 
we get 


1 yp 
SNE PY a a eoete afr -K=42 10-2. aN aes 2 
) 2a MuN MN WW x a Kcm’, 


: On [ire iy) sae 
K=sec Pay M+2 Si 2M Ww 1+ M —l, for a=0, 


* ae WN 2M ae 
Roost (ilt. ifacenty (YE —sec” Wy ecae es Wn 4, r oi) + Ae 244 
S\mM 2M Re M M+2pSJ’ 
for a=1, (12) 
1 pes tel 
[oJan1 © [¢]a-0° 3(-) ~3 x 10-[e]e-9: (12’) 


where WV=€yp is the energy of the incident meson in the reference systen in 
which the incident proton is at rest. The values of (12) for various incident 
energies are given in Table II, § 5. 

Eq. (12) is the cross section in the charged theory. In the symmetrical 
theory the cross section becomes about five times the equation (12) according to 
eq. (7.3a), and in the case of adding the neutral meson field of the neutral theory 
the cioss section is not altered according to eq. (7.8b). The cross section for 
the process z°+ P+P~+P+FP becomes smaller than (12) by a factor of order 
10~4 according to the eq. (7.2). 

Process (és) 

Transforming the cross section for the production of a negative proton by a 

photon-meson collision, eq. (4), into the reference system in which the meson 


is at rest, we obtain 


Pu aad / e(e+Y) — 2M (4) 
pe +») L(Y +Y) 
where v= (¢/p) (e+) is the energy of the photon is this reference system. 
The spectrum of the photons in the frequency region »~»+ av of the equivalent 
radiation field of a proton moving with velocity v is given by” 
VQ) dv=2(2/z) (de/») (1/o%)In(wI/»), (13) 
where €=(1—v")-"”. This expression holds if the condition M¢>v» is satisfied. 


a 7) 


We can put v~l in the energy region considered here. 

We obtain following expression for the cross section for the production of 
a negative proton by a collision between a negative meson with the energy W= 
vé and a proton at rest through the intermediary of the electromagnetic field : 


o®(n-, P) =| "a(n, xy) VY) a, 


vy. ~WMé, = (2M/p)(M+p) (cf. Table I), 
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Gre, E,) — (2¢°A/3M*)L= 15x eer cd & cm’, 


bol (ft) a} Bag 
SG ty Aco pede zin{+/4 V0-W¥4 )}. 


(14) 
Values of (x7, P) for the various incident energies are given in Table II, §9. 
The cross section for the process 2°4+ P>P~ +P+P through the intermediary 
of electromagnetic field is much smaller than that given by eq. (14) by the effects 
of interference as was stated in the case (i). 


(v) Mucleon-Nucleon Collistons 


Since in the case of production of negative protons by proton-proton colli- 
sions only the neutral meson field contributes in the lowest order of the pertur- 
bation theory, the cross section is about 10~* times smaller than that by proton- 
neutron collisions according to equation (7.2). So we treat the case of proton- 
neutron collisions only in this section. 

Process (f,) 

The cross section for the production of a negative proton by a meson- 
proton collision, eq. (12), varies only slightly with the energy, and can be written 
as follows (cf. Table II, §5): 


=. sineamenl tare lf 
a(n , PY ne aE i = 4) x 0.07 


Sort flees) x 10-* cm® (charged theory). (12) 
8 M 
Then the cross section for the process (7) of Fig. 1 is given by 
uN @ Age ae =| a(n, P)q(e) de, 
<9 


where ¢,,~J&=W, ¢,=2(2M+p) (cf. Table 1), W is the energy of an incident 
nucleon in the laboratory system ; 


hk RAO? igri 
2V2n Mu 


[=f OREe, 


o%(P, N) x Rie P_Q=93x 9° x 10-"Qcm’, 


for u=O, 


sai) DENY ae p 
ee sgh en ea ee ee == 1) 
beste 22M +p) WAle dye 
The results obtained depend very sensitively on the value of ¢ g”, and besides the 


result for u=I1 is smaller by a factor of about 107! than that for a=O, in the 
limit of very high energy the former approaches to zero and the latter to a finite 


(15) 
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Table II. Cross section for the production of a negative proton 
y-nucleon M 2 
dds : eson-nucleon P—N P—P 
da - 4 ; 
(4) (42) (e) (es) (A) (fr) (/s) 
Order rg ge? 6 gered Pa ges ae 38 
a=0 a=! a=0 es a=90 a= a=0 a= 2 
Unit | i 
—30 a ae a pa q GG : —290 o 96 =r 
ae 10 ian ». ot) 10-30. 4] 10-27. 6 10-29. 6] 10-32. 2] 10-26. 98] 10-30. 8 10-30. 04) 10-31. 4] 10-38 
WwW _ 

qrat4| 24 1.8 1.8 119 0.56 0.18 _ —_ — — = 
6 2. 2.1 1.9 2.2 0.75 0.60 1.6 1.8 0.08 0.13 0.74 

8 3el 3.1 1.8 3.9 1.2 1.3 2. 2.5 0.81 1.3 1.0 

10 2 3.1 1.8 3.9 1.2 1.5 2. 2.2 1.0 1.8 Alail 

14 3.7 2.7 1.6 3.6 1.1 1.8 4.1 2.8 1.4 2. 1.2 

16 3.8 2.7 1.6 3.4 1.0 2.0 4.1 2.7 1.6 2.9 1.2 

20 4.1 24 1.4 3.1 0.94 2.1 4.9 2.8 1.8 2.6 1.3 

30 4.5 1.9 1.4 2. 0.70 1.8 5.6 2.6 2.8 4.3 1.4 

Equa- 

oer be ® (10) (iz) | (2) | G4) (15) (16) (17) 


maximum value. The cross section in the symmetrical theory is about five times 
the one given by eq. (15) according to (7.3a). 
Process (fy) 

As in the case of (f,) we can put 


2 a3 a 
a (7, N) moe al a) x 0.212 


* (“) pax LOL cm’. (10’) 
Then the cross section for the process (fz) of Fig. 1 is given by 
o® (P, V) =( S(7, MV») dy, 
¥o 


where »,=4M, and W is the energy of an incident nucleon in the laboratory 


(i y(n y=75g*-10-™ HY (ing) (16) 


Process (fs) 
The cross section for the production of a negative proton by a proton-proton 
collision through the intermediary of electromagnetic field alone can be obtained 


from that for the production of an electon pair by an electronelectron collision rina 


a (P, P)= = “(in Py =43 x 10-*(In 2) emt. (17) 
e 7 = 


system ; 
il! 1 tig 


0 (P, N)~ re 


(vi) Production of Negative Protons by Proton-Proton Collisions near Threshold 


If we consider the case of the experiment on the production of negative 
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protons by a bevatron, which is hoped to be constructed in the near future, it 
will be of primary importance to analyze the one by proton-proton collisions for 
the sake of its physical simplicity. Since the calculations in (v) do not hold 
good in this case, we will estimate the cross section for the process (f;) of Fig. 1 


using the Feynman’s method. The Born 
Af fh 


q g de . . - 
approximation is not a good approximation 
“ if the kinetic energies of the nucleons in 
af ad # . the final state is not large compared with 
5 eae ee ——<—— 
i 9 —h, hk, \ 


the potential energies, but such an energy 
/ 


region is small in comparison with that 
. considered here. So we evaluate the cross 
Dy ” section using the Born approximation. 
Fig. 4 In the lowest order approximation of 
perturbation theory, only the neutral meson field can contribute to the production 
of negative protons by proton-proton collisions. In this approximation neither 
negative protons nor antineutrons can be produced by proton-proton collision in 
the charged meson theory. 

The results obtained are the same whether the coupling of the neutral meson 
to the nucleons has the same sign for neutron and proton or the opposite sign. 
There are other Feynman diagrams besides Fig. 4 obtained by interchanging 
91 J» gs and g from it.* In the c.m.-system the differential cross section is 


4n* dq dq, dq, —dq 1 
a= 1 2 5 3.3 Shs 
2pE E(q) E( Jo) E (93) F(q) +4 oF spin | | 


where g and & denote the three-dimensional momentum and energy of each of 


the approaching protons, 0, and 0, are the d-functions representing the conser- 
vation of momentum and energy respectively, and £(g)=(J7° +9") etc. 


T= (=1/2) (20) Mt (Q1) rset (Dr) Wi (92) 750 90 ( po) J 
‘ [% (9s) 7573 (As—K.— I) “"'y st t(—@) ]- (4°—p)" (4°— f°) a 
+ (Interchange of 9, 9 93 and g). 


Considering the magnitudes of @,, @, @,; and q to be small compared with MM, 
we obtain 


SITES 2.9-g8 (40) (pM)? 
spin 

Since main contributions to the total cross sections come from the parts of mo- 
mentum space where the magnitudes of momenta of final negative proton and 


protons are comparable, we can evaluate the total cross section’ letting them 
nearly equal : , . 


% 


In reality there are diagrams other than that mentioned above. But we have omitted them for 
the sake of comparison with the preceding calculations using the Weizsiicker-Williams method 
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o~ (3/2°.107) (¢*/M?) (€/M)41— (€/M) }25.2 x 10-8 (e/M)* cm’, 


final state in the c.7.-system, and IV is the incident energy in the laboratory 
system. 


§ 5. Conclusions 


Cross sections calculated in the preceding section are summarized in Table II 
for various incident energies 7. The cross section for the production of negative 
protons by proton-proton collisions through the intermediary of meson field alone 
is about 10~* times, smaller than the value (/,) in Table II. In the case of col- 
lisions with nuclei other than hydrogen, the value of (d,), (@), (42) and (fs) 
must be multiplied by 7°. The effect of screening for the electric field of a 
nucleus is very small in the energy regions considered here. The cross sections 
for the case (7,), which are the largest among those by nucleon-nucleon collisions, 
vary as much as a factor of about 10* when «@ varies from zero to one. So we 
might be able to examine whether or not the value of «, consistent with that 
obtained in the case of meson production, would be obtained by the analysis of 
the experimental results on the negative protons in the cosmic radiation. 

In order to detect anti-nucleons, we will have to investigate the phenomena 
accompanying with the annihilation of anti-nucleons. These have been discussed 
by Ashkin et al. In conclusion we express our cordial thanks to Prof. 5. Naka- 


mura for his kind interest on this work. 
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| . “es ” 
Photo-meson production form deuteron is treated phenomenologically, using the impulse 
approximation. It is found that the distortion of the nuclear wave function is essential se that 
its effect is taken into account adequately by ‘‘shape independent approximation”. itis (4 of 
negative mesons is diminished by the effects of Coulomb interaction between two protons in the 
final state. 


§ 1. Introduction 


The experiment of photo-meson production is one of the most powerful 
methods to clarify the features of the interaction among nucleons, mesons, and 
electromagnetic fields. But in the early stage of this experiment,” carbon was 
used as target, so the true nature of photo-meson production from nucleon were 
masked by the effect of nuclear binding on nucleon. In recent experiments by 
Berkeley group,” liquid hydrogen was used as target, and many important features 
of electromagnetic nature of proton were revealed. For the photo-production of 
negative mesons we cannot use free neutrons as target. Since the deuteron is 
the simplest nucleus, which contains neutron, the photo-meson production from it 
is the most direct method for this purpose. The analysis of this experiment may 
also yield some light on the high frequency Fourier component of the deuteron 
ground state, and of the exchange current in the deuteron. 

Now, as the energies of the participating nucleons are not high, in our case, 
the distortion of the nucleon wave function will be most essential and the detailed 
nature of the meson will be of minor importance.” So we have treated the photo- 
meson production from deuteron phenomenologically, leaving at fitst the matrix 
elements for photo-production of mesons from free nucleon undetermined, and 
lately determining it semi-empirically. Furthermore, it is found sufficient to use 
the method of distorted waves with the shape independent approximation.” 

The main part of our calculation follows the so-called “ impulse approxima- 
tion’ formulated by Chew” for the analysis of -d scattering. Though the validity 
of this approximation is not established yet, the wave length of y-rays at 330 MeV 
(~6x10-“%cm) is smaller by one order of magnitude than the extension of 
deuteron (~1/u~4x10-"cm), so it may be justified to consider that one nucleon 
in the deuteron does not suffer any disturbance, when the other is bombarded by 
y-ray, and produces a meson, and to consider that the effect of the latter to the 
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former is only to bind the former so as to give the momentum distribution cor- 
responding to the deuteron ground state, before bombardment, and to restrict the 
possible final two nucleon states according to the Pauli principle. On the other 
hand, if our approximation were justified, this method would fit to our purpose, 
since the z-production from deuteron reflects directly the feature of 7-production. 
from free neutron. 


§ 2. Use of impulse approximation 


In this section we treat only z*-production. The calculation for 2~-production 
is very similar. The matrix element of the present reaction can be written as 
follows : 

(Es El Rels' Eu) = PB, Serta Er 1) FEO, CoE fe’) 
here G;,,, is the Fourier Baits of the two neutron continuum state wave 
function, and G, is the one for the deuteron ground state wave function. E's 
mean the momentum of nucleons in their respective states, as well as their spins. 
In equation (1), as is clearly seen, already the impulse approximation is used, 
because the R,, which means the matrix element of positive photomeson production 
from free proton, whose initial and final momentum and spin are characterized by 
€,° and €,! respectively, is separated out. Ozrz Shows the fact that the neutron 
in the deuteron does not suffer any interaction during the reaction. 

If we forsake Pauli principle and spin for a moment and factor out the 0- 
function which represents the momentum conservation, 2, is written as 


(K,/|R,|ky?) =9 (e+ 1'—po—») (|r|) (2) 
where 
1 
ag Ee) i= —(H— —,) (3) 
and pt, 2,, Po ¥ are momentum of meson, final neutron, initial proton and photon, 
respectively. Substituting (2) into (1), we obtain 
(Ryh| Relig Bo) = 32S Gaal Ba) Be ML Po) (Hale) Ga) 


If we take for Gy x 4 oe wave, then 


S Gav waFey', kK, )0(fe 41, —P,—Y)=9( Py t+ Y—M—) O(N.) (5) 
ky 


Therefore (4) becomes 
(Ky, he] Ralkp, Pe Niza Beha ben —1,)3(2,— 2) (K'|rp|k) GoM M%) (8) 


Po. no 


crt |7p| ee )\Go(—Yt HM, Ny) (i) 
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So in this case, free proton photo-meson production matrix element can be taken 
out of integral sign, without making any further assumption. 

If we take for Gy,,%. the continuum ‘S-state wave function, and take into 
account Pauli principle and spin, then it is clear that the final spin state must be 
antisymmetric between two neutrons, so the formula corresponding to (7) is 


written as 


(Fr Fo] Ralf y's Fn) 


7 os (+ lv>| Pe Sekar’ (po+ ea ee n!)G)(m+ fs n,') 


2 Ny Po 


—_—— / — VP) 4 
+(- a I7p| = chk) Gah Por yf n,') Gp (N+ ire: nz) |S) 


In (8) 


iz) 


-: ; / 
ie (2,+f6—v, No) = Gy( Do No!) = O( pot nd) go = ), 


+ ae a 


BY yp 
CG Ors u—f, n,') =0(py+ Yrs fh ts n, —N,— 12) &m—mal > 


where gy and gy,-n. Mean momentum wave function corresponding to deuteron 
ground state and two neutron continuum state in the center of gravity system 
respectively. Therefore a 


3} Cana Pot Y= fess) Cy Py ML) =| J \ AP .Crnsnal Bot Y= Hey Ne!) Cn Dy ME) 


oO 


y 2 ‘int 
=0(y—p—n,— 13) |APosm—mnl uO aah AVE (10) 


Then (8) turns out to be 
(E15 Fo] Ral€p's Fn’) 


1 [/p—n y—p, \» 2po+v— 
~ Fel ( 9 = 73h Po a(y— w=.) | dP. ml PtH Vg, m,) 


—n y— 9 2 
+ (SF rol SSP ae mm 14) [dane PE V (gy), 


(11) 
In (11) we used another approximation to take +, out of the integral sign on py. 
Such could be done exactly, when plane wave was assumed for final two neutrons’ 
wave function as was shown above. Also in the present case such a procedure 
will be justified because Py is very much emaller than v, and as was pointed out 
by Lax and Feshbach® and by Brueckner” r, depends little on the momentum of 
nucleon. Another reason to justify this procedure is the fact, that, if we assume 
scalar, pseudoscalar, or vector meson theory and calculate the matrix element 
using Born approximation and treating nucleons non-relativistically, then rp does 
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not depend on the momenta of nucleons.®:” Considering the latter fact it will be 
also justified to put 


(fS™ I HE Be. na Ha Pty | LEE). 
2 D ain 2 ee 


Therefore from (11) we finally obtain for R/ 


(Fr S| & (45" ‘ "SPe) 


*UIn+ Ln)” (12) 


Via 


1 Oye 
pron Saar WA ra le 


where 
O a@vaky 
T= | g(PoP *)eo (a) dp,=\aron(r) gr(rye*? (13) 


and n=(n,—Nn.,) /2. 


§ 3. Calculation of the cross section 


The cross section is written as (in the following we use the unit 4=c=1) 
do=2z|R,|°0(Z,—£,—E,—E,—£) br (14) 

where £,, £,, E,, Z, are energies of final two neutrons, meson and photon respec- 
tively, and e is the binding energy of deuteron, and p;= (27)~*dn,dn dw. Then 
from nee 
dn,dan, 
(27)* 

(15) 
If we take for gy, the Hulthen’s wave function and restrict Pn only to S-state, 
then (13) is writtrn 


fas ral" - sae || + Ln)8(v—p—n,—N,) 0(E, + Ey Ey—E, + €) 


an seal rare _ sin (ur + 95) —exp(—yr)sind, ee” ,> 8) 
r 


ly nr 


where A= sin Gece, and /=|y—p|/2. The term exp (—y7) sin 0, in S-state 
m(a—f 
wave function was introduced for the correction at the origin, but the contribution 


of this term can be shown to be small, and we neglect it. Then Eq. (16) and 


similar one for /_, give 


2nA 
7 cos 0, log (5 


P+ C-x)* . eshbhae AU) 
w+ ¢—n) P+(4+n)’ 


+2(tan( 54 = )- 09" pet (17) 


Substituting (17) into (15), and changing variables from ”, and 7, toN=n+Nn,, 
and n=(n,—N,)/2 and performing integration on I, we obtain ‘ 


tet Lan 
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ae °4 (J+ n)* 
HE Dat ier ae ie | 23 Fon ( each) ieee Net 
ered a (27.A) @n)3 cos a(. 


a+ (G—n)* P+Urn)’ 
Qal 


2AL *Anuwdn i 
am ‘s ae | i a” sa “aay —v+e). 
we let 4,(tan- Gere +7°—L° ) i (5 +7°— r)) as Vaviticl (18) 


In (18) we treated nucleons non-relativistically. If we assume shape independent 
approximation, 


9 1 Lee 
4 COS 0= —— +—n'r, (19) 
as 
where a,, and 7,* are ‘S scattering length and effective range respectively. Using 


well-known relation |r 0(E)dn=( f(x) (dn/dE )) p-0, we finally obtain as cross 


section 


Wa ay a 9 
doy="S |r PA Barend (20) 
where 
; Leto. P+@—n)’? &+U¢+n)? 
2 {(-<+ ie r,)los( a+(l—n)” P+ (l+n)? 


feeaeie) 


3 2al )- 7 2p2 )) Lam 
+2n( tan (ao ree tan Fteok 


; = 
Ju=V M(v—po—s) —2 


(20a) 


and J is the mass of nucleon. In the following calculations, we put 


I7p/°= C/ po» (20b) 


where C is a constant. This assumption may be justified by the fact, that the 
results derived using (20b) was shown to agree well with experiments.2* ? 


§ 4. Analysis of the results and comparison with experiments 


(i) Energy spectrum of meson, when bombarded by 840 MeV monochromatic 
y-ray 
The energy spectrum at 90 degree from the direction of incident y-ray, cal- 
culated from (20) assuming ;-ray to be a monochromatic beam of 340 MeV, is 
shown in Fig. 1. There appears a rather broad peak at high energy end. This 
peak is the result, that, when meson energy is high, » becomes very small and 
the denominator of (20) decreases rapidly. This is the effect of the well known 


* We took g=0.231 x 10!3 cm-!, B=1,410 x 1013 cm-1, 1/a,=—0,0422 x 1018 em-1, and m= 2.6 x 
10-13 cm, 
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resonance at *S virtual level. The lump at the low energy side of this peak 
comes from the maximum of the numerator which occurs when the logarithmic 
term takes its larges value, i.e. when =n. The 'S resonance peak is more marked 
at zero degree, when very sharp peak appears at high energy end as is shown 
in Fig. 2. This peak comes mainly from the denominator of (20), because in 
this energy region the logarithmic factor does not vary appreciably. This fact, 
that the effect of \S resonance is more pronounced at smaller angles, is the same 


0.04" 


0.03 ' 


in arbitrary unit 


0.01 


Rate of meson production per 1 MeV 


Mev 
Kinetic energy of meson in MeV 


Fig. 1. Energy spectra of mesons produced at 90° by monochromatic 
340 MeV j7-ray, 


5 a as 


Rate of meson production per 1 MeV 
in the same unit as in Fig. 1. 
bo 


190 195 Mev 


Kinetic energy of meson in MeV 


Fig. 2. Energy spectra of mesons produced at 0° by monochromatic 
340 MeV j-ray- gt, ----- “ifm 
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as the one, which was pointed out by Gluckstern and Bethe,” in the analysis of 
n—d scattering. 

In the case of the production of negative meson, the effect of Coulomb 
interaction between final two protons reduces the efficiency by an factor of Qz77/ 
(exp(2a7)—1) where y=eM/n. The dotted lines in Fig. 1 and 2 show the 
energy spectra of m~ produced by 340 MeV ;-ray. 


(ii) Energy spectrum of mesons produced by 340 McV X-ray 


To compare with experiments it would be necessary to calculate the energy 
spectrum of meson produced by X-ray having dv/y spectrum. The result at 90 
degree is shown in Fig. 3. The shift of the peak to the low energy end is 
common to @y/y spectrum, and does not so much depend on the detailed aspects 
ol. Fig: 


0.03 
0.02 


0.01 


in the same unit as Fig. 1 


Rate of meson production per 1 MeV 


Kinetic energy of meson in MeV 
Fig. 3. Energy spectra of mesons produced at 90° by 


340 MeV X-ray. 


TY, =--=- a 


(iii) Angular Distributions 
Inspite of the use of | 7,|’=C/», which is isotropic in angular distribution, 
the one in our case shows very sharp forward concentration, as is seen from the 
Fig. 1 and Fig. 2. This results mainly from the 7? in the denomitator of (20a), 
which becomes very small when the angle between photon and meson is very 
small. ‘This feature is special for the case of photo-meson production from two 


nucleon system. This is also the case even if two nucleons are assumed to be 
free in their: final state. 


(iv) Yeeld ratio of mesons from free proton and deuteron 


The cross section from free proton at rest is 
do,=dp(2n)-* |r| (21) 


1,=\and(n+ pv) 9(Mm+ ty—4— M1). (22) 
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Equation (21) can be rewritten as 


do Fo §( cos 9— Mo4 aes oe 


‘ (27)° py pf Que vy 
where @ is the angle between w# and v, and x is the mass of meson. This must 
be compared with (20), integrated with dv/y spectrum. In do, the », which 
produces meson with definite energy and angle, is determined monochromatically 
by conservation law, i.e. the d-function in (23). But, because of the deficiency 
of the resolving power in experiments of #4, the effective vy has a width dy. dv 
is determined by dy, according to the conservation law as 


dv=dp,( M+ + (44/p) cos 6) (M— py— pcos 0). (24) 
The yield ratio Y(@, %) now is written, if we put |r,|"=C/py as above, 


(23) 


= fees | pt OB af =k eet): 


Y,(0, 
ramon 
Pp +r 


ral | [Zavdna2/ | | { EA # af cos A— Sor + Ue) vdy.d2, 
a AQ Apo Ay B ne be 


AQ Ayo 


where 42 is the angle interval, which is also determined by resolving power. 
This ratio gives at 135°, with #,—x=50 MeV, when dy, is assumed to be about 
6 MeV, 

Y(135°, 50 MeV) =1/1.23. (26) 


Preliminary experimental ratio is” 


Y,,(135°, 50 MeV) = (1.00 £0.14) /(1.20 £0.16). (27) 
The agreement between them is rather fair. 


(v) Plas-minus ratio 

There are strong evidences which show that the magnetic moment interaction 
is predominant in the photo-meson production, i.e. the angular distribution of 
mesons from hydrogen target is nearly flat, and the plus-minus ratio of mesons 
from carbon target is almost independent of its energy and angle, in spite of the 
obvious dependence of meson energy spectrum on angle.” If we approve that 
this is the case, the plus-minus ratio of z* and z~ from free protons and neutrons 
at rest, respectively, is given, as was shown by Brueckner” 

o(+)/o(—) =[1—0.20 (4/1) (L— (w/c) cos 9) P. (28) 

If we put ~,—z=50 MeV (%=193 MeV) and 0=135°, this ratio is 1/1.1. 

As is clear from our formulation and from the fact that effective velocities 
of nucleons in deuteron is small compared to that of light, the plus-minus ratio 


from deuteron is exactly equal to that of free protons and neutrons at rest, i.e. 
equation (28), except for the fact that the production of 27 is reduced by the 


580 S. Macuipa and T. Tamura 


inpenetrability of Coulomb potential. This reduction, which is calculated as in 
(iii), amounts to about 0.81. Therefore the plus-minus ratio from deuteron 
becomes 0.94. The result of preliminary experiment is” (1.00 £0.14) /(1.00 £0.12). 

The agreement is not so good, but only 0.2% contribution from electric 


interaction is sufficient to get the experimental value. 


§ 5. Concluding remarks 


We carried out our calculation using the ‘impulse approximation’’. This 
approximation was used previously by Fermi™ to the scattering of slow neutron 
by bound proton, and recently its usefulness to the analysis of #-d inelastic 
scattering was stressed by Chew.” Comparing the results of Fermi with those 
calculated exactly, Breit"? estimated the error brought into the results because of 
this approximation and show that it would amounts to the order of the ratio of 
the range of nuclear force to the extension of proton wave function. In our case 
this becomes ~u/x, i.e. about 10%. 

So far there are only two experimental data concerning photo-meson produc- 
tion from deuteron, i.e. the yield ratio from proton and deuteron, and the plus- 
minus ratio. Agreement between theory and experiment are fairly well, though 
the experimental results are only preliminary ones. 

We had also to consider the effect of exchange’ current, but take into account 
it is impossible if we use the impulse approximation, because it is essentially the 
two nucleon effect ; and we did not include its effect in our calculation. However, 
its effect would be small at high energy reactions. 


We wish to express our sincere thanks to Messrs. Y. Fujimoto and Y. 
Yamaguchi for their valuable discussions. 
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From the standpoint of the meson theory of nuclear force, results of current analysis on 
phenomenological nuclear potentials are reexamined. A new method of the theory of nuclear 
forces is proposed. We employed meson potentials for the outside region, and phenomenological 
parameters for the inside region of the nuclear forces. 


§ 1. Problem in the nuclear forces 


The phenomenological treatments of the nuclear forces have long been invest- 
gated since last ten years, but no definite results were obtained yet. The main 
reason for it was the scarcity of experimental results to be fitted to and there 
remained diversity of possibilities. However, as the problem must be treated 
meson theoretically in its final stage, these possibilities, which do not suggest the 
connection to or contradict with it, must be put aside. Here we shall investigate 
some features which the present meson theory imposes to the problem of nuclear 
forces. 


A. Nuclear force range 


Recent developments have introduced two restrictions in the theory of nuclear 
forces. The one concerns with the force range and the other with the neutron- 
proton and the proton-proton scattering at high energy region. 

The former restriction comes from the discovery of two mesons, of which 
m-meson interacts strongly with nucleons, while the p-meson has ‘nothing to do 
with the nuclear forces. The mass of z-meson is observed to be about 275 m, 
(m, being electron mass) and is heavier than that, assumed hitherto for nuclear 
forces. This fact indicates that the force range must be taken shorter, i.e., about 
1.3x10-"%cm. Although this alteration introduces only small effects in the 
phenomena of neutron-proton system, the quadrupole moment of deuterons is an 
exception, because it behaves as the inverse square of meson mass and the heavier 
meson mass reduces its value considerably. To investigate the reduction, we 
made the calculations, with zero cut-off, assuming the general form of nuclear 


potential : 


* Read in April and November, 1950. 
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Leotrd th ibs 
elevate tes ps ue tye 
V(x) {a+5(a, o)+ fSis i ae ag 
where x=xr, 1/x being the Compton wave length for meson ; and 


S,=cee —3,-o}. 


xr 


The table shows that the quadrupole moment is still too small, unless we take 
unreasonably large cut-off radius. The best value of the quadrupole moment, 
2.55 x 10-7 cm’, is obtained for the coupling constants, g = 1.111 and f= 0.982 : 
or to obtain the values in the usual form (G?/Ac) we have only to multiply 
them by (4/M) and they are 0.17 and 0.15 respectively. We observe, however, 
that the cut-off radius is somewhat too large. From this fact we can infer that 


. . ‘ 1),2) 
single range force does not give the correct value of quadrupole moment. 


ordinary force tensor force quadrupole moment cut-off radius 

atb=¢ a (in 10-27 cm?) (in 1.3 x 10-13 cm) 
—0.307 0.491 1.086 0.32 

0.307 0.645 2.097 0.37 

sen ia } 0.982 2.55 0.69 

1,228 1.474 2.92 0.82 

1.842 1.965 3.34 1.10 

2.456 2.456 3.95 1.28 


Table I. The quadrupole moment of deuterons 


While quadrupole moment depends strongly on the meson mass as mentioned 
above, it depends also on the shape of nuclear potential, though its amount is 
not so large. The shape of nuclear potential may be divided into two parts: 
(a) the “tail” and (4) the concentration of force near origin.” Here (4) con- 
tributes mainly to the interaction energy, while (@) serves to change the tail part 
of the wave function and consequently to increase the quadrupole moment. The 
1/r* term in the tensor force has the effect of (6) and reduces quadrupole moment. 
However, this term must not be omitted, although it has singularity at origin, 
for no meson theory gives the tensor force without 1/7* term, and the omission 
of it should give considerable alteration. 

Christian and Hart,” for instance, have employed the Yukawa type potential 
only both in central and tensor forces. This type of potential has long tail and 
considerably weak concentration, compared with the above case. As the result, 
they obtained fairly large value of quadrupole moment even for the range of 
1.18x10-% cm. But this tendency is special to Yukawa type potential and the 
situation is not so favourable for the square potential well, which has no tail. 
In this case, no sufficient amount of quadrupole moment can be obtained for the 
range shorter than 2.6x10-" cm. Therefore, their results have nothing to suggest 
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the relation to the meson theory. In this substitution of Yukawa type potential 
the range had to be taken shorter. 


B. High energy neutron-proton scattering 


90-MeV neutron-proton scattering provides with another criticism, that is, the 
angular distribution. The scattering at this energy is symmetrical with respect 
to 90° and Serber proposed the potential which gives no contribution to the wave 
of odd parity, or meson theoretically the mixture of symmetrical (or charged) 
and neutral mesons in the same amounts. However, his proposal is too crude 
and it is possible only phenomenologically, for the mixture of mesons cannot 
give the exact cancellation of the potential for the odd parity wave. Of course, 
this cancellation may not be strictly needed. Indeed, the close examination 
shows that the angular distribution curve has the minimum at 80° or less and 
not at 90°. 

However, the Serber potential imposes restriction to the meson theory of 
nuclear. forces, in that the type of symmetrical (or charged) and neutral mesons 
must be different, because, otherwise, the cancellation will be too good and some- 
times the potential for even parity wave will vanish at the same time. Therefore, 
the Serber potential can not be taken too seriously in the meson theory of 


nuclear forces. 


§2. The proposition of the new method 


1. After the z-meson was produced artificially, the experimental evidences 
concerning the meson theory have been accumulated by these artificial mesons. It 
has been revealed from these experiments that the interactions between 7 mesons 
and nucleons are strong enough and so there will be no doubt that most part of 
nuclear forces are due to z mesons. Therefore, the study on the nuclear forces 
must be based on the meson theory. 

2. The conventional methods to obtain the nuclear forces from the meson 
theory are divided into two; i.e., the original Yukawa theory which assumes the 
single meson-interaction between mesons and nucleons, and pair theory: However, 
according to the experimental results on and # mesons, the meson pair theory 
has been excluded.”.”? 

3. The experimental results on nuclear forces have been investigated by 
several authors. They, however, employed there mainly the phenomenological 
potentials such as square well, exponential well, Yukawa well, and so on, and the 
meson theoretical potentials have scarcely been treated. Moreover, in the con- 
ventional studies the same simple phenomenological potentials have been applied 
to all the phenomena, regardless of the energies of the systems. 

4, The analysis by Christian and Noyes” on the proton-proton scattering at 
high energies has revealed that the tensor type forces must be highly singular, 
which fact indicates that the potential due to the meson theory is superior to the | 
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conventional, phenomenological potentials. 

5. We have insisted previously” that in treating the nuclear forces one must 
separate the region near and further than the force range and that part in ihe 
neighbourhood of the nucleon. In the region near the nucleon, the potentials 
involve the effects due to the higher order perturbations, non-static forces, heavy 
mesons, relativistic parts, strong couplings and so on and thus the problem will 
become necessarily complicated. 

6. On the contrary, in that region arround and further than the force range, 
the potential is considered to be due to lower order terms of the perturbation ex- 
pansions. This part of potential plays the important role in the nuclear scattering 
at low energies and the quadrupole moments of deuterons. 

Here we could consider that the meson theory does not break down and the 
potentials due to the usual second and fourth order perturbation will give the 
correct results, i.e., the relativistic effect and thus non-static forces will not be 
important. Even if the excited states of the nucleons should exist, little influences 
will be given on the potentials for this region. 

7. The fourth order perturbation will give the deviation from the second order 
calculations. Bethe has taken, in his ‘‘ meson theory of nuclear forces ’’,” for the 
cut-off radius the range where the magnitude of the second and the fourth per- 
turbation will become comparable, i.e., the one-third of the nuclear force range. 

Machida” has performed the calculations of the fourth order perturbation on 
the potential due to the pseudo-scalar meson field, and obtained the results that 
the fourth order perturbation gives strong enough contribution even in the region 
outside the range of the second order forces where only the static potential is 
important. 

8. From these considerations we could conclude that in the investigation of 
the nuclear forces it will be meaningless to take the same simple potential from 
the neighbourhood of the nucleon to the outside region throughout. Therefore, we 
propose here for the analysis of nuclear forces that the problem is to be treated 
substantialisticaly in the outside region, while in the inside region phenomenological- - 
ly, i.e., in the outside region we employ the second order and non-static fourth 
order potential, which is cut-off where it breaks down and substituted by the 
phenomenological potential, say square well potential, for the inside region. The 
depth and the width of the potential is so adjusted to fit the experimental results 
according as each process and according as each energy region. The spin- and 
charge-dependence of the potential is also chosen suitably according to the pheno- 
mena. This treatment corresponds to the statement in the previous section that 
more than two ranges are necessary for the nuclear forces. 

J. For the outside region, the combinations of the four types of meson field 
are taken and the parameters for the potential in the inside region are adjusted. 
If the parameters cannot be chosen suitably for certain combination in the outside 
region, this type of the meson potential should be excluded. 
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10. If we could obtain the agreements with experiment by the suitable 
choice of parameters, the set of the parameters will give the data to lead to the 
future correct theory. 

11. The static potential due to the fourth order calculation has not always 
meanings, since in the region where the fourth order calculation has sufficient 
enough magnitude, other non static effects will generally become strong too. 
However, in the outer region where the static potential due to the second order 
perturbation is influenced by the fourth order calculations, the spin charge and 
radial dependence of the latter will be taken into consideration.” 

12. On the type of meson we have attained to the conclusions as the results 
of analysis on the several phenomena that the pseudo-scalar meson will be best 
fitted." 

Onuma and Koide” have performed the calculations, employing the hard core 
for the inside potential as the simplification of our considerations, and the sym- 
metrical pseudo-scalar meson potential for the substantialistical part of the potential, 
and obtained the results that if one takes 0.45 of the force range for the radius 
of hard core, the reasonable value for the quadrupole moments of deuterons will 
be obtained. 

13. In the symmetrical vector meson theory, the quadrupole moment of 
deuterons becomes negative and it seems impossible to give the positive sign 
whatever characters one may give to the inside potential, because its range is 
too short. This fact is contrary to the expectation of Heisenberg.” 

14. Heisenberg” has emphasized to introduce vector t-meson to have the 
strong Z-—S coupling in the nuclear forces. However, it seems probable that the 
fourth order perturbations will give Z—S coupling from the pseudo-scalar meson 
theory as its non-static part, and therefore we could not conclude that vector 
meson is indispensable. 

15. Jastrow™” has employed the exponential potential with hard core in its 
centre to explain the proton-proton scattering at high energies by the charge 
independent potential. The radius of the hard core has been taken as 0.6 x 10~" cm. 
This is considered to be the simplified case of our method and from these investi- 
gations we could expect that our method will give good results so long as it 
concerned with the proton-proton scattering. However, Jastrow has employed 
phenomenological potential also for the outside region and thus, his method has no 
meanings for the investigation of the meson theory. 


586 


ef) 


10) 


11) 


12) 
13) 
14) 


M. Taxerani, S. NAKAMURA and M. Sasaki 


References 


The similar calculations have previously been performed,”) but at that time the meson mass was 
taken larger and, as the result, the cut-off radius had to be taken larger than the force range 
itself to obtain the sufficient quadrupole moment. We have first proposed in that paper that 
more than two force ranges are to be needed. Afterwards the meson mass has been observed 
to be somewhat smaller and the cut-off radius comes inside the force ranges. ILowever, it is 
still too large and yet more than two ranges are needed. 

M. Taketani, S. Nakamura, K. Ono and M. Sasaki, Phys. Rev. 76 (1949), 60. 

D. Bohm and C. Richman, Phys. Rev. 71 (1947), 567. 

R. S. Christian and E. W. Hart, Phys. Rev. 77 (1950), 441. 

G. Groetzinger, M. J. Berger and G. W. McClure, Phys. Rev. 81 (1951), 969. 

R. 5. Christian and H. P. Noyes, Phys. Rev. 79 (1950), 95. 

M. Taketani, S. Nakamura and M. Sasaki, Prog. Theor. Phys. 5 (1950), 730. 

Ti. A. Bethe, Phys. Rev. 57 (1940), 390, Prog. Theor. Phys. 6 (1951), 559. 

M. Taketani, S. Machida and S. Onuma, Prog. Theor. Phys. 6 (1951), 559. 

It has become clear recently that the fourth order effect plays important role in some pheno- 
mena in the case of pseudoscalar meson theory. For example, K. Nakabayasi and I. Sato, Prog. 
Theor. Phys. 6 (1951), 252. 

For example, S. Nakamura, H. Fukuda, K. Ono, M. Sasaki and M. Taketani, Prog. Theor. 
Phys. 5 (1950), 740. 

M. Taketani, S. Onuma and S, Koide, (to be published). 

W. Heisenberg, Prog. Theor. Phys. 5 (1950), 523. 

R. Jastrow, Phys. Rev. 81 (1951), 165. 


587 


Progress of Theoretical Physics, Vol. VI, No. 4, July~August, 1951 


Note on the Longitudinal and Scalar Photons 
Ryoya Uriyama, Tsutomu Imamura, Sigenobu Sunakawa and Taro Dopo 
Department of Physics, Osaka University 


(Received July 4, 1951) 


In this paper we have investigated a new kind of ambiguity and inconsistency pertaining to 
the longitudinal and scalar photons. We believe to have been able to give a clarification of this 
problem by introducing an artificial convergence factor g, into the state vector. 


Recently Belinfante” pointed out that a new kind of ambiguities occurs in the 
calculation of the quantum electrodynamics owing to the Lorentz-condition. Speak- 
ing in more detail, any state # which satisfies the Lorentz-condition is a superposi- 
tion of all those states where the number of the longitudinal photons with a wave 
number vector & is equal to that of the scalar photons with the same %. From 
this fact the norm of ¥ diverges. As well there occur, occasionally, alternating 
series resulting from the very character of the state vector mentioned above, when 
we treat the components of the four-potential A, symmetrically in order to cal- 
culate the matrix elements corresponding to any physical process. These situations 
give rise to a new kind of ambiguity which has not been noticed before Belinfante’s 
remark, 

In fact Belinfante calculated the self-energy of an electron by making use of 
the ordinary perturbation method and showed that the self-energy of the order é 
can be expressed as an alternating series which turns out to diverge as well known 
logarithmically if we make use of a particular method of summation, whereas it 
diverges quadratically if one makes use of another method. From his stand point 
it is not apparent why the former method is favourable compared with the latter. 

According to Belinfante’s remark, Dyson” has reinvestigated his theory of 
S-matrix and shown that the vacuum expectation value (P(A, (4) 4,(7)) )o is 


not equal to She DWl@-J) but equal to So Dx@—I) +80 (xy) (B2802" on 


account of the Lorentz-condition. 
But it has been shown by partial integration that this new additive term does 


not give any contribution to the S-matrix by virtue of its differential form. Now 


his argument seems to contain some inconsistencies pertaining to the commutation 
The situation resembles that 


relations of A, if we follow his line of reasoning. 


2 . 

of contradiction between aoe =0 and (Ze 4) =-0. Further his short remark 
Bi ah No 

e very unsatisfactory to us because his new additive term 0°P/02"0x" 


seems to b 
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mentioned above really diverges, and hence it is very doubtful to integrate by parts 
when the integrand contains such an absolutely divergent factor. Ma” has also 
investigated these points, but his paper does not seem to bring any complete cla- 
rification about these problems. 

Since all the difficulties mentioned above originate from the only fact that the 
norm of the state vector satisfying the Lorentz condition always diverges, we have 
tried to make the norm of ¥ converge absolutely by introducing an artificial con- 
vergence factor. By virture of this. factor we can calculate any matrix element 
pertaining to the longitudinal and scalar photons without any ambiguity. In the 
final step where all the calculations have been performed, we propose to make this 
convergence factor tend to unity. Then all the difficulties completely disappear. 
According to our method, it can be shown that the self-energy of an electron 
(of the order ¢*) diverges logarithmically as usual, and Dyson’s proposal reveals 
to be correct in spite of some doubtful points mentioned above. 

We have, so far, discussed only about that case where the electromagnetic 
four-potential 4, is symmetrically treated. On the contrary, if we eliminate, from 
the outset, the longitudinal and scalar parts of A, by making use of a unitary 
transformation as well known, then it might be conjectured that there appear no 
difficulties concerning these two parts stated above. But we can not justify the 
unitary character of the above transformation when the norm of the state vector 


diverges. The detailed-proof for this justification by making use of our method 
will be given in the appendix. 


§ 1. Preliminary discussion 


In the present paper we shall, in general, follow Schwinger in notations® and 
formulations, but we prefer the real time #°=¢ to the imaginary one, and the 
hyper-plane o to the curved one. 

The Lorentz condition in the interaction representation runs, as well known, 


{22@) +) D (x—2x') j* (2) nydo!| Wo" =0, (1-1) 


where 7, is the unit normal to an arbitrary chosen space-like hyper-plane o, and 
its components are chosen in such a way that the parameter rt, defined by 


T=", (1-2) 


is a time-like variable, increasing in the direction of future. Then a o-plane can 
be specified by a value of r, and Y[a] turns into a function Y(z) of the parameter 


t, provided that a family of o’s is arbitrarily fixed. 
Now let us propose to assume that when we make the plane o’ in eq. (1-1) 


recede to the infinite past, i. e., 7/+— 00, the integral part I of the left-hand side 
in eq. (1-1) vanishes and it holds 
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0A" (x) F 

= cp eEt Mee (1-3) 
Coester and Jauch® have asserted that they have shown the validity of eq. (1-3) 
by utilizing the Fourier expansion of the expression I and at the same time they 
had given a mathematical justification for the often employed procedure of ‘‘ switch- 
ing on” the interaction at the infinite past, on the ground that the integral term 
drops out from the Lorentz condition. 

Strictly speaking, however, their proof seems to be based on a vicious circle, 
because the current density 7"() is implicitly assumed to vanish so rapidly at the 
infinite past as to be able to make 7* transform into the Fourier integral with 
regard to the time. In fact eq. (1-3) can not be derived from eq. (1-1) without 
any additional assumption. Relying on the invariancy of the expression (1-1), 
let us, for the sake of simplicity, choose a special coordinate system, where the 
components of x, turn into (0,0,0,1). In this special system of reference, the 
integral-term I of eq. (1-1) can be written in the following way, when r/(=2’) 
is put equal to —oo, 


Ima lim (2) [o@+ It? |e, 2) ade, 


7 thao 


where ¢ is defined by 


eet > 
5 3 Ee 
A= = 


[2] 
and p stands for the charge density 7”. 

Therefore eq. (1-3) holds if the charge density » is assumed to vanish so 
rapidly at the, temporally and spatially, infinitely remote world points, from the 
origin of the space-time coordinate as to make / vanish”. 

An alternative assumption is the following. Consider a function f(z) of the 
time 7, which has the properties 


i) J()=1 for finite ¢, 
(1-4) 
ii) f(¢)=0 for sufficiently large |¢|. 


Let us assume the charge e¢ not to be a constant but a function ¢f(7). From 
this stronger assumption the vanishing of the expression / is easily seen. In this 
paper the latter assumption will be adopted, though the former less restrictive 
assumption should be examined in more detail in view of its importance in the 
various fundamental problems, such as of the self-stress and it’s covariance and of 

the S-matrix for finite time interval, etc. 

In order to investigate the character of eq. (1-3) in greater detail, let us 
introduce the Fourier expansion of the electromagnetic four-potential A, (x). This 


is given by 
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zs tirinee 1A (Zz bye + ak (h eat CL 
An 2) =—Jereens 3 Joh )fan( ) x (2) 7% 
where é 4 
kx=h,x", ku= (2, —|A|), k=|A\, 
and 


a(t) Sse ea a(d)=m, @ 
eet! Her—=e", 
eh Ber! @) Sia =Syr 
The commutation relation for a and a* is 
[a), a) J=x9%-2), 
from this relation the number operators are introduced by 
n,(h) =ak(h)a(h), A=1, 2, 3, 
n, (2) =0* (£)4(z), 
with the definition 
b*(k) =a,(h), and &(A) =ax(h). 
Substitute from (1-5) into (1-3), then it will result in 
f(@)P(—0)=0, f*(%)¥(—co) =0, 
in place of eq. (1-3), where 
f(b) =a,() +a (4) =a,(h) + 0% (2). 
From eq. (1-7), we see that 
P(—o)=p/p” 
with 


W"— 00) =11C() (= 1) "Yn @)- 


(1-5) 


G.-6) 


(1-7) 


(1-8) 


Y"’ represents a factor of the state vector pertaining to scalar and longitudinal 


photons, whereas ¥! stands for the remaining factor. 


nm (2) is a normalized 


function representing a state where longitudinal photons with the wave number 
vector # and m scalar photons with the same # are present, and finally C(4) is 


a normalization constant”. 


From the expression (1-8), it is obvious that the norm of % (— ©) diverges, 
for individual %’s, in so far-as the normalization constant C (4) is kept finite. 
Now, making use of (1-8), and putting |C(&)| equal (331)-3, we obtain the 


following various expectation values ; 
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(a,as = (¥* — co ) ’ aare (— co )) +l) , 


1 

(aya) = 2h Tetaner>® ee), 

(aan) ==". 

(aka;) = =a8 

Combinations of these expressions lead to the following relations : 
(a,f*)= Bie = Rie, | (1-9a) 
(asf) =e ee), (1-9b) 

( pa,yerR oe ®, (1-9¢) 


The right-hand sides of these expressions are all sethidanvergent series. If 
we make the summation of (1-9) in the following way, 


S(2+1) — n= (1-0) + 2-1) + B—2) + : 

yi 2u— >} n= (0—0) + A—1) + @—2) 4+ ; 
then they read: 

(a,f*)=1, {ai f)=—1,._(/*%a,)=0 
and 

([as, £*]) = (Las, a5'])=1. 
This result does not interfere with the commutation relations, whereas we get also 
(aS) S45)" 

so that the above mentioned rule of summation destroys the hermitian character. 


On the other hand, if we directly substitute from the condition (1-7) into 
expressions (1-9), then they turn into 


(a, f*) =(as f) = ( f*as) =(. 


In this case the commutation relation [as a¥|=1 is destroyed although the hermi- 
tian character is conserved. This situation just corresponds to the contradiction 


between 


4" y (_ 00) =0, (4,@), 2) ) 40. 


: Ox” 
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The arguments stated so far based entirely upon the assumption that the 
charge e¢ vanishes at the infinite past, and, in consequence, the expression J is 
equal to zero. 

Now, let us consider the following eigenvalue problem, in order to treat more 
general cases not restricted by (1-4), 


fOEH=MW, fe PHRE 
and 
\n,(4)—, (4) (FP =pe. 


If we wish to rely upon a representation, where the number operators ”, and 
m, are diagonal, in solving these equations, we are able to get a solution (1-8) 
when and only when both 4 and p# are zero, as shown elsewhere”. 

This fact apparently justifies the proposal of eq. (1-3). But this assertion is 
doubtful, because, if we make use of another representation where a, and 6 are 
diagonal as was used in the paper of Tomonaga and his collaborators”, we can 
obtain another solution with a nonvanishing eigenvalue 4. This situation implies 
that these two representations are not equivalent with each other, that is to say, 
the transformation between these two representations is not unitary. 

All these contradictions stated so far caused entirely by the singular character 


of the state vector that its norm diverges. e 


§2. Introduction of the convergence factor 


In order to make the’: norm of the state vector converge, let us introduce a 
convergence factor e~™” in the following way ; 


Py (—@)=MC® O(-1) anal), (2-1) 


where 4 is a sufficiently small invariant parameter and is, for the sake of sim- 
plicity, assumed to be independent on k. After all the calculations have been 
performed, we propose to make this convergence factor tend to unity. 

The constant C (2) appearing in eq. (2-1) turns out to be 


Vine. 


The Lorentz condition (1-3) is invalidated so far as the parameter 4 is not 
zero ; in fact we obtain 


NPY =V (FE, fe) = VB 


(1—e7*) 
wei. 0<Ae<l., (2.2) 


In spite of this situation, we may assert that the modified state vector & @ reserves 
the essential character of ¥/’, because the former consists of the superposition of 
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only Yan's and does not contain Yn»’s (z= m) as is the case for the latter, and 
hence the total energy of the electromagnetic field in the state Y@ is positive 
definite and any physical process which is allowable for the state vector ¥/’ is 
also admitted for the state vector YG and vice versa. 


Computed for the modified state vector (2-1), the expressions (1-9) are 


turned into the following ; 


From (2-3) we can easily see that 


([asf*])\c= ([aa¥]) c= (1—e~*) 1 +e") esti 


1—e"*4 


(ax f)o= (f*as)e- 


Thus the contradictions mentioned in the preceding section completey disapear. 
It may be stressed that the expressions (2-3) do not vanish when we make 4 tend 
to zero, in spite of the fact that f¥@ vanishes in this limit, whereas it is easily 
seen that the expressions (f/*)o, (af)e (=I, 2) and other allied quantities 
equally vanish when 4 is put equal to zero. This fact gives us the possibility of 
the complete separation of the longitudinal and scalar parts from the the transversal 
part. 

So far, we have been dealing with the simple convergence factor e-™™. But 
a more general form of the convergence factor may be of service. Let us replace 


the definition (2-1)' with 


Bs (— 0) =MC(E) Si (—1) "Sntnn (4) (2-4) 
k n 
where g, may be an arbitrary convergence factor satisfying the following 
condition 
2 2 
Bs (2n+ 1)ga— po (244+2) Sn£n+1 
lim V(f¥¢) =lim |" ; =f), (2-5) 
9,71 9,>1 Pat A 


Also in general case, all the inconsistengies mentioned in § 1. can completely be 
resolved. The conclusions of the present paper do not depend on the special form 
of the covergence factor g,, as will be shown later, though the precise values of 
(2-3) in general depend on the form of 2p. 
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§3. Expectation values in vacuum 


In calculating the S-matrix in the manner of Dyson, we have to evaluate the 


following expectation value: 
(P(A, (x) A, (2)) \nae= (F rao + 0), P(A, (x) A,(2/)) Prae(— ))- B+) 


To do this, let us propose to define the vacuum state (pertaining to the electro- 
magnetic field) by the following (c. f. Eq. (1-8) ) 


ee | 35 00 ) hae | ae Cees co ) 4 


ah) Pla(to)=0,  (A=1, 2) (3-2) 


#1( £0) = {3 (1) gata) | YS aa}. 
k n n 
The last definition is a substitute for the Lorentz condition, because it bears all 
the physical characteristics given by the Lorentz condition. 


By using the definition (8-2) and the expressions (1-5) (1-6), let us compute 
the quantity (3-1). This is given by 


(P(Ay(2)A.(2!)) \oae= 58D (= 2") 


% "3 ; \ hyk th(e—2l) y th x—v!))\ 77, 
roy t—z Mxr—t d 
Diva aher): Gn eyee es dak 


1 (ia My, | seo—al) emery, YE 
ad vt ( sta Sobiae hey ts 
D (Gaya ay NESe ele tei ) 


1 
+5 {Ei Cn+ lg D2GtDegnson| 
>! En 
eel : {(@ Rh) (Ryn, + hyty) +2 (2k) nn } (3-3) 
2(2m) Nike EVA clipe ena i ial as 


x { giklemal) 4 p-tk(z—2!) i dk, 
where D, is given by 
D,(#) =D (2) +2e(4) D(x). 
Putting symbolically 


(1) Be \ 1 they ,—tkhe\ 77, 
qd" (#) 32x)? Gukeyee +e™) dk, (3-4) 


we can rewrite (3-3) in the following way, 


(PAu (2) 4,(2)) rae= 5 SavDo (A= 2) 
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sa netecel 0° mol) oy =( ce) ( 0 2.) ON ae: 
Sigs amrae tO 2) (Mae Wagga tag sO C= 2) 


1 2 
ar 2 Xi Ont Dgi-2e+ Dgnsan 
Sn 
( fe) C) ) ay ‘ 
x {a5 (m2 + iy, 2;) + Dino) eae (~—2’). (3-3)’ 


Let, in the expression (3-3)’, all the g, tend to unity, then it turns into 


(P(g (2) Av 2") ne = 5 8D (@—2") (3-3)" 


e) \( e) e) ) a) sae IR Sie las 9 
—(x ny—— +n a—x')42 lim ) Y(¢—x' 
( rae Maggette gp I? 2) +2 im SE) saat 22) 
by virtue of the condition (2-5). 
Thus the expression (3-3) contains an absolutely divergent term, since 
Sngi/d\gn can in no way be made convergent. Dyson” has suggested in his short 


note that (P(A,(*), A,(#’))) should have the following expression : 


gO (RIE 2 Ge by 
Ox*Ox” 


(P(A, (2), A,(4)) Jeue= 5 SnD (22) és 


Comparing the expression (3-3)’’ with Dyson’s one, we see that our expres- 
sion contains an extra term as the second member of the right-hand side. 

Furthermore the last term of the right-hand side of Dyson’s (3-5) is revealed to 
be mathematically meaningless, since in fact it corresponds to our divergent term. 

Now we can show that the second and third terms of the righthand side in 
eq. (3-3) do not give rise to any contribution to the S-matrix, as in case of 


Dyson, if we explicitly take the relation 


28 = Al (2), 7"(#)]=0 (3-6) 
Ba 


for granted. 
Proof: For the sake of simplicity, let us use the following abbreviations ; 


Key ns Pgs (4,) f2 (a2) of (Gn) APF F(Z) 0 FM) 
and o(¢,—4)—>a(1, 2), where the function o(¢) is defined by 
if i>0, 


o(Z)= 
Ee 


In terms of this o-function, K"1'"» can be expressed by 


Key a= 3) a (12)0(23) ee es a(z—l1, n){ (1) 7(2) +72) i, 
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where the summation is carried over all the permutations of the points (1, Qy-, 


2). 


In the first place let us prove that the expression 


TST (3-7) 
vanishes, under the assumption (3-6). The expression (3-7) can be written in 
the following way by virtue of the equation of continuity ; 

OK Yen 


n Z A 1 
3) St.9 (28)0 (34) AE ht Dg ey Ce BY. 
oxtt P! k=1 ox 


o(n—l, 2) x{F2)-- fH) MD IEF 7) 1 


the first summation being over the (~—1)! permutations of the points (2, 3, ---, 7). 
Combine pairwise the typical terms in the above equation which contain 
da(1, &) ne: da(k. 1) 


day 2 te 


, then the expression (3-7) turns out into 


BS) So Ia er sea 1) ol ler) $e) eee a 


Qo pr nal 


x AAT (1), 7a (2) [j%ars (B+ 1) f"o(n). 
Ox 
Thus (3-7) is proved to vanish on the assumption (3-6). 

In the second place we substitute from the second and third terms in (3-3)’ 
into (P(A,(%), 4,(#’)) ).ae Contained in the S-matrix, and integrate it by parts 
with regard to x” or x’’, then it vanishes owing to eq. (8-7) and the assumption 
(1-4), whereby the latter assumption warrants us the vanishing surface integrals. 
OnE: D: 

From the formal stand point, our method of proof stated above is completely 
the same with that of Dyson, but in his method there occurs a mathematically 
meaningless expression, whereas in our case we need not deal with such a quantity 
by virtue of the convergence factor gy. 

In the final step, let all the g, tend to unity, then the fourth term or (8-3)’ 
disappears, and only the contribution from (3-3)/ to the S-matrix is that from the 


term afm Dela —2'). 


Thus we have arrived at the same conclusion as that of Dyson by entirely 
using the mathematically well defined procedure. 

We have, so far, talked only about that method where the electromagnetic 
four-potential 4, is symmetrically treated. On the contrary, one can also 
eliminate, from the outset, the longitudinal and scalar parts of 4, by making use 
of a unitary transformation as shown by Schwinger. In this case there occurs 
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neither ambiguity nor inconsistency pertaining to the eliminated parts. But it 
must be remarked that Schwinger’s procedure is justified, only provided that the 
norm of the state vector is made to converge as has been done in the present 
paper and also it is ascertained that there occur no such terms as appearing in 
eq. (2-3) in the calculation of the S-matrix. Specifically, one can put the term 


iy Aid 
the last situation just mentioned is ascertained. 


In the appendix we shall give a proof for the equivalence of the two S- 
matrices obtained by using the two different methods. 


— nat () 0" 2 (A) A) in Schwinger’s paper equal to zero, only when 


§4. Application to the electron self-energy 


The self-energy of an electron in the order of ¢ is obtained in the theory of 
S-matrix by evaluating the expression 


(one electron |S,| one electron), (4-1) 


where S, is a part of the S-matrix of the order ¢ and is defined by 
S= SOUP), PHD) PA) Aa) ) (de) (aay (4-2) 


Taking into account the conclusion obtained in the preceding section, the 
expression (4-1) can be written in the form 


— =| (one electron |P(j*(4), 7,,(#’))| one electron) 


x Dy(«—2') (dx) *(dx')*. 

This is just the well acquainted expression. 

In this section, however, we shall give the self-energy of an electron at rest 
by using the ordinary perturbation theory based on our definition of vacuum 
(3-2), in order to clarify the origin of the ambiguity in Belinfante’s paper. Con- 
tributions to the value of the self-energy from virtual processes are given as 
follows ; 


transversal photon ° 


2 K+ 1 ‘ 
E,=E,=£ 1 log + Vie +m ~>} (4-3)a 
87° m 


longitudinal photon 


K 
By=(n+1)ga- zy FE (k)kadk, (4-3)b 
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K 
(pe Lngi| FAB) ksdh, (4-3)c 
0 


scalar photon 


K > ) 
Pes al) giAl F(4)-{2V Band —b de, 


(4-3)d 
K 
B= —Singid| F(A) 2V 24 nd +k} dk, (4-3)e 
0 
K 
E,= phi (a+ gaged P, (4) kdk, (4 “3)f 
0 
K 
E,=—D(nt Vgngandl F_(2) kdk, (4-3)g 
0 
Ey=— Dnt l)gnSurd| FB) Abs (4-3)h 
J0 
K 
B= — ntl gngandl Fy @ddb, (4-3)i 


where 4nC% [Det and Fi (k)=1/V P+ 92 (VE +n? £2). 


In every expression given above the contribution from the vacuum fluctuation 
has been subtracted. 
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Summing up the above expressions from &, to £,, we get the part of self- 
energy related to the longitudinal and scalar parts in the following closed form: 


2 1 : a 
: (S241) g2—S2(n +1) gna) | hd 
0 


Eixs= 3 
4n°’m >) gF 


em dk 
pie en awe (4.4) 


In eq. (4-4), the first term, which quadratically diverges, drops out by virtue of 
the condition (2-5), and the remaining term, which is logarithmically divergent, 
ts independent on the convergence factor gy. Thus the self-energy in the order of 
é’ of an electron at rest is given by 


B= B+ E,=—43 ogg AA eo ak (4.5) 
8x" m 2 


in complete agreement with the result of current theory. 


§ 5. Conclusion 


We have given a justification for the assertion of Dyson and others by using 
mathematically well defined procedures only. The mathematical manipulations 
employed in this paper may be summarized in the following way: in the first 
place one introduces an artificial convergence factor g, in order to make the norm 
of the state vector absolutely converge ; in the second place one calculates any 
desired matrix element, turning it into the form 

1 
sn 

Then A becomes independent on g,, and agrees with the expression obtained 
by the treatment in which, from the beginning, the longitudinal and scalar parts 
of A, are separated. In the final step, where all the calculations have been per- 
formed, one lets g,, tend to unity, the second term of the above expression drops 
out. It must be quite emphasized that the result thus obtained is independent on 
the precise form of g, provided that , satisfies the condition (2-5). 

Recently a paper of S. N. Gupta", where the same problem as ours has been 
treated in an elegant way, has come to our notice. Although he has analysed the 
nature of the difficulties in question very cleverly on the basis of the theory of 
indefinite metrics and come to the same conclusions as ours. 

The merit of his theory may be said to be upset in introducing another tran- 
scendental element of indefinite metrics into the discussions. 

Our theory, on the contrary, runs quite direct and elementary to bring into 


light the characters of the difficulties. 
In conclusion the authors wish to thank Prof. K. Husimi, for much help in 


Ax {33 (224 1l)g2— S12 (24 gn knar}B- 
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discussion. They are also indebted to the Science Research Fund of the National 


Educational Department for its financial support. 


Appendix 


We shall give a proof of equivalence of the two S-matrices obtained by the 
two different ways stated in the end of §3. 

If we separate the transversal part from A,, the Tomonaga-Schwinger equation 
is written 


pO =H) + A)} VO), (a-1) 


(c)=|H(2)do=—| i) pla) da, 


t=const. 


77s) =| H.@)do 


Bod 5 | (rote es n,J*(x’) do do’ 


and Y, is the transversal four-vector. 
The S-matrix obtained from eq. (a-1) can be written in the following way 


S=3S, 
n=0 
where S, is given by 


(A) 
eae ere ReAr ae AE Aare) F 


AGAR as AG) bear, Dk oly AY, (a-2) 


By using Wick’s'? method of decomposition of P-products, we can put eq. 
(a-2) in the following form: 


0 (n—2m)! 7! (m—r)2"-" ” 
where F,,(7, m) stands for 
J PLP) Jnana) JH(24) + P22) (Zoem—n Ho J1) Ha 7,) } 
we Un (44) +2 Hoy, (Fn-2m) : (a-3)/ 
ACSA CAL ERC!) LIC SAME CMRP | DR CHIE 


x AAI 29, Met Aiton 9g By dy, 


S=3} 3 ASD Rr, m) (a-3) 


Im—22 
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Here we have permuted the tensor suffices, respectively integration variables, so 
as to lump together those terms which contain the same normal product. 
Following the definition of contraction given by Wick, we get 


(Mn), hy @")) = (Ay) 4 (7’')) 


Pas. oe _~O f) 3 A 
2 Lavan tau aa ta) ba (a—+’) (a-4) 


wy igeh poly a\/.. a F) vey 
2 se Hae Ax"ax” + (Ho \mdi +n “xt Sey: 


Now, if one, for instance, substitute from (a-4) into the factor (2(} (21) 
24L.(2.)) in eq. (a-3)’, then it is easily seen that the second term of eq. (a- -4) 
does not give rise to any contribution to F if we integrate it by parts and at the 


same time take advantage of the assumption (1-4) and also the fact that the 
expression (3-7) is equal to zero. 

On the contrary the contribution to # from the third term of (a-4) runs as 
follows ; 


z 
Kem 2) ee: — Zo Eee +(x vi +(x by 
=| ( 1 2) ( 1 az¥'az% ) rae te aie *O2 By 


x I (21-22) (d21)*(d22)*, 
where the function K stands for the cofactor of (2), %),) in the integrand of 
(a-3)’. 


Remembering the expression (3-7) and the character of G, i 


[eaten )hate) =0 for) (74) =0, 


we can transform the above expression into 
“4 = 4 , v , fe] &, % 
4) (dz)*\do' K*(22')n,n, oe d(z—='), 


where the inner integral is carried over a o-plane containing the world point z, 
This expression can, further, be transformed into —22/,,(7+1, m) by making use 
of the definition (a-1). 

If we similarly substitute all the contracted factors of (a-3) in the afore 


mentioned manner, then we get 


| = (—1)*-*(— 2 ied Oe Soe. "> (m—r) ! =f 
pes pa (1—2m) ! Q2"-ry |\(m—r) 1 (m— oe k) 1 fp! Le n (M— ky m), 


(a-5) 


where F’ has quite the same expression as /# with the exception that every 
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(2; WU; ) in the latter is replaced by (A, A, ) in’ the former. This exception 
results from the first term in (a-4). By interchanging the order of summations 
with regard to y and &, S, becomes 
<2 (—7)” n\ (—1)” , 
Sys Ma Pe tS ee LAO; m), (a-6) 


m=o mn! (nu—2m)! m! 2” 


where, specifically, 
Fe (0, um) =| Pipa eon soe 7 n—am( 4n—2m) TC yy) vee Z¥2m( 7) j 
aed (Un 2a) (4), Ay) (Ay, Av, 


AX 1+*ALn_ 2m AVA Jom: (a-6)’ 


On the contrary, starting from the symmetrical treatment of A, we get the 
second S-matrix of the order ¢”, say Sj, in agreement with the expressions (a-6) 
(a-6)’, but with the exception that in the former the normal product 


3, Ap : (a-7) 


stands in place of the corresponding normal product of 2 in the latter. 
Now consider the expectation value 


(F (+00) J Gtr" y--4,) : Av (44) Ap (4): dey de, (—o)), (a-8) 


where G"v", stands for the cofactor of: Mu Ue : in (a-6)! with r=n—2m, 
and separate the A’sin (a-8) into the transversal and the remaining parts, then 
(a-8) is transformed into 


L,(k) v\ ; 
k=0 2° k! (r—2k)! 


where 
L,(k) = (PF (+ co); { (Custer) tag ane) My Me < A, vA 
adx,---dx,0 (—o)), (a-9) 
and A, stands for 


Ay y= 2B + aC. 


with the abbreviation 


pa \ ! siay so} dk 
V2,(2n)5 (nk) \* az e Vp 


dk 


(a- 10) 
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Introducing from these expressions into (a-9), we see that all the terms containing 
the function B(x) drop off owing to the same reason as stated in §3. The only 
remaining term is 


(F (+ oo), ( GPR aaty aan soy, : My We 
gale (ae 


—2h 


)-++C(%,) 1 dxy-+-dx,P (—oo)). (a-11) 


ee 


If one remembers the very character of the state vector, (a-11) becomes a sum 
of only those terms which contain a factor of the form 


(F"(+ 0), ee bid cekds ae Oa 


Now, it must be postulated that the convergence factor g, should satisfy the 
following more stringent condition which is satisfied e.g. for g,=e 


BA eri ALD (a-12) 


i oe me 
Thus the nonvanishing term in (a-8) is 
(F( +00), § Gtr: My Me: dx,---dx,0 (—o) 


in complete agreement with the expression (a-6)’. 


O. Bed. 
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It is shown that the f-spectra of Tc, Sb!4 in the second-forbidden transition, and Tml’ 
in the first forbidden transition, can be explained by the tensor or vector interaction of the 
Fermi theory, if a suitable linear combination of matrix elements are chosen. 

Using the ratio of the matrix elements to provide a good fitting with the experimental spectra, 
fevalues of each B-decay are evaluated on the corrected forbidden formula. Criticism is made with 
respect to the explanation of the beta spectrum of RaE by Konopinski and Uhlenbeck. 


§ 1. Introduction 


Forbidden #-ray spectra predicted by the Fermi theory have different shapes 
corresponding to various interaction types and selection rules of /-transitions. 
Discoveries of new type spectra verified the occurrence of forbidden transitions, 
i.e., ‘a’ type spectra imply the transition with 4J7= +2, parity change yes, and 
‘D, type spectra with 4/= +3, parity change no. They can be explained by the 
tensor interaction, the former in the Ist forbidden, the latter in 2nd forbidden 
transition; both transitions select the unique nuclear matrix element, 4,; and S;,,, 
respectively. Recently, another new type of forbidden spectrum of Cl was 
successfully explained by C. S. Wu and L. Feldman” by means of a linear combi- 
nation of A,; and 7;; terms in the second fordidden tensor interaction. This 
provides a strong support’ for the forbidden theory, and stimulated us to develop 
further interpretation of forbidden spectra on the same principle. Correction factors 
given by Konopinski and Uhlenbeck can be written as follows, if the selection 
rule, 4/= +2, parity change no, holds, 


Col UIT OCDE LED 


12 
Cry/S3|Ris/?~h5, Ba) + D,—2hoypk on gel 
for the ore forbidden transition, and if the selection rule 4/=+1,0, parity 
change yes is valid, 
Cin] |§O x0 ~ Bey Ay! — higB, 
Ci /\§rP ~ ay +A,—AyB (2) 


for the first forbidden transition, where 
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— |S eee Ais) 
[foxa| Ds Zsl 
[fal DAs 

VF ’ y= (3 
is SR dl 

and another notations are indicated in Konopinski’s paper.” 
N ; 
If we plot A against MV, the straight line Fermi plot should 


CF C4AZ, W)7? 
be obtained when the selected correction factor C;; is really valid in the respective 
B-transition; Cy teprésents Cy, Cir, Cop, Cyn etc., and y= V/V7—1, W, the 
maximum energy of the particle emitted. When the assumption 47<1 is not 
valid, the expressions (1) and (2) become bad approximations. For instance, 
Cir should be replaced by the following formula: (See Osoba)” 


Ci7/| jo xPrPH=Lyhipt- (GKLt+ : L,+M— _KN,)— Ry Nz, a N,) 
a e o 


where ‘mots Ff At S: : 
9 4 
: gel tS) | Beal 1 pete Sc Ta ee 
i F=| 1+25) [opRyma-s-» || —2 27? 4 az |? (1- Sie 
WF) “Tra 49s) 10% ae ae tpet 4 c) 
322 272 Aye | j7 @ 2 
4 tZ bath Ls, ie [ene s 2 _ | (4) 
4 y= v(0? oe) Ay v=l ya Ly 


7] I 
where C is Euler’s constant, and the second column of (4) can be neglected. 
Another notations are all indicated in page 315 of Konopinski and Uhlenbeck’s 
paper. (see ref, 14) 

We have firstly tried to reinterpret the f-ray spectra of Tc” and Sb"? iby: 
means of a correction factor Cyp or Cop in (1), and of Tm™ by Cy or Cyy in 
(2) with (4). The results are very satisfactory, and we obtained a straight line 
Fermi plot down to very. low energy region from WW, in each case. .Next, we 
compare the required selection rules with the predictions on the. nuclear shell 
theory given by Mayer. Finally, using the # values determined by the require- 
ment to provide a best matching of Cy, or C,7 with the measurements in each 
f-decay, we evaluate their f¢ values on the forbidden probability functions. These 
ft values should be proportional | to i >illalt or |{oxr] . respectively. . [he 
choice of interaction type will also be discussed. 


§2. Te” 


If we take #,»,=7.7, the forbidden Fermi plot becomes a straight line down 
to W=1.35 mc? from the maximum energy W,=1.57 mec’, as is seen in the 
Fig. 2.” The spin .of the ground state of Tc” was determined” to be 9/2. On 
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the basis of the nuclear shell model, we can expect the ground state of Tec" te 
arise from the combination of 9. proton with a even state neutron ; the resultant 
state should then have even parity. The ground state of Ru™ presumably may be 
constructed by the d,. (or g7z) neutron with a even s state proton. If the ground 
state of Ru” is dso, the required selection rule, JJ= +2, no parity change, will 
be satisfied. 


oe. sea 
C2r = 1177 (30)4 Hi ads-C)-77E 


1 


1 it 17 13 14 15 i a 0 Est Ww 


Fig. 1. Each of the second forbidden correction Fig. 2. 43Tc%. The forbidden Fermi plot in Cyz 
factors in the tensor interaction Cyz for Tc%. is straight from M/7)=1.57 mc? down to W= 
1.3 mc?, if we take the ratio 497=7.7. 


§3. Sb™ 


We found that %,,=13 results in a straight line forbidden Kurie plot from 
W,=5A49 mc’ down to W=4 me* for the highest energy f-ray group of Sb™, 
(see Fig. 4). The data was presented by M. M. Langer, R. D. Moffat and 
H. D. Price,” Jr. who showed ‘a’ type interaction C,y provides a good explana- 
tion for it. In the light of their analysis concerning Sb™-—>Te™ decay schemes, 
we can take his alternative explanation: i.e., if Cyp transition (4J= +2, no) is 
valid in this transition, odd parity and spin 3 ground state (¢%2, A)2) of Sb™ 
goes to the odd parity excited state (presumably spin 1) of Te™, which is ac- 
companied by the electric dipole radiation, 0.607 MeV ;-ray, reaching the even 
parity and spin 0 ground state of Te”. On Mayer’s nuclear shell model, however, 
it seems more reasonable to assume a (g72 proton, 51. neutron)-state, thus even 
parity, for the ground state of Sb™, and consequently to assign even parity for 
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Fig. 4. ,;Sb!24. The forbidden Fermi plot in Coz 
Fig. 38. Each of the second forbidden correction is straight from /7)=5.49 mc? down to W= 
factors in the tensor interaction Cyz for Sbi™4, 3.7 mc®, if we take 4yp=13. 


the excited state of Te™, which is the final nucleus of 5.49 mc* Bray. Anyhow, 
‘the portion of a straight line is greater for Cop than for C,,, as is seen in Fig./4, 
which speaks in favor of our interpretation. In fact, Cyr (47= +2, yes) gives 
10” for ft values of Sb’ (See Table I), which seems too great to be classified 
to ‘a’ type groups, where /f values lies in the region 10'~16%—.(See.M. Take- 


tani et al and J. Davidson.) 


§ 4. ,.fm’™” 


The allowed Fermi plot presented by Agnew” shows a slight concave cur- 
vature to W axis at the low energy region. We took 4,,=10.3 and _ plot 
i, N’ —, against I’, and obtained a straight line forbidden plot (See 

Cyl (4, Wy 
Fig. 6). 


In the case of C,,=10.5 yields also a straight line Fermi plot. It is important 
to consider the accurate approximation on the correction factor, since the assump- 
tion aZ<1 does not hold for «Tm. If our interpretation is valid, this is a new 
type of first forbidden spectra following the selection rule 4/= +1, and parity 


change yes. 
It is to be noted that the portion of a straight line is far greater for the 


forbidden plot Cp or Cy, than the allowed Fermi plot, although there was not 
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Fig. 5. Each of the first forbidden correction 
factors in the tensor interaction C,7 for Tm!7, 
IT, II represent the 2nd and 3rd term of (2) 
with exact coulomb factors, (4), III, IV those 
with the assumption @Z<1. 
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Vig. 7, Each of the first forbidden correction 


factors in the vector interaction C,p for Tm17, 


with exact coulomb factors (4), 


Fig. 6. ggTf'm!. The forbidden Fermi plot in 
Cir is straight from 1/7) = 2.94 mc? down to 
W=1.5 mc*, if one take 447=10.3 


Cor 0 SPLe rbntie 120.4 ete Fans 
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Fig. 8. The forbidden Fermi plot in Gy is 
straight from J7%)=5.49 mc? down to 
W=1,3 mc, if we take Ay p= 10.5, 
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-much to choose between Cyp and C,,. According to the current shell model, one 
might expect the 69-th proton to s,. or d. The 101-st neutron occurs in the 
pi state. The resultant state will be odd parity and presumably spin 3 state. 
The ground state of ,,Yb'” may be even, zero spin state and its excited state even 
and spin 2. Thus the required selection rule JJ= +1, parity change yes, can be 
satisfied for the transition Tm™—+Yb™ accompanied by 85)Kev 7 ray emission. 


§ 5. ft-values 


Once the ratios #’s of the nuclear matrix elements are determined, we can 
immediately evaluate the f/f values for each #-decay. Since the functions by 
Nakamura, Shima and Kobayasi” was based on the assumption 4aZ7<1, we have 
multipliéd them by the suitable factor perspected from the Figures of Feenberg 
and Trigg.” The results are shown in Table I. 


2 , 2 yes, 4/=+:2 no, 4/=+2 

Elements z(sec) W(mc*) if furl Bai) von k 
sé 1 x 1018 2.4 6.1 x 1012 9.8 x 1018 V18 
Me? 7x 1012 1.57 1.1 x 1011 8.4 x 1032 ren 
Sbi%4 5 x 1016 5.5 1.0 x 1019 2.4 x 1012 _ As 


Table I. / values of f$-decay in the second forbidden transition 


fim for are the first and the second forbidden functions, respectively ; the coulomb 
corrections are also made. (see ref. 13. Appendix) 

If we take into account the fact that all # emitters of ‘a’ type group 
(4J= +2, yes) have ft=10* (see references 11, 12 and 13), it seems more natural 
to classify Cl, Tc”, and Sb™ into Cy, groups (4J= +2, no), rather than into 
‘a’ type groups. Theoretically, 4, should be proportional to OH RA Rae 
The function for Cyr of. (2) is (+ for electron, — for positron), 

a*Z? aZ 
falaxr| aby? ot {n+ So ce ih — har { he, 
Wes oa 2 Wy 
ad -y)*+ 4% 


We We We is We 2 
Z: bel Badly A Va) 
A= \ 0. 90 Ad )a+ +94 


We WW 901M? _ 
(a ~~ 980 ~ 5040 
R=(We-1)2, L=ln(Wo+ Spee ae R: nuclear radius. 


o= 


ees _ ho Has 
2 


9 yes, 4 #1. 0 
Elements | ¢(sec) | Wo (me*) eee ex x7) | hyp 
Tm'7 | 1.09 x 107 | 2.94 | 6 x 1010 | 10.3 


————$$———— OO 
Table Il. /” values of B-decay in the first forbidden transition 
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Theoretically, ¢,7(|¢x7|) should be proportional to |o x 7|~. a 

It is interesting to note that the empirical ff values of different transitions, 
i.e., the allowed (fa), the first forbidden (By, |¢x|), and the second forbidden 
(Tj. Siz), the third forbidden (Sj) fail into distinct groups, i.e., 107, 10°~10", 
and 10"~10", 10, respectively. These ff values are very larger than those 
initially accepted for each forbidden transition. Since the mean kinetic energy of 
a nucleon in the nucleus is~30 Mev, w/c, the ratio of the velocity of nucleons 
to light velocity, will be~1/50, which may account for a part of the above 


figures. 


§ 6. Discussion of results 


Present analysis seems to show definitely that the tensor or vector interaction 
is indispensable for explanation of the forbidden transitions of Tc”, Sb™, Tm’ 
Further selection between tensor and vector interactions may be indicated in 
developing other forbidden transitions. If the strict allowed shape should really 
appear in the transition 47=0, yes, pseudoscalar interaction {y, would be necessary, 
since it is evident that tensor or vector interaction can not perfectly cancel out 
the contribution of other correction factors than that referred to fa@ in the 
Ist-forbidden formula. 

The most likely explanation of the occurrence of different # values appears to 
be that the relation 

ja=iWir, di Agl = DIR, 


ils 


Aya =i tor, — 4 | tax r+ Ha xr (5) 


hold in the Pauli approximations." Actual values for %, indicated in the Table I, 
II, seem roughly to confirm these relations. The large deviations may be due to 
the difference between the maximum energy JW, and the level spacing of the last 
nucleon which undergoes (-transition, in terms of Mayer’s shell theory. 

A simple calculation shows that 


a) [Zale Rs 


a5 Die 
S bas oct (6) 


holds. If we take into consideration that, A being the mass number, 


Rais x 107? em. 7 
h/me 


and the characteristic time of B-decay T is 3,1 x 10° sec, we have 
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3.1 x 10° In2sec 
old at om = =( A= 2,3 x 10- 448, 
he tfan SEC a i (7a) 
gteo. Lx 10" In@s “ 
S11 B22 x 10" In2sec _ =a A a AB =29 x 10-842. (7b) 
ffir sec 385 


The figure of Table I, obtained from the present analysis seems to confirm these 
relations. 


§ 7. Remarks on the beta spectrum of RaE 


History of the explanation of the beta spectrum of RaE has many complica- 
tions before the current theory of Konopinski and Uhlenbeck in Fermi theory of 
the second forbidden transition are accepted. The spectrum shape of RaE ex- 
hibitted a marked deviation from that of the allowed transition in Fermi theory. 
The deviation could not be attributed to experimental errors, since many refined 
tools has repeatedly confirmed the same result. (The experimental materials up 
to 1950 are summarized in the excellent review articles by C. S. Wu). In 1935, 
Konopinski and Uhlenbeck advanced a modification of the Fermi theory, which 
involves the time derivative of the neutrino wave function antisymmetrically. The 
success of the A—U modification, however, has lost the light before the appearance 
of many beta spectra which have been very well investigated to show the exact 
Ferm type. Great advance has been made in the study of beta rays when 
Konopinski and Uhlenbeck™ developed the calculations of the forbidden transitions 
in the Fermi theory. At that time, the most encouraging results of the forbidden 
theory appear in their explanation of the famous deviation of the spectrum of 
RaE from the allowed form, by means of a certain linear combination of several 
nuclear matrix elements of the Fermi theory, in the second forbidden transition 
with the vector or the tensor interactions. According to their formula, a correc- 
tion factor to the allowed form will be approximately proportional to (W,—W)? 
for an element like RaE. This accounts for the agreements between the data and 
the so-called A-U modification, without violating the success of the Fermi theory 
with respect to bulks of beta emitters. 

Present analysis, indicated in the preceding chapters, will lead to a criticism 
of Konopinski and Uhlenbeck’s view point on the explanation of the spectrum of 
Rak, by the following two reasons. ; 

1) Following Konopinski and Uhlenbeck, the beta decay of RaE is classified 
to the second forbidden transition. Since the decay of RaE to the ground state of 
Po” is, on the current version of the shell model, (g2 oF é1125 /yj2) (even, even) 
and therefore involves a parity change, one would expect that the transition is 
first forbidden. 

2) Conventional /¢ values of RaE is, according to the table of Feingold,” 
1x 10%. On the other hand, recent analysis of the second forbidden beta decay of 
Cl, Tc”, Sb™, and Cs'*2"® by means of a linear combination of the several nuclear 
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matrix elements involved in the tensor or the vector interactions, indicate that 
these beta decays have ~10" for the conventional /¢ values. In the corrected /¢ 
values, shown in the Table I, they do not change very drastically. This speaks 
strongly in favor of the classification of RaE to the first forbidden, not to the 
second forbidden. In fact, with respect to the beta decays”? which have the 
‘a’ type spectrum and obey the selection rule dJ= +2, parity change yes, the /¢ 
values, are found to be 10*~10’, 7 dependence of which is little. 
A reinvestigation of the beta spectium of RaE is therefore undertaken on the 
first forbidden Fermi theory, using the detailed expansions of several gamma 
functions. (see the formula (4)). It is 
Rok « shown that in case of the transitions involv- 
ing parity change, 

1) df= +2 is excluded. As is shown 

* in Fig. 9, the correction factor of ‘a’ type is 
uniquely determined and the predicted shape 
is evidently at variance with the experiment. 

2) <JdJ=O0 is also rejected. Since the 
ground state of Po” is presumably spin 0 
« and even, the nuclear matrix element al- 
lowed in the transition is determined to be 
jo-x. The correction factor corresponding 
tojo-7” is almost energy independent, which 
can not be fitted to the experiment. 

" 3) df=+1 involves a linear combina- 
tion of several matrix elements, i.e., {a and 
fox in the tensor interaction and {a and 

? wT | » (ry in the vector interaction. We have 


Fig. 9. The first forbidden correction factors solved the algebraic equation in the three 
in the tensor interaction, to be applied to 
the beta spectrum of RaE. a, I and II 


points. Unfortunately, any real value for 
: the ratios of the nuclear matrix elements, 
represent the correction factors correspond- ‘ ; 

ing to Bys, (ox, and (fa)*{axr+eo), k's, can not afford the required shape of 


respectively. Rak (see Fig. oye 


The authors are greatly indebted to Dr. M. Taketani for valuable discussions 


on this work. The authors are also due to thank Dr. Matsuyama for his kindfull 
interests. 
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Letters to 


the Editor 


Generalized Furry’s Theorem 
for Closed Loops 


K. Nishijima 
Department of Phypsies, 
Osaka City University 
June 15, 1951 


In treating Feynman diagrams, we see that 
the ‘closed loops’ reveal themselves as the 
Furry’s theorem” 
and various selection rules for the meson 
decay” are well known, but we will try to 
prove them in a different way than usually 
did, since they are of formal interest. 


most interesting objects. 


Fig. 1. 


Fig. 2. 


Now suppose a graph G containing a closed 
loop C. C is a closed directed Fermion 
polygon, at the vertices of which originate 
several Boson lines either 
(Fig. 1) 

By reversing the direction of the closed 
loop C, we obtain another closed loop C. 
(Fig. 2) Inserting C into the graph @ in 
place of C, we have a new graph G. Apart 
- from common factors, the contributions of 
G and G to the S matrix are given respec- 
tively by 


Sp( O,Spr(a, —2) Q> sea QS (@r—2)) : 


free or virtual. 


from C, (1) 
Sp CSir(a, —n) Qn- oa QO Sr (ae— 2) 3 E 
from O, (2) 


and they must be added. The operator Q, 
expressing the type of coupling at each vertex 
point, can be decomposed into the direct 
product of a Dirac matrix O and an isotopic 
matrix 271.6. 
Q=0-T. (3) 

Then the sum of contributions from @ and 
G@ is determined by the following quantity 
M: 


M=aSp(O,S(a,;— 22) Op--» OnSe (ain 4) ) 
+aSp (Sp (a, — An) On---OpS(@.—2) O;), 
where 
a=SpC1,T,.-:T,), .a=Se(1 7 FelQ) 
Now making use of the familiar 
formula 
Sp (Taf s---TaTu) 
=Sp(TuTa--TsTe), 
we have 
M=aSp(O,\Sp(a,—22) Oo--. 
O,,Sp(a,—2,)) +aSp(O\* Sp 
(@,—2,) O.*...O,*Sr(a,—a4n)), (4) 
where O* is obtained from O by decomposing 


it into the product of elementary 7’,s and 
reversing the order. 


For instance, 
O= Tal 5---TaTp —> O* =7 7 a---TsTe- 
The essential relation in our discussion is 
Sr(—2) =rSr(a) rs. (5) 
Inserting (5) into (4), it follows 
M=aSp(O,Sp(2,;—22) O--.OnSv(a%n—21)) 
+ aSp(O* 7 Su (a,— 20) 7500" r5--- 

15 On* 7 5Syp (@in—2) Ts) 
=aSp(OSr(e,— 22) O.--. OS (an—2;)) 
+@Sp (OS (a, — ay) Op... OnSi(an—21)), 

(6) 
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where O=7;0*7,=+0. We call the opera- 


tor O an even (odd) matrix if O=O (O 
=—0O). (see Table). Now let the number 
of odd matrices in the Spur be NV, then 


M= (a+ (—1)%4)S8p(O,Sp(a,— 2) 03... 
OB rigs = EtyT- (7) 
Calling our attention to the factor 
a+(—1)%a, 


we have the following well known selection 
rules : 


Ch, osc —(; 
(2) a=a2-0, N=odd is forbidden, 
(3) a=—a0, 


In quantum electrodynamics, a=a=1 and 


trivially forbidden., 


N=even is forbidden. 


Table of Parity 


S PS Po V of LET } 
Oe 5 TT y Te Try Tetay 
Oe st ts eel iL: Tr. Tuy THT wy 
Or 5 ip sy | tay | ele, 


O=r7, (odd), thus we at once have Furry’s 
theorem that the contributions from graphs 
containing odd order closed loops identically 
vanish. 

What is interesting is the relation between 
the transformation O-O and the charge 
conjugation, which we will investigate in the 
following. According to Schwinger*, the 
charge conjugation matrix C’ has the follow- 
ing property : 

Cr 0=—r,", (8) 


where OF designates the transposed matrix 
of O. 

By this definition of the ‘matrix C, we 
immediately see 


Sp(—2)7=CS8p(2)0, OT =C07. (9) 


Inserting (9) into (2), follows the desired 


relation , 
Sp (Sp (@1—2n) On. OS (@g—2)O;) 
=Sp Sra an) On---OwS (at —% )O, 
=Sp (0,78 (%.—2,)70," ... 
OP WS, —%n)7) 
=Sp(C70,0- Cn Spay =2))0 
ol OG) 
=Sp(OWr(a1—2)Oo-- OS an —24)). 
Thus the relation is clarified. 
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On the Nature of V-Particles, I 


Y. Nambu, K. Nishijima and 
Y. Yamaguchi 


Department of Physics, 
Osaka City University 


June 19, 1951 


Recently Butler et al.” presented further 
evidences concerning the nature of the so- 
called V-particles which had been observed 
by Rochester and Butler?) and by Anderson 
and collaborators». | According to these 
authors: i) The V-particles are found 
among penetrating showers with a rate of 
the order of 1%; ii) Their decay life is 
estimated to be about 107! sec; iii) There 
are two kinds of them, charged and neutral, 
the latter being about 5 to 10 times more 
abundant than the former, presumably due 
to their difference in lives; iv) According 
to Butler et al., moreover, they can be 
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classified in two groups of different masses. 
The heavier particles, with mass about 2200 
to 2300 m,, decay into a nucleon and a (7) 
meson, hence fermions. The lighter ones, with 
mass around 1000 m,, decay into two (7) 
mesons, and hence bosons; v) One case 
is reported which shows a successive decay 
of a charged V through neutral V into three 
charged particles (three mesons or two mesons 
plus one proton), though no suggestion is 
given as. to whether they belong to the 
heavier or the lighter group. 

Then the arguments go on as follows. 
First of all, there is a possibility that the 
decay products of V and t might include 
ye-mesons as well. This, however, seems 
rather improbable in view of the fairly large 
nuclear interaction of the decay mesons re- 
ported by Anderson et al.*), and the relatively 
long life of the parents in contrast to their 
sizable production rate. A three particle 
decay, such as V > P+y+y, is all the more 
unlikely according to Anderson et al.’s argu- 
ments about the coplanar character of the 
parent and daughter particles. It is also to 
be noted that soft showers are not associated 
with the V or t events, which shows that 
decays giving rise to photon or electron 
must be rare compared to the main processes. 
The above mentioned contradiction between 
production and decay may be lifted if we 
postulate, as was just the case in the a-y 
decay, that the observed V (though not 
necessarily including 7) are decay products 
of some unknown particles with sufficiently 
short life and strong nuclear interaction. 
But at the present stage we will try to solve 
this problem using only the observed particles, 
assuming the decay products to be z’s and 
nucleons (of course excluding the case V)). 
This can be done as follows : 

Now we face two alternative interpretations 
of the point v) above. One is to assume 
that the unknown, particles involved in this 
reaction are V's, decaying according to the 
scheme : 


V.>~N+2 
(N—niucleon) ; (1) 


v3 se Vot7:, 


while the other is to assume them to be t's : 


T, > +E, To? 20 (2) 


According to (1), the V's may be regarded 
as excited states of nucleons which make 
transitions to the lower states by emitting 
mesonic radiation. (zt-emission can be for- 
bidden energetically.) Such a situation has 
long since been anticipated in the strong 
coupling theory of nucleon-meson interaction. 
This theory however, does not just seem to 
be very useful for our analysis. For it is 
too crude and incomplete to be relied upon 
quantitatively, especially in view of the ex- 
tremely small width of the actual levels 
(~10-*ev). In the present slage we had 
rather better treat them as different ele- 
mentary particles, obeying Fermi statistics 
and having half-odd spins, possibly higher 
than 1/2, and introduce formal interactions 
which cause the observed transitions. Thus 
we assume the following scheme 

V Ne, V NT 


Interaction V,Van, V,Na 
; a SO. SO ore ERED. He SS 
Coupling const. G, Ga 


VVi NN« VVr NNr 
G3;  g3(known) G, Js (3) 


The conditions to be considered are: a) 
decay life roughly all of order 10-'° sec. ; 
b) competition among various possible decay 
modes (especially for the r decay process); 
and c) production mechanism, to give a 
yield of ~10~? times ihat of ordinary mesons. 

For the calculation of t+2+2(«=7,7,-:.) 
processes, the results of covariant calculation 
by many authors can directly be applied 
with only a few alterations. Unfortunately, 
however, most of the calculation involved 
are not free from the diverging ambiguities 
which have to be disposed of with the aid 
of the Pauli regulator. Accordingly, in the 
present order of magnitude consideration, we 
check them with more rough and intuitive 
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takes account of 
the coupling constants and the volume of 
phase space —in a manner more or less 
similar to Fermi’s.7) On the other hand, the 
various selection rules, such as described by 
Fukuda et al.,°®) are more reliable and can 
be used to narrow down the possibilities. 

In this way we get the following results : 

G,? ~ 10-"'—10-3, .G,? ~ 10-?—10-3, 

ga ~ 10-7—10-9 
CG;" 2 93°, Gs? < g,, not necessary). (4) 


estimation which only 


The transformation property of t(or at least 
To) must be either scalar or vector, since it 
is very likely that the 2 mesons are pseudo- 
scalar.» The range of values in (4) cor- 
respond to different assumptions as to Fermi’s 
reaction volume (or alternatively the general 
trend of the covariant calculation), as well 
as the assignment of spin values for the V’s*. 
Thus discrepancies with experiment of the 
order, say, 100, should be tolerated. 

Next let us examine the assumption (2). 
In this case, tT, must be pseudoscalar, while 
tT, scalar or vector.** This choice, which 
may also be adopted in the first model (1), 
excludes the process t,—>2z in favor of 
T, > Tota and t, +37 (Powell’s case).°°) 
There arise the following nine couplings : 


VNz, V Nt., V Nt, 
VV zr, VVr., VVt, (5) 
NNz, . WNt3,.. WNt. 


Of these, WNx is known, and MNz, and 
NNr, and V Nr, turn out either unnecessary 
or harmful. Among many possible combina- 
tions of the remaining couplings few yield 
consistent results. Thus we take as a rela- 
tively reasonable choice (see Appendix) : 


VNt V Vr 4 VVt 
G2~10,, G2~10-5,  Ge~10-, 
VVa V Nx 


-others=0. (6) 
G7-~10 1) tad | i 


These estimations are of course susceptible 


to fluctuations, by as large a factor as ~10°, 
depending on different assumptions on the 
calculational procedure. 

At present we cannot tell with confidence 
which of the above two alternatives (1) and 
The former is 
relatively free from ambiguities and conflic- 
tions in determining the coupling constants. 
The idea of the existence of a series of 
excited levels of nucleons also attracts us. 
On the other hand, however, the latter can- 
not be excluded and even seems natural in 


(2) is the more preferable. 


view of the other evidences concerning t- 
mesons, e.g. Powell’s t, — 3 decay, which 
can well compete with t, + t)+a on this 
model. It is hoped that the forthcoming 
paper of Butler et al. will settle this question. 

In conclusion, we should like to call atten- 
tion to some effects which could be related 
to the V and t mesons. First, the nuclear 
force would be modified. But the range 
being at most only ~1/m,~2/my, the effect 
would be too small to account for the existing 
N-N scattering data. Second, the conventional 
strong coupling theory, which allows the 
nucleon isobars of both charges to occur not 
as anti-particles, could be tested by the ex- 
periments, in which the stability of nuclei 
should also be taken account of. (According 
to our models, the anti-particles can only 
appear as pairs.)*** Third, the new particles 
would play some part in the anomalous 
magnetic moment of nucleons, though we 
do not know how and to what extent. 
Fourth, the production of these particles, 
though depending on the model, would occur 
mainly a V-r pairs and V-V pairs, and to 
a lesser degree as single (or multiple) t's. 
The corresponding threshold energy would 
be about 1.1 Bev (y+N—>V-+r) and 0.8 
Bev (N+N—>V+V)_ respectively in the 
laboratory system. So far these predictions 
are not definitely at variance with experi- 


ments.® 
A more detailed account of the present 
analysis will be given later. 
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On the second model (Eq. (2)), the 
possible competing processes which need 
consideration are as follows** 
Tyee iy ei) Pot, ihe cendie 
Te Tap ity er Swat Sr ie LPO, 
V —> N+7x. 


From these processes we can first determine 
the relative magnitude of the coupling con- 
stants so as to fit the experimental facts, and 
then normalize them by some process such 
as the production rate. A crude life-time 
formula is, for example, furnished by 


Lt~ (Gs?) (Gy)? L,/ma~ CG's”) ( G,°)? 
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-10*sec™! for Tt >2z7, 


where J, means the availabe volume per unit 
energy of momentum space. An additional 
factor ~10-3(~(m,,/my )*) may be introduc- 
ed if we take account of the coordinate 
space volume corresponding to the third 
order process in which virtual V-pairs are 
created (see Figure). This estimation also 
agrees roughly with the results of covariant 
calculation using regulators. The numerical 
values given in (6) were obtained by the 
latter refined method assuming scalar and 
pseudoscalar coupling for the scalar t,) and 
pseudoscalar t, respectively. 

The _ first (1) may be treated 
analogously. 


model 


*) Spin 3/2 for 7 would make the decay V -» V-+-7 forbidden of first order if it were allowed 


for spin 1/2. 


**) Actually pseudovector ry. is to be discarded since they favor tz + zi+7 (assuming z to be 


pseudoscalar) 
allow the process te — to+74 


For zo, either pure neutral scalar or symmetrical neutral vector must be taken in order to 


**) For example, the process: anti-Vo/-> P_+-24 would be much rarer than Vom P_+74 in 


our case. This is consistent with experiments. 


Vv 
piste 
TL To 
Vv To 
N hapa V iV 
r iV 


bid 

V “Rhy Dee N 
nt T 
ry aks Nv 

T 
v 
r re 
TL 


Feynman diagrams for decay and production on the second model (2). 


Those on the first model are analogous. 
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On the Nature of V-Particles, II 


Y. Nambu, K. Nishijima 
and Y. Yamaguchi 


Osaka City University 
July 31, 1951 


In a preceding letter? we have proposed 
two possible interpretations of the phenomena 
associated with V-particles, mainly on the 
basis of Butler et al.’s recent observations.” 
Of course these interpretations have not been 
claimed to be the only and definite, but merely 
possible and more or less natural ones. Also 
the whole argumentation itself was not com- 
plete and exhaustive enough to get full insight 
into the nature of the V-particles. 
of these points, we will here supplement the 
previous letter with some more general con- 
siderations, while adding to our knowledge 
the experimental results of American groups” 
in so far as they are accessible to us. 

Of the various properties of the V -particles 
which are known to us, the most remarkable 
seems to be their large yield and long life, 
two apparently contradicting properties on the 
basis of simple detailed balance consideration. 
They suggest that production and decay are 
not inverse processes and/or some kind of 
selection rules (in a very general sense) are 
at work in the decay reaction. On the other 
hand, among what are not yet clarified ex- 


In view 


_ perimentally, there are such important things 


as the identification of the decay products of 
the V-particles and their decay modes. Thus 
at least some of the decay mesons could be 
pemesons (e.g. t+), and some of the 
decays could or should involve three or more 
product particles*? (e.g. T+ 7%,>274 Vo 
N+yp+v). Since no other crucial evidences 
are known (such as the mode of V produc- 
tion), we are led to a wide variety of possible 
interpretations if we will take all these points 
into account, and they can be recommended 
or disfavored only after a closer examination. 

Following the aboye considerations, let us 
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first summarize as follows the various con- 
ceivable assumptions which shall serve to 
find out and characterize systematically the 
possible individual models: 1) Assume the 
V-particles as elementary entities obeying 
some basic field equations; or 1) Regard 
them as composite substance with substructure. 
2) Regard V and 7 as separate and indepen- 
dent events; or 2) Regard them as inheren- 
tly related. 3) Assume the product mesons 
to be z’s only ; or 3) They may involve p's 
as well. 4) Assume only two-particle decays ; 
or 4) Allow of three or more particle decays. 
5) In order to account for the large difference 
in production and decay rate: a) Use the 
relation in mass values (e.g. for production, 
r+N—>V+tr, but for decay the inverse is 
forbidden energetically). b) Assume some 
unknown parents which, directly produced in 
nuclear events, decay instantly into the obser- 
ved V’s (analogy of ma and yw mesons).  c) 
Assume an interaction mechanism such that 
V’s are generated in a nucleon-nucleon impact, 
but are hard to decay singly (e.g. N+ NV 
+V). d) Take advantage of large internal 
angular momenta for V, which make the 
decay highly forbidden. e) Take advantage 
of parity and other selection rules related to 
transformation properties (including Furry’s 
theorem). f) Other special devices. These 
various assumptions are not mutually ex- 
clusive, but may be appropriately combined. 
6) Use the conventional perturbation theory 
(weak coupling) ; or 6) Exploit the strong 
interaction (like Fermi) or do not depend 
on the details of coupling at all (e.g. selection 
rules which can be enunciated by observing 
only the initial and final states). 

_ By suitable combinations of these characteri- 
stic assumptions, we shall be able to arrive 
at a large number of models (or interpreta- 
tions) which can explain more or less consis- 
tently the essential features of V events. We 
give below some of the representative models 
that follow in this way from our present 
general consideration, and make comments on 


their merits and defects. 

1) All observed processes are assumed to 
be direct ones. For example, we introduce 
the following couplings : 

a) NNNVt,V Na, tx (12345c6)*. 

b) NV't, VVa, VNn, txx (my, >my 


+m,) ' (12345b6)”, 
c) NNVV, NNtt, VNa, tx or trp 
(12(3)45c6). 


This standpoint is equivalent to determining 
all the relevant terms of the S-matrix in- 
dependently in so far as they do not lead to 
inconsistencies. Though formally possible, 
it is not a very attractive procedure since we 
little understand the nature of the events by 
such a highly phenomenological approach. 
The introduction of a short-lived parent V’s 
as in the above second model, seems to be 
an unnecessary complication unless some de- 
finite evidence on the existence of such a 
particle is presented. 

2) Our two models proposed in I (123(4) 
5ace6).° They were specially designed to 
account for the successive decays of V_or rt. 
But the pairwise production which they pre- 
dict does not seem to be favored by experi- 
ments, if not yet rejected. 

3) <A three particle decay is assumed for 
V: V+N+ y+, while the production oc- 
curs, for example, as V+z pairs (12345a6). 
Since some evidences show that the decay 
does not necessarily follow a two-body scheme, 
such a possibility will not be excluded as res- 
ponsible for at least part of the decays. (But 
a universal Fermi-type coupling (g~107*) 
would lead to a rather long life (>>10-* sec). 

4) Gamow-type model. Turning to the 
structural theories, the most naive one may 
be to regard V as a bound N+7 system (1 
2345cd6). This, however, would require an 
unusually high potential barrier (or the order 
of several Bev) to assure the long life, and 
if this barrier were supplied by the centri- 
fugal force, the angular momentum would 
have to be~8, which seems too high to be 
easily attained by nucleon-nucleon collisions 
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(N+ N->V+V). 
5) We may modify the above model so 


that V is a bound N+ system. The assumed 
interaction is, for example, 


ttNN (for t and V production), raz (for 
t and V decay) (12345ac6), 
or tN, (for t and V production), tzz (for 
t and V decay) (,, ), 


The decay of both V and 7 are controlled 
by the same coupling tzz. The first model 
will predict the pairwise production, whereas 
on the second (r must be a boson), the 
process V-+N+7 is threatened by V>N+7. 

6) Isomeric transition. Alternatively we 
amend the defects of model 4 by assuming 
that in the decay of V the z meson is radiat- 
éd from a small volume of the dimensions 
of nucleon Compton wave length (12345cdf6). 
Using the 
formula, the angular momentum J can be 


well-known multiple radiation 
lowered to ~4, which is not unreasonable to 
be realized by nuclear collisions. But in order 
to suppress the y-emission, the bound meson 
field which is responsible for the excitation 
energy would have to be extremely rigid. 
If we calculate ad hoc the moment of 
inertia of the bound meson field around 
a nucleon and quantize this rigid body we 
obtain the observed excitation of~200 
Mev for L=45 with the coupling constant 
g’~10, and only the transitions to L=1/2 or 
3/2 are energetically allowed for z emission. 
Although this model is interesting, it is hard 
to be founded upon orthodox field theory. 
The conventional strong coupling theory, on 
the other hand, which is similar to above in 
physical ideas, does not seem to give the re- 
quired long life of the excited states. 

Some remarks may be added on the spin 
(or transformation property) of V and t par- 
ticles. We did not take it into account in 
the above classification since it did not seem 
essential in the characterization of the models. 
In general both fermion and boson property 


may be allowed for these particles. But in 
any way the stability of protons and neutrons 
should be guaranteed. Thus, for instance, a 
coupling like VNyz (V=boson elementary 
particle), leading to V—+y+N, cannot be 
admitted. 

In this way we have seen that at the pre- 
sent stage several different model can assert 
themselves just about as good. But, in 
general, we may say that the elementary 
particle theories (Alternative 1) are liable to 
predict pairwise production which remains 
to be confirmed by experiment, while the 
structural theories (Alternative 1) tend to 
suffer from high probabilities of radiative 
decay. It will be premature and useless to 
demand anything more definite from what 
we know at present about the V particles. 

In concluding, we express deep gratitude 
to Prof. S. Hayakawa for informing us of 
the recent activities of American. groups as 
The models mentioned 
here include those which have been proposed 


his Own opinions. 


in America, but no published papers being 
available, we have refrained from explicit 
citation.” Thanks are also due to Messrs. G. 
Takeda, S, Takagi, H. Fukuda, K. Aizu, T. 
Kinoshita, H. Miyazawa and S. Oneda. for 
valuable discussions. 


References 


1) Y. Nambu, K. Nishijima and Y. Yamaguchi, 
Prog. Theor. Phys. 6 (1951), this number. 
Cited in the text as I. The notations used 
here follow those of I. 

2) C. C. Butler et al., Nature 167 (1951), 501. 
See I: 

3) 

a) HH. S. Bridge and M. Annis, Phys. Rev. 
82 (1951), 445. 

b) R. W. Thompson, H. O, Cohn and R. S. 
Flum, Bull, Am. Phys. Soc. 26 (1951), No. 
oy pe Os ; 

c) W. B. Fretter, ibid. No. 5, p. 16. 

d) R. B. Leighton, A. J. Seriff and C. D. 
Anderson, ibid. 

d) R. B. Leighton, A. J. Seriff and C. D, 
Anderson, ibid. 

e) E. J. Althaus, ibid, 


622 Letters to the Editor 


4) E, Fermi, Prog. Theor. Phys. 5 (1950), 570. 

5) This type of model was suggested by Ss. 
Takagi. 

6) The first of these was also proposed by 5S, 
Oneda. 

7) According to Prof, Hayakawa, theories have 
been given by R. P. Feynman, E. Fermi, R. 
E. Marshak, R. F. Christy and others. 

*) This notation signifies the nature of the 
model according to the aboye mentioned cri- 


teria. 


The Effect of He’ Ingredient on 
the Thermal Rayleigh Dise Torque 


S. Koide and T. Usui 


Physics Department, Faculty of General 
Culture, University of Tokyo 


June 20, 1951 


Recently”, we have studied the effect of 
He® ingredient on the propagation velocity 
of sound in liquid helium II on the basis of 
the two fluid model. As a result of our 
analyses, it has been concluded that, in the 
sound fields, the He? component moves in 
company with the centre of gravity. As one 
of the criteria of the above conclusion, it is 
suggested that thermal Rayleigh disc experi- 
ment on the second sound, as proposed by 
Pellam and Morse», may be considered 
valuable. The relevant formulae have been 
given in that paper. As its sequel, here will 
be given the results of some numerical com- 
putations. 

With the same notations as in reference 
1, the torque acting on a Rayleigh disc of 
radius a, set in the second sound field at 


the angle of attack 7/4, is easily shown to 


be given by the following formula (compare 
reference 3) : 


4 Bait ob : 
N= -o(1—£,)* | Sa | 
3 v) é ee TE, OS/0E,,) plts 


KC (yy 


where H denotes the associate heat current 
density. Under the condition of constant 
H, therefore, the ratio of torque acting on 
the same Rayleigh disc at the same tempera- 
ture in the mixture to that in a pure helium 
II is given by 


Ms ape fe eT (0S°/0E%) pr | 
Pe * E,(1—En) L (OS/0En) pres 


Fle 
x (14% (4 <a) ), 


5 
where ‘0’ denotes that the quantity is re- 
ferred to the pure helium. Using the relation 


derived in reference 1: 


S as® 
(& ~) =( 1—£,) (Jen 


x [1— psi ea In =— gets 
A(OS"/0En°) — €, +4E,/3.1—Es) 
and the necessary condition for H. London’s 
condition” 


wes 

0€n 7 pt 
we can calculate numerically the ratio N/ N°, 
the results being listed in Table I. In this 
calculation, the values of &,(p, 7,&,) are 
taken from Table I of reference 1. This 
type of experiment will be highly desirable 
in order to check the above-mentioned picture. 


SS pT )=Sio(p), 


§3(%) _ TCK) N/No() 
0.1 2.00 100 
1.90 99 
1.70 96 
1.50 92 
0.5 2.00 103 
1.90 96 
1.70 86 
1.50 72 
0.8 2.00 106 
1.90 95 
1.70 80 
1.50 64 


Table I, 
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Effects of Tensor Forces on the Elastic 
Scattering of Neutrons by Deuterons 


H. Horie, T. Tamura and S. Yoshida 


Department of Physies, 
University of Tokyo 


June 25, 1951 


Many authors calculated the cross sections 
of n-d scattering at high energies..~® Re- 
cently, Gluckstern and Bethe?) have carried 
out detailed calculation on the same subject, 
and compared the theoretical and experimental 
total cross section, limiting the interactions 
between two nucleons to central forces, and 
estimated the depth and exchange nature of 
n-n interaction potential. However, the im- 
portance of tensor forces to high energy 
nucleon-nucleon collision was pointed out 
by Christian e¢ af. 

We have calculated the elastic n-d scatter- 
ing cross section at 90 MeV, using Born 
approximation, including tensor forces. Such 
calculation was also undertaken by Wu and 
Ashkin”, but they did not performed their 

“calculation to its end. 

As the procedure of our calculation is very 
similar to that of GB, we will show only 
the results. We obtained for the cross sec- 
tion 
da(O)=(32%e) {g[ 28 0-L) 


2 
i 


4544-28) | 


sees >» [on ( Lin = Lem) 
m=-2 


1 742 
+5 Torin + Len —2hom) | 


9 2 
high >a [rom Zima > Fem) 


n= —2 


1 12 
Hy np A m +]in+4Lm) | } 


MeX?4 1-7/3 8 
+ (=_~) (e] eth) + g2h+h) 
1 af’ 2 
+760 L-L)+4Lt+h+8h) | 
Q 2 
+533 rm Lin Lom) 


+ eth 2 
+5 Tmo Lin + Lon — 2am) | } 


here € is the ratio of n-n singlet to n-p 
triplet potential depth. 

d is the ratio of n-n triplet to n-n singlet 
potential depth, (0=1, 0 and —1 for Wigner, 
Serber and Majorana forces, respectively ). 

7 is the ratio of n-p singlet to n-p triplet 
potential depth. 

Ynp and rm are the ratios of n-p and n-n 
triplet tensor to n-p central potential depth, 
respectively. We employed for the np 
potential that used by Christian and Hart,” 
(Serber type Yukawa potential of range 
1.35x10-'%cm). For n-n central potential, 
assuming charge independence, we used the 
same potential as Christian and Noyes,” and 
for n-n tensor potential the following three 
cases were used ; 

(1) Christian and Noyes’ ordinary Yukawa 
type attractive potential, 

(2) the same type repulsive potential, 

(3) no tensor force between n-n. 

I,, I, and J, are the same as GB’s formula 
(60), Lim, Lom and J;,, are the corresponding 
ones resulting from tensor potentials. J,, J;, 
I,m and I;,, could be evaluated explicitly, 
but for the evaluation of J, and J,,, we had 
to integrate numerically. The elastic total 
cross sections obtained, together with the ones 
of GB and experimental data by Powell,” 
are tabulated in Table 1. We also calculated, 
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for comparison with GB, the cross section 
by pure central force, with the same range 
as above and the depth adjusted to low 
energy data. From this, we see, that the 
elastic total cross scction without tensor forces 
is in good agreement with that of GB, in 
spite of the difference of force ranges. When 
tensor forces are included, we obtained results 
which agree nearly well with the experimental 
cross section, except for the case of Wigner 
forces. 

In Fig. 1, we show the angular distributions 
of neutrons in c.m. system for the cases of 


Table 1. Total elastic cross sections in mm. 


n-n central forces ‘ 5 
exchange) character Wigner | Serber | Majorana 
n-n attractive 96 50 49 
n-n repulsive 101 5d 52 
m-m no tensor 91 45 42 
no tensor force 119 50 26 
GB 80 60 30 
experimental yalue 48 
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Fig. 1. Angular distribution of neutrons in c.m. 
system. 


pure central force, -..... central 
plus attractive tensor forces, 


pure central and central plus attractive tensor 
force as a typical one (in both cases n-n 
central potentials are Serber type), and dif- 
ference between them is marked. If the 
experiment on the angular distribution is 
performed, the nature of the tensor force 
between two neutrons may be revealed. 

The authors wish to express our sincere 
thanks to Prof. T. Yamanouchi for his kind 
interest, and to Messrs. Y. Fujimoto and Y. 
Yamaguchi for their helpful discussions. 
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79 (1950), 85. 
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Meson Current around the Nucleon 
Y. Takahashi 


Institute of Theoretical Physics, 
Nagoya University 


June 26, 1951 


In the previous papers, the magnetic mo- 
ments of the nucleon was treated from the 
viewpoint of the meson spectrum.» It has 
been shown by several authors that the con- 
tribution to the magnetic moment of the 
meson current arround the nucleon is the 
same absolute value with opposite sign for 
proton and neutron either in the lowest order 
of the perturbation theory” or in the strong 
coupling» theory for a certain type of meson. 

It is well known that the sum of the 
migencue moments of proton and neutron 
deviates slightly from one nuclear magneton. 
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If the contribution from the meson current 
is the: same magnitude with opposite sign 
for both nucleons, this deviation is considered 
to be due to the nucleon current. It is, there- 
fore, interesting to examine the property . of 
the meson current around the nucleon. 

In the interaction representation, the scalar 
meson current”. of the first order in e is 


jul) =e 9 ,la) —9,(@)}. 
This current becomes, in the mixed repre- 
sentation, 


Fu (x) =S(co) 8S (a)j, (a) S(a) = DIF Ie (x) 


--f dinPL jy (a), H(2,), 


H(2) |, (2) 
with 
H(2)=grd(2)t, O(a2)9,(a). (3) 


The matrix element in which one nucleon 
and no meson are contained in the remote 
past and the infinite future becomes 


Cin (2) 1.0 3} Gn (2) )a.0 (A) 


ju (@))1.0= (—O"eg" . Sd, [dee,<Px 
x [bo (a) Tar b(a),---P (an) Tanl (Xn) Ds 


x a uLju(2) , Pax (x), “Big Pn (Xn) Do 
(5) 
where obviously 


Kjul” (#)>1.0=0 


The meson part, for even n, (Pal ju(2), 
X Py, (2,),---Pam(%n) }>9 Consists of terms of 
the form 


(for odd n). (6) 


G dy 047 Gre @e) 4, .( 


O02 2—21) 
rarBar1 Sb] axinePwbloialyd, Ab, DH 
PLB t,)Pxs(@s) Yo 


Hiss 
ie 


=: ‘Odr(a—2x ) 
G) Ge dolema) 
x (Oyrr0oa2 — 00,4011) Orp, ag: 
Oi, 2347 (a, oy) A pee (7). 


Then, the nucleon part has one open polygon 
and some closed loops. Due to 0,,,--. in 
(7), the nucleon part of the matrix element 
corresponding to (7) has the product of odd 
t,,,0dd t, and even t;... For the Dyson- 
diagram containing the closed loop, the pro- 
duct of the spur (of the product of selected 
z’s from among -he above set of t) and 
remained t’s appears in the matrix element. 
However, after taking spur, the non-vanishing 
product of t is of the following two types: 

i) the product of odd t,, odd rt, and 

odd 7s, 
ii) the product of even t,, even t, and 


even T3.- 
(zero is even!) 


In the cases with one closed loop (above 
two cases) and with some-closed loops (the 
combination of above two), we have, as the 
remained set of t, two types of products of 
i’) odd t,, odd t, and even T;, or 
ii’) even t,, even t and odd T;. 
For both types i’) and ii’),the product be- 
comes +17, or —T 3. Inall cases, (iu (#) 1.0 


is proportional to 
¢[product of Sp] product of Sp(Sr-- Sr) | 


xt. Adding over all n, we find 
Chu le). 9 & pF (Sr, Sp Sr. é Sp) Ar\tsh, 


where F’ is the sum of Sp, Sp[Spr,--.Sr] and 
Ay. The above procedure for scalar meson 
with scalar coupling is valid also for more 
complex types of meson, since the: situation 
of c in the interaction Hamiltonian is same 
in all cases. When the time derivative. is 
contained in the interaction Hamiltonian, we 
may calculate according to the method” 
proposed by Koba. 
Therefore, we can conclude as follows : 

The meson current around the nucleon has the 
same magnitude and opposite sign for neutron 
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and proton, independently of the coupling 
strength and the meson type. 

The author is particularly indebted to Mr. 
H. Umezawa and Mr. S. Kamefuchi for their 
valuable discussions. He also wishes to thank 
Prof. S. Sakata for his constant encouragement. 


1) H. Umezawa, Y. Takahashi and S. Kame- 
fuchi, Zhe study of Elementary Particles 
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Umezawa, Y. Takahashi and S, Kamefuchi, 
Prog. Theor. Phys. 6 (1951) in press. 

2) K.M. Case, Phys. Rev. 76 (1949), 1. 

3) W. Pauli and S. Dancoff, Phys. Rev. 62 
(1942), 85. 

_ 4) In this paper the natural unit is employed, 
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5) Z. Koba, Prog. Theor. Phys. 5 (1950), 696. 


On the Interaction of Cohesive Field 
K. Sawada 


Department of Physics, 
Kyoto University 


June 30, 1951 


To avoid the divergence difficulties of self- 
energies, new field playing the role of cohe- 
sive force has been introduced by Pais? and 
Sakata”. These theories gave approximately 
correct answers for the mass defect of the 
proton compared with neutron. But the mass 
of the cohesive field thus introduced is to 
be assumed about 100 times electron mass in 
order to obtain the correct value for mass 
defect of proton®, and this fact hinders us 
from understanding the mass difference of 
the mirror nuclei correctly as has been pointed 
out by Wightman”, The mass difference 
between mirror nuclei is correctly understood 
by taking only pure Coulomb interactions 
between protons. 


If we take this fact seriously, we must 


assume that the nature of the cohesive field 
is to be such that it does not produce any 
appreciable change of mutual interaction be- 
tween protons (i.e. Coulomb field) but play 
the role in virtual process as the cohesive 
agency. Such a interaction could not be 
considered as long as we confine ourselves to 
the usual interaction between proton and 
cohesive field. So that, the introduction of 
the new type of interaction seems to be 
necessary. 

Now, a type of interaction, which hither- 
to being not taken into consideration, has 
recently proved experimentally its existence”, 
and this interaction seems to satisfy the above 
demand concerning mirror nuclei. That is 
a sort of V-particle interaction. Confining 
our attention only to the interaction between 
proton and electromagnetic field together with 
cohesive field (which we take as scalar field), 
the interaction between proton and electro- 
magnetic field is given by 


iepr*pAu ) 
where ¢, A, are usual wave function of 
proton and electromagnetic field respectively. 
On the other hand, we assume the interaction 


between scalar meson and proton such as V- 
nucleon-z interaction : 


S(O¥+VO)¢ (2) 


where ¥, @is the wave function of heavy 
proton (may be V-particle) and cohesive 
field (scalar meson) respectively. 

It is to be noted that the interaction of 
type (2) cannot be obtained from the comb- 
ination (i.e., higher order correction) of the 
interaction of type (1), it is essentially a new 
type of interaction, 

The circumstances introduced by the system 
of proton, heavy proton, electromagnetic field 
and cohesive field with (1) and (2) are as 
follows: Firstly, interaction of type (2) 
plays the role of cohesive field, at least in 


second order approximation, under the con- 
dition 
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e+ 3m—f?(M+ 7) =0 (3) 
where m, M is the mass of proton and 
heavy-proton (may be V-particle) This 
condition makes the self-energy of proton. 
to converge and giving correct mass defect 
by taking M ~ 2000 metectron and mass of 
cohesive field around 100 metectron. Secondly, 
mutual interaction between proton does not 
deviate from Coulomb law in e*, f? ap- 
proximation, and deviation appears only in 
fourth order which is weak and its inverse 
range coming from cohesive meson is doubled 
and so plays no role in the problem of 
mirror nuclei. Thus the problem of mirror 
nuclei is solved. 

Another point, which shows also advantages 
of these interaction scheme, is the problem 
concerning vacuum-polarization type of self- 
stress introduced by the cohesive field (scalar 
meson). This was proved to diverge by the 
usual interaction scheme, but in the scheme 
considered above there is no sort of v-p 
type of self-stress and so this difficulty is also 
solved at least in e?-f? approximation. In 
fact, simple calculation shows 
answer for the self-stress of proton. 

Considering these circumstances, we may 
conclude that the transmutation interaction of 
type (2) seems to play some essential roles 
in connection with the so called difficulties 
in quantum field theories. 


vanishing 


1) A. Pais, Phys. Rev. 68 (1945), 227. 

2) S. Sakata and O, Hara, Prog. Theor. Phys. 
2 (1947), 30. 

3) There is a sort of ambiguity in this respect, 


see H. Enatsu and P. Y. Pac, Prog. Theor.. 


Phys. 6 (1951), 261. 

4) Wightman, Phys. Rev. 71 (1947), 447. 

5) R. Armenteros et al., Nature 167 (1951), 501. 

6) K. Sawada, Prog. Theor. Phys. 5 (1950), 
236. And also concerning its origin S. T. 
Epstein, Prog. Theor. Phys. 6 (1951), 441. 
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On the Exchange Current 


Y. Ataka 


Department of Physics, 
Kyoto University 


July 4, 1951 


The effects of the meson exchange current 
are represented as a sum of the electric and 
magnetic multipoles. The former can be 
expressed in terms of the nuclear potential, 
and the latter refers to the types of the meson 
theory.” Therefore it seems very important 
to calculate the exchange magnetic moment. 
Here the calculation is done for the pseudo- 
scalar meson theory. 

The meson current is given by 


SI meson = — % (* grad %?—grad?*) (1) 


and the exchange moment is 


1 


(Leach? = ir x CF meson ar . 


(2) 


Using the perturbation theory, we get 


< nein) 

= Ae (exer) OY" (AK) 
Eames 0* grad 6—$ gra 1 p* Pad) 
-(Y*(2K)|H,|0)dKdK’ (27) ~* 

+(in the above Y+ + Y~) (3) 


where H; is the interaction energy Of mesons 
and nucleons and €, is the energy of a free 
meson with momentum #K. The matrix 
elements are as follows” : 


(O|Hi| ¥ (4K)) =f Ole.) 2K) 


Ty —1T, he 


OS PEELE ee ee 
i me Yen 
ae ifhe T,—1T 2 (OME) osxr (4) 
V 26 V2 2 K*+%,? . 
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(Y* (4K) |H40) 
ifhe Ty HiT. MOOK ), sen Kir: 
Ve, V2. OV KR Axe 
PAD) grad o—Pgrad* | 6 457) 
he he 


—— ¢' (K’~K)r ¢(K+K’). (5) 
"5, V eas 


Therefore it must be noted that the pseudo- 
scalar coupling of the pseudoscalar theory is 
represented by 


fo.P~ 1 ee ee (6) 


If we substitute al for f and take the 


limit of J£—> oo, the pseudovector coupling 
is obtained. 

The calculation of (3) is very easy and 
the results are as follows: 


ef? 


¢Hexch> = Ste (rx re) J (a x grad) 


(6 grad) — (6 grad) (6 x grad) |J(r) 
(7) 


e’Krd K (27)~5 
oe \ Gere) (E+ x5)? 

1 Cp 1 Gr a” Phen “oy 
aol Sxr rer Arr  Anr )I. 
Using the above expression, the cross sec- 

tion for the radiative capture of slow neutrons 
by protons is calculated and the coupling 
constant ( f*/Amhe) (u?/4(M?—p°)) = 0,05, 
i.e.( f?/4ah%e) = 8.7 is in good agreement with 
the experimental value. 

For the pseudovector coupling the exchange 
moment is the limiting value of (7) in 
M-»+ co. This is the same result as Ma and 
Yu's. In this case the coupling constant 
(q°/A&e) = 0.27 is in good agreement with 
the experiment of the radiative capture. 

The property (6) of the pseudoscalar 


coupling reduces the difficulties of the meson 
theory—for example, the r~* singularity of 


nuclear forces?. Therefore the quantitative 
treatments have been possible for this case. 


1) S. T. Ma, Proc. Camb. Phil. Soc. 56 (1940), 
351. 

2) Y. Ataka, Prog. Theor. Phys. 6 (1951), 256. 
Ss. T. Ma and'F. C. Yu, Phys. Rev. 62 
(1942), 118. 


On the Accuracy of the Moliere 


Function, If 
J. Nishimura 

Department of Physics, Kobe University 
K. Kamata 


Scientific Research Institute 
July 9, 1951 


In our recent letter to the editor,” it was 
shown that the Moliére’s” angular distribution 
function does not represent the structure of 
cascade showers accurately. In this paper 
we evaluate the integral lateral distribution 
function* JI,2mrdr for a few shower ages 
s from the formula (5) of the reference (3), 
and compare them with Moliére’s results**. 

As shown in Fig. 1, our distribution func- 
tions» become less steep with increasing 
shower age, as it must be. 
crude approximation, his 


In spite of his 
function agrees 


fairly well with ours of s=1 Ko ae 
The discrepancy appearing for — _— 5 penta 


to be surely due to the differends of the 
approximations used by each author, because 


the average number of particles lying in this 
region ee is much underestimated in 
the Arley’s approximation used by him. 
Nevertheless, Roberg-Nordheim” compared 
their calculated mean square . deviation 
<r) 4y*** with Moliére’s one, and found 
that his function is larger than exact one 


r 
for large < If we adopted this argument, 
1 
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ours would not also be free from such ad- 


verse criticism, = at ours is larger than 


Moliére’s results for — origi However, this 


conclusion must be be sasly because of the 
following reason. The (r?>,4y used by 
Roberg-Nordheim for the comparison with 
Moliére’s result corresponds to that of the 
particles having energies larger than 0.05 
€**** while Moliére’s function and ours 
contain the contribution from all particles 
having energies larger than zero. 

At first sight, the difference between 
<r?) ay wao.0se and <r*)4~ z=0 Seems to be 


Tye 


2— 
oe 
i 


10-* 


10-? | 


10-4" fF 


J0-" 


Fig. 1. 


less significant. However, remembering the 
fact that the average number of the particles 
at shower maximum having energies less than 
0.05 € is about 20% of the total number of 
shower particles arid that the lateral deviations 
from shower axis of such low energy particles 
are much larger than that of high energy 
particles, the difference of the mean square 
deviations between two cases mentioned above, 
would become considerably important. In 
fact, the results calculated by the method of 
Roberg-Nordheim show that <r?)4y z= is 
about two times as large as (7?) 4y #=0.05¢ - 


—— = Molicre S=1 


nn Our 9 Sez) 


—— emer OUTS 518) 


Lateral distribution of shower electrons. 


These functions are normalized as \. Mond + )= ls 
0 


It should be noted that the contribution - single scattering are not taken into 
account in our case, while his function contains this contribution. 


* In this paper we limit ourselves to the shower 
initiated by an electron of very high energy. 

** Integral lateral distribution function 7 (4,7) 
2nr dy represents the total number of electrons 


with the energy larger than Z and having 
the lateral distance from the axis between 7 
and ++d?. 

#*k (72) 4y is given by the formula 
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1, (27, v, 0)72 &ar dr 
0 
2a 762/= 5 
ereae 1, ¢) 2nr dr 
0 
*xkk* € represents the critical energy of the trans- 
versing material. 
1) J. Nishimura and K. Kamata, Prog. Theor. 
Phys. 6 (1951), 262. 
2) G. Moliére, Cosmic Radiation edited by W. 


Heisenberg, (Dover Publication, N. Y. 1946) 


Chap. 3. 

3) J. Nishimura and K. Kamata, Prog. Theor. 
Phys. 5 (1950), 899. 

4) J. Roberg and L. W. Nordheim, Phys. Rey. 
75 (1949), 444. 


On a Possible Model of the V-Particle 
K. Aizu* and T. Kinoshita** 


Department of Physics, St. Paul University* 
Department of Physics, Tokyo University** 


July 15, 1951 


Recent discovery by English and American 
observers” of the V-shaped tracks in the 
cloud chamber photographs has given rise to 
much discussions among nuclear physicists 
because of their highly enigmatical characters. 
Especially the obvious inconsistency between 
the rather large frequency of production (a 
few per cents of pion production) and the 
exceedingly long life-time (10-' sec.) of 
this event has made it difficult to understand 
in a sensible manner. Since the circumstance 
has some resemblance with the case of the 
two meson theory where mesons interact with 
matter very weakly though produced with 
large cross section, one may be led to suppose 
that at least two unknown particles participate 
in this phenomenon some of them being 
daughters of the others. Although such an 
approach might be a right one, it is so com- 
plicated and full of arbitrariness that it seems 
to be more reasonable for the moment to 
circumvent this possibility. The simplest 
starting point is then to assume that. only 


one unknown elementary. particle (which we 
call provisionally the “V-particle’”) plays a 
role in this event and try to find a consistent 
explanation assuming a suitable set of inter- 
actions with other known particles*. It seems 
also possible to prefer another view point 
that the observed phenomena are not caused 
by any new particle but by some known 
particles such as nucleons, pions, or possibly 
tT-mesons in a composite, excited, or isobaric 
state*). 

In this note we want to indicate that it is 
possible to explain, at least qualitatively, both 
the large cross section of production and the 
long life-time by the simple assumption that 
the V-particle is an elementary Fermi particle 
obeying the Dirac equation and that it inter- 
acts with the nucleon field through 


H=G/M?-¢Qb-¢QV +c.. (1) 


where M is the mass of nucleons, ¢ and V 
are the quantized field operators of nucleon 
and V-particle respectively, and @Q specifies 
any one of the possible types of direct inter 
action analogous to the case of the Fermi’s 
theory of beta-disintegration. This interaction 
gives directly the production cross section of 
the V-particle by nucleon-nucleon collision 
which is consistent with experiments if one 
assumes that 


G/4n ~ 01-1. (2) 


The threshold kinetic energy of V-particle 
production in the laboratory system is ~400 
Mev. for light nuclear target and ~200 Mev. 
for heavy one. It seems, however, very 
difficult to detect it in the experiments by 
the accelerators, since the production cross 
section is small near threshold and further 
the produced V-particle can hardly leave re- 
gions. of ‘large back ground because of its 
short range of flight. 

Now, it is energetically possible that the 
produced V-particle (of assumed rest mass~ 
2250m,) decays into a nucleon and a pion: 
Such a process can actually occur since a 
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V-particle becomes virtually three nucleons 
by the interaction (1) two of them sub- 
sequently annihilating each other to form a 
single pion. The latter process occurs through 
the ordinary interaction of a (pseudoscalar) 
pion with nucleons. In the computation of 
this process one encounters of course with 
the divergence difficulty of the present field 
theory which can be removed by making use 
of the ordinary regularization conditions” 


DdIe ;M,*=0, SJe;=0, dMeM,? log M; ==\): 
Se; log M;,=0. (3) 


In this manner one can obtain an unambiguous 
result only for the direct tensor interaction 
while all other types suffer from ambiguities 
which violate the validity of the equivalence 
theorem. Being able t6 drop these terms 
by suitable considerations, one obtains un- 
ambiguous results also in the latter cases. 
One can thus infer that the longest limit of 
the estimated life-time is of the order of 10~'° 
sec. for all five types, a value not inconsistent 
with the observed one. By the way, we re- 
mark that we can find several linear com- 
binations of the direct interactions (1) that 
are free from such ambiguities. 

One of the competing decay process is the 
disintegration of the V-particle into a nucleon 
and a gamma-ray quantum which, however, 
is completely forbidden to the first order. 
Other possibilities are the decay into a nucleon 
and an electron-positron pair. These are 
found to occur several thousands times slower 
than the above process. 

In order to explain the difference between 
the life-times of V° and V+, one may for 
instance assume that the latter is heavier than 
the former. 

It is a matter of course that such a 
mechanism may be no more than a specula- 
tion and rejected by more precise measute- 
ments. It is well awared further that our 
result depends essentially on the rather dubious 
procedure of regularization and thus may 


not be justified until a future correct theory 
is established. We shall only stress by dis- 
cussing this model that it is not always in- 
evitable to assume a complicated structure 
of the V-particle to understand their main 
features as far as we are concerned with what 
have been found. 

The authors wish to thank Messrs. H. 
Fukuda and H. Miyazawa for their valuable 
discussions. 
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W: Cowan and C, D. Anderson, Phys. Rev. 
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(1950), 1099. 
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A. Cachon and A. H. Chapman, Nature 167 
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2) 4H. Miyazawa, Prog. Theor. Phys. 6 (1951), 
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3) W. Pauli and F. Villars, Rev. Mod. Phys. 
21 (1949), 434. 

* We do not intend here to treat all kinds of 
V-tracks but only those that seem to decay 
into a nucleon and a meson (assumed to be 
a pion). As to an attempt to include light 
V-particles, see the letter by Y. Nambu, K. 
Nishijima and Y. Yamaguchi, Prog. Theor. 
Phys. 6 (1951), 615, 619. 


A Model for V-Particles* 
H. Miyazawa 


Department of P ysics, Unive sity of Tokyo 
July 15, 1951 


Recent discoveries” indicate the existence 
of two sorts of new unstable particles, one 
with rest mass heavier and the other lighter 
than proton, which are temporary called as 
V-particles. The heavier one decays probably 
into a proton and a meson, artd the lighter 
into two mesons. We shall call the latter, 
for simplicity, as V;-particle, in distinction 
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from the former which shall be called as 
V,-particle. A remarkable character of these 
particles is that they are frequently produced 
in penetrating showers and hence are rather 
strongly coupled to nuclear particles, yet have 
a considerably long life time of about 107” 
sec. A tempting interpretation to assume a 
V as an excited isobaric state of a nucleon, 
as appeared in the strong coupling meson 
theory, must be rejected, because an isobar 
decays too fast to be reconciled with experi- 
ments, by emitting a m-meson ora7y. 7 oF 
y emission can only be excluded if the ex- 
cited state has an integral spin, which scheme 
will be discussed in the following. 

The model proposed here is, that V;’s are 
elementary fermions coupled to nucleons by 
the interaction 


1bxObx dy by ,, (1) 


where O represents some Dirac matrices. As 
pointed out by Critchfield”, for sufficiently 
strong coupling, a V; can be trapped by a 
nucleon to form a bound state. We assume 
that the V; is a composite particle formed 
in this way. The coupling constant y is 
determined. so that the binding energy is 
equal to the mass difference my-+mp ;—myz, 
~500m,. (Of course, to obtain a finite 
binding energy, we must smear the zero 
range interaction over a region of dimen- 
sions about 1/my ;*).) 

The production of V-particles can be des- 
cribed as follows: A high energy nucleon 
in collision with another is deflected by 
nuclear force, and, by virtue of (1), emits 
an anti-V;, into free and a V, into bound 
state, the latter being observed as a V,,. 
Therefore, our model predicts two sorts of 
heavy particles to: be produced in pairs. 
However, since most of the V-particles escape 
without being observed, only one of the 
pair is likely to appear in a cloud chamber 
photograph. At present, there is only one 
photograph in which 3V-tracks are observed”). 


The matrix element of (1) for the transi- 


tion 
N->V,+V: 


can be calculated “by inserting for ¢@y the 
wave function of the nucleon that disappears, 
for gy, the wave function of the anti-V, 
that appears and for gyPy, the bound state 
wave function of the produced V,. The 
result is nearly equivalent to assume an inter- 
action 


F obvi dy Ove 


with F*/4z of the order of 0.7, ie., of the 
same order of the z-nucleon coupling con- 
Nevertheless because of the consider- 
ably large energies required to produce these 
particles, V’s are rather hard to find except 
at extremely high energy collisions. The 
order of magnitude of the production cross 
section can most easily be estimated by 
comparing the statistical weights of various 
final states, as done by Fermi”. It turns out 
that V’s are produced a few percent as 
frequently as z’s for incident energies of 
about 10Bev.; this seems a reasonable agree- 
ment with observation. 

Finally, decay of these particles must be 
explained. Experimentally only a little is 
known about the nature of secondary particles. 
We assume that V,; decays into a z and a 
#, in accordance with the previous assump- 
tion that V; is fermion, through the inter- 
action 


stant. 


LPO by bate. (2) 


f should be adjusted so as to give the 
correct life time of V,, ie. f?/42~10-%, 
It is interesting to note that this value of 
coupling constant is almost the same order 
of magnitude as that of zy coupling. Then 
a V;,, decays according to the following way : 
the bound V; of the V,, dissolves virtually 
intoa manda yz through (2), and, having 
insufficient energy to set both free, the m is 
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subsequently absorbed by the nucleon, re- 
maining the s and the nucleon as decay 
products. That is, our decay scheme is 


Vi > at 2, 
Vi=(N4V,) > Na atu N+z. 


The life time of V, is estimated to be al- 
most the same as that of V,. Difference in 
the life time of neutral and charged V- 
particles, observed by Seriff et al”, may be 
accounted for by suitable asymmetrical choice 
of constants. 

We have tentatively assumed that one of 
the secondaries is a yw-meson. There is yet 
no evidence that it is the case. If it is ex- 
perimentally established that both secondary 
particles have strorig nuclear interaction and 
cannot be w-meson, the above model must 
be altered in that V,’s are bosons, coupled 
to nucleons in pairs like (1), and decays 
into two z's. Then a V, decays into a 
nucleon and a z. 


1) G. D. Rochester and A. Butler, Nature 160 
(1947), 855. 
A. J. Seriff, R. B. Leighton, C. Hsiao, E. W. 
Cowan and C. D. Anderson, Phys. Rev. 78 
(1950), 290. 
V. D. Hopper and S. Biswas, Phys. Rev. 80 
(1951), 1099. 
H. S. Bridge and M. Annis, Phys. Rev. 82 
(1951), 445. 
R. Armenteros, K. H. Barkas, C. C. Butler, 
A. Cachon and A. H. Chapman, Nature 167 
(1951), 501. 

2) ©. L. Critchfield, Phys. Rev. 59 (1951), 48. 

3) Cf. E. Fermi and C. N. Yang, Phys. Rev. 
76 (1949), 1739. 

4) ©. B, A. McCusker and D. D. Millar, Nuovo 
Cimento 8 (1951), 289. 

5) E. Fermi, Prog. Theor. Phys. 5 (1951), 570. 

* For other interpretations of V-particles, see 
Y. Nambu, K. Nishijima and Y. Yamaguchi, 
Prog. Theor. Phys. 6 (1951), and K. Aizu 
and T. Kinoshita, ibid. 


‘ sec. The 


Note on the Theory of V-Particles 
and t-Mesons 


S. Oneda 


Department of Physics, Kanazawa University 


July 16, 1951 


Following the discoveries of the forked 
tracks in cloud chamber by Rochester and 
Butler”, various evidences on t-mesons have 
been reported by many authors”. 
fairly strong interactions between t-mesons 
and nucleons (1/%e.g.°~10~*), and t-mesons 
as Bosons (mass ~ 900m), the decay modes 
of t-mesons into z-mesons via nucleon field 
were discussed thoroughly by Tokyo group 
and by us” independently. The modes 
tt +> qt+n° and t+—+z7*+y7, if they are 
allowed among many selection rules, have 
generally very short life times between the 
range.10-"—10-" secw and .10°-"—10-™ 
sec. respectively. However, when t and a 
are both ps. mesons, the two particles decay 
are all forbidden, and r-»38z occurs with 
suitable life times of the order 10-°—10-° 
latest informations”) about the 
unstable heavy particles show the existence 
of nucleon-like particles (estimated mass 
2100m~2500m) which seem to decay into 
a nucleon and a z-meson. The experimental 
evidences are not sure yet, but if they exist, 
they might play important roles in the future 
theory. Here we propose a theory which 
connects the new unstable particles with t- 
mesons. These theories should overcome 
the contradiction between fairly long life tinies 
and notable abundance of their production. 
We treat this particle (V-particle) as a heavy 
nucleon. The following interactions are 


assumed. 


Assuming 


V-nucleon-t meson interaction 
Gy (¢trOrg, UA), (1) 
nucleon-t meson interaction 


gz (tO, U*), (2) 


634 


nucleon-z meson interaction 
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5 Vv 
gu(dtxOnb, 9) (8) y : v 
where ty and ty are the isotopic N ! t > Y hee 
spins which express the transitions HM) < , / Ns 
between V and nucleons and be- p-— NM p> 


tween nucleons respectively. U and iN 


y represent the wave function of t 
and z meson, and Oy, O;, O, the 
Dirac’s matrices. Here we take the 
symmetrical theory for the charge of t-meson. 
(A) V and t-meson production 

According to (1) and (8), t-mesons and V- 
particles may be produced in the following 


eae iy 


reactions at once. 


Fig. 1 


Fig. I may be most effective. Compared with 
m-meson production, because the final V and 
T-meson are respectively heavier than nucleon 
and za meson, the coupling constant Gy 
may be larger than 10~°g, or rather com- 
parable with g, in order to explain the pro- 
duction rates of V and t-meson being a few 
percent of that of m-meson. 
(B) V+ N+ decay 
Because my <.my+m,, V —- N+r cannot 
occur by (1). This is the main point of 
our theory. Then the lowest. order decay 
processes are the following (lig. 3 and Fig. 
4). 
The other same order processes of the V- 
decay are the y-decay (one of their diagrams 
are shown in Fig. 5). But as U’/4e < 9?,/he, 
7-decay life times will be a little longer than 
that of m-decay. 
(C) r-meson decay 

t#—+>nt+n, t>nrtt+y and rt+>xt 
+z*+n~ are thoroughly discussed in re- 


Fig, 3 


Fig. 4 Fig. 5 


ference (3) and (4). But here the situation 
changes so much. Because (1) is responsible 
for t-meson production, we can take g, in 
(2) so small as to make t-decay life times 
about 10!’ sec. In the rough estimation the 
reciprocal of the decay life times of the pro- 
cesses of (B) and (C) are 1/(&e)*@y’92°9x" 
-mye’/h, 1/(he)*92°gn'+m-e"/h (t* > 1x*2°) 
respectively. As discussed in (A) Gy should 
not be so smaller than g,. Then choosing 
suitable value for g;, we can make both the 
life times of these transitions to be of the 
order 10-"° sec., though divergences makes 
their correct evaluations difficult. 

(D) Calculations of the decay, V+ N+zx 
There remain the possibilities of taking the 
V-particle wave functions different in reflection 
properties from those of nucleons. Among 
many possibilities, we first checked the follow- 
ing cases. 


(a) T.--ps(ps), m...ps(ds), V .. pseudospinor 
Oy=1, O.=7s, O = Fe 

(8) t...8(s), 7-...ps(ps), V-...pseudospinor 
Ov=r;, Or=1, On=T5 


These calculations are very similar to those 
of nucleon moments. The vertex (Fig. 3), 
the self energy (Fig. 4), and the vacuum 
polarization type processes will contain in 
general divergences which we omit by 
regulator. The approximate proper life times 
are given by 


Den tO yagitg.2 M238) es n ; 
(a) Te (he) 9 Fra WoAR AX Vince Nag” 
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. lipan Geta coriolis 
LO sures Ce Bobu@agct ora? oF 
4 
xc x 700 


where xy, x and x, denote the reciprocal 
Compton wave length of V, nucleon and z 
meson respectively. Taking my =2400m, 
my =1800m, m:;=200m, m,=3800m, and 
gx (ke~10-', Gy?/h%e~10-* and t»~10-" 
sec., we have (a) gz°/%#ce~10-° (8) gx*/he~ 
10-®. In case (a), the lowest order r-decay 
is t +> 38z, which has t>~10~" sec. In case 
(8), if we take neutral theory for the coupl- 
ing (3) we get to>~10-" sec. (r*+>2*+7°). 
Thus at least, the case (8) can explain the 
forked tracks of V and r-deday consistently. 
The reason why we introduce pseudospinor 
is that when we take, for example, the case 
(8) scalar t meson may behave as if it were 
pseudoscalar which is important in calculating 
nucleon moments. 

(E) Another possibilities 

It is possible to make only r° meson interact 
with V-particle. That is, we assume the 
interactions G°V.Nr°(G" ~g,2) and g°NNr°. 
G is responsible for the production of V 
and r° meson, and g’ for V-decay and 7° 
—>at+a-, 1° > 2r. (Assuming spin 0 for 
t-meson, T° —> 2°+7, T° >e*+e are forbid- 
den). For the charged t-mesons, we treat 
them as reference (3) and (4). Then, 
adopting suitable models we can explain t*—> 
nt+2*+2*. The interactions (1) and (2) 
may have wider freedoms to use for the 
coming experimental results. On the other 
hand, taking Gy nearly equal to g,, the 
interaction (1) may cause serious influences 
on nucleon phenomena such as nuclear forces 
or the anormalous magnetic moment of 
nucleon. More detailed investigations on 
these points are now in progress. The author 
wishes to express his sincere thanks to Prof. 
S. Ozaki for his encouragement and advices 
throught this work. He is also greately in- 
debted to Messrs. S. Sasaki and S. Hori for 
their stimulating discussions, 


1) ©. D. Rochester, C. C. Butler, Nature 169 
(1947), 855. 

2) R. Brown, U. Camerini, P. H. Fowler, H. 
Muirhead, C. F. Powell and D. M. Ritson, 
Nature 163 (1949), 417: L.Leprince Ringuet, 
Rey. Mod. Phys. 21 (1949), 42: N. Wagner 
and D. Cooper, Phys. Rev. 76 (1949) 449: 
Cc. C. Butler, W. G. V. Rosser and K. H. 
Barker, Proc. Phys. Soc. 63 (1950), 145: 


Seriff, Leighton, Hsiao, Cowan and Anderson, 
Phys. Rey. 78 (1950) 290: W. B. Fretter, 
Phys. Rey. 82 (1951), 15A: Camerini, Fowler, 
Lock Muirhead, Phil. Mag. 41 (1950), 413: 
H. S. Bridge and M. Annis, Phys. Rey. 82 
(1951), 445. : 

3) H. Fukuda, S. Hayakawa and Y. Miyamoto, 
Prog. Theor. Phys. 5 (1950), 283, 353. 

4) SS. Sasaki, S. Oneda and S. Ozaki, Prog. Theor. 
Phys. 5 (1950), 25, 165: S. Ozaki and Prog. 
Theor. Phys. 5 (1950), 373: S. Power, Phys. 
Rev. 76 (1949), 865. 

5) V. D. Hopper and S. Biswas, Phys. Rev. 80 
(1951), 1099. Private communication from 
Prof. H. Yukawa to Dr. Nakamura. 

6) Yang and Tiomno, Phys. Rev. 79 (1950), 495: 
S. Ozaki, S. Oneda and S. Sasaki, Prog. Theor. 
Phys. 5 (1950), 49. 

7) This was pointed by Prof. Ozaki to the 
author. 

* Read at the Symposium on _ elementary 
particles at Tokyo (R-E.K.T.) July 7. 1951, 
where Nambu, Nisijima and Yamaguchi; Aizu 
and Kinoshita; and Miyazawa reported their 
theory on the same title. The author wishes 
to express his thanks to Tokyo group for 
their useful discussions. 


On the Nuclear Forces and the 
Ground State of Deuteron 


M. Taketani Tokyo 
S. Onuma and S. Koide 


Physics Department, University of Tokyo 
July 25, 1951 


Recently, many authors have shown that, 
if one takes account of the relativistic effect 
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properly, the singularity of meson potential 
is not 7 but only v7’. With this non-sin- 
gular potential, Araki and Mori? and Suga- 
wara” have discussed the ground state of deu- 
teron. This simple replacement of r~* 
singularity by r~! is, however, not sufficient 
for the explanation of the difficulties, since 
besides this effect there should be many niore 
questions to be considered at smaller distances 
of the nucleons, for instance, the fourth-order 
potential, the effect of strong coupling and 
the possible existence of heavier mesons. 

In view of these situations we consider the 
nuclear forces as composed of two parts, 
namely the part due to “ z-meson” and the 
part “X”. The latter represents inclusively 
the above mentioned various effects. As no- 
thing is known about the properties of this 
“X” at present, we temporally adopt, for 
the sake of convenience, the square well (or 
wall) potential as the resultant one. The 
range and the depth (or height) of this well 
(wall) are to be determined so as to agree 
with the experimental results. The properties 
of the well (wall) represented by these quan- 
tities are not fixed but may depend on the 
sort of the phenomena and the relevant energy. 
This is the most fundamental difference be- 
tween the Jastrow’s hard-core-model” and 
ours. 

The especially interesting points are : 

1) Whether the pseudoscalar z-meson po- 
tential can interpret the low energy N-P 
interaction without exception. 

2) Whether the main difficulty of sym- 
metrical vector meson theory, that is, the 
negative value of the quadrupolemoment of 
deuteron, can be avoided by the modification 
of the inner potential. (Recently, Rosenfeld 
and Heisenberg” have stressed the importance 
of the vector meson theory.) 

3) Whether the high energy nucleon- 
nucleon scattering cross sections are explainable 
by using the meson potential. 

This letter is the preliminary report of these 
investigations. The results at present are as 


follows : 

a) Symmetrical pseudoscalar 7z-meson po- 
tential (outside), and infinite repulsive square 
wall (inside) : 


VY =—x9° {1/34 La? + 1/2+1/3)8) 9} 


xexp (—2)/#, «© 2% 
x=m,¢/h=1/140x10-"%em, x=*xr 
BV oo. =a. 
wg? (Mev) g2/%c x Qin 10-* cm? Zp(%) 
10.5 0.075 0.122 1-07 4.2 
21.0 0.149 0.22 1.877 6.3 
31.5 0.224 0.387 2.542 7A 
SO 251 0.458 2.766 7.54 


If we adopt the last constant, triplet effec- 
tive range *r=1.33 x 10~-"* cm and triplet scat- 
tering length °a=5.12 x 10-* cm. 

b) Symmetrical vector z-meson potential 
(outside), and infinite repulsive square wall 
(inside) : 


8V =—V {142/37 —78,.(1/3+ 1/24 1/27) } 
Xexp (—2)/2, 
3/7 = 00, Ge eh 


x2 Xp 


Olin 10-27 cm?) xm Ap(%) 
2430.25.) 8 


Vo (Mev) rT 
21.0 0.7 


As is readily seen from these results, pseudo- 
scalar z-meson potential of the second-order 
is correct only outside the half of the range. 
In order to get the correct D-state probabi- 
lity, we have to consider the finite square 
wall, which probably has the independent 
range and height for central and tensor po- 
tential respectively. But in this respect quan- 
titative estimation is not yet carried out. 
The small differences of the value of 37 and 
*a with experimental value» are probably due 
to the approximate evaluations, that is, the 
deuteron wave functions are used instead of 
the zero-energy wave function. 

It is, however, impossible to get the posi- 
tive Q-value for the symmetrical vector po- 
tential, if one considers only the infinite 
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square wall inside. To see whether this si- 
tuation is improved when the finite square 
wall with various exchange properties, are 
introduced, we have calculated the @-value 
using the square well only, ie, “V=—V, 
{1+78,.}. When the range 0.7x 10~* cm 
(half of the z-meson range) is adopted, rough 
estimation shows that the maximum @Q-value 
is only about 0.3x10-*’cm*, which is too 
small compared with the experimental value. 
As it has no significance to consider much 
longer range than used here, one may con- 
clude that the symmetrical vector meson po- 
tential must be excluded. 

Detailed discussions about the high energy 
scattering will be published in a later issue 
of this -journal. 

In conclusion, we would like to express our 
deep gratitude to Prof. S. Nakamura, Mr. M. 
Sasaki and Mr. Y. Fujimoto for their valua- 
ble discussions. 


1) G. Araki and Y. Mori, Prog. Theor. Phys. 
6 (1951), 188. 

2) M. Sugawara, Prog. Theor. Phys. 5 (1950), 
920. 

3) R. Jastrow, Phys. Rev. 81 (1951), 165. 

4) 1. Rosenfeld, Prog. Theor. Phys. 5 (1950), 
519. 
W. Heisenberg, Prog. Theor. Phys. 5 (1950), 
523. 

5) E. E. Salpeter, Phys. Rev. 82 (1951), 60. 


Note on Some Type of Interaction 
K. Sawada 


Department of Physies, Kyoto University 


July 31, 1951 


Relativistic invariant interaction between 
Boson and Fermion is usually taken as follows : 


FO Ts EP AS OT Gh (1) 


where ¢, ¥, and ¢.. refer to Fermions and 
Bosons waye function, and 7..* means Hermite 


conjugate of Dirac matrix 7... 

But, just as in the case of beta-decay theory 
in its Fermi’s original form”, there is another 
relativistic invariant interaction, that is :* 


G77 EP. G ET. UP e.” (2) 
with 


VAs (3) 


where 7 is 7, times the matrix 0 defined by 
Fermi”. 

This choice of interaction gives different 
reaction effects for the same type of Boson 
eo. 

It is easily be seen that if the and ¥ 
fields are charged, then charge density which 
satisfies the conservation law, when ¢..-field 
is not charged, is: 


e(p'o—-V*V). (4) 


This shows that if @-field has negatively 
charged negative energy sea, then y-field has 
positively charged negative energy sea, and 
vice versa. sk. 

Then, we remark that the reaction effect 
arising from the interaction (2), when the 
Boson ¢#.. is normal (not pseudo-type) field, 
is just the same as the effect when one uses 
(1) and the Boson as pseudo-type, and vice 
versa.** 

We have directly proved this situation by 
evaluating self-energy and the photon-meson 
production of nucleon. But the general 
feature shows that the situation holds in any 
other reaction processes also. 

This will be related to the following ex- 
pression derivable from (2) : if one expresses, 
in (2), @ and ¢* bo their transformed waye- 
function by the matrix 72: 


b= (W')* Tt P=” (5) 


where ¢’ is related to the charge conjugated 
wave-function, since 7, generates charge 
Then, we have for (2) 


conjugation. 


GL) 9 EP AG UT Tap Pu (6) 
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Now, 


1oN= Tel i3=— T1283 = 7575 

Wo= — IV 2=—ViVsto=15 V4 (7) 
Then, (6) gives 
GP) * rarer ERAGE TH TS ry.” (8) 


Comparing this expression with (1), one sees 
that extra matrix 7, appears. 

Then, the use of the type (2) interaction 
as a cohesive interaction for the same field 
%.., interacting on ordinary way through (1), 
becomes possible. 
known fact that in the ordinary theory the 
scalar-pseudoscalar and  vector-psudovector 
combination of fields have chance to make 
the diverging self-energy of Fermion to con- 
verge by the appropriate choice of parameters 
(charge f, mass etc.)’. 

The application of interaction (2) to the 
nucleon-meson system will play some role in 
accounting distinct behavior of neutral and 
charged meson on the single type of meson. 

The details and the related problems _ will 
soon appear in this journal. 


Because it is the well 


1) E. Fermi, ZS. f. Phys. 88 (1934), 161. 
2) See in this connection, K. Sawada, Prog. 
Theor. Phys. 6 (1951), 626. 


This type of interaction was discussed by G. 
Wentzel in another connection: ZS. f. Phys. 
104 (1937), 34. 
The situation is the same as in the paper 
by E. Fermi and C. N. Yang, Phys. Rev. 
76 (1949), 1739. 


H* 


Meson Theory of Nuclear Forces* 
M. Taketani, Tokyo 
S. Machida and S. Onuma 
Department of Physies, University of Tokyo 


July 31, 1951 


Although it is generally accepted that, in 
the region where r > about half the Compton 


wave length of the meson, the fundamental 
defects of meson field theory reveals itself 
not so serious, and the relativistic and higher 
order effects are not large except the pseudo- 
scalar meson theory with pseudoscalar coupl- 
ing, we have found that the fourth order 
nuclear forces in the pseudoscalar meson 
theory with pseudovector coupling is unex- 
pectedly large and, if we adopt the magnitude 
of the constant of pu coupling reasonably, 
their effects alter the nature of the second 
order nuclear forces completely. This result 
is due to the fact that many terms, appear- 
ing in the fourth order nuclear forces, cancel 
each other in general, but are all additive 
in the pv coupling case accidentally. (We 
have shown actually that the fourth order 
nuclear forces in the vector meson theory in 
vector coupling is small.) 

We have obtained the fourth order static 
nuclear potentials in the symmetrical pseudo- 
scalar theory by the method developed by 


Nambu’. The results are (2=c=1) 
(PRR 83 
(A) J 
V ps (g+) 8x ween), (1) 


Ven (BE) elce2) Ten 


+ (GMG) Ug (xr) + 8,.Ur(xr)], (2) 


where 


U(x) = 5 (— 4, 424,44, +24), 
Us (x) = Fr 3 (2A, 2Ay+ As), 

4 
U.(@)=— (2A,—5A,+44,), 


AnH On) 4g _ Ky"(2n) 


2x ge , 


Ko (2a) Ky’ (22) 

ee ae 
M and x are the masses of a nucleon and a 
meson respectively, and Ky, and K, are the 
modified Bessel functions.* Cross terms be- 
tween ps and pv couplings do not suryive in 
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the static approximation. Since V™,,, is 
much smaller than V™,,,, if f?/4a is not 
much greater than g?/4z, we will drop V™,,, 
hereafter, and assume g*/4z to be 0.05~0.1. 
Then one can obtain the net result of second 
and fourth order nuclear potential. The 
results are summarized in Table I. 


Table I. Qualitative aspects of nuclear potentials 
derived from the symmetrical pseudoscalar meson 
theory including fourth order effects. 


state central force tensor force 


triplet even | strong, repulsive | attractive 


singlet even | strong, attractive — 
triplet odd 


singlet odd | repulsive 
LL 


Since the triplet even potential is qualita- 
tively similar to that of the theories of Bethe” 
and Ferretti), so the deuteron problem might 
be solved well by our potential using a 
reasonable cut-of procedure. Actually, if we 
adopt the coupling constant g*/4z ~ 0.07 ~ 
0.08, low energy phenomena are all explain- 
able. 

Low and high energy proton-proton scat- 
tering data would be reproduced fairly well 
by our potential assuming a short range hard 
sphere, since our singlet even and triplet odd 
potentials are rather similar numerically to 
that assumed by Jastrow® 

The fact that the odd state interactions 
are much weaker than the even state inter- 
action, which is required to explain the 
neutron-proton scattering data,” is reproduced 
in our potentials. Especially it can easily 
be shown that the S-P intereference term 
for np scattering is very small by virture 
of cancelling between the effects of central 
forces of triplet and singlet P states. But, 
to account for the n-p scattering data at 
various energies, more detailed calculations 
are necessary, since the triplet even potential 
is rather complex. 

Full accounts will soon appear in this 


journal. 


weak, attractive | weak, repulsive 


* About the method we have adopted to attack 
the problems of nuclear forces, we refer to 
the paper in this issue of this journal written 
by one of us (M.T.). 

** The same result has been obtained by Nishi- 
jima using the method of canonical trans- 
formation in the Zv coupling case. (To be 
published in this journal.) 

1) Y. Nambu, Prog. Theor. Phys. 5 (1950), 614. 

2) H. A. Bethe, Phys. Rev. 57 (1940), 260, 390. 

3) B. Ferretti, Ric. Sci. 12 (1941), 993. 

4) R. Jastrow, Phys. Rev. 81 (1951), 165. 

5) R. Christian and E. W. Hart, Phys. Rev. 
77 (1950), 441. 


B-Matrix Formalism as x > 0* 


D. C. Peaslee** 


Washington University, 
St. Louis, Missouri, USA. 


August 7, 1951 


The following question is examined: to 
what extent can the properties of the photon 
field be regarded as those of a vector meson 
field, which passes continuously to the limit 
zx-r0? The method used is to postulate for 
the meson field the @-matrix equation” (ten- 
rowed for spin 1, five-rowed for spin 0) 


(BO, +x) ¢=0, 
BrBuBv+BvBuBr.=BrOuvt+ Bova (1) 


and to consider this equation in the limit of 
zero rest mass. It appears that for x40 both 
the Klein-Gordon equation (()?—x?)A,=0 
and the subsidiary conditon @,4,=0 
are inherent in (1) ; whereas for x=0 these 
two equations are not independent, but one 
is true only if the other is postulated. Since 
it is, in fact, generally assumed that (7.4, =0 
in this case, the photon field can be re- 
garded as the continuous limit of the vector 
field. In particular this implies that the self- 
energy of a photon is Ox~x—>0. The same 
treatment is applied to the @-formalism for 
a particle of spin zero, and it is found that 
no subsidiary condition exists ; therefore t he 
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limit x0 is approached continuously without 
further postulates. 

The following characteristics of the 8, are 
of importance: i) B, and (f,0,) have no 
inverses; ii) (ByO,)**L)* identically, but 
(Bu0u)?=L1?(ByO».) ; ili) the matrix M=>" 
8,” has the commutation property that Mp, 
=f,(5—M) for all B,; therefore M(5—M1) 
commutes with all @ and is a constant times 
the identity matrix. This constant is 6 for 
the 10-rowed, 4 for the 5-rowed representa- 
tion, so that the corresponding eigenvalues of 
M are (2,3) and (1,4). This is easily veri- 
fied by direct construction with the represen- 
tations of reference (1); the eigenvalues (2, 
3) and (1,4) have respective multiplicities 
(6, 4) and (4,1). 


Case of spin 1 


Now consider specifically the spin 1 repre- 
sentation. Applying the operators (3—M) 
and (M-2) from the left to the equation 
of motion, one has 


B.OpA+F=0, 8,0,F+x°A=0 (2) 


where (M—2)g¢=Vx A, (8—M)g=1/Vx 
F. Here A and F are independent 10- 
element column matrices with 4 and 6 non- 
zero components. In the representation of 
reference (1) they are 


ro 
Oo 


4 0 


where A, and F,, correspond to the usual 
definitions in the electromagnetic case. The 
individual components may be extracted by 
the operations 

A, =(1—8,”) A; Puy =6y'By?F=8,°B uF. (4) 


Note that the F,, obtained by (4) is defined 


with the sign convention as given by ( 3) ; 
the only way obtaining Fy, in this formalism 
is by Fyp=—P wv: 

The Klein-Gordon equations of motion are 
obtained from (2) as follows: 


(ByO,)* A= a (8 fur =" A, 
(B,0,)°A=C(B,0,)A=*"(By,O,A), (5) 
(PF =22F. 


Likewise (B,0,)°F'=x°A leads to 
[yA =x" A" (6) 


To exhibit the subsidiary condition expli- 
citly, write out the first of equations (5) 


x°A=(By0,)°A= [TAs 
{(Bu?—1)0u' + 218 Bv0u0, tA. (7) 


The Ath row of this matrix equation becomes 


x°A,=()?A,—{0,(0,A,) }- (8) 
Hence by (6) 
0{0,cA,) =9, O,A,=C, (9) 


where C may as well be zero. Thus the sub- 
sidiary condition is inherent in the equations 
of motion (1) and not independent. 

Suppose now that x0; in this case one 
cannot start with (1) but must proceed from 
the derived equations of motion (2) which 
become 


B,0,A+ F=0, B,0,F=0. (2’) 
As before 
(By0y)°A= a (ByO,) F=0, 
(B,0,.)°A=()°8,0,A=0, (5') 
CF =0, 


Now, however, the derivation of the corres- 
ponding equation []?A=0...... (6’) fails com- 
pletely, and hence only (]?F=0 is implied 
by the equations of motion. Again writing 
out equation (5’) for the Ath component, one 
has 


0=1?A,—{0,(0,A,)}. (8’) 


Therefore when x-+0 the equations of motion 
do not in themselves imply (6’) and (9) 
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separately, but only the combined equation (8’). 
Of course (6’) and (9) are compatible with 
the equations of motion ; and if we require 
either one, the other automatically follows. 
This is in fact usually the case, since one 
supposes []*A=0. 

The electromagnetic field can then be re- 
garded as the continuous limit of a vector 
field as x—>0 in the following sense: If the 
equation of motion ((]’—x*)A=0 is taken 
to pass continuously to the limit as x—0, 
the subsidiary condition 0,A,=0 is automa- 
tically imposed in all cases by the original 
equations of motion. Since the self-energy 
of a vector meson is 0x~x, the photon self- 
energy is implicitly zero. This conclusion is 
altered only if one makes the theoretically 


permissible but otherwise pathologic choice of 


a functional discontinuity at x =O in the right- 
hand side of ((]?—x*?)A=0. 


Case of spin 0 


Finally, this procedure may be repeated for 
the spin 0 representation to see what happens 
as x-+0. One obtains 


BuOpS+D=0, 8,0,D+x°S=0, (10) 
where 
0 
1 VE : 
ee mereiye 20 
Bee kas) ris) 20 |) 
U 


me 

= —O» 

D=vx (23 )o=9 neo (11) 
S+D=¢. 


For x40, the same procedure as (5) and (6) 
leads from (10) to 


ces=28, CeD=D. (12) 


To find the subsidiary condition, write out 
the intermediate form 


ce S= (B50 .)S=( S84 {(2,"= 10. 
+318 810,0,}S. (13) 


With the five-rowed 8, it turns out that the 
bracketed expression in (13) is identically zero; 
therefore no subsidiary condition exists. 

When x->0, the only relations obtainable 
directly from (10) are )2?D=0 and the ana- 
logue of (13) with x*=0. Now the iden- 
tical vanishing of the subsidiary condition 
means that also (]*S=0. Thus the original 
equations of motion imply that the Klein- 
Gordon equations for both S and D pass con- 
tinuously to the limit as x0. 

The author wishes to thank Dr. F. Coester 
for a very stimulating discussion. 


* Assisted by the joint program of the ONR 
and the AEC. 
*k Now at Columbia University, New York. 
1) N. Kemmer, Proc. Roy. Soc. 175 (1989), 91. 
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On the Self-Energies of Nucleons 
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The second order self-energies of nucleons are evaluated by making use of the recent covariant 
formalism. If the symmetrical pseudoscalar type with pseudovector coupling is assumed for the 
m meson, it will be shown that, in order to cancel divergences of self-energies of nucleons due to 
z mesons, it is necessary to introduce heavy mesons which obey the symmetrical scalar field with 
vector coupling. Their coupling constants are larger than those of 2 mesons, and their masses 


are 1474 m,. 


§ 1. Introduction 


As is well known, the most fundamental difficulties appeared in the theory 
of the wave fields are the divergences of self-energies of the elementary particles 
and the problem of vacuum polarization. In order to overcome these problems 
many attempts have been made by several authors. f . 

With respect to the first case Pais” and Sakata” have independently proposed 
the theory of the cohesive meson as a possible method which makes the self- 
energy of an electron finite. This theory was then extended to the cases of 
nucleons, though the attempt proved to be by no means successful because the 
right mass difference of proton and neutren could not be obtained for the non- 
vanishing mass of the cohesive meson. 

As to the second case, it is confronted with two types of difficulties. They 
are the appearance of non-gauge invariant terms and the infinite self-charge. In 
spite of various trials, at the present stage, the method of mixed fields is of no 
use for the solution of divergences mentioned above. This may be due to our 
insufficient knowledge on the properties of the elementary particles as well as to 
difficulties of the present field theory which prevent us from deriving reasonable 
conclusions out of physical principles. 

Generally speaking, there are two points of view about the subduction of 
the present difficulties. In relation to this point, Dirac stressed,” ‘‘ The inter- 
locking of the difficulties impress certain people very much and they think that 
the way out of these difficulties will be ultimately attained by some one making 
a master stroke which will simultaneously remove all of the difficulties.” Then 
he stated another view that one might try to separate the difficulties as far as 
possible, thus one could dispose of the difficulties one at a time and one would 


then have an easier problem to face. 
In our opinions, the self-energies of the elementary particles (mass-types) are 
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easier to attack than the problem of vacuum polarization, because the former have 
the correspondence in their relations to classical theory, but on the other hand 
the latter is only a quantum mechanical effect. 

Therefore, in the present and next papers we will pick up at first the problems 
of the self-energies of nucleons due to z mesons and photon, and investigate how 
far we are able to overcome these difficulties by means of the prevailing covariant 
formalism and the method of mixed fields which is based essentially on the 
realistic view point. As to this point Sakata and Umezawa® have expressed their 
view that part of difficulties appeared is due to the overlooking of intimate rela- 
tions between the elementary particles, and one must investigate the behavior. of 
each elementary particle by taking account of the effects of all the other 
elementary particles which interact with it at the same time. 

Furthermore, according to the recent experiments” about cosmic rays, it seems 
very likely that there are a few kinds of mesons, including z mesons, which 
interact with nucleons. On the basis of these considerations we adopt the realistic 
point of view in the following. 

To such problems which include the vacuum polarization we shall come back 
elsewhere. 

As regards the principle of the mixed theory (M. T. for short) itself, which 
was useful in the history of development of the theory of elementary particles, 


® We shall summarize 


we have given some remarks in the previous papers. 
briefly our proposal. 

In his work on the classification of possible meson wave fields, Kemmer” has 
treated four different fields of mesons, namely, scalar, vector, pseudovector and 
pseudoscalar ones. It is well known that the various M. T. which have been 
made up to now were based upon the Kemmer’s classification. However, if the 
interactions with source particles were omitted, the differences between dual cases 
would be merely a matter of notation. In this connection, it may be noticed that 
we can write the Maxwell’s equations, which are expressed in the vector form, 
in two alternative ways. That is, the Maxwell’s equations 


dtl CET oe =0, divnri20, 
(c=1) (1) 
eth ee ou=0, div er==0: 


are converted into the next forms. Following Dirac,® one possibility of writing 
them in tensor form is 


OF uy _¢ 
Ons 

yy 
OF uy 4 OF, tt OF xy 0, a 
Ox, Oty On, 
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Alternatively, however, in his dual notation Eqs. (1) can be transcribed as 


OCF) wy ae abe ace bY ae OF") in =—(() 
ax* ax* ax” 
Tea rhb 
ae, 
where (/"'),,—/,,, etc. and f denotes the dual quantity. When the electromagnetic 
field is coupled with the source charge, it is seen as usual that source density 
may be added to the right sides of above equations. In Eqs. (2) it is the charge- 
current density 7,, and in Eqs. (3) it is probably of the form €,,,.7°, where €yyrp 
is the antisymmetric tensor of fourth rank in the Minkowski space. 
In this way we see clearly that two equations (2) and (3) describe the same 
substance (electromagnetic field). 
As has been shown by Schoenberg,” this procedure can be extended to the 
meson theory by making use of the tensor €,,,,. Actually, we can define the 


dual tensors™ as follows: 


(3) 


(gh) = esst8 4, 
(dt )*** = erhreg., (4) 
GN =H, 


It should be, however, noticed that the dual quantities of source functions could 
not be defined uniquely by €y,,, owing to their bilinear forms of nucleonic wave 
functions. In other words, the source vector i¢7*# cannot be connected with the 
source pseudovector ifj*7*f by ¢€. In spite of these ambiguities, we may 
suppose that the scalar meson is the same one with the pseudoscalar field, and 
the vector field is identified with the pseudovector one. In the following we shall 
call this treatment the mixed interaction theory (briefly M. I. Te) 


In such a situation it is interesting to point out the resemblance between 


M. I. T. and other theories. At first, it is to be noted that the M.1. T. for spin 
1 meson field may correspond to the magnetic pole theory introduced by Dirac"? 
On physical ground, however, this analogy is not so complete because of the 
ambiguities stated above. That is to say, in the meson theory such an attempt 
as M. I. T. is merely a speculation for which there is no physical basis, on the 
other hand, Dirac’s assumption for the magnetic pole is related to the well 
established standpoint of the Maxwell theory. 

Next, let us now consider the case of spin 0. Contrary to the spin 1 field, 
the concept of M.I.T. for spin 0 is assumed ad hoc. Indeed, we have no counter- 
In connection with the mixing prescription of 
fer to the results by Yang and Tiomno.™ 
he scalar meson there is a 
In addition, Moseley and 


part for it in the classical theory. 
M. I. T., it is, however, interesting to re 
- Considering pseudospinors, they found that for t 
possibility of having a pseudoscalar type interaction. 
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Rosen™ have shown that, when one regards a 7 meson as the composite particle 
of nucleons, in the case of spin 0, one may attain to nuclear potentials which are 
interpreted as a mixture of the scalar and pseudoscalar types in the relativistic 
region. 

The discussions will be performed in several steps: In the next section we 
shall review briefly Pais’ work concerning the self-energies of nucleons which were 
calculated by making use of the old method. Then we shall explain in §3 the 
method of evaluation and state the criterion for the applicability of it. In §4 the 
derivation of the second order self-energies of nucleons are carried out. The 
examination of the results obtained and the discussion of mass spectrum will be 


done in the last section. 


§ 2. Reviw of previous work by Pais” 


In attacking the problem of self-energies of nucleons our first move, following 
the next reasoning, is to find the relations between four independent coupling 
constants which appear in the spin O meson field of M. I. T.. 

In the previous note? we have obtained the nuclear potential for it, and, 
actually, in order to reduce the numbers of constants, we set up the postulate, 


Ifa 1 = |Z! =I" | | (5) 
where they are the coupling constants of scalar, pseudoscalar and pseudovector 
interactions respectively (vector one dropped by Dyson’s Theorem). Excepting 


that they have the dimension of an electric charge, there is no other reason for 
assuming the relation (5). To carry the analysis further requires us to find a 


Table I 
wis = wk 4 
Is —g'x? wal Land 
90 397% 
Ss9s == — 
9g: direct 72974? fag 
Ips oar ef? 
Ips ern — feed) 
1 
S ps 9s of — 2 fon + 9-*) 
Ips? direct 19742 — Sng 
Con ¢” BMCrogf ® a 
Ww area 7 arreal A parts 
MA J, p 8x24 ar finite term, 
M 
Fae 


& 
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new idea. We shall turn to the suggestion made by Pais.” It is a characteristic 
feature of the Pais’ theory of compensation as well as of that of Sakata, that, 
supposing the elementary particles to be the source of sets of fields in such a 
way that their infinite contributions to the self-energies cancel one another, one 
may find relations between the constants of the fields responsible for the self- 
energies. This procedure is convenient to apply to our problems. 

According to Pais,” by employing the non-relativistic method of evaluation, 
the coefficients of divergences of self-energies of nucleons due to spin 0 mesons 
on hole theory are given in Table I after his notation. It may be remarked that 
for the M. I. T. there arise cross terms besides them shown above, for example, 
Sos Safoos IIps'** etc.. However, they contain 7;, so that, finally they vanish 
by taking their traces. Then, if the mass of scalar meson is equal to that 
of pseudoscalar one, the difference between M.1. T. and M. T. can not be seen 
in the present approximation. Now, we shall return to our own objectives of 
M.1.T.. In order to compensate the divergences one another, one must solve a 
cross word puzzle of Table I. It will be easily seen that the convergence 


conditions are 


Ln | = 971 | 
|| = | dub 6) 
gad 222 
and fal = Fel te 


In a word, though the spin O field has apparently four constants of interaction, 
only one of them is the independent variable. Thus, instead of assuming the 
relation (5) ad hoc, one may take the conditions (6) on the physical ground. It 
is, further, interesting to point out that the first condition of (6) may illuminate 
another question. Namely, by Dyson’s theorem concerning the equivalence | 
between the pseudoscalar and pseudovector couplings, one meets frequently a factor 


Oi ; 
hax race (7) 


One may ask why the factor does not occur in the first term of (7). By 


use of the first relation of (6), one finds that the expression (7) leads to 


M 2M 
—Jps sa Oy > (8) 


which is just the answer to the above question. 

In this way, if we adopt the spin 0 field of M. I. T. (or MoT.) for thet 
mesons, we know that the nucleon self-energy due to it is finite in virture of (6) 
without introducing another meson. Considering these circumstances, in the 
“following sections we shall inquire whether this is true or not for the covariant 


- computation. 
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§ 3. Method of calculation 


We shall now proceed to the evaluations of self-energies of nucleons to the 
lowest order by the Feynman-Dyson’s formalism. Of course we can perform 
them in the usual way, but in the meson theories Dyson’s formula for the S- 
matrix suffers from the complication owing to so-called normal dependent parts 
of interactions, therefore, we shall make use of the method suggested by Koba”® 
to attain the results without being bothered by the presence of those terms. 

Following his method, the S-matrix is given by 


Stee Vays e —(£.) [eer de PHL (4) Le) (9) 
n=0 nm! \ hc / J-« 
where P*(-+-++: ) is the modified P-symbol and Z(#,) is an interaction Lagrangian 


density. In the following the whole theory can be formulated -in a neutral way 
for, brevity of calculation. In a 
symmetrical theory the first appro- Table II 


ximation to the self-energy is twice cate 
5 Type of fields | Coupling constants | Wave functions 


thatsot the ‘neutral one. Ihe next 
table II gives the notations for SG) fi 
coupling constants and wave func- said: fr é 
tions. Here, the classification by Ps( ps) F, 
Kemmer is employed, for it is trivial Ps( pv) fy 
to transform to cases of M. I. T. and Vv) 4 
Mots. V(e) 92 
The systems of the nucleon field Ae 
mee : Pu( pv) Gy 
and the meson fields in interaction Pol pt) Go : 


are described by the Lagrangian] ————@——@-———___________ 
densities, 


L, = fibiph +i(E\iy,9.28 (10) 


Bay 
L pg =U" Ts bp + (2 Brora SF ) (11) 
x Onn 
L, = i991 An +2 or ro aeie ey , (12) 
x OL, On, 
L=iG P77 Ay + (2 )\Fraurp (24 _— oe, (13) 
x OX Ot, 
where $, ¢, g and A, satisfy the following equations and commutation relations, 
ce fa) ) mC 
N BE 3 I =), = 
Hing ay 


ae M)\p=0, (15) 
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(C)—#")¢=0, (16) 
(—#) A, =0, (17) 
{$e(2), Bale) |= Supe 2"), (18) 
[G(x), $(2") ]=thed (x—x’), (19) 
[A,(+), A,(#’)]=2hcd,,4(4— 2x’), ete. (20) 


Before entering into the evaluation of the second order S-matrix, we shall briefly 
summarize the method of P*-symbol. It is defined as follows: 


PHS), $(2)) = te 2) 6 (4) 6) 


l—e* (x, x 
$1 8) 4 a)§ (ey), Ql) 
where the €*-symbol denotes 
1 fori, time-likely, 
e*(4,, %)=4 O for xz, and z, are space-like, (22) 
— 1, for 4,22, time-likely. 


The vacuum expectation value of P*(6(x,), $(42)) is given by the modified 4, 
function, 


Ps Poe (41—*%2) = 4 (4,— 42) +7¢* (4, 4) A(4,—%2), (23) 
as 
(PX (6 (4). $(40)) Jo = Seda" (22): (24) 
* 06 (41) 3 he 04,*(4,— 2) 
(aE Ego) Niet SP (25) 
¥(00(41,) O6(4)\\ _ 4e O° y*(41— 4%) ¢ 
oF Oty, On ) = 5 Ot yOty vee 
and 
(PRG (2,), (4) v= 5 Se* (42) (27) 


That is to say, neglecting the normal dependent part from the beginning, one 
may carry through the straightforward differentiation of the 4,* function in the 
P* symbol. The Fourier representations of them and S,* function are 


SH*(#)=(tu5,-— a (2), (28) 


—2i fet*u™u (dk) (29) 


Sioa tle Qn) P+ Me’ 
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PY ame (iykp— DM) eee 30 
So te ee (30) 
. ” —27 ( cthutn 31 
4¥(2) =a ip (31) 
B(x) =P(p ern, (a) =P (per, (32) 


Then, substituting the above representations for the second order S-matrices which 


correspond to the Fig. 1, and uniting the 


ia 
oe a ee 
eer il Se 
: oe Sx 
é ys baa 4 
—— > 
p-k 
Fig. 1 


denominators of them into a single term by means of the obvious formula 


1 ie au 
“s ’ 33 
ab 0 [au+ d(1—x) F (33) 


we obtain the following expressions, 


SO= (4) (playa rp) P PHP), (34) 
ee") | Gara Giieeacor @ 
NV i" 
S(s) —4¢ [ar —p) +01] 
S(2) (2) GOL e-1) + MIG) 
S(s, 2) 0 
Ps( 2s) Me Lire p) —0] 
Ps( pv) 2) Gb fire-~) —aT\e) 
Paps po) (82) GL —2) — +r —) — NGA) 
V(v) —49/ [iy (2—p) -2M] 
“0 -( 2) siGayire—H G8) 


+4i[7(p—2) ](72) (72) 
+12M(yk) (rR) 
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V(2 2) —(2%) Gir &—p) (ra) + 61G*)[FE—2))] 
—12M(rk) 

Po( pv) —4G;? iy (k—p~) +2 

Pot p2) = 2) 8i(re) Er bP) 
+ 4i[7 (2-2) |72) 74) 
+ 12M(ye) (72) 

Pu ( $2, pt) 0 é (36) 


(yk) and 7(4— FP) mean the products 7,4, and 7,(& — Py) respectively, and 
P,( ps, pv) denotes the contribution which arises from the cross-term proportional 
to fis 

Now, it is to be noted that we here meet with an ambiguity for the evalua- 
tion of divergent integrals. No actual convention to avoid such a situation has 
been found at the present stage. According to Peaslee,™ it seems appropriate to 
separate the problems into two aspects, though they are closely related to the 
divergence difficulty. At first, we shall consider the case of variable changes of 
the momentum integrals. Namely, the denominator of the integral 


| Abus Pa) (ae) (37) 


is made symmetrical in # by a transformation 4,>4,+ “p,, and it becomes” 


rf 


\G+D)9 Cus Pu) 4b)» (38) 
where 
aah 3° 
BS iy ee se 2 pale gen aN, 2 as " 39 
eee Rn 8) tt Onan, See 


Peaslee asserted that the terms of type D (translation effect) may be neglected. 
It is, however, necessary for our case to take account of such an effect. For 
it is our main aim to cancel divergences by mixing various fields. Actually, as 
will be shown in the later section, the first integral of (38) is always divergent, 
then the operator D will induce finite or infinite values according to the degree 
of its divergence. Therefore, for the sake of completeness whole divergent terms 
which come from the translation effect must be added to the original ones in 
applying the method of compensation. On another observation, however, we 
note that the inclusion of D may be preferable to our theory, for it will be 
shown in the next paper that the right mass difference of proton and_ neutron 
may be obtained only when such an effect is taken up. 
Secondly, let us consider another obscure point. In the recent work concerning 
the ambiguities of the present field theory, Fukuda and Kinoshita’ pointed out 
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that in order to remove them one need two sets of conditions, 


(1) yet (2+ B)O"(2+ B) +20" (E+ B) } (db) =0 (40) 
and 
1) | 2 {art +B) } (db) =0, (41) 
Oky, 
or after Peaslee’s notation (for a special case) 
(1) \eGn (Ge = n\n (dk) — B\G. (db) (42) 
and | 
(II) [Gu (dh) =F by 222 (ak), (43) 
2 Okey 
where 
G,= 0" pe B —!s (=1)"a! f (44. 
( 5S ) (e+ BYE ( ) 


They are mutually independent and contradictory to each other. From our point 
of view that divergences must be eliminated by compensation, it seems, however 
to be superfluous to impose the condition (11) on some integrals. Apparently, 
the expression (II) means that one must always drop such surface integrals as 
those which are introduced by considering the operator D, so that nothing is 
gained by taking that effect. .This is explained in detail for the cases of PS( fs) 
and S(s) (logarithmic divergences) in Appendix. 

As a result of these investigations we shall summarize our prescription in the 
following way : 

(1) The operator D must be taken into account when making transforma- 

tion of type k,>ky+upy,. 

(2) Then the condition (1) may be consistently used throughout the 

calculation. 

(3) The condition (II) be always neglected. 

The above method was adopted by Karplus and Kroll. 


§4. Second order self-energies of nucleons 


1 7 
ili 4 du| . = u Cd) : (45) 
0 [by upyy? + Mr + (p,2+ M*)u(l—u) +2(1—u) 
After the transformation of variable, 
Send Mat Pe (46) 


the translation effects have to be taken into account in the integrand of (45). 
Considering the degree of divergence with respect to the £-integration, it turns 
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out to be necessary to pick up the following terms from the series of ascending 
power of z for each of interactions, 


D=—up,2., S(s), Ps(ps), V(v) and Po( gv), 
7 
as Ue e 
DS 1p ae —— 
‘4 SOE, 2! ce OkyOky an 
Ps( ps, pv) and V(v, 2), 
fe) bs 0° a 0° 
D=—up,—-+— wo eae 
Pegg. a1” PP ag op 31" tO ag On Ob, 
S(v), Ps(pv), V(A) and Pu( pi). 
Then, (45) becomes 
i 1 
T= { dtu (dh) 14+ D) AP lapotgrary (48) 


where 
A=F4+ M2 +#(1—u) + (7+) u(l—z) 
=p, (49) 
In the evaluation of the right-hand side of (48), we shall make use of the next 
substitutions from the symmetric property of the £-integration, 


ke, (50) 
ae ees L+49 DL) 
Rakesh —0, | (52) 
Meda Be 5 (2) * (Basi + durBon-+ Sustex) (53) 
hebok kab, > 0, (54) 
hahyleybiske ley > 


im (H2)*(BarDra8en-t 9ap8reBan-+ Oar 


+ DuxDpa9eqt Fer 9se5qt Oar Dine 
+ usDsq0ent S26 %sOry t+ SasOon re (55) 
+ Dec, Dont SacDpsOrn + eePenOrx8 

+ dendazDee + Faqs ret San) eors) + 


After performing the cumbersome differentiations with respect to #,, one 
obtains the following results in which all terms are rearranged into two groups. 
That is, one of them has a factor (i7+M) and the other has not, but the 
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former vanishes in the final results on account of the assumption that a free 


nucleon satisfies the Dirac equation. 


Ph 
r={ du\ (db). (56) 
0 
cas Gop at | at BM (7 


ay eal . . A - E are 
Os =()| Gre +4) { Sie +u—l1)k — 3" 
ue 5 (Buta 1) MP + Be? — 38) M| 
1 . y 4 4 3 2 y 9 ‘ 
] [(ivp+ I) {aki + (6u' +20° + 0°) MP? —2 (2 —u*) M*} 


—uM kh — (6u'!—2u* — nu?) M*? + 2 (uw —u*) M*| 


1 : 
+ (ZG +.) { — GA PH +3 at) ALE 


+3 (22°—u*) M*h' —3 («0 — 2u*) M*R*], (58) 
Qsis.vy=9, (59) 
wi 1 we], «Me 
Qrsps) (rp i m)|- A |+ zz ’ (60) 
Loe ul 
Oud} =(“ Ge +M) a “9 eee u—1)—30°M*} 
Cute 
ste a u—1) Mk + (32° +324 4-0) M1?) 
te D7: VA 4 4 3.142) 172 
(= L(+ M) (uk! + (God +208 +02) M22 — 18) M44 
—3 (210! + 20? + uw?) MP? —u Mk + 2° | 
1 : 
+(a) (i7p+M)\ 68M 430 — ue) MR}, 
+3 (208 +02) ME 308 MERI, (61) 


1 \p70 

Ops ‘ps.pv) — (Je 
+(— [Crp + IZ) \ uM +208 V3) 422 Mee ee 
AB u {+ a! M*k? —2u' MM) 


lave 
+(GG@e+ a) |—3aare} stares Arie), (62) 


On the Self-Energies of Nucleons 


say FN ema ate aT ae 
2 rw (p+) Bt S| aS ; (63) 


1 4 
Qra= (= )isee' 
Maes: ‘ 
+ (-)LGre +M) {5 —3uk'—6 (20 —2*) M1" 
+3u ME + 6PM + 122° M*| 
iE : 
+ (Zl (zp M)§ —3 (B28 + 02) MM $9 (531) MP} 
+3(32°—2u°) Mk — 452° M*k*| 


1ey, tt ; 
4 (|) are+ MY § 1208 M2 —12 (308 218) ME 


128 MA 43608 MFI, (64) 
Oren = (II — 2h" | 

= (a) (ip + M){ —2uM E48) — 42 MR AM) 

+ (aI (inp + M) GAME} + OEM — 6AM), (65) 
Omen Crp 1) at te |B EEE, (66) 
Oru =(4)ME 

+ (2) Gre ar) {t+ 62h) I} 
3 MA-+ Gre ME — 12 (0b — 0) M) 
2 a (ip +M){ —3 Bat) M9 (Sub — Bil) MA} 
—3 (308 +412) MPR + 952° —60t') MP Ke") 
as (3): (izp+ M){— 1208 72h + 12(328— 2a) Mk" } 
(67) 


4.120 M3%5— 12 (31> —42') MPR"), 
(68) 


Orupr.pt)=9 
t elements of these integrals are separated by using 


The divergent and convergen 
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the following formulas: Before performing the integrals on &, the #" terms in 
the numerators are replaced by the equivalent substitutions, 


B= (74+ A’) — A’, 
A > (B+ A) 2-22? (#4 A) 4 A, (69) 


which are derived by the condition (1). As an example of them, we shall show 
that 


14 L 
j (dk) { (dt) __9 Ae (dk) 4 ‘| pald) y (70) 
(2+ 1°)? J+ A) 1 (+a) (44 A’)? 
The condition (1) can be obtained from the formal identity 
(db) (B+ AOL L)=0, a= 1 or 2, (71) 
by the differentiation with respect to A’. For a=1, it leads to 
\@) (B+ A) 0 (B+ 2) +0(B +A) 1 =0, (72) 
\(@%) (A+ A) ONE A) 4.20" (2+ 2) } =0. (73) 


For a=2, by differentiating (71) two times 
| (ae) | (4A) 8" (B+ AP) } 
=| (a) { 2° (4-+A2) 8" (4+ A) — 4 (B+ A) 8 (2+ A) 


—20(4+2°)}. (74) 
But from application of (73) on the right-hand side of (74), it becomes 


\(@) | — 420! (2? + A’) —26(2 + A’) }. (75) 
Finally, considering the identity (72), one obtain 
J@O{@—anare +a} 
= | (db) (P0084 AP) 4204 A), (76) 
More conveniently, we have at last | 
iL 9 9 9 9 
5 ea” (242°) (db) =a + A) (de) +24 a’ (22-422) (ab) 


A! 


+ So" (4° +4") (dk). (77) 
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This is the result (70) which we have intended to prove. 
justified in a similar way. 
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The other ones are 


Futhermore, in the following treatment, the denominators are reduced by the 


relation 


1 1 


ee t,t ul 2 
[e+ > is [e+ MAcy Pu ( ) 


(78) 


dt 
x D 
\ [2+ IPAR+ (A2+M)u(l—uyey 


where 


Ag=2+2(1—x), 


(79) 


and the terms which contain the factor (/,°+ 7") are omitted. 
Thus, we have the expressions which are non-vanishing contributions to the 


self-energies. 


es so = 3 yf \‘s Se + dat = My, |v (2? — 4) ee PY |e 


_ M{ (db) a ® (@ 
Ls) = At A, 3 (= + “) Ae 


ae # yt) [-347— 92° + 3324 — 3528 + 1220" |du 
6 0 


rel | 100 = + (22432) u'— (6 +132") 2 


2 
4 15Rt— 62 | Ya, 
0 


Ls.) ==(), 
5 
LT psps) = FNS ce, +- us mM. [v(t ee 2 EY Nau 


3 ak) Pods re ye 
hoon S ah 4 (24 83 


A,? 
+ = mM {[- uAe—3u° + Tut — 2a — 2a |d 
+l Ee Ib + (242) — (243k) a 


4a fs) 
2,,2 2 Wh x 
+2? +62 u|( 3 ul 


(80) 


(83) 


(84) 


dk) (db), i {T 2g 2) te, ai 
ee pAb aos ; 3u ( ) Ul (85) 


Ay 
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Qu 
Lye) = Sis etic aes mM & (a? +2u) (7 ees 2) [ew 
0 


9 ( (ae) M*, 972 foe 
Fry =o A, 2 (1 + 92’) Ag 


+2 || Bul 112440? + § —30'+ (24-327) 7—62 2? —6XKu} 
2 0 


dk) (dk) 2 2 (eS Ne ‘ 
Toe, »= 2 + 2x a\{ A mM = i —6u? +42 x rE du 
d, Z M (a) ees Al u— (v?—6u)( am Zz 
Pv (pv) D) Ae 2 fs : A? : 


37 (eee 2 i (dk) 
VA + 1— 3°) |~— 
ue 5 | ) As 


La py = 
ae a yp {|- 3uA,°>— 112° + 1427 
DP} ol. 


+ {324 — (24 32%) 184 62? —6 2 A )le u, 
Tecan pt) =0, 


where 4,=/?+ M”?, and I=— and in deriving them 


| (dk) __ ix 
(+L)? 2 [2 


j (dk) i 
(f+ 17)1 iG 


y 


and 


j (dk) __ in 
(P4L%)5 1278’ 


have been used. In addition to them we shall make use of the formulas, 


| D290 KK I log the), 


and 


(dz) 52 K+K, y/o Ap 
ba Qin (log —ie—1), K=VR+IW, 


which will be called hereafter as the quadratic and lo 
nevertheless they contain logarithmic and constant terms. 


(86) 


(87) 


(88) 


(89) 


(95) 


(96) 


garithmic parts respectively, 
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Now we shall give here the final forms for the mesonic masses of nucleons 


((#<M). 
an Li foe) 

+ f-8 + =| 4 (#622) log a 
ery] 


8 3 
#+ 16’) = 


KK jog K+ Ka) _ 
Vib an Me 
ie a Ra a PE 

12 6 15 


3 


at) 


OMts( = m{ Je rere ie Me(*4 
{25% - Se + 


+4552°— 6544} log a 


25282 4 2022" —5 307 
884/°—116 12? + 473} + - tan ( 


1 P 
At pa + 
i i202! 


OMms¢s,v)=9 
"Dy | it (log * Mo_1) 
4a M 


1 
ITE 


tan ies f) i (100) 


(97) 


K+ K 
ai encnd 528)(1 0 1) 
oe or 8 yf 


A ho -1) 


OM pecps) = m( Arhc 
= vs — (#222) log A + —42) 
OF hee See ee = +952 — — 
+o | 1022-4. 632° 1052 + 44i*— 4924} log A 
+a £102 832 4 2112 — 16807 + 72 962" ar tant eee 
(101) 
oanman nL (nl 3 ME) 
+ “a BoB fee stg 


1 


+A fart 91! log 24 (22°— 82°) 
ac Na 
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: ae \f 3 pints: Baie 
a oo mf rey JL Qn (log M 


. 1 ( V4—# a (103) 
snes {2 ae Jit log A+ (2-28 — 84) tat ee, 


Lar 
cn ial i j 9 K+K, 
g = mf qe \( =| -2(A2 esiggit bis) Pre (log ee 
om VAD) ame tbe Anke 7 71 M? M 7 
+! (1224198242) 
QAr 
aaj Abs (30511672) log 4 
Dr 
1 T44j5__ 3973 1 --tan= ele | (104) 
, / 7 ae es EEN 6 
: — ml 992 (IN 3 (Ko _ jog Kt Ko) 3 p2(jopK to] 
BAECS UG ae Gale: ees ee ) 7m ( ee 3 ) 


: se I of “oak lee 
= 7 dt 14 QR —Adlog A+ (282) a tan ( : ‘a (105) 


4B 
dm = oF) — foe 8-1) 


4nhc/L 22 


L [p23 5 A+ (#110284 242) — ks tans 48 <9 
+ — FH —82)log A+ (B= 102 4242) an™( : 


—A 
(106) 
; (St =) (EES, ghth)_la_3p (Io a5 1) 
ee Nard R | a yy emnas cad isin 
—_1 (194907 +16) 
247 
Lhe 4 
4) (= 6 ios A 
27 
1 ia O7e 1&3 1 ate = V4 =) LOZ 
rt en eds nee eta, (107) 
OM pupy.pt) a= Oe ( 108) 


§5. The convergence relations and mass spectra 


In the preceding two sections we have carried out in detail the self-energies 
of nucleons to the second order. It is the purpose of this section to try to 
obtain finite ones, or to find out the convergence relations and mass spectra. 

As we know that it was suggested by Heisenberg, the concept of nucleon 
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means that the proton and neutron are different states of the same particle with 
respect to the electric charge, so that the problems of nucleon self-energies must 
be divided into two parts: 

1) Is it possible to make the electromagnetic self-energy of a proton finite 
and to explain at the same time the mass difference of proton and neutron ? 

2) Can the divergences of the self-energies of nucleons due to mesons are 

compensated by assuming any other meson ? 
As to the first question, it will be shown in the next article that at least a 
neutral scalar meson with scalar coupling satisfies the requirement mentioned above 
as Pais” and Sakata? anticipated. Therefore it will not be examined in detail 
here. 

We now turn to the second question. Before entering into various discussions, 
we shall reconsider our previous inquiry which was stated in the end of § 2. 
Namely, is it true for the results of covariant evaluation of self-energies that they 
are made finite by themselves for the spin O field of M. I. T. (or M. T.; 
x,=%,,) ? We can easily see that this may not hold in the present treatment. 
Hence, we must look for an alternative possibility. 

The recent trend of experimental evidences about 7 mesons seems to one to 
show that there exist three kinds of them, i.e. positive, negative and neutral 
mesons, and they are all pseudoscalar types. Consequently, from the point of 
view of meson theory, these imply the necessity of assuming the symmetrical 
pseudoscalar theory. As regards couplings between nucleons and z mesons, we 
are not yet sure. However, the pseudovector one is the most probable case, in 
that it is by itself not at variance with the experimental information,’ at least 
qualitatively. Thus we shall take up provisionally the symmetrical pseudoscalar 
type with pseudovector coupling for 7 mesons. Moreover, there are a few condi- 
tions, not yet taken into account, which are useful for the selection of fields to 
be mixed. According to Pais,” one must take the following ones ; 

i) The theory of nuclear forces shall be charge independent. 

ii) The theory shall give the right relative position of the *S and 7S level 

of the deuteron. 
Nevertheless, it should be noticed that, whatever the restrictions may be, the type 
to be mixed is uniquely determined for our case. That is to say, on the assump- 
tion that the counter meson interacts with nucleons through single coupling, one 
aati find that for z meson it is fulfiled by introducing the symmetrical scalar 
meson with vector coupling. The convergence relations for the quadratic and 
logarithmic parts (in our definitions, cf. § 4) are respectively 


fre =3F ie (109) 


and 
(2010? + 752°) —3 (Am? +5") =0, (110) 


where yt is the mass of cohesive meson (C’ meson, for brevity). 
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ra) 


It is more or less interesting. to point out that the relations obtained above 
have the same form as those which were given by Pauli and Villars.” Applying 
the method of regularization to the divergence problems, they have used the two 
conditions, 


WEi= 0 (111) 


and 


TEM; = 0 (112) 


in order to cancel the singularities. Generally the mass spectrum can be derived 
from the compensation of logarithmic singularities. 
* 
Taking the masses of nucleons and z mesons to be m=1837m, and x=276m, 
ken set 0 
(xtasge =x"), one’ gets 


p= 1474m,. (113) 


In this way we are led to the view that the introduction of heavy mesons is 
necessary for no self-energy divergence. In connection with them we shall 
summarize briefly some remarks as follows : 

(1) On account of the Dyson’s theorem, the C’ mesons give no effect on 
the nuclear forces, anomalous magnetic moments of nucleons and 7—C”’ productions 
to the second power in the nucleon-meson coupling constants. 

(II) The force range of the C’ meson is much smaller than that of the z 
meson, so that almost all results attained up to the present time in the theory 
of nuclear forces due to = mesons would not be affected by mixing C’ mesons 
with them. 

(111) The higher order processes may be predominant for the phenomena 
in which, because of largeness of their coupling constants, C’ mesons play 
important roles. 

(IV) The production of C’ mesons may be probably due to the ntcleon- 
nucleon collisions. 

Finally, it is to be noted that there have been some examples for the existence 
of mesons other than z and ys mesons, that is, t mesons and [-particles.” It 
turned out by the recent experiments that the estimated mass values of the one of 
the latter are 800 m,~1400 m,, but the scarcity of observations prevents one from 
drawing decisive conclusions about them. Therefore, we shall be here content 
only with indicating the theoretical requirement of introducing heavy mesons. 

Anyway, the considerations of this paper show that it would seem possible 
to attain finite self-energy of nucleon in the lowest order approximation by the 
method of mixed fields. 

The author wishes to express his sincere thanks to Assistant Professor T. 
Inoue for his valuable discussions. 


The present work has been’supported by the Scientific Research I¢xpenditure 
of the Education Ministry. . 
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Appendix 
For the cases of S(s) and Ps( fs), we shall now consider the integral (45), 
i.e. 
1 
| du\ (ab) N AA 
0 [ (Ay upp) + Wr? +? (1x) + (pet?) uu) F Spm 


After the transformation £,>4,+%f,, one gets the following results, 
7 oe 
r=| du| (dk) OQ, (A.2) 
0 


i) if the surface term D is omitted, 


aqis u=1 (2—u) M 
Oan= (p+) )t aa (A. 3) 
ce l—u\ , uM 
Qrsips) = (7h + A1)( A )+ A g (A. 4) 
or ii) if the surface term D is included, 
. tee uke\ 2M uMk 
y= M)(— - a 
Qsn= (irp+M)(—- +B) te (A.5) 
1 uk\ ,uMk 
Orvy = (isp + M)( 2m “+ i (A.6). 
From the condition (II) ((44)) for ~=2, we obtain the formula, 
\ k’ (dk) =| (dé) 2. (A.7) 
(4+ A’)? (2 4+2°)* 
Applying it to the right-hand sides of (A. 9) and (A.6), we write them as 
: 1 al 2M uM 
ALS p+M)(——a +e) tee Ae 
; 1 ut uM 
A.6 M -— 3 Awd 
(A:6)+ G+ )(=B--B) (A.9) 


Thus one finds that these results are the same expressions as (A.3) and 
(A. 4). 

Considering that the conditions (40) and (41) which were found by Fukuda 
and Kinoshita by omitting the surface effect D are very strong, one may find 
weaker conditions by including such an effect from the beginning. However, we 
have not confirmed it in a general way. Recently, Koba et al. have shown that, 
by considering the translation effects, one can get consistent results for the pro- 


blems of gauge invariance and equivalence. 
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§1. Introduction 


Pais” and Sakata” have independently introduced the cohesive meson field in 
order to remove the divergence difficulties of electromagnetic self-energies of 
electron and proton. As was well known, it seemed that the theory of C meson 
would give a reasonable explanation for the mass difference between the proton 
and the neutron. So far one had expected that the mass of C meson could be de- 
termined by means of it. But these attempts were not successful, because the 
best value which could be obtained, amounted only to 75% of the observed mass 
difference, even if the mass of C meson would be zero.” ” 

Concerning the self-energies of nucleons due to 7 mesons, one of the present 
authors has shown in the previous paper” that, being assumed the symmetrical 
pseudoscalar type with the pseudo-vector coupling for 7 mesons, one could remove 
the divergences by introducing heavy mesons. In connection with above problems, 
we have considered the mass difference of nucleons and the C meson for the 
electromagnetic case. 

The present paper® aims to show that, when the methods of calculations of 
preceding authors?” are modified along the line of the previous notes”, the right 
value of mass difference and the finite masses of C mesons which may explain 
the observed one can be given. Furthermore, we shall try to investigate whether 
the existence of scalar C meson is compatible with the recent various experiments” = 
on neutral meson or not. Here the emphasis will be on the consistent application 
of the method of evaluation in which the translation effects are involved at all 
times, and another important problem with respect to the mirror nuclei’ will not 


be considered in detail. 

In relation to the mass difference of nucleons, we shall derive in §2 the 
finite masses of C mesons for which the scalar type with scalar coupling and the 
pseudovector type with pseudovector coupling are supposed. Then the comparison 
between the results of the scalar C meson theory derived above and the recent 
experiments of 7~—capture will be made and the neutral meson production by 7— 
rays is considered in §3. In the final section the discussion will be given. 
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§2. The mass difference of nucleons” 


As to the mass difference of proton and neutron, it was found that the 
theoretical prediction has the right sign and order of magnitude, but Kawabe and 
Umezawa” have shown that one can not obtain an adequate mass of C meson’ to 
explain the observed mass difference, —2.47 m,, although the calculation was 
carried out in a relativistically invariant way. That is, the best value of 
the mass difference, even if one would make the mass of C meson tend to 
zero, amounted only to —2.13 m,. Hence, the theory of C meson seems to be 
quantitatively unsatisfactory, though it is the unique theory to explain qualitatively 
the mass difference of nucleons at the present stage. 

It seems to be difficult for us to. remove such a stumbling block, so far as 
one keeps the. method of calculation of the Dyson’s formalism”, because, as is 
well known, Kawabe-Umezawa’s ‘‘zw”’—-method gives the same results which are 
equivalent to ones by the former. 

According to Kinoshita®, by making use of the modified method of compu- 
tation, i. e. Karplus and Kroll’s'? one which takes account of the so-called surface 
terms (or translation effects), one would observe that some considerable contribu- 
tions would arise in the cases of the mass-type divergent integrals, but this would 
not be the fact for the Lamb-shift type. Actually; one can add small contributions 
to the finite terms in the cases of C mesonic and electromagnetic self-energies of 
nucleons in which the logarithmic divergences would appear. It was our starting 
point to reconsider the problem, and we have carried out the evaluation of the 
mass difference of nucleons by considering such an effect: 

In other words, it is the same method as that adopted in the previous paper. 
In that way, we obtain the electromagnetic and cohesive mesonic masses of a 
proton, with the results :? © 


Om=0m,+ 0m,+ Om, (2:1) 


For a scalar C meson, 


a a ae Aa ee 2 K+K 
Om =| - )I os he fi ) o- + £85 9.9 
: On ( Antes’, ola abe dna hs dhdeulis haaen 9d Lonel 


DY : I e 1 j bie ) 2 
OW1>—= — 4 ey a 1 are (ee ne o 
ee ml An ( Anke )+ Sx \ 4rhc het Adie) load 


84+ 88-162 Wrens 
es ao 5 ) -tan*(_“Beod )} f, (2-3) 


i] e 1 - 
Om,= —m| ( ) a ) : 
Sa \ Amc ) 16m \ 4ntc/ |’ a z 


and for a pseudovector C meson* 


* We should like to thank Professor A. Pais for kindly pointing out this case. 


On the Mass Difference of Nucteons and the Cohesive Mesons 667 


3 Z K+K, 5) : 
om,=m =—( 2 )! wae tity Nase £1 ) K+K, 
: 9x \ dnc)? M fak\ Axi) aoe | a 


] 2 1 2 
Om =—m| ( Eve ) Bi se 4 @22\1. 
: Ar Athe ie Ar ( Anke ) Lats Gig 4 


(— # + 10/8 — 242) V/S4_2E 
“a one ae » tan“ (_ , 
tes tan ( : Nae (2.6) 


1 eC 1 if 
OMt.= —m| ( ) = f1 )| : 
. 8 4the v 8x 4rthc { i D 


where mm: Proton mass, 


x : C meson mass, 


.: Electron mass, 


Mm 
2 o 2 A 
fi ) ( 24 ) : Coupling constants of scalar and pseudovector C mesons, 


4rhe 4rthe 
(2-8) 
A= 3 R Aas K= V V+ K?, K-00. 
m h 
Accordingly, the divergent parts are eliminated by the conditions 
fp =2e (2-9) 
and 
gr= : é. (2-10) 
» 
The last term, 6, comes from the surface integral part, —wp,(0/04,), and is 


not negligible compared to di. The terms which contain the higher derivatives 
than the first vanish identically for both cases. The results of nummerical evalua- 
tion are given in Figs. 1 and 2. For the case of scalar C meson, the curve 
obtained by Kawabe and Umezawa is also shown, which is entirely in agreement 
with our finite term 077.. 

Thus one will find that the masses of C mesons are, in order that the right 
value of the mass difference of proton and neutron shall be given, the following 


ones, 
AeelsOiwe; (2-11) 


and 
pe Ly (2-12) 


in deriving them we have ‘put, m=1837 m, and e?/4nhe-=1/137.3. The former 
is of the expected order of magnitude by Pais” and Sakata”. 

In this way, on the basis of the present and previous investigations we sec 
that there is a possibility of obtaining simultaneously a finite self-energy of 
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— 2.47 (empirical valve) 
A: Kawabe-Umezawa 
B: New Result 


Fig. 1 


= aS Se saree 247 (empirical value) 
A’: Ome 


B/:  Omg+ dmg 


Fig. 2 
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proton and neutron. Of course, one has been inclined to make the tentative 
assumptions which could not be verified in the present situation, one should like 
to state that the method of mixing meson fields would seem fruitful. There 
are, however, some other matters into which we must look. One of them is the 
existence of C mesons. In the next section we shall discuss more closely 
the observability of the scalar C meson as an example. 


§ 3. Observability of the scalar C meson 


Evidently, the direct effects of C meson may appear in the recent experiments 
concerning artifical mesons (especially neutral mesons).”® Therefore we shall try 
to examine whether the existence of such a C meson is compatible with the 
results mentioned above or not. For this purpose it seems to be preferable to 
take up the processes of the 2~-capture by a proton and the neutral meson 
production by 7-rays. 

As for the first case, Panofsky et al.® have observed that the following two 
processes take place to the same extent ; 


nm +P—> N+y (7) (3-1) 
mz +P—> N+7° > N+27 (z°) (3-2) 


Futhermore, it was infered from the width 4Z of the energy spectra of y—rays 
around 70 MeV that the mass difference of charged and neutral mesons would 
be about 10 m,. If the C meson is assumed for the proton, the process 


m-4+P—>N+C—> N+2% (C) (3-3) 


has to be added to them. However, by virtue of a rough theoretical estimation™ 
one finds the ratio of the probabilities W,,, and W,) as 


Wea ee (3-4) 
Wen 2 
on the other hand, the processes (7) and (2°) occur with comparable frequencies. 
Therefore, we may conclude that the process (C) will not be incompatible with 
the data of recent experiments. 

As for the second case, i. e. the neutral meson production by 7-rays, various 
theoretical discussions have been made by many authors.” It has been, how- 
ever, shown that, so long as one confines oneself to the lowest order computation, 
one cannot illustrate the observed facts. In order to avoid this difficulty, it 
seems somewhat useful that another effect is taken into account, for example, the 
higher processes or the simultaneous productions of different kinds of mesons. 
Here, we shall consider the latter assuming that a proton emits a scalar C meson 
as well as a 2° meson which is of the pseudoscalar type with peeucaqvector oleae: 

By employing the Dyson’s formalism,” our evaluations are ees out in the 
lowest order approximation, and the cross-section for the production of C meson 
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will be compared with that of z’ meson. The differential cross-section for them 


are 
1 e im g (m—q' +’ cos) , . ’ K 
S(s) i do= . . 23 2 bf (ets 1). 2 do! dO. haan 
(9) do i Gl LEE las Oi delat, (Bx) 
ACE OyP=| hatenB) as. + (2m a) oul 3810 gf I, 
nt(m— qo +q' cos#) 2 (19) —3*)° 
1 2m \* e° °° 
P. vy): do=—— -( a a ee re ete = 
(22) 4 x ) Amhe 4rthe 
; t eee U : 
 Ponm al 7 6059) |g, GP dol dl, (3-6) 
| x (ag) —#°/2)* 
[f(g 9) Pai CL Nont jo ie sctted Nite aman a es 
mt (72— gy +q' cos@) 2 (ago —3. x2)? }" 


in. which the notations are as follows ; 


photon ; . meson 
incident by (hav he + bot Be, hy) ) ee 
‘Virtual Tis 


W(Q= Vor + 99° + 9s» Qo) 
Vu 


K=—_“h 3" __ << 339 
m— gq +q' cosd — oes 


final ae 


where m: Proton mass (=1837 Me), 
x : Meson mass (x,=110 m,, chk A) m,) : 
Te 2? 2 pe 


dake 4nhe 1373? “Angee 
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h en £ if c . e . 


_ dependence of the cross-section is shown in Fig. 4 
g. 4, 


@=45° 


ordinate : 


ve f? 
Snhe. -4ate 


20 wr , 4.0 6.0 5.3 20 30 40 44 a 
fo Pe ETS $2 ony 
xe x oF 
Fig. 3a Fig. 3b Fig. 3c 
Finally, one may obtain the average total cross- (0) 


sections for C meson and = meson productions per 
one photon by integrating them. They are 


2 RAO Ucar (C) 
a GnTumary’ 
G5 x 10sec. (2°), 
where —“— - So) A ot 87 x10" 3 


Anhe Arhe xe 


tr 


These results are smaller than the empirical value 
(order of 10-* cm’). One may change the coupling 
constant for 7 meson field by considering nuclear 1 

forces and anomalous magnetic moments of nucleons, 

and make it large to a certain extent. On the 

contrary, one cannot do with that for the C meson ii se Le ee 
field because of the relation fe=2e@. Thus, under 
our tentative assumptions it will be found that. the. 
cross-section of the C meson production is not large as compared with that of the 
Therefore, even if the effect of the scalar C meson is taken into 
ms to be hardly possible to improve the present discrepancy between 


Fig. 4 


m® meson. 
account, it see 
the theoretical prediction and empirical data, 
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§4. Discussions 


Having shown that the result obtained above is rather favourable for the 


mass difference of proton and neutron, unlike the previous investigations, some 
problems for heavy nuclei still remain unattacked so far. In fact, as Wightman’? 


showed, the mass of C meson should be of the order of 1373 m, or larger so as 
to be in conforming with the experimental informations of the mass differences of 


heavy nuclei. Evidently, for the case mentioned above the condition is not 


satished. We shall, however, need to work out quantitatively the binding energies 
of heavy nuclei for the pseudovector C meson, because the coupling constant of 
it is not so small in comparison with that of the scalar C meson that one cannot 
know whether the modification of Coulomb potential has a drastic effect on the 
binding effect or not, without performing the quantitative computation. 

In our opinion, it seems that the pseudovector C meson is difficult to be 
reconciled with the recent experiments which indicate the two j7—-rays of neutral 
mesons. In this way, one may state that the present form of cohesive meson 
theory is not adequate for the description of electromagnetic phenomena for heavy 
nuclei. Another difficulty of C meson theory concerns the convergence of the 
fourth-order self-energy. As was pointed out by Kinoshita, in fact, the divergent 
terms which appear in the fourth order calculation cannot be removed only by 


the condition (2.9). 
However it may be, it seems worthwhile at the present stage that the theory 


of C meson is the only one which will give a reasonable explanation for the 
mass difference of proton and neutron. 
The authors express their sincere thanks to Assistant Professor T. Inoue, Mr. 
H. Hasegawa, and Mr. Y. Ataka for their kind discussions on this work. This 
work has been supported by the Scientific Research Expenditure of the Education 
Ministory. 
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Bethe and Fermi showed that Breit’s formula for the two-electron interaction transmitted by 
photons can be obtained according to the quantum electrodynamics if the recoil effect is neglected. 
It was shown by Breit himself that his formula was not in complete agreement with experiment. 
The discrepancy was shown to come from a term which was proportional to ¢4 in the Pauli 
approximation, but its true origin has not yet fully been known. In the present paper it is shown 
that this surplus term is due to the neglect of the recoil effect and the discrepancy disappears 
when the interaction is derived correctly taking into account the effect of the electron and proton 
recoils according to the method of the unitary transformation. Further it has generally been known 
that the electron-proton interaction transmitted by photons takes the form which was previously 
derived by Mller for the two-electron interaction if the conservation law is applied to the total 
energy of the two particles in the free state. In the present paper it is shown that the application 
of the energy law gives rise to an incorrect result in case of hydrogen atom. According to Mdller’s 
formula the interval between 2°Syjo and 2°P)/2 levels of the hydrcgen atom becomes too large. 
Tts value amounts to 7273 Mc/s in contradiction to the Lamb-Retherford experiment. Therefore 
we arrive at the conclusion that the energy law can not be made use of in general when forces 
between Fermions in the bound states are derived. 


Introduction and Summary 


Recently one of the present authors studied the effect of the nucleon recoil 
on nuclear forces”. Although it may bring one into compliance that the effect 
is important in its theoretical aspect as a general problem on two-Fermion forces 
transmitted by Bosons, any definite conclusion can not be drawn from the result 
because the related phenomena have not yet been studied experimentally as well 
as theoretically in a sufficient exactness and even the meson theory has not yet 
arrived at its satisfactory form. There is no ambiguity of such a kind in case 
of two-electron or electron-proton forces. The fine structure of hydrogen levels 
was precisely analysed by the recent experiment of Lamb and Retherford®. We 
can therefore examine the effect in question by comparing theory with experiment 
in this case as a test of the general problem on forces between two Fermions. 
This is the purpose of the present paper. 

We shall seek for the answers to two questions : (i) What is the difference 
between the new and conventional formulas when we correctly take into account 
the effect of electron and proton recoils on their interaction ? (ii) What effect 
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arises when we apply the conservation law to the total energy of two Fermions 
in their free state in deriving their interaction? 

A formula for the electromagnetic interaction between two electrons in the 
configuration space was derived by Breit® by considering a quantum-mechanical 
correspondence of the classical formula. Another formula for the interaction in 
the form of matrix elements was deduced by Mfller® according to Klein's 
method. Bethe and Fermi® showed on the basis of quantum electrodynamics 
that Breit’s formula can be obtained if the effect of electron recoil is neglected 
and further that Mégller’s formula is equivalent to Breit’s when the conservation 
law of energy is valid. 

It seems to have been believed by many authors that the neglect of the 
recoil effect®®® and the application of the energy law®®® are adequate, or 
the former effect was considered in the wrong way®®, However the neglect of 
the former effect can not be justified for the reason which was discussed in A*. 
In fact it was shown by Breit" himself that his formula can not be in complete 
agreement with the experiment on the He triplet. The discrepancy comes from 
a term which is proportional to ct in the Pauli approximation. Recently Ishidzu® 
has shown in case of the electron-proton interaction that a similar term can not 
be reconcilable with the experiment on the hyperfine structure of hydrogen. 

Explanations “of the justification for omitting this surplus term of ¢é 
were tried, but they could not convince us in a satisfactory way. On the stand- 
point of quantum electrodynamics, Breit’s formula can be considered as a term 
of ¢? in the two-electron interaction transmitted by photons. One may think on 
this basis, as was noted by Rosenfeld™, that the e¢-term must be omitted in 
order to consistently take into account only ¢’-terms. The calculation in A was 
carried out on this standpoint. As will be shown in the third section below, 
however, the above mentioned ¢*-term can not distinctly be separated from the 
remaining terms because we find another e*-term in Breit’s formula. 

Nambu” pointed out that the fourth order term in the e-perturbation cancels 
the Seaers OS term in the e’-perturbation. However, this was not yet clear-cut, 
though it might be thought most convincing, because the Pauli approximation is 
une Seu eee term in a power series in 1/¢ whereas Nambu’'s perturbation 
is a Series in e. 

In the presen nape the problem is considered from another viewpoint. dfs 
Te eect ft clecton ga oton rl aati Baa ean ea a 
energy states of them. The calculation va A satis od oii wa SRS as 
according to the method mentioned in A. The appar Lt Pk iyee, cic abo 
is entirely different from Breit’s, but fo i ann i bie ce Lo Sra 

S, nd in the Pauli approximation that it 


* The paper cited in Ref. (1) will be referred to-as A. 
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coinsides with the latter except for the above mentioned surplus term. This will 
be shown in the third section. Consequently we see that Breit’s surplus term of 
e* is due to the neglect of the recoil effect and the correct method is capable of 
avoiding the defect of Breit’s formula and that two-electron or electron-proton 
forces predicted by quantum electrodynamics is in quite agreement with experiment. 

As is mentioned above, Méller’s formula can not be obtained without 
assuming the energy law, according to quantum electrodynamics. The application 
of the law implies the neglect of the term in the form [H,S’] where H, is the 
Hamiltonian without interaction, S’ is a skew-Hermitian operator, and the bracket 
denotes a commutator. The neglect of such a term has no validity unless its 
influence is proved to be negligibly small, except for the case of a scattering 
problem where the influence exactly vanishes. 

If the interaction between two Fermions is very week the influence of the 
above mentioned term is a’ second order correction and it may consequently be 
neglected compared with a first order correction. In the present case, however, 
the influence of the Coulomb interaction is so large that the energy eigenstates 
of an electron-proton system are wholly different from those in case of no inter- 
action. Therefore the effect of [H,S’] is by no means negligible compared with 
Breit’s term. 

It has often been considered" that [H,S’] can be unitarily transformed 
into the, higher order term in ¢ and that the é°-forces involve an ambiguity in 
this sense, but, in our opinion, such a transformation is superfluous in principle. 
In the present paper the two-Fermion forces transmitted by Bosons are derived 
by a well-defined unitary transformation which makes the Hamiltonian, of a system 
consisting of Fermions and Bosons, diagonal with respect ‘to the number of 
Bosons. This method uniquely defines the forces and there is no ambiguity. 
This is more concretely accounted for in the first section. 

The effect of neglecting [H,S’] will be examined in the fourth section by 
comparing Mfiler’s formula with the experiment of Lamb and Retherford®. It 
will be shown that the calculated result can not be reconcilable with their experi- 
ment. According to Méller’s formula both the 2’Pjj., 32 levels of the hydrogen 
atom are deeper than the position predicted by Dirac’s theory while the 2°S 1/2 
level is not influenced. The shift amounts to 7273 Mc/s which is wholly incon- 
sistent with the observed value of 1062 Mc/s. Generally speaking, this proves 
the inadequacy of applying the conservation law of energy to the derivation of 
two-Fermion forces transmitted by Bosons. Thus we finally obtain the definite 
answers to the two questions mentioned in the begining. 


§1. Problem and Method 


We shall first define the method of deriving the electron-proton forces. Con- 
sider a system which consists of electrons, protons and photons. The Hamiltonian 
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of the system is written in the form H=H,+U+H?’ where H, is the Hamiltonian 
without interaction, U denotes the Coulomb interaction between the Fermions, 
and H’ is the interaction of the Fermions with photons. 

The first two parts of the H are diagonal and the last is non-diagonal with 
respect to the number of photons. We unitarily transform H into a diagonal 
form with respect to the number of photons where the possibility of the trans- 
formation is of course an assumption. The new Hamiltonian then takes the form 
H,+U+H" and its matrix becomes of a staircase form as is shown in Fig. 1. 


ore number of photons 


ee A eee 
Wie = states 


Y y | 
‘Sng 
_ 


Swewwcee States 


eeeceeese «number of photons 
Fig. 1. 


Let W be the part, of H’, which has its non-vanishing matrix-elements in the 
BA-part of Fig. 1 and depends on the relative position between an electron and 
a proton. Then W represents their interaction transmitted by photons, and the 
total interaction between an electron and a proton is given by +e W where 
denotes ‘the Coulomb interaction between them. (a is not equal to U) 

We denotes the unitary transformation by expS where S is tacal eae 
and nxon-diagonal with respect to the number of photons. We again assume that 
_S and the transformed Hamiltonian can be expanded into powers in A 


S=S4S 4504... (1.1) 
(exp S)H exp(—S) =H, + U+H® +H® +H +... (1.2) 


- n) n S 
where S” and H™ are proportional to e”. In order that (1.2) is diagonal with 


respect to the number of ph (n)> . . 
; photons S™’s must satisfy the f i 
simultaneous equations : 2 pike img daystimn sot 
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[H, S®]=H" (1.3)(a) 
H® +[H,S°]= (1/2)[S°H] (1.3) (b) 
[H.S°]=— (1/2)[H[S°S°]]+ (1/3)[S°[S°H"]] + [SU] (1.3) () 


H® +[H,S°]=— (1/2)[H[S°S]]— (1/6)[$°[S°H,]] 
— (1/12)[S°[S[S°H,]]+ (1/3) [S°[S°H'] 
+[S°U]+ (1/2)[S°[S°U]] (1.3) (a) 


etc. 


where the bracket denotes the commutator. The xon-diagonal property of S with 
respect to the number of photons is capable of avoiding the ambiguity in S®. 
H™ represents the diagonal part of the e”-term in (1.2) and S” is so determined 
that [S”H,] cancels the non-diagonal part of the rest. In this method S® is 
unique and there is no ambiguity in it. 

The simultaneous equations can be actually solved by introducing any ortho- 
normal set. The correct solution can be obtained provided that the set is com- 
plete. We can adopt the eigenfunctions of H, as the orthonormal set. In order 
to fulfil the requirement of completeness we have to consider all eigenfunctions 
corresponding to both the positive and negative energy. None of them can be 
omitted in the present case of interacting two Fermions, as was stressed in A. 

We shall consider only the ¢-term in W. This comes from H®. Its matrix 
elements are, by (1.3)(b), given by 


Wrua= (1/2)[S°H Ina (1.4) 


where A and B are two arbitrary states in the BA-part of Fig. 1. The con- 
ventional formula®?“)® is given by —(S®H"),,4 in contrast with (1.4), but this 
does not represent a physical quantity because it is not Hermitian. Therefore 
the conventional formula is incorrect while (1.4) is Hermitian. 

If we insert the explicit formula for H’ in (1.4) we have 


se? — (ok) ee pie pu 2 4p). re (122) (1.5) 
he k?— (e—e,)* 


2 
Wra= ae eto 


where k=p—p,, P=P3?> P= PP, e=e!, =e”, and 4p=py + py — (pa +p.’)- 
Further ¢, and cy are respectively the charges of the first and second Fermions, 
V is the volume of the normalization space, p and ce are respectively the 
momentum and energy of a Fermion, and all quantities are measured in Z=1 
units. Quantities in the state A (or B) are indicated by the subscript A (or B), 
the quantities of the first (or second) Fermion except for the charge and mass 
are indicated by the superscript (1) (or (2)), and (1222) denotes the expression 
obtained from the preceding one by interchanging the first and second particles. 
Pr» Po» Ps and G are Dirac’s matrices, and their matrix subscripts for appropriate 
parts of Dirac’s wave functions are omitted for the sake of simplicity. The formula 
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(1.5) is valid for the two-electron interaction too. 

The denominators of (1.5) are different from those of the conventional 
formula® owing to the above mentioned difference between their general forms. 
When the energy is conserved the difference disappears. In the present case we 
are considering the case in which the energy is not conserved. We have there- 
fore to sharply distinguish these two forms. The term (e—€,)° represents the 
retardation effect according to Klein-Méller’s method,®® or it represents the 
effect of the energy change due to the recoil. We shall refer to this term as a 
recoil term. The first problem in the present paper is to examine the role of 
this term. 

Making use of Dirac’s equation which is satisfied by the wave function of 
electron or proton we can transform (1.5) as follows*: 


D) a,OgGGT—1- 1). ee 
Wra= en exo} Sa (ee 1a =} 9(4p) + U22)+[HS’]er (1-6) (a) 


io (€—€)0 (4p) 59 

phe! a, sath Seed 9 aR 16 6) ea 1.6)(b 
By Me )EW) 4 (122) (1.6) (b) 
In order to obtain Méller’s formula we have to omit [H,S’] in (1.6)(a). The 
second problem in the present paper is to study the effect of [H,S’], in another 
word, to study the difference between Mller’s and exact formulas. 


§2. Electron-Proton Forces 


The method of correctly taking into account the recoil effect for deriving 
two-Fermion forces was accounted for in A. The denominator of (1.5) can be 
written in the following form : 


s(t 2. “tot BPs) 
I vad mC 2.1) 
k°— (e—e,)? k2 + k’py — (kp,)° 
Wee 


where #2, is the mass of the first particle. (The mass of the second particle will 
be denoted by m,). The right side is inserted in (1.5). ¢ and ¢, are then re- 
placed by 9,°O%p+m cp,” and 9,°O?py+m,cp,” respectively and the former is 
placed on the left and the latter on the right of °° and o® in (1.5). The denominator 
of the right side in (2.1) is expanded in a power series in 1/c*. This series 
converges independently of the magnitude of p provided that |Po| < a,c. We 
calculate the right side of (1.5) up to the terms of l/c? in this way. 


> ‘ : 2 
The result obtained on the basis of the conventional formula is different, as was given by Hamilton 
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Making use of the relations 
4x 0(4 
F een (Pa. 7~'Pa) (2.2) (a) 
4x (vk) (wk) 0(4p) 
V k* k? 


=27"(P2,7 "| vw—r (vx) (wx) }94) (2.2) (b) 


we write (1.5) in the form which contains the expressions in the right side of 


(8) 


these formulas where x=x"—x, y=|x|, x and x® are the position vectors 
of the first and second Fermions respectively, g4 and ¢, are the space parts of 
the eigenfunctions of two free Fermions in the states A and B respectively, and 
v and w are vectors. We next replace remaining p and p, by —2V™ and place 
the former on the left and the latter on the right of 7', 7°, and x. We have 
then the interaction between two Fermions transmitted by photons in the con- 


figuration space as follows: 
Fiyatiaiart | a, e1l2 | ep). 2 (2) a X re) G2 Qs 
W's = +p. p,0%2 {ig + £ (6x) (xP) — Xo} 4 (122) 23) 
4myc r x? r 


where the thick blacket denotes a vector product of two vectors embraced in it. 
This formula is exact up to I/c? in the correct sense. 
If we omit the recoil term in (1.5) we have Breit’s formula as follows: 


Wr? ==, (24) (a) 
where 
Hs a (2) 
rae age 4 (F°x) (O"x) ae a (2.4) (b) 


The apparent forms of (2.3) and (2.4) are entirely different. The difference 
between them is the contribution of the recoil term. This will be studied in the 
next section. The neglect of the recoil term is to take the zero degree term in 
the incorrect expansion as follows: 


1 culybes (=s ig 2.5) 
k?—(e—e,)* 2° n=0 ) ( 


The incorrectness of such an expansion was fully discussed in A. The arguments 
of Bethe and Fermi® and Nambu” were based on this incorrect expansion. 


§ 3. Recoil Effect 


We shall examine the Pauli approximation of W™ ond W™ in order to 
study the influence of the recoil term. The method was already explained in the 
previous papers®©.* When there is no photon the Hamiltonian of the two- 


Fermion system is, according to (1.2), given by 


* In the present case photons have the vanishirg rest mass whereas mesons have the finite mass. 


Therefore the Pauli approximation was considered in a somewhat different way in A. 
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H= — icp, PV —1cp, PV + me (ps? —1) + mig? (05% — 1) +u+W (3.1) 


where u=¢,¢,/r is the Coulomb interaction, and the rest energy of the system 
(including the self-energy) is subtracted for the sake of later convenience. We 
write the eigenfunction of the Hamiltonian in the form 
g=¢ Dx 24+¢ 7 Or @Dt+e x Ov @+e Ore) GC.) 
where y*(1) and y~(1) are the eigenfunctions of p,'” belonging to its eigenvalues 
+1 and —1 respectively. The coefficient ¢** etc. are functions of space and 
spin coordinates. The eigenvalue equation HY=E¢ then splits into simultaneous 
equations for ¢** etc.. If we eliminate ¢*~, ¢~*, and ¢ ~~ from them, we have 
an equation in the form H’¢**=A¢** where H’ involves £. 

We can expand H’ in a power series in |/ce. # in H’ can be eliminated 
by replacing E¢** with H’¢**. Thus we have 


1 Te ‘ aS 
He oe ye 2 (ae eye eee 


2m, 2m, 8c Smee 


where « is the Coulomb interaction, 7+ W’ stands for a part depending on the 
relative position of two particles. Now H’ does not contain & and the equation 
H’¢*+*=Hyt* is still valid. We can consider H’ as the effective Hamiltonian 
because its eigenvalue is /&. «+W/’ represents an effective interaction. If we 
reserve only the terms up to the second degree and omit higher degree terms 
from (3.3), H’ is the Pauli approximation of the Hamiltonian and W’ is the 
Pauli approximation of W. 

In this way we have the Pauli approximation of W“” and W™ as follows: 


Poce a gee "4€ 
V4 aso “12 (xO a gO EM) 19 (_ p® Oy mo) 
4mfc 7 ( ) 4m,ic r° steal aie 
d C49 {Pore +134 ruj por 1 (gape +0°L) 
2myme* + de re 
1 Ceo 5 3 (06x) (6x) 
See ee a oq” et | . 
4mme* r* r e) 
W! =W' ale c ieee — y 
2 (4,4 mp) Cc 6) 


Peed ia eee eek Sarengiee ie a 
where [’ is given by (24) (b), x=x®—x, L® is the orbital angular momentum 
of the first particle with respect to the second particle, and L® is that of the 
second particle with respect to the first : 


L®=—i[(xp] L° =i [x7] (3.6) 


Wes difference between the new formula and Breit’s is the last term of (3.5) 
Une Is just the surplus term mentioned in the introduction, and the defect of 
Breit's formula was to contain this term. Breit" showed in case of the two- 
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electron interaction that if the /”-term in (3.5) was reserved the calculated 
interval of He 2*P was not reconcilable with experiment. On the contrary, 
according to the formula given by (3.4) the calculated interval was in good 
agreement with experiment.“ Further Ishidzu“? has recently shown in case 
of the electron-proton interaction that the /°-term is in contradiction to the ex- 
periment on the hyperfine structure of hydrogen. Thus we see that the new 
formula is in good agreement with experiment. 

In order to see the nature of each terms and the degree of approximation 
we consider the case of hydrogen. For the sake of simplicity the electron mass 
is adopted as a mass unit and the proton mass is assumed to be infinite. Insert- 
ing W’™ into (3.3) we have 


: | 
2 Va 8c 


44+ + “(x7 +61) (3.7) 


4;* 7 


This is the well-known Pauli formula. When its eigenvalue is evaluated con- 
sidering ¢~°-terms as perturbations it can be written in the form 
1 of 


52 1 , 2\2 ; 
Mek aera (Zy+ =) Zag OV —L) (3.8) 


where £, is the unperturbed eigenvalue. Its eigenvalue is given by 


ids dl 
E=—~.-— - (3.9) 
Qn? Qn x 1/2 z) 


where 7 and / are the principal and inner quantum number. This is exactly equal 
to the zeroth and first degree terms in the power series in e‘/c? of Dirac’s eigen- 
value without the rest energy. Therefore our method is mathematically correct. 
Since the second degree terms in ¢4/c* is very small owing to the smallness of 
gje—135l % the, error of the Pauli approximation is very small. 

The /%-term in Breit’s formula (3.5) is proportional to (¢’/r)*, as is seen 
from (2.4)(b). Its factor is independent of ¢ andr. The formula (3.8) contains 
(e?/r)? also, but this can not be omitted in order to obtain the correct result, 
as we have just seen. The contributions from the various e~*-terms in (3.8) are 
all proportional to ¢* as well as those from the terms in es and (3.5) iret 
ing the /%-term, where each I/r or a/dr gives a factor ¢°. Therefore it can 
not be a correct reason for omitting the /’-term that is proportional to ¢4.“ 


§ 4. Comparison of M@ller’s Formula with Experiment 


We shall compare the theoretical result deduced from Méller’s formula with 
the experiment on the fine structure of hydrogen in order to examine the effect 
of omitting [H,S’] from (1.6). The calculation is carried out as before. If we 


- omit [H,S’] from (1.6) we have 
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Van, 1 fife 1 (L®P—o 9 LO} + | gous 
4mec r* 4m r 
5 gaat : 
tories rtefia®(a79— —*fo%s®}}+(122) (44) 
MYC r A A 


where the following relation is made use of: 
: dae : 
ae + La A Ay eR fe (4.2) 
yf ~ ey 


The Pauli approximation of this interaction is given by 


W/ 88 — WI + Fife {+L +L? )4 
42°77 \ me Me 
—, fe ipepa 27) ——x (ap)? (4.3) 
LMmsme 1 va a 


where W’ is given by (3.4). The difference between W’"? and W’'*" is the 
influence of omitting [H,S’]. This difference is by no means negligibly small. 
It gives rise to a serious contradiction with experiment as will be shown below. 

We shall compare (4.3) with the level structure of hydrogen atom. We 
shall calculate the shift of fine structure levels caused by W’% —W’™ in atomic 
units. Let the first particle be the electron and the second be the proton. In 


this case e,=—1, m,=1 and m,=M=1840. In the centre-of-mass system we 
have 
ia ENGL 
WW! 8H _ yi) — —(1 ses ize! 4.4 
4c M/ # Sa 


Its expectation value in the xZ-eigenstate of the zero-degree Hamiltonian in I/c 
is given by 


( (WW! —W!'4)) =0 for L=0 


iG at for £30 (4.5) 
4(1 +—) W(L +5) 


where x and Z are respectively the principal and azimuthal quantum numbers of 
thexstate: 

The shift of levels from the position predicted by Dirac’s theory is given by 
(4.5) because the energy eigenvalue calculated on the interaction “+ W!™ is 
equal to Dirac’s eigenvalue up to 1/c?, as was shown in the preceding section. 
Therefore S-levels are unchanged and P, D, F,...levels are lowered. For 22P 
the shift amounts to 7273 Mc/s, where 1/2c’au=5.822cm— is used. The 


. 4 a 2 9 . C . * ' 
interval between 2°P5,. and 27P,. is 1.5 times of this value.02@ Thus, according 
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to Méller’s formula, we have 


E(2°Psy) —E(2.2S,.) =3637Mc/s (4.6) (a) 
E(2.°Sj2) — E(2 *P 2) =7273Mc/s (4.6) (b) 


The level structure is shown in Fig. 2. The value given by (4.6)(b) is incon- 
sistent with the observed value 1062-+5 Mc/s of Lamb and Retherford.” There- 
fore we see that [H,S’] in (1.6) can not be omitted. 


1) 


2) 


eS f ) ae 
3637 Mc/s 
maine tes 2.385 
7273 Mc/s 
y 1 DP yyy ors ¢ 1062 Mc/s 
calc. obs. 


Fig. 2. Level structure of hydrogen atom according to M@ller’s formula 
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Relativity of Representation Coordinates and its Consequences 
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Relativity of space-time coordinates has been fully appreciated in theoretical physics. It 
seems, however, to me that relativity of representation coordinates is not clearly acknowledged. 


Here are pursued briefly consequences of this relativity. 


§ 1. Unitary transformations 


Conventional field theories are cast in the frame of the zx-diagonal represen- 
tation. For example, gauge transformation, Hamilton formalism and the second 
quantization are formulated only in the 2-representation. It is useful in many 
cases to employ the x-representation, but there are many representations other 
than the x-representation. It seems there is no apriori reason for a special choice 
of representation. So I propose that field theories should be formulated so as to 
be independent from representation coordinates. As a first step I assume that 
representation coordinates connected with each other through unitary transforma- 
tions are equivalent. The +-representation coordinate is clearly equivalent to the 
p-representation coordinate. 

Under the transformation from the €-representation to the y-representation, 


wave functions ¢(©), $(€) and matrix element (€|A|§’) of an operator A trans- 
form as . 


(OH-9M=1H¢Q, FO) FG) =FE Ely), 
(E|AlS’) > Gl Aly’) = Gd) G14l8) Ely!) 


where (€|y) and (y|€) are transformation functions complex-conjugate to each 
other, satisfying the unitary conditions 


(Ely) @lF) = Ele) =8 E—&), 
GF) Ely) =Cly) =e(y—-7), 
while the convention ; 
| CE) El) =[" eae I) 


is used, $(€), #(€) being counted for (|), ({€). 
We extend next the usual gauge transformation 


P(x) —e"h(a2), ,) 
f(x) e-?8h (x) 


: real function of x 
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- that leaves unaltered $(7)¢(x), to the unitary transformation 
$4) '$() = A172) ¢"), 
P(x) >'P(2)=$(2') (2"|U"|2), 
(204) = (2 |U*|2), 
or, in matric forms, 
g—'p=U¢, g—'$=$U" 
FU. 
The unitary transformation makes invariant not ¢(7)¢(x) (not ‘integrated 
with respect to x) but d/=¢(x)¢(4) integrated with respect to x, since 
Pp! P' p=$U VUp=$y. 
It is to be remarked that commutation relations imposed usually on ¢(+), 
$(2) 
[Y(2), $2) =$ @) G4) -$@')$ @) =0a--#), 
{O(2), B(x) =P) B(x!) + FH") (2) =cd(x—2") (: const.) 
are invariant under both representation coordinate transformations and extended 
gauge transformations. In fact, we have 


IY), $E)IFI¢@), $@)IER Gl) FYE), $E@)] 
= (9|F) F'n’) cd E—&) =e(g|*) Ely’) 
=cd(n—7') etc. 
Inversely if we assume the invariance of PEGE) £PEDYE) = ELF IED 
against unitary transformations, we have 
'F=UFU"=F ie. UF=FU. 
Since U is arbitrary, / must be a multiple of the unit 7. Hence (€|F IE’) 
=cd(§—€). 
§ 2. Spinors in pseudo-euclidian spaces 


To get spinor wave equations invariant under all reflections both space-like 
and time-like, we consider spinors in the #-dimensional space where the squared 
length of a vector x(2', x’, «++, 2") is defined by 


(at) + PH Y= + — P= gris". 
We introduce here a-algebra a, **') Gn PB such that 
Oh + Oh, = 2845 | 
a,8 + Bu:=0 (1) 
f=) 
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If an element Y is associated to the vector x through the relation 
A= ale 
the squared length of x is given by 
(xe) =e t =X". 
The vector x transforms under the reflection with respect to a vector @ as 
x—>a— 2(ax)a(aa). 


The transformation of a# may be expressed in terms of algebras associated 
to vectors as 
X—>X—(AX+ XA) AAP =—AXA", 
where A is conditioned only so as to have A”. 
When an element 2=z2X is employed in place of X, the above expression 
may be changed into 
5—>—iBAXA'=A(BX)At*=AZA", 
since # anticommutes with dA. 
In the representation where u, and # are represented by faithful matrices, 


two spinors ¢ and ¢ are introduced which should transform a priori under the 
reflection A as 


Ay, ddA". 
Under all reflections there are then invariant expressions 


dy, bay, GE in, ue 
or G5 nf, BQ): p-vector, p=0, 1, +++, 7. 
It is convenient to introduce y-algebras defined by 
Hel j= tPuy, 1g=fer a= (Vis—Ts's)/2, 
UR Gosco EL hood a 


y-algebras also satisfy the relations (1) in place of a-algebras, i.e. 


ete i ol 2844s rib + br.=0. (2) 


The coefficients of contravariant components of g-vector in the expression 
$= .% constitute covariant components of antisymmetric tensor of p-th rank. 
They are typically represented by 47;,...., and total 2” in number with all -values 
ranging from 0 to x. 

Since complex conjugation, hermite-conjugation and transposition leave unal- 
tered the relations (1) or (2) to be satisfied by representation matrices of a, or 
7 there must be certain matrices c, %, ¢4, or C, H, T such that 


A=cAc! B=CACe — : complex-conjugation 
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A*=hAh" iy Ca o file + : hermite-conjugation 
a At. ieee I la * : transposition. 
Such matrices are easily found in the representation where 4, 8; 7 are rep- 


resented, except for numerical coefficients, by direct products of hermitean matrices 


pel an ee i 


7/G.t _(0 -—2 fi O Not heal 
P=(7 9) 9=G 0) t=(01) 7=(0 —1) 
for each of the preceding operations replaces 7, by 7; or —7; so that the matrix 
corresponding to that operation commutes with 7;,’s_ that remain unaltered and 
anticommutes with 7,'s that change their sign. 

If A is so restricted that A?=1, ¢ and ¢* transform as 


d>d471=4A, ftoptAt=~*hAh". 
Hence 
{tho p*hA. 
So ¢ may be identified with ¢*% in the rotation group that contains no single 
- reflection with respect to time-like unit vector. There is otherwise no relation 
between ¢ and ¢ except that they transform contragradient to each other. There- 
fore it is impossible to reserve one and discard the other if no restriction is 


imposed on 4. 


§3. Gauge transformations 


The expression —gi( p'—e4') ( pi—eAt)—m’* can be factorized by virtue of 
y, into (7;( pied’) +m) (ir,( p'—eA’) —m). Regarding p’ and Ad as hermitean 
operators we set up the Lagrangian 
L=$ iz, p!— eA!) +m)¢ (3) 
which is written in the ¢-representation 
| L=8@) Urs Ell) re 1417) + El) PE). 
If ¢ represents the wave function charge-conjugate to ¢, there is a certain 
matrix S such that 
prt =SpS7, AS* = — SAIS™ 
since we see that the expression 
L= pr (iz itp* —i7teA™* + m)o* 
=p*T (ir p* —ipgA* +m) T'S* 
should correspond to the expression in which g* and A?* are replaced by pi and 


— Ai respectively. 
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In the p-representation we see ~’*=/', so S may be supposed to be the unit 


transformation. .A‘* must be then equal to — A’. 
On the other hand the expression (3) should be invariant under the gauge 


transformation 

$oUd, d96U', pop’, Al>'Al. 
Hence we have 

pi-—d M=U (pi—e AI) U 
or 'A§I=UAU' —e7" (UpP1U "— p'). 

It is difficult to harmonize the gauge transformation with the consideration 
for charge-conjugation because the gauge transformation does not conserve the 
relation AJ*=— A/, 

Even if U is confined within such that 

ee Eh 
we have 
'A*=UA*U "—e"' (Up*U "— p*) 
=—UAU"'—e"(UfU "—p) A—'A. 
To get through the difficulty, we represent the charge not by the scalar quantity 

g' 5 7 I b=) 5 q y 

e but by the skew-symmetric hermitean matrix € 


O —ze 
e=(. , @e*>—e, 
Ce 6) 


Further we restrict VU within such that 
O=US Ut -Ub SU 
and we regard g and A as two dimensional matrices 


pov=(6°), aoaa(4% 


Then A is transformed 


‘A=UAU ™'—€""(UpU~'—p) 


by the gauge transformation which conserves the relation A*=—A. 
Thus we have the Lagrangian 
Ly=$(i7,Pi—i7¢ Ai +m)¢ (4) 


where each of ¢ and ¢ is composed of two 4-component spinors 


$= Gn $n), $=(§7) 


1 


The Lagrangian Zy expressed with these components 
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Ly=$ (77,2) +m)$i+$n (7, p' +m) pnt e b7 Aid n a4 O11 5A, (9) 


remains unaltered by the interchange of suffices 7 and // together with reversal 
of the sign of e. 


Next we shall set up the Lagrangian for radiation field. The electromagnetic 
field F,, defined by 


1¢ F,,=|p,—€A,, P;—€A,] 
a F,=i[p, 4,|—[p, Ad—ie[A. Aj] 


transform 


'By=UP,U- 
under the gauge transformation, so there exists the invariant Lagrangian 
Lp=1/8- Trir( fF" 
=1/4-Tr (FF) —&/4-Tr(( Ap Aj\[4%, 44), (6) 
Fy=il bv Ajl—d Py Ad 


where ¢ denotes the trace of 2-dimensional matrix, Zy the trace of operator. 


$4. Field equations and the second quantization 


Field equations can be derived from the unified Lagrangian 
L=Ly +Lr= (iz, pi— ize Ai t+ mp 41/8- Trtr By k”) (7) 
with the aid of variational principle as follows, 
(i7,p?—i7,¢< Ai +m) $=, 
$ (ir pipet + m) =0, 
[Fy 2-2 [Ae A] 4']—5)=9, (8) 
(pls =H (L756 (0) 9p) ire 2) I 
=0/24d( Pfui P)— 94 Pr PY} —e/2 1b PrP) — bi Pi PKP)}- 
The equation to ¢ may be expanded | 
(iz, pi tm) prt 7 A%u=9, 
(ir, +m) $u— 7A. =9. 


From the above equations it can be inferred that 

1, neither I-field alone nor II-field alone create radiation field, 

lV’, I-field and Il-field have no interaction between them when radiation field is 
absent, 

2, diagonal elements of the charge current vector s; are absent, 

2’, total charge and current vanish, 
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2’, a particle produces no action on itself. 
Invariance under unitary transformations and statistics to be satisfied by fields 


give the commutation relations 
{Pal p)s PsP) }=1Ga(A), Os( 2) }=9, 
5 ¢ 3 
{Pal P)s Gs( 2’) }=9ap9( 9-7’), & B=-d, 2, + 8, (9) 
[CAA 2’), (gl Aslo) ]=ign- 1/2: (82-918 (0-9) —8( 4-9) 8-9), 
other commutators vanish. (,, ~’, 9, 9 being eigenvalues of the operator 7). 
It is to be noted that commutators [¢, Z], [¢, Z], [4,; Z] calculated with these 
commutation relations yield the left-side members of the field equations (8) except 


for numerical coefficients. 
Hence, in place of simultaneous field equations (8), we may treat 


[Y, Z]=9, 
[g, 2] = 0, 
[4;,Z] = 0. 


These equations however have no meanings in themselves. They represent 
the conditions that should be satisfied by the state function ¥Y and its adjoint @. 
So the faithful relations should be 


Oy, L]¥ =0, 
Od, 1]¥ =0, (10) 
PA; |e a 0. 


We make use of a short cut to solve these simultaneous equations. 


If 7 denotes an eigenvalue of the operator Z, there exist eigenstate ¥, and 
its adjoint 9%, such that 


LY, = UF, 
0,1, = Od. te) 
Hence we have ] 
Pip, L|\¥,=Of¢, | =0, ete: 


So the solution of simultaneous equations (10) may be reduced to the solution 
(of the eigenvalue problem (11) of the operator L. 
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The antiferromagnetism of a single crystal is considered, basing on the Van Vleck model, modified 
by introducing an anisotropy energy of one spin, arising mainly from the crystalline field of the surround- 
ing anions. On this model are derived the anisotropy of the susceptibility above the Curie point, the 
temperature variation of the anisotropy constant below the Curie point and the field dependency of the 


susceptibility under a comparatively strong magnetic field. 


§ 1. Introduction 


Recently T, Nagamiya” has developed a general theory of antiferromagnetism, 
on the basis of the idea that the anisotropy energy is essential for the antiferro- 
magnetism, and derived the relation which represents the field dependency of the 
susceptibility when an applied field is comparatively weak. This theory has an 
advantage that it is applicable not only to powder specimens, but to single crys- 
tals. As far as a weak field is concerned, however, he has shown that it brings 
essentially different results from those obtained by the Van Vleck theory” only 
when it is applied to the phenomenon of the magnetic resonance absorption. 

On the other hand, according to the new experiments for a single crystal 
made by C. J. Gorter and his coworkers”, the spins in an antiferromagnetic 
material take a parallel orientation to the preferential direction determined by the 
crystal structure, analogous to the easy direction of magnetization in a ferroma- 
gnetic material, and when an applied field becomes stronger than a certain critical 
value, these spins turn towards a perpendicular direction to the applied field. 
Concerning these experimental facts, it will be of some interest to extend Naga- 
miya’s theory for a comparatively strong field. 

In this paper, to simplify the calculation. we shall confine our considerations 
mainly to the case of MnF,, the magnetic properties of which have experimentally 
been studied by J. W. Stout and M. Griffel®, since its crystal structure is tetragonal 
and the magnitude of the ‘spin of a Mn?*tion is larger than 1/2. Also for the other 
crystal structures, especially for MnO, however, the present theory can easily be 
extended, but another treatment will be needed for the case of a spin of 1/2. 


§ 2. Hamiltonian 


| Let us consider a single crystal of MnF, as an antiferromagnetic material. 
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Its crystal structure is of the rutile type. each Mn ion occupying a body-centered 
lattice point and being surrounded by six F7ions. Therefore a Mn?*ion is immersed 
in the crystalline electric field of orthorhombic symmetry, arising mainly from the 
surrounding six F ions. 

Since a Mn®tion has no orbital angular momentum in its free state of °S, its six- 
fold spin degeneracy is lifted only by the higher order perturbation, through its ex- 
cited states, of this crystalline electric field combined with the spin-orbit interac- 
tion®. This combined action of the crystalline field and the spin-orbit interaction 


gives rise to the following Hamiltonian of one Mn?*tion : 
H=—D, S?—D, Si—Dy S,+ A(Si+ S243); (1) 


where D and A are the constants determined by the crystalline field and the elect- 
ronic wave function of an ion, and S, S,, S,, are the component of the spin angular 
momentum in the unit of 4/27, referred to the orthorhombic axes and S,, S, and S; 
are its components referred to the cubic axes. The first term in (1) arises from 
the combined action of the orthorhombic part of the crystalline field and the 
spinorbit interaction, and the last from the cubic part. The former may be a 
dominant part in the tetragonal crystal such as MnF,, while in the cubic crystal 
such as MnO, the latter may be a main part. 

The Hamiltonian of the total magnetic ions is given by the sum of the energy 
of each ion given by (1), the Zeeman energy and the exchange energy between 
nearest neighbouring magnetic ions, namely 


= —D Si, + ¢PH- Dees) Sys, Sy Se (2) 


where 2, B and AH denote the Lande factor, the Bohr magneton and the external 
magnetic field, respectively, and / is the exchange integral having a negative sign, 
and moreover the cubic term in (1) is omitted in order to confine the calculation 
to the tetragonal crystal of MnF,. Actually, the principal axes of the crystalline 
field at the Mn** ion take the different directions for two Mn?+ ions in a unit 
cell. In this expression of the Hamiltonian, however, only D,S? in ‘the orthor- 
hombic parts is, for simplicity, adopted, since that of the three principal axes 
whose direction coincides with the c-axis, is commom for the two Mn®* ions said 
the whole .crystal has the tetragonal symmetry. 

In this Hamiltonian it is supposed that the first term causes the anisotro 
of the whole crystal. Strictly speaking, besides this we have to take into yee 
other causes of the anisotropy like the magnetic interaction and the anisotro ic 
exchange coupling between spins. In this paper, however, we shall suppose a 
these effects are implicitly contained in the constant D and shall not discuss the 
any further. When the spin quantum number S is equal to 1/2, this RE 
energy given by (1) becomes only a constant value, and gives no anisotro ih 
this case, we may have explicitly -to introduce the anisotropic couplin ae : 
two spins, such as the anisotropic exchange energy or the coupling of hy es 
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dipole interaction type®. For an S larger than 1/2, however, the anisotropy 
energy of the type (1) represented by one spin variable, will probably play a 
predominant role in the anisotropy of the whole crystal at least in an antiferro- 
magnetic material. 


§ 3. Anisotropy of the susceptibility above the Curie point 


To begin with, we shall calculate the susceptibility above the Curie point, 
making use of the Hamiltonian of the total spin system just established by (2). 

The partition function Z and two principal susceptibilities %,,, 4, are, as usual, 
given by the following relations: 


Z=Trace [exp(—H/2T)], (3) 

Riva baa, eee OF 
ee A= on : 4 
ae H, Zd0H., " fig sor 041, Se 


The evaluation of Z above the Curie point can easily be performed by the dia- 
gonal sum method developed by Van Vleck”. Expanding Z in a power series of 
(AT)~' and the magnetic field H, and neglecting the higher terms than (47) 
and #7*, we obtain the following expressions for %,, and Z,. 


0 alin ale SSD [1+ kT zee al ©) 
"P S(S+1) 
og sai 21 SSD) | Se ath (6) 


Here WV denotes the number of magnetic ions, and z the number of nearest neigh- 
bouring magnetic ions. These two equations show that the Curie temperature 0 


is given by 
p= 2|7|_ 2 SCS+1) (7) 
3k 
The susceptibility yp for a powder specimen is represented by 
ea! _ Ng? S(S+1) 8 
Moe hil Fh. 3h(T+ 9) P ( ) 


which contains the constant D no longer. 
Subtracting (6) from (5), we obtain 


Li he= toe F{2S(S+1)—F}. (9) 


The difference of the two principal susceptibilities in a single crystal of MnF, has 
been measured by J. W. Stout and M. Griffel®, whose results are shown by a 
solid curve in Fig. 1. A dashed curve is a plot of Eq. (9), where S is replaced 
by 5/2, the experimental values are used for x, which has been measured by H. 
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Bizette and B. Tsai®, and de Haas, Schultz and Koolhaas”, and the value of D 
is selected for two curves so as to accord with each other at the higher tem- 


perature side. 


(%);—% mol) x 10° The value of ) determined in such a 
im way amounts to about 0.174=0.12cm.™, 
ss which may be a reasonable order of ma- 
ea gnitude. On account of a positive sign 
oe of D, the preferential direction of spins 
nee below the Curie point should coincide 
10 with the tetragonal axis, being consistent 


Q L412 —____1—___+_.-__ with the fact that below the Curie point 
50 100 150 200 250 300 1K 

Fig. 1. The anisotropy of the susceptibility ¢ 

above the Curie point. The solid curve is a to the circumstances above the Curie 

plot of the experimental values obtained by : 

J. W. Stout and M. Griffel. The dashed curve point. 


aha Shporetical one The departure of the theoretical curve 
from the experimental one near the Curie point is, to be supposed, probably due to 
the fluctuation of the molecular field and to explain this disaccordance it will be 
necessary to take into account the higher terms in the series expansion of the 


7, becomes smaller than 7¥,, contrary 


partition function. 


§ 4. Suseeptibity below the Curie point, I 


The value of D estimated from the anisotropy of the susceptibility above the 
Curie point in the preceding paragraph, is very small, compared with the exchange 
energy. Therefore, in the absence of an external magnetic field, the circumstances 
below the Curie point are predominantly determined by the exchange energy and 
are not different from those derived by Van Vieck”, as pointed out by T. Na- 
gamiya”. 

The crystal is, therefore, divided into. two sublattices, which are each occu- 
pied by the spin equal in magnitude but opposite in direction. In the case of 
MnF,, it may be supposed that the crystal is resolved into the successive layers 
normal to the tetragonal axis, each having an alternating + spin orientation.* 

The average magnitude S, of + spin on each sublattice in a zero field is 
given by the following relations : 


Sy= SB) 212 S20] (10) 


The spin having this magnitude S, takes a parallel orientation to the easy axis 
on account of the anisotropy energy. 


* Note added in proof: According to the neutron diffraction studies on MnF,, recently made by R. A 


Erickson and C. G. Shull (Phys. Rev. 83 (1951), 208), the magnetic unit cells and chemical unit cells are 
of the same size in MnF,. 
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As to the effect of the magnetic field, it is convenient to consider this in two 
steps. In this paragraph, as the first step, we shall consider the relative change 
of the spin vectors + S, on two sublattices, produced by the external field un- 
der the assumption that the spin vectors +S, are fixed not to rotate as a whole 
without changing their mutual relation. The second step is to determine the 
direction of the vector S, with respect to the easy axis or the external field. 

The relative change of + S, will predominantly be determined by the ex- 
change energy and so we shall be able to forget the small anisotropy energy. 
Then we are led to the same results as Van Vleck. According to his theory” 
the changes of two vectors + S, produced by the external field are equal, and 
the components of this change dS parallel and perpendicular to the vector S) are, 
respectively, given by the following equations : 


ti nasel mat (11) 
Bit Ver Mien [idle Sone 
2|/| 2S RT 
pu £P 1) pp a 
Spindle a" ex) 


where H, and H, are, respectively, the components of the magnetic field / pa- 
rallel and perpendicular to the vector Sj. From these equations, the following 
two quantities Z, and Z,, which will turn out to be the susceptibilities parallel 
and perpendicular to the easy direction for a comparatively weak field, will be 


defined : 


OS), oS 
hu Ree» Dil dat (13) 


| se 

Here it is to be noted that the field components /7j, and H, in Eqs. (11) 

and (12), and therefore 08 remain still undetermined until the direction of 
with respect to the external field A is established. Because, although it is true 
that the vector S, takes the easy direction in the absence of an external field, 
when an external field is applied, the spins as a whole may possibly rotate without 
changing their mutual orientations. The direction of §, will be determined by 
the anisotropy energy. When it has been established, we can calculate the real 
susceptibility from (11) and (12). This second step will be discussed in the 


following paragraph. 


§5. Temperature dependency of the anisotropy constant 


Before calculating the susceptibility below the Curie point, we shall have to 
consider the anisotropy energy of the whole crystal. This energy is given by 
the statistical average of the microscopic anisotropy energy represented by Eq. (1). 

Now let us calculate the statistical average of —DS*, when the direction of 
the spins as a whole is deviating on an average from the easy directign along the 
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g-axis by an angle 6. Let the average direction of the spins be the ¢-axis and 
the plane including the z-and ¢-axis be 4-€ plane, then —DS*, can be written as 


—DS?=—D(cos 6 S,+sin 6 S,)? 
= —D[cos? # S2+sin?@ S,?+sin 6 cos 7 (5,5, + COR § ae (14) 


If each spin is quantized in the direction of the Z-axis, the average value of 
DS? in the state that S, has its eigenvalue J, is given by the corresponding 
diagonal element of the matrix of DS? in the representation making the matrix 
of S, diagonal. Using (14) and the following relations : 


(| S, S, | 17) =09. 
1 1 
2 Saas | St J) ay 
(|S, |4) 5 hS+ ) 5 VM 
this diagonal element corresponding to the eigenvalue JZ of S, becomes 


D(M| S| M) =DLM(cos? 0 sin? 0) + 5 5(S+ 1) sin? 0]. 


Therefore, the statistical average of the anisotropy energy is represented by 


—DS?= — (cos? ao sin? 0) M+ S(S+1) sin? 6 |. (15) 


Here J? means the statistical average of 7°, and can be calculated from the 
following relation : 


a Be exp (2 5 3 ) ne al 72 SS, 
peg (ons ee Cee 


M=-S 


(16) 


The summation in the right hand side of this equation can easily be performed 
and gives the following expression for J: 
Wr 2, S25 | I 
M=S( 2+" 2 Bice | = Gorn, = i 
S Lalag coth oe Soe 
From (17) and (15), we arrive at the final expression for the average value of 
the microscopic anisotropy energy when the average direction of each spin is de- 


viating by an angle of @ from the easy direction, namely the macroscopic aniso- 
tropy energy, apart from the constant term independent of @: 


Doe 0 of S+1 | i 1 ae 
sin DS aS 3 BLx]ccoths <x } sin’ 6, (18) 


where D’ is considered as the anisotropy constant and it identically vanishes when 


S=1/2. For the case of S>1/2, D! becomes DS( Se 1/2) at the absolute zero 
of temperature and becomes zero at the Curie point. 


Fig. 2 illustrates the relation between D’ and the temperature, calculated from 
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Eq. (18) in the case of S=5/2. If we adopt the cubic form of (1) as the mi- 
croscopic anisotropy energy, we shall find a more rapid decrease of D’ near the 
Curie point. 


In an antiferromagnetic material with a com- 


te 
: paratively high Curie point, differing from the case 
: of the ferromagnetism, this anisotropy constant 
: can not, in general, be measured experimentally, 
0 but it will be possible for the case of a crystal 


having a very low Curie point. 


io  - o. § 6. Susceptibility below the Curie point, II 
—- 7/0 
Fig. 2. The temperature depen- 


dency of the anisotropy cons- : : : 
tant for J=5/2. the expression of the macroscopic anisotropy energy. 


Now we shall consider the real susceptibility of an antiferromagnetic crystal. 

From Eqs. (11) and (12) representing the change of the vector §, under an 
applied field when the original direction of S, is fixed, we can immediately find 
that the magnetic energy is larger in its absolute value in the ‘case that’ S, "ts 
perpendicular to Af than in the case parallel to it, because OS, is larger than 0S). 
Therefore, the vector S,, which takes an orientation parallel to the easy direction 
in the absence of an external field, has a tendency to turn to a perpendicular 
direction to the external field. This tendency will, however, be prevented by a 
restoring force arising from the anisotropy energy. The vector Sj, will, therefore, 
take such an orientation that both these tendencies balance with each other. 

Let an angle between the easy direction and the applied magnetic field 
be # and that between the vector S, and H be ¢. Then the change 08 of S,, 
when the angle ¢ is kept constant, is given by Eqs. (11) and (12). Since Ay 
=H sin ¢ and H,,=H cos ¢ in this orientation, each component of dS can be 


In the preceding paragraph, we have given 


written as 


6S, = —t1_ Hsin ¢, 6S, =H cos ¢. (9) 
renee? i ' NgB 
Since the change of the magnetic moment of one spin is given by gfdS, the 


magnetic energy produced by an external field becomes 


— = 8 (0S. H sin $+0S,, H cos ¢}. (20) 


Using Eq. (19) for 0S, and OS, this can be written as 


— is snk $4 cost $i 2 (1) 


On the other hand, the anisotropy energy in this orientation is given by 
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DI sin'(g—9), (22) 
and the susceptibility y is 
= ysin'h + xcs P= + (Xr — sig. (23) 


Neglecting the change of the exchange energy which is an order of 0S°, ¢ 
is, then, determined by the following condition that the sum of the magnetic 
energy and the anisotropy energy, given by (21)+ (22), takes its minimum value : 


Dine (PB) (11s) H* sin 2¢=0, (24) 


which we have by differentiating (21) + (22) with respect to ¢. Solving (24), 
we obtain 


tan 2¢= ono (25) 
where 
om (26) 
and 
H,-| 72. (27) 
faa 6 


The calculation performed here is entirely the same with that given by L. 
Néel™ in discussing the susceptibility of an antiferromagnetic substance at the 
absolute zero of temperature on the basis of a classical spin model, and therefore, 
our relation between ¢ and f coincides with his resuit. 

If we eliminate ¢ from (23) using (25), we obtain 


LY s 28-2 
=n + (-v-s{! eas er 


[1 =22 cos 2842] eu 


According to this expression for the real susceptibility, we obtain, in the case B=0 
that an external field is parallel to the easy direction, 


Y¥=x, when A<1 or H<H, 
and (29) 
7 y¥=7,, when? 45)" Grey oye 


For the case eae that an external field is -perpendicular to the easy direc- 


tion, we obtain a constant susceptibility y, independent of 7. When 0<f 5 que 
2 


the susceptibility y increases continuously from Xi + (¥1—- 7%) 1/2) (1—cos 28) 
for H=0 to y, for H=oo, 
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When the external field applied to the preferential direction becomes stronger 
than a critical field ,, the vector S, averts abruptly its orientation from the easy 
axis to the direction perpendicular to it. This critical field is given by (27). 
The relation between this field and the temperature is illustrated in Fig. 3, where 
(18) for D’ and (11), (12) and (13) for % and y, are used respectively. In 
this case, H, increases slowly with a rising temperature, on account of a more 
rapid decrease of y,—y,, than that of D’. But, there may possibly be the cases 
that 7, decreases with an increasing temperature, D’ decreasing more rapidly than 


Fag df 


He [7 ' ayaa 
H*, LO] Since MI =0, Pay ice and D=DS(S— 
1/2), at the absolute zero of temperature, the 


1.6 1 cy 


— 7/@ 


critical field becomes from (27) and (7) 


-29-2 S(S—4) 1 

H,) ro=| 1286Dg¢* SO—9)_ Th 
(2) 7 aoe S(S+1) 

This critical value for MnF, is estimated as 

0.7 x 10° oersteds, using the value of D determin- 


(30) 


ed from the anisotropy of the susceptibility above 
the Curie point. This is so large that it is im- 
possible to find the transition of the susceptibility 
from x; to y, in the usual experiments. HY, represented by (30) is, however, pro- 
portional to the square root of the Curie temperature and so it is expected that this 
transition will possibly be found in an antiferromagnetic substance having a Curie point 
at the temperature of an order of 1°K, where HY, amounts to several thousands oersteds, 
assuming that D’ is the same order with that for MnF,. The experiments on CuCl. 
2H,O carried out by C. J. Gorter and his collaborators® may surely correspond to 
this case, but our results can not be strictly applicable to this material on account 
of the spin of 1/2:for Cu** ion. In general, if the critical field is measured ex- 
perimentally, it will be possible to find the temperature dependency of the aniso- 


Fig. 3. The relation between the 
square of the critical field and the 
temperature when S=5/2. 


tropy constant from (27) in an antiferromagnetic material. 
In the case that an external field is small compared with /Z,, we can expand 


(28) in a power series with respect to 4. Then we obtain as x. 


£= 1) + Ui—My) 5 fl (Cos 2B—A) SU Py(cos 28)}. (31) 


Here, neglecting higher terms than 4, y is approximated by the following ex- 


pression : 


Lit hi 4) {sink + Le 2 sin"B cos” pt. (32) 
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As to the susceptibility for a powder specimen we obtain, averaging this express- 


ion over all the solid angles 


Sy 2 ee 
weit Gam) {e+e a . i 
The expressions of (32) and (83) are in accord with those obtained by T. Naga- 
miya” when an S tends to infinity. 

' The field dependency of the susceptibility for a powder specimen of MnF, has 
been measured by de Haas, Schultz and Koolhaas”. Their results do not, however, 
show a parabola-like dependency of y, on H. This fact may probably be due to 
the impurities contained in their sample. If we assume, however, that 7, obeys 
a parabola-law, and estimate 7, roughly from (33), we obtain 7,~0.8 x 10° oers- 
teds which is in accord in its order with that estimated from the susceptibility 
above the Curie point. 


§ 7. Conclusion 


Introducing the microscopic anisotropy energy represented by one spin varia- 
bie into the model used by Van Vleck, the susceptibility both above and below the 
Curie point was calculated for an antiferromagnetic single crystal in the case that 
the spin quantum number S of the magnetic ions is larger than 1/2. For S= 
1/2, it would be necessary to introduce the anisotropic coupling between two 
spins. 

The calculation of the susceptibility below the Curie point was performed in 
two steps. Firstly, we calculate the change 08 of the vector §,, arising from an 
external field, which is equal for the spins on both sublattices, when the orienta- 
tion of the S, is fixed. In this calculation, we can neglect the anisotropy energy 
which is very much small compared with the exchange coupling, and, therefore, 
the results are in complete accord with those obtained by Van Vleck. The 
susceptibility obtained in such a way, however, does not give a true one. 
Secondly, the direction of the §, is determined, taking account of the anisotropy 
energy after the way shown by L. Néel. As the results obtained in this manner, 
it has been found that the two susceptibilities y, and y, given by Van Vleck, 
which imply the susceptibilities parallel and perpendicular to the vector Sj. are 
equal to those parallel and perpendicular to the easy direction, as far as the ex- 
ternal field strength is smaller than the critical field, as pointed out by T. Nagamiya. 

When the external field parallel to the easy direction arrives at the critical 
value, the susceptibility jumps abruptly from y, to y,, while in the case of the 
ct a Se 
applied to the fftee etd eae - ; dhe “sa 
continuously with an increasing fiel hae ee Bh Ah wes & 

g field strength. Thus for the field strength com- 
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parable to the critical value, we have to take into consideration the rotation of 
the spin, as L. Néel did. 

In this paper, we confined the discussions of the susceptibility to the crystal 
of tetragonal symmetry. The considerations for the other cr ystal structures will 
be developed in another paper. 

In conclusion, the writer is very much indebted to Prof. T. Nagamiya for his 
eontinual interest and illuminating discussions on this problem. 


References 
1) T. Nagamiya, Prog. Theor. Phys. 6 (1951), 342. 
2) J. H. Van Vleck, J. Chem. Phys. 9 (1941), 85. 
3) C, J. Gorter and his collaborators, Phys. Rev. 82, (1951), 552. 
4) J. W. Stout and M. Griffel, Phys. Rev. 76 (1949), 144: J. Chem. Phys. 18 (1950), 1455. 
5) J. H. Van Vleck and W. G. Penney, Phil. Mag. 17 (1934), 961. 
6) J. H. Van Vleck, Phys. Rev. 52 (1937), 1178. 


7) J. H. Van Vleck, J. Chem. Phys. 5 (1937), 320. 

8) HL. Bizette and B. Tsai, C. R. Ac. Sc. Paris 209 (1939), 205 
9) De Waas, Schultz and Koolhaas, Physica 7 (1940), 57. 

10) L. Néel, Ann. de Physique 5 (1936), 232. 


Progress of Theoretical Physics, Vol. VI, No. 5, September~October, 1951 


On the Zero Point Entropy of Methane Crystal* 
Takeo NaGaAMIyA 
Department of Physics, Osaka University, Osak 


(Received July 21, 1951) 


Possible crystalline structures are suggested for the low temperature modifications of CH,, CD,, and 
CHD crystals from the consideration of interatomic distances, assuming that the molecules are vibrating 
rather than rotating in the crystals. The degrees of degeneracy of several lowest eigenstates of the molecular 
motion are investigated by group theoretical considerations on the simplifying assumption that each molecule 
is subjected to a field of a certain symmetry, namely, of octahedral, tetrahedral, trigonal, or of no symme- 
try. It results that the lowest rotaional state of the para-CH, molecule, 7=2, splits into several components 
in the octahedral and tetrahedral field, of which the lowest state has a degree of spatial degeneracy 4 and 
2, respectively. An explanation of Clusius’s measurement of the zero-point entropy of the CH, crystal can be 
given by assuming a tetrahedral field and assuming that the conversion between different symmetry types of the 
molecule does not occur. The alternative and more probable explanation can be given by the assumption 
that 12 lowest levels resulting from the symmetry operations of the molecule are quasi-degenerate and the 
symmetry of the field is tetrahedral or lower. The occurrence of the conversion does not matter in the 
latter case. The zero-point entropy of CHD can also be accounted for by the second type of assumption. 


§ lL. Introduction 


The thermal properties of methane crystal at low temperatures (above 10°K) 
have been investigated mainly by Clusius and his coworkers.” CH, crystal under- 
goes a phase transition at 20.42°K accompanied by a sharp peak of the specific 
heat curve. CH,D and CD, crystals have two transition points, with two corres- 
ponding sharp peaks in their specific heat curves, and the crystals are optically 
anisotropic in their lowest modifications. A similar behaviour is found for CID a 
but not in detail. The transition in CH, corresponds to the upper transition in 
CH,D and CD,, as shown clearly by Eucken’s? study of the mixed crystals of 
CH, and CD,. With increasing concentration of CD, the transition point increases 
monotonically, and a straight line is obtained which connects the transition point 
of the: pure CH, with the upper transition point of the pure CD,. The lower 
transition appears for the concentrations of CD, higher than 20%, and the cor- 
responding curve runs nearly parallel to the former. The transition points of the 
crystal of CH,D coincide nearly with the points on these curves with 25% CD,. 

Eucken” derived the rotational part of the specific heat for CH, crystal and 
found that it is about 3.0cal/Mol above the transition point, showing that the 
molecules are in the state of free rotation. He also found the corresponding value 


* The main part of this work was read at the Meeting of the Phys. Soc. 


of Japan in Osak 
November, 1947 (Symposium on Phase Transition). Ug ietieet a 
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of 3.8~3.3 cal/Mol for CD, above its upper transition point, and inferred that 
there is some hindrance for the molecular rotation. However, these results can- 
not be considered as conclusive, for the theoretical rotational specific heat ob- 
tained by Maue” shows a maximum value of 3.7cal/Mol at about 25°K for CH, 
and that the classical value of 3 cal/Mol can only be attained above 50°K. 
Alpert’s® proton magnetic resonance experiments seemed at first to show that 
the transition in CH, and the upper transition in CH,D are the transition from 
the state of oscillation to the state of nearly free rotation, but a more recent 
research by himself indicates the result which favours rather the oscillational state 
nearly throughout the solid state. 

The most recent X-ray structure analysis of CH, is that carried out by 
Schallamach.® Although some anomalous patterns were observed in the transition 
range, no definte conclusion was drawn from them, and the structure (f.c.c.) 
seems to remain unchanged. 

It is the purpose of the present paper to make some inferrence to the crystal 
structures of light and heavy methanes and to compute their zero-point entropies 
on the basis of the model that each molecule in the crystal is subjected to a 
field with definite symmetry. We assume that the interaction between neighbour- 
ing molecules can be replaced by a mean potential with a definite symmetry. 
Clusius and Frank? took a point of view that the molecular interaction is so 
strong that it is meaningless to speak of any motion of a molecule independent of 
the others, and they assumed therefore that the proton or deuteron spins are 
distributed at random in the crystal. They showed that their measurements of 
the zero-point entropy can be satisfactorily explained in this way. The point of 
view here presented may be considered as the opposite approximation to the 
problem, but it can be shown that the results of the measurements are equally 
well explained. 

Let us inquire somewhat closely into the comparison between the picture 
presented by Clusius and Frank and that presented here. Consider an eigenstate 
of the system of molecules in a CH, crystal and suppose that the molecules are 
moving like gears coupled tightly together, or rather better that each molecule 
is tightly bound to a definite direction with respect to the crystal axes, oscilla- 
ting with a small amplitude. We may take another eigenstate with the same 
energy eigenvalue which differs from the former by a symmetry operation of any 
one molecule. If the coupling between molecules, or the coupling between each 
molecule and the crystalline field, is not infinitely strong, then there will be a 
resonance between these two states. Clusius and Frank’s hypothesis is equivalent 
to assuming that the energy associated with this resonance is not large compared 
with the nuclear spin-spin coupling energy between neighbouring protons. The 
latter is of the order of 10-” erg per proton pair, so that the resonance frequency 
must not be greater than 10-”/z~10* sec, in order that the assumption of 
Clusius and Frank is correct. The nuclear magnetic resonance data show, however, 
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that this frequency (1/z)) is” of the order of 10°~10' sec~', which is surely grea- 
ter. We are thus lead to conclude that the eigenstates of the molecular motions are 
independent of the spin configuration. Every eigenfunction of the space coordina- 
tes alone, describing the molecular motions, must have a certain symmetry charac- 
ter of the tetrahedral group with respect to the symmetry operations of any one 
molecule in the crystal, and, by the Pauli principle for the protons, the spin func- 
tion of any one molecule must have the corresponding symmetry character. This 


is the point of view we are adopting here. 


§ 2. On the crystal structure of methane crystal at low temperatures 


The X-ray analysis of the CH, crystal shows that it has af. c. ¢, lattice both 
above and below the transition point. In the lower modification, it may be sup- 
posed that the molecules are arranged in a most regular way. There are two 


possible space groups for it. One is F437 which corresponds to the parallel ar- 
rangement of all the molecules with all their C-H arms directed towards the body 
diagonals. The other is P2,3 where each of the four molecules in the unit cell 


has one of its C-H arms directed to one of the four diagonals [111], [111], [111] 


[111] (different for the four molecules), and its remaining three C-H arms direct- 
ed as nearly as possible to the three cubic axes. The distances between atoms 
in the neighbouring molecules and the numbers of the corresponding pairs of 
atoms in the unit cell are listed in Table 1. 


Table 1. The atomic distances between neighbouring molecules. The figures in parentheses 
give the numbers of the corresponding pairs in the unit cell. The lattice constant is taken 
to be 5,84 A. for thé cubic lattices. For the hexagonal lattices the nearest carbon-carbon dis- 
tance in the basal plane is taken to be equal to that in the cubic lattices, and the axial ra- 
tio c/a is taken to be 2V2/3 (1—z). 


Structure F43m P2,3 he ele 7 0.0! Es ; 
= wuw=VVNO 
H, H distance 2.35 (24) 2.56 (12 2.35 (6) 2.35 (6) 
2.69 (12) 2.82 (12) 2.71 (12) 
3.06 (12) 
3.28 (12) 
3.58 (96) 3.58 (12) 
3.63 (12 
C, H distance 3.30 (48) 3.30 (36) 3.30 (12) 3.24 (12) 
3.65 (24) 3.65 (6 oe 
3.98 (12 ” pot 
4.27 (96) 4.27 (24) 
4.55 (12) 
C, C distance 4.18 4.13 4.09 
413 4.13 
eS 
=i eee 


If we take 1.2A. for the van der Waals radius of H, the nearest HH dis= 
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tance in F437, 2.35 (24), is nearly equal to twice this radius. The nearest H,H 
distance in P2,3, 2.56 (12), is somewhat larger, but there are abundant next- 
nearest distances in this structure. As to the C,H distances, if we take for the 
carbon radius 2.0A. (the van der Waals radius of the CH, group), we find that 


the nearest C,H distance in F437, 3.30 (48), is nearly equal to 2.041.2=3.2. 
The same distance is found in P2,3 with 36 pairs. We are here assuming that 
the molecules are at rest, but actually they are oscillating, and the atomic dis- 
tances are distributed continuously. It is not possible to draw a definite conclusion 
from the consideration above of the atomic distances alone which of the two structures 


is more stable, but it appears to the writer that the structure F437 is more stable. 

A possible structure of the lowest modification of heavy methanes, CH,D 
and CD,, is a hexagonal close packing. The best packing condition is obtained 
by arranging the molecules as shown in Fig. 1, where the molecules in each of 
the basal planes are parallel to one another, but the orientations in the successive 
two layers are different through a rotation of 180° about the hexagonal axis. A 
small contraction along the hexagonal axis may be possible compared with the 
closest-packing structure. 

Each molecule in the structure F437 moves in a field of tetrahedral sym- 
metry, and in other structures here considered, it moves in a field of trigonal 
symmetry.. In the highest modification, the field must be of octahedral symmetry 


in the statistical average. 


aa 
pr ates : 


Fig. 2. 
Fig. 1. 
Projection of two successive net 
planes upon one of them, 


§ 3. The lowest eigenstates of CH, and CD, in a field of various symmetries 


We assume in the following that each molecule in the crystal is subjected to 
a field with a definite symmetry and moves each independent of others. This 
approximation may be valid near absolute zero where the amplitude of the mole- 
cular oscillation is small. 

The eigenfunction describing the motion of any one molecule can be classified 
according to the irreducible representations of the tetrahedral group for CH, and 
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CD,. As the starting approximation, let us take an eigenfunction which describes 
the lowest oscillational state of a molecule about one of its equilibrium positions 
and 11 other eigenfunctions which are obtained from the first by the symmetry 
operations of the molecule. We shall denote the first by ¢(Z£), and others by 


$C), $C,), $C), $C), HG), HG), $C), 
$(CY), WC"), $(G'), P(Ce), (1) 


where C, means the rotation through 2 about the z-axis (see Fig. 2), C, the 

: ‘ : soiree - -dro- 
rotation through 27/3 about the line joining the carbon atom and the first by 
gen atom, C? the double this operation, and so on. By linear combinations o 
these functions we have the following irreducible eigenfunctions : 


Total"symmetric': ¢/= S1O(C), (2) 
Cc 


where C takes £ and those appearing in (1). 
Doubly degenerate : 


=W(LZ) +3) WC) +2D WG) +O WG), 
it i rae rim Bare PD tesa 


¢,*=the conjugate complex of ¢, 
Three sets of triply degenerate functions : Py= Limi (C™) J(C), (4) 


where (7;;(C)) is the three-dimensional unitary irreducible representation of the 
tetrahedral group and will be given in Appendix. It can be shown that the 
functions with the same z but with different 7’s mix with each other by the 
symmetry operations of the group (Appendix). 

If the symmetry of the field is tetrahedral and the minimum of the potential 
energy corresponds to the coincidence of the molecular symmetry axes with the 
symmetry axes of the field, then it can be shown that the functions with the same 
7 but with different z’s mix with each other by the symmetry operations of the 
field, so that these functions form a nine-fold degenerate state. In a trigonal 
field, this level splits into a three-fold level and a six-fold level, if the minimum 
position corresponds to the coincidence of the trigonal axis of the field with one 
of the trigonal axes of the tetrahedron, and in an asymmetric field it splits into 
three three-fold levels. 

In a field of octahedral symmetry, again assuming that the minimum position 
corresponds to the coincidence of the symmetry axes of the tetrahedron with 
those of the field, we have two sets of singly and nine-fold degenerate levels and 
one four-fold degenerated level. All the mathematical details will be postponed 


to Appendix. In Fig. 3 is shown an example of the level scheme for various 
symmetries of the field. 
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§ 4. The zero-point entropy of CH, and CD, 


We can now compute the zero-point entropies of CH, and CD,.* We ‘dis- 
tinguish between two cases: 1. All the energy levels computed above are very 
close to each other compared with the lowest #7 of the measurements, and 2. 
their separations are very large compared with it. As cited before, the nuclear 
resonance data show a flipping frequency (1/z,) of the order of 10°~10? secu 
which corresponds to level splittings of the order of 10-® erg, or the temperature 
of the order of 10~* deg. abs. If this is truly the case, the case 1 is valid, and 
the degeneracy of the levels is almost perfect. 

There are three types of CH, molecule, namely, those with resultant spin 2, 
1, 0. Their spin functions belong to the three irreducible representations of 
the tetrahedral group of dimensions 1, 3, 2. The spin weights are thus 5 x 1=5, 
3x3=9, 1x2=2, respectively. In normal methane they are contained with the 


Fig. 3. CH,, CD,. 


The figures attached to the right of the levels 
indicate their degrees of degeneracy. 


car, Cee 2. === 2 ie ne 2 
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ratio 5: 9:2, the most abundant being called ortho, the next meta, and the least 
abundant para. As Maue® has shown, each type couples only with the molecular 
motion of the same irreducible representation, and the total weight of a given 
level is equal to its spatial degeneracy for ortho and para, and multiplied by 5 for 
meta. 

We shall at first consider the first case cited above. 

a) Octahedral field. Weights for meta, ortho, para are 2x5=10, 18, 4, 
respectively. The abundance ratio is thus unchanged whether the conversion be- 
tween different types occurs or it does not occur, but the zero-point entropy is 
greater by RIn2 compared with that measured. ‘ 

b) Tetrahedral or lower field. Weights for meta, ortho, para are 1X5=5, 
9, 2 respectively. Therefore the zero-point entropy is just equal to the measured 


value whether or not the conversion occurs. 
We next go to the second case, and assume that conversion does not occur. 
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For, if it occurs, the molecule will all drop to the non-degenerate lowest level 
of total symmetry and becomes meta at oo low temperatures. 

a) Octahedral field. The spatial degeneracies of the lowest states a ae 
ortho, and para molecules are I, 9, and 4, respectively, so that the total weights 
are 6, 9, and 4. The zero-point entropy is again greater than the measured value 

2 -Rin 2. ' 

i Hyatt field. The spatial degeneracies are 1, 9, 2, so that just the 
requir ue is obtained. 

ee oe field. The spatial degeneracies are 1, 3 or 6, and 2, so Let 
the zero-point entropy is smaller than the required value by (9/16)-Aln (9/3) 
or (9/16) -RlIn (9/6). The former value applies also to the case of an asymme- 
tric field. . 

We are thus lead to conclude that the symmetry of the field is tetrahedral 
or lower and the ground levels are spaced very closely, or, alternatively, net they 
are largely spaced, the field is of tetrahedral symmetry, and the iy ihe Ss be- 
tween different types of the spin symmetry does not occur. The former is more 
probable in view of nuclear magnetic resonance experiments. 

Similar considerations can be carried out for CD,, and the same conclusions 
can be drawn, with minute differences that the excess in entropy in the case of 
second a) is (12/81)-AIn2, and the defficiency of it in the case of second c) 
is (54/81)-Rin3 or (54/81)-AiIn (3/2). The quasi-degeneracy of the lowest 
levels for CD, may be more valid because of its larger moment of inertia. How- 
ever, Clusius does not seem to have given explicitly the value of the pero-point 
entropy for this methane. 


§ 5. The zero-point entropy of CH,D 


The lowest levels for this molecule in a field of definite symmetry can be 
treated in a similar way as for CH,, the mathematical detail of which will be 
given in Appendix. 

Clusius obtained for this methane an excess zero-point entropy of Rin 4 over 
that one would expect from the random distribution of spins. He explained this 
by pointing out that D occupies every corner of the molecular tetrahedron in 
random way. Similar explanation can be given from our point of view. 

There are two types of spin configuration for this molecyle ; one is invariant 
against the rotation about the trigonal axis of the molecule, and the other has 
the degenerate character I, ¢, e? or 1 e*, e. Normal gas contains them with a 
ratio of 1:1, because the proton spin weight of the former (quartet) is 4 and 
that of the latter (doublet) is also 2x2=4. The former couples with the total 
symmetric modes of molecular motion, and the latter with the degenerate modes. 
The total weight of a level is equal to its spatial degeneracy multiplied by 4 for 


the former type, and equal to that multiplied by 2 for the ‘latter type, as was 
shown by Maue. 
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In a field of tetrahedral symmetry or of lower symmetry, we have 12 lowest 
levels, and if these are considered as quasi-degenerate, we have 4 levels for the 
first type of methane and 8 levels for the second. The zero-point entropy is 
therefore 


1 1 cE ea ees | 
= gust DY a == = 
R| Sin(4x4) + Lin(sx2) : a 5 in| Rin 32 


(the last two terms in the bracket is the mixing entropy), namely, greater by Rin 4 
than that required from the random distribution of proton spins. Here again is 
immaterial whether the conversion between different types occurs or it does not. 

If the level distances are large and the non-occurrence of the conversion is 
assumed, we have too small a value of the zero-point entropy even for the case 
of free rotation, as one would see from the level scheme shown in Fig. 4. 


Fig. 4. 


The level scheme of CH3D. (111) and (lee?) 
indicate the characters of the levels with res- 


pect to the rotations about the molecular tri- 
gonal axis. 
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§ 6. Discussion 


The present consideration would appear as not very much different from that 
given by Clusius and Frank. But the following point must be pointed out. In 
their point of view the spins are distributed at random in the crystal, and as its 
consequence the vapours of methanes in equilibrium with their corresponding crys- 
tals at low temperatures would contain the greatest amount of the es stable 
type of the molecule (meta type in the case of CH,); because the conversion from 
one type of molecule to another can take place through the crystals. In oe: 
point of view of the quasi-degenerate levels the occurrence of the conversion - 
not necessary, so that the vapour can contain different types in the normal pokes 
The problem of the conversion in the crystals of methanes requires another analysis. 
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Appendix 
1. The irreducible representations of the tetrahedral group 


The Table 2 gives the simple characters and the following is the three-dimen- 


sional unitary irreducible representation : 


E Ce Cy i 
100 —] —2e*—2e —l —2e —2e =1, =2 =2 
010 d}—2e —1 2 1{—2e? —] 2 | 4{—2 —1 2 
0.041 Qe" Qe —1 —2Qe 2Qe?—1 if 2 tal 
G Cy C; C; 
1 Ov@ Sil SMe 5 beat e ay ae 
[0 e 0 A}/—2e —e 2 4;-2 —e 2 4|-—2e —e 2 
ORG —2e 2 —# —2 Qe — & \—2e” Qe? —e* 
Ge By C2 C2 
140°0 —1l —2— —2é —-1l1 -—2 —-2 —1l —2e? —2e\ 
Owe | Os ee ) 4 D2 e D2 ry es —¢° 2: 
OO0e —2e° 2 —e —2e 2 —e —2 Qe? —e 
Table 2. 
2. The transformation properties of the faau E : 
eigenfunctions — | (Cz) | (Cy) | (G4?) 
Operation of a group element A on (4), obnpls 1 1 1 
§ 3 gives character : 1 € e2 


Ad ,;= dmis(C) (AC) 
=Yuy(BADMB) (B= AC) 
= aps U5 7, (Ba) Up3( A) b(2) = Lidix Ung (A) ) 


and successive operations of two elements give the corresponding product of the 
matrices. 


3. The energy eigevalues (CH,, CD,) 
We first construct the energy matrix elements from 12 functions, ¢(#) and 
11 functions given by (1), §3: 


|W) AYE) de =a, 
\o(C) Ab B)de=B., [WMG B)de=B, Jc) Hb(B)dce=B., 


[CDH (L)de=re= [$(CA) HY Bade, i=1,2,3,4. 


Here we assume that all ¢’s are real. The symmetry of the field can be describ- 
ed by certain relations among these parameters. For a tetrahedral field, one has 
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f,=8,=8,=8, n=1e=fs=T) 
and for a trigonal field, one has, taking the trigonal axis to coincide with the C,- 
axis when the molecule takes the original position Z, 
§.=—,=8.=8, = 7s= 17. 
The case of an octahedral field will be treated afterwards. 
The Hamiltonian matrix elements with respect to the eigenfunctions given by 
(4), § 3 can be calculated as follows: 


[Pi iby de=DDuis(A)ay(B-) [OA UY Bde 
AR 
SS Cte eae ') |b BC) Hb (B)de 
(64 


die, (Orb ul B5) Ae 


B 


bl 
S 


where 


=|s(c ) Hb (B) dc. 


Since we are taking a unitary representation, we have 
DWC Ba tag ol) 
B 
= a) OC lug S )= d1>) 2B), C)awlS ) 
B Bm 
=D) (Sap) ul B™) )mal(Cy 
m B 


The sum in the parenthesis vanishes unless #=2, 7=/, and when these relations 
hold it is equal to 4/f (A=order of the group=12, f=dimension of the irred-u 
cible representation=1 or 3).° We thus have 


| v8 Wie. (pel) 
[Oi Hbas de = Sd CMe 


Thus the Hamiltonian matrix elements exist only between those ¢,,’s which 


have a common 7. For the three-dimensional irreducible representation we have 


thus to solve a three-dimensional secular equation. 
The results for the energy eigenvalues are given in Table if we neglect the 


overlap integral between any two different $(C)’s. 


Table 3. 
Dee —— aaa) 
Oi | dy dah | bis 4, F=1,88): 
a+3B—47 a—B (9) ---tetrahedral 
a+3p+8y és i ‘ aie OO) eceeaal 
at NB iy ots eas eee 


ee ee 
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The second row refers to a tetrahedral field and the third and the fourth rows refer 
to a trigonal field. The parenthesized figures in the third column give the de- 


grees of degeneracies. 


4. Tetrahedron in an octahedral field 


We may here rather change the roles of the symmetry operations of the 
molecule and those of the field. Thus C now implies a symmetry operation of the 
octahedral field. The reduction of the regular representation of the octahedral 
group yields the following irreducible representations : 


P+ 1,4+213431,437;, 


where Bethe’s notation is used.” J’, and /’, are one-dimensional, and should be 
both total-symmetric with respect to the symmetry operations of the molecule. 
I’, is two-dimensional, and each of the two should contain both the characters 
(1, 1, e, e?) and (1, 1, &, €) with respect to the symmetry operations of the 
tetrahedral subgroup of the field. But these two J’; are degenerate, as one can 
verify directly, or as follows. The function ¢,, constructed previously, is an eigen- 
function with respect to both molecular symmetry and field-symmetry, and we can 
construct another function ¢," by a rotation through 7/2 about one of the cubic 
axis of the field. Then ¢, and ¢,' are bases of /. This set and its conjugate 
complex evidently belong to the same level. /%, and J’, are three-dimensional, and 
both have the same character with respect to the tetrahedral subgroup, so that 
both must contain the nine-fold degenerate functions constructed previously. Thus 
we have two non-degenerate levels, one four-fold degenerate level and two nine- 
fold degenerate levels. 


5. CH,D in a field of various symmetries 


Tetrahcdral field We have only to take the case of putting a tetrahedron 
in a trigonal field and change the roles of the symmetries of the molecule and 
those of the field. We have the following scheme (Table 4): 


Table". 
Degree of Character with respect to the rotation about E 
degeneracy a molecular trigonal axis through Energy 
0° 120° 240° eigenvalue 
: i : 1 a+3B-+27, +67 
: ; : eg, & e, € a@—B—-71+72 
3 
2 4 : : a—B+2(7;—72) 
. 1 €, e2, € a+3B—7,—37, 
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Octohedral field As before, all levels with the degrees of degeneracy 1, 6, 
3 are doubled, and the level with degeneracy 2 becomes a level with degeneracy 4. 
Trigonal field We distinguish two cases. a) The C—D arm oscillates 
about the trigonal axis of the field. The level scheme is then as follows (Table 5): 


Table 5. 


Degree of Character with respect to the rotation about Energy 
degeneracy the trigonal axis eigenvalue 


1 
2 


b) One of the C—H arms oscillates near the trigonal axis. Denoting by 7’, the 
H[; for the rotation about the C—D arm, by 7,' the A, for the rotation about 
the trigonal axis of the field, by 7,/ the He for the combination of these two ro- 
tations in the same sense, by 7,/ that in the opposite sense, and putting Hy=a’, 
we have the following scheme (Table 6): 


Table 6. 

Degree of Character about Character about _ Energy 

degeneracy the molecular axis the field axis eigenvalue 
i 1 1 al + 274/ + 679 
1 eg ee al + 29! — 72! — 13° — 14" 
oo a! — i! + 2x9! — 73! 74! 
1 ee 6 af — il — 7 — Fs eid, 
1 ee 6? ay oe Faye ra 
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The lambda transition in liquid helium is investigated on the basis of quantum statistical mechanics. 
In the first place, the partition function for an assembly of Bose particles is formulated in such a 
way that the effect of Bose statistics appears as a strong attractive potential between particles and 
gives rise to molecular clustering of various sizes, so that the assembly can be considered as a system 
of molecules and atoms obeying Boltzmann statistics. This formulation is then applied to the ideal 
Bose gas and to the actual helium liquid, and the following results are obtained: (a) An ideal Bose 
gas undergoes a phase transition similar in its formal property to the condensation of a classical 
imperfect gas. (b) By taking into account the interatomic potential, but neglecting all the quantum 
effects but the statistics, we obtain a jump in the specific heat curve at the transition temperature 
and a value of the transition temperature coming nearer to the actuality. (c) Beside the molecular 
clustering, or the “ Bose-excitation,” the quantum effects bring in the “Debye phonons” and the 
“Landau rotons,” the former corresponding to the translational motions of the molecules and the 
atoms, and the latter to the rotational motions of the molecules. Although the quantum effects 
are not dealt with in detail, the agreement between theory and experiments is shown to be improyed 


by taking them into account. It is also shown that these effects probably are not of very great 
importance even near the lambda point. 


§ 1. Introduction 


The peculiar properties of liquid helium II have hitherto been well explained 
by phenomenological theories based on two-fluid model, although the molecular- 
theoretical interpretation of the model itself still remains almost unsolved. Two 
well-known theories, one due to London and Tisza” and the other due to Landau”, 
have so far appeared in competition, and some of the behaviours of helium II 
stand in favour of the former but others are more favourable to the latter. Ex- 
periments on mixtures of He® and He! or on pure He® show that He*® does not 
take part in superfluidity” and this gives a support to the London-Tisza theory 
which starts from the concept of Bose-Einstein condensation, while TLandau’s 
theory is incapable of explaining this fact. On the other hand, experiments on 
the temperature and pressure dependencies of second sound velocity rather support 
the predictions from Landau’s theory, while some theories developed recently 
along the line of London-Tisza’s idea do not seem successful in explaining its 
behaviours near absolute zero”. These circumstances indicate the imperfectness 
of both theories, and one will be lead to scrutinize their foundations. 

Confining ourselves to the properties of liquid helium in thermal equilibrium, 
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as we shall do in this paper, the following points must thus be expected to result 
from a correct theory: 


a) Helium remains to be liquid at absolute zero because of the light mass 
of the atom and a weak interatomic force. 

b) A phase change occurs at a certain temperature on account of the Bose- 
Einstein statistics for He‘; the lower phase possesses a peculiar character of 
allowing for the existence of two velocity fields. 

c) There exists in the lower phase a quantity which characterizes its internal 
structure, for instance a parameter x that defines the mixing ratio of the two 
velocity fields. 

We attempt in the present paper to develop a theory of liquid helium on the 
basis of orthodox quantum-statistical mechanics, with a hope to obtain some clues 
to the real solution, and we believe that an answer to some of the points cited 
above is really given by our treatment. We first develop a general method suitable 
for analyzing the effect of Bose-Einstein statistics for a system composed of a 
large number of particles (§2). This method is then applied to an ideal gas, 
where we show that we can interpret the Bose-Einstein condensation in terms of 
space coordinates alone (§3). This application provides us a ground to go a step 
further and treat a system of interacting particles. We first neglect all the quantum- 
mechanical effects except for the statistics in treating a system of interacting 
particles, and show that the behaviours of the phase transition comes nearer to 
actuality by inclusion of the interatomic forces (§ 4). Finally, the quantum effects 
are taken into consideration, though not perfectly (§9). We show there that 
these effects do not influence essentially the behaviours of the phase transition, 
but that they rather provide us some possibilities of accounting for the anomalous 


behaviours found at lower temperatures. 


§ 2. General quantum-statistical mechanics of an assembly 
of Bose particles 


Let the Hamiltonian of a system of VV Bose particles be H. Then we have the 


density matrix of the system in coordinate representation in the form 
RAM Py) Pf hp) SI A OY PE (40---Ty); (2-1) 
k 


where the wave functions {¥%,(%,---7%y)} are an arbitrary set of orthogonal normaliz- 
ed functions symmetric with respect to the coordinates. For instance, we may 


construct them from a set of orthogonal normalized functions of one coordinate, 
OAM), Oo), Oy yar. ce , in the following way : 


s > PE nyng-(H), (2-2) 


F nary: (H) ea VN! 1y ly lee P 
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where we mean by Pryny--(#) a product of 7 Py, % Poy ++ (My+Mg+---=M) with 


(11, Me) +++) Py) =H arranged in their order, that is, 


P yng () =¢, (7,)¢,(%2) ee (1n,) Po Om+) ++ Siaicky 


Ny Is 


and by P a permutation operated upon the coordinates, the summation being 
extended over all the permutations. Substituting (2-2) in (2-1) and taking the 
trace of the density matrix, we have the sum over states: 


Zy= 3 st |... | Pei) eH OV ning.) Ax 


{uz}? @ Nim! te 


D%n= NV 
WEE ain PH npg (80) CHB ny (28) doe (2-3) 
= oe each ee Nyng:- (HC) € MyNg"* : 

' (%% y+ Mag rene 

D.=V 


This expression can be written in another way. We may namely start from 
another set of functions which we obtain from Yy,%-..(a¢) by changing the order 
of arrangement of the ¢’s in the product through a definite permutation. Evidently 
we then have the same result. Since there are just W!/m,! m,.!... essentially 


different such permutations for a given set 7, %,..., (2-3) can be written as 
Giprcy ot Sy Bf... | PPAF (oe) cP (a0) dav, (2-4) 
{ & 


if we imply by {¥,(#)} the complete set of functions {$4,(7";) $s) 1%) ...P&y (Ay) } 
with £,=1, 2,3,... (é=1, 2,..., W). Furthermore, we have the same value of 
the sum behind 3} in the above expression when P runs over every element of 
the same class of the symmetric group Sy. To see it, we take a set 4,', Ay’, ..., 
ky which we obtain from £,, 4, ..., Ay by changing the order of arrangement 
of the latter through a permutation 7. It merely means a change of order of 
the summation over & But this permutation, is equivalent to replacing the inte- 
grand by 


PPO Taher Pe ee) 
whose integral is equal to 
en) LPL ¥ ,* (a) e824 W , (a) da 


as one sees by the change of variables Txw=a’. 


Therefore, the summation over P can be substituted by a sum over the 
classes of the symmetric group Sy, namely, 
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ieee ei Imyng: iN Z (myMo. o My) /N ! ’ (2 0 5) 
St ore 
N! 
Jimyng:- nye ee ee (2 6) 
Im) 0" 
i=1 
Z (mg: ..1y) = >| sas| PEt (x) e8H P(x) dx, (2-7) 


P=any element of the class (7, 729...my). 


Here (2-6) is the number of elements in the class characterized by 121, #9 ..., Mtyy 
where m, is the number of cycles of length 1 in the permutation, m, that of 
length 2, and so on, so that >}lm=N. 

The expression here gheaned is especially suited for investigating the effect 
of the statistics upon the thermal properties of the assembly because %,(a#)’s are 
not the symmetrized functions. Indeed, the term which corresponds to the identical 


permutation, 
it i| 
eee oe, eS: fone —pH , 
EW, 0, + 0) =D j--[P@ye w (oe) doe, (2-8) 


is nothing but the sum over states (divided by 4!) for an assembly of particles 
which obey Boltzmann statistics, and should be expected to be dominant at high 
temperatures, while other terms represent corrections due to Bose statistics. In 
the next section, we shall see by applying (2-5) to the case of ideal gas that our 
division into the classes of S, bears a close relationship to the Bose condensation. 
Moreover, since the present formalism is quite general, it is possible to extend 
our computations to the case of interacting particles, and at the same time to 
criticize how far reaching is the application of the ideal gas model to liquid helium. 


§ 3. The condensation of ideal Bose gas 


In the case of an ideal gas, the Hamiltonian is a sum of commuting operators : 


4d sigs, (3-1) 


In such a case, we can obtain the sum over states in a compact way, and indeed 
exactly in the case of an ideal gas. Writing the density matrix of one particle 


aS 
er; 1 |B)=di pak a") e BP rem g, (1°) , (3-2) 


we have straightforwardly 
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N 
Z(t, My...tMy) =H (TL) , (33a) 
g=1 


h=|...J Our 1B) p(s |B) .-.p (rr, |B) dry.dr 


=| er | if) dr (3-3b) 

(/8=/ times 8). Now we define “cluster integrals 4,” by 
1,=V16, (V=volume of the assembly) (3-4) 

Then we have 
2 m 
CEE 0 ON DMD (3-5) 
my t=, Wy ! 
Sl, =N 


which is the familiar form obtained in the case of a classical imperfect gas.” 
Taking plane waves for ¢,(2°)’s, we obtain after a simple calculation the 
following expression of 4, for sufficiently large volume lV’: 


| 1 1 
b= 4+ =4 ; 
Tepe. ype mane ) 


3-6 
Ok oe (3-6) 
QninkT ~ 


The term 1//V is contributed from the state of zero momentum; it is negligible 
at high temperatures or for large volume, but becomes important when condensa- 
tion begins. Inserting (8-6) into (3-5), we have 


Zy= s | Si p>! {ul (Vbu)” I 1 {| (3-7) 
No=Ol {wep} {ep} \ 4 m, | tp! [ee 
S/my=N-M 
i= M 
oe = ae Hoel bem sie fac a | =1) (3-7) 
No=0 \f7q,} t= 1 Mt, | {Pea ales hs 


Obviously WM) is the number of particles in the lowest state of zero momentum. » 
We now adopt the approximation of replacing logZ, by the logarithm of the 
maximum term of the right-hand side of (3-7’). The logarithm of the maximum 
term for a given J, is 


log Z(M) = (NW—M) a+ VY) by“, (3-8) 
Z 
where « is determined from 


aes low a *=a/V— NV, . (3-9) 
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Next, differentiating log 7(,) with respect to M, we have a=0. Putting a=0 
in (8-9), we have the equation which determines 1): 


QrmkT 2.) 
v( % ) Seam. (3-10) 


Since, however, My cannot be negative, a=0 is not allowed for temperatures 
higher than 7, determined by 


Srey, Ae) 1 


For such temperatures ,=0, a>0, and a is determined by 


QxmkT VPS, e-* 
rms oe ay ; 
Vi Da pr N 3 12) 


Therefore, we have two phases below and above 7): 


T< 72. Wet, a=0, 
TT: ode GP, 


(3-13) 


This is the well-known Bose condensation. We shall show in the next section 
that the method of derivation here presented can be followed almost without 


modification in the case of interacting particles. 


§ 4. Theory of the Bose liquid, taking into account only 
the effect of the statistics 


As the first step to the study of the influence of interatomic forces on the 
condensation, we shall neglect all the quantum-mechanical effects except for the 
statistics. Such a treatment is interesting beca:se it provides us an insight to see 
whether the Bose statistics is essential for the phase transition in liquid helium 
or not. Indeed, we shall see below that the knick in the specific heat curve in 
the case of an ideal gas changes to a discontinuity by inclusion of the interatomic 
forces. 

The neglection of the quantum effect is equivalent to treating the momentum 
operators to commute with the potential energy. -We take the Hamiltonian as 


N 
Ha Sip2t SVC) =P td ED 


Dm s=1 s>t 


where 9(7u) is the potential energy between the particles s and ¢. Taking for 


{W (ac) } again the set of plane waves 
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P py-Py (x) = ee*P| (pyr. + wt) } (4-2) 


the sum over & is replaced approximately by an integral over P,.-.Pyw: 


ra 7P® 


¥ © 
So as eo] daw, 


and (2-5) becomes 


Zig ( fe) 2m, My..-Mty) 5 (4-3) 
ag t=1 m, | [m1 
DS\lm,=N 


with 


Z (My My...My) = 


ale ot eFC)" de,..dry, (4-4) 


Gi) 


1 
ex 


where we understand by s’ the index of coordinate which we have from s through 
N 
: 3 : : a 2 
a permutation P in the class (,...my). Thus, m, terms in >3(#*,—7,’)’ vanish, 
s=1 
M, pairs of terms appear in closed form like 73+7s1, m, sets of three terms 


appear in closed form like rsi-+7¢+753, and so on. The permutation P introduces, 
therefore, an apparent potential energy of the form 


ag atret eee +7,2utri] ’ (J=2, ah sees NV) (4-5) 


and this gives a tendency for m, sets of / atoms to form mm, ‘ molecules,’ with 


J=2, 3,..., WV. 


We now introduce an interatomic potential of the form 


ro=ef(2y-a(2)} a 


Then the apparent potential for a pair of atoms which are contained in a molecule 
is . 


Wory=e{() -2(4) t+ oa (4.7) 


¢(r) depends on temperature. The parameters e and a will be chosen as 


e=0.827x 10-" erg, a=2.95x 10-8 cm. (4-8) 


(m=6.64x10-" gr.) The corresponding curve of ¢(7) for T=2.19°9K=7, is 
shown in Fig. 1. 
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It will be seen that the mini-  _¢/e 
mum of ¢(7) is very steep, and 
is even steeper for higher tempera- 
tures. We may expand ¢(7) near 3 
its minimum: 


Rory =Ra4T ( set yee 
(4-9) 


bo 


with 


1, 2 ) 2 
we ~ \ 98za? 
:% 


1/2 
=0.21( ) (4-10 
4 ain ; Ce fe eal 3% 
The breadth of the minimum, \ rf 
a/V;y, is very small compared -1 SA Pan) 


with @ even for 7,; it increases 
with decreasing temperature. 
The analysis given above sug- 


gests us the following model of Fig. 1. The interatomic potential ¢(7), and the apparent 
the internal structure of liquid interatomic potential ¢(7) for 7’,=2.19°K. 


helium: each term 7(7,...my) in 

Zy corresponds to an assembly of strongly bonded’ 7, diatomic molecules, 5 
triatomic molecules, and so on, interacting with each other by a weak van der 
Waals type attraction. Taking the molecular binding energy equal to 74d, as given 
by (4-9), for an atomic molecule, we may therefore expect for Z(m,-.-my) the 


following form : 


2/2 m 
Z(My++-My)~I1 (ue ) gam Q(my.--My) , (4-11) 
72 


where JM, is the effective mass of an J-atomic molecule, 2(,...my) is the con- 
figurational partition function of a liquid consisting of atoms and molecules 
indicated by (s2;-+-my). The evaluation of the latter is difficult, although it, may 
be handled with the aid of the theories of multi-component solutions, and we 
shall not enter into its analysis. 

Actually, 7(m,..-my) can be calculated a little more exactly. When carrying 
out the integration with respect to 7 coordinates 7,...7, forming a molecule, we 
notice that the integrand depends on 7,-..7% very slowly except through the factor 


p— BIO) +09) + FOCI ; (4-12) 
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so that other part than this factor can be put outside the integral. Using the 
Fourier integral theorem, we have 


; =( 1 iy 1 \ Nba a A a cd a: dV,...a9 
ic tN 2) eae 


= {e[e@ae, (4-13) 


Dg 
0 


22 
: 


where 


7 \7 e-8¥) sing” iy, | (4-14) 
4 tr 


Thus 4 depends no more on 7, We now use the expansion (4-9) and carry 
out the integration by the method of steepest descent. Then 


i rs 242 /9 
G(2) =2(—"2_) Cm *Jcosret-+7(— "0 y siatat }2 — (a222/2 nD 
7k tha 


and 6, can be written in the following form: 


—I1gA / 9) if eo BA 
Fie e A,=( 22M, k 


(4-15 
wo aEe Vi pr ) 


where 


( M, Nord =2( ee yer pele ‘| cosoé lo sin &. Jerome g (4-16) 
m : 7k ie 


S 


tot =r (2). (4.17) 


Carrying out such an approximate integration successively for every molecule, 
we finally arrive at an integral which contain m,+.+...+my coordinates, one 
per each molecule, as integration variables. 


‘This integral will be denoted as 
2(m,...my) and will not be analyzed further. 


In any way, we have 


m M1 
Zy= =>! b, 1 by 2. 
m, M1! M,!. 


Dm, =N 


ae Wile) (4-18) 


The most important result here obtained is that, as the consequence of the 
Bose statistics, the atoms are excited to form molecules whose energies are 
higher by 4 per atom consisting the molecule than the energy of atoms not 
forming molecules. It has already been shown by Bijl, de Boer, Michels, and 


Toda® that in such a case we have a strong dependence of entropy on tempera- 
ture and a discontinuity in the specific heat curve. 
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To simplify our calculations, we now neglect the interactions between -mole- 
cules and between molecules and atoms, and we assume a constant mean potential 
energy ¢€, for atoms. 

Corresponding with (4- 18) the sum over states Zy_y, for a given number of 
zero atoms JV, can be written as 


N-No 
Sy sig sj NG de AE le —No tea at 
N-No = {a Za - (4-19) 
DS 42,=N—-M 
a) , 3/2 3/2 {—IBA 
4,=( acs oh ) e7 BEo A b=( aM, kT i (7 >) ; (4-20) 


and the total sum over states is given by 


sass 3 | ea (4-21) 


As in §3 we shall adopt the approximation of replacing log Z, by the maximum 
term of (4-19). For a fixed NV, we have 


log Zy-my—=Wa— N,(a+ fe) +V 3) be, 
VS) 1b, ce" =N—N, 
and taking the maximum with respect to J,, 
o' =a+fe,=0 


so that, putting Jd—e,=d4’, we obtain the following result : 


Konrad < lige 
| p( 2amkT VOL Sy PAL _ yy, (4.22) 
2 ae [22 
Hor ir ZgenVg=sO~ and 
4 aa Vath uaa, (4.23) 
i i=2 py? 


The transition point is determined from. Eq. (4-23) by putting a’ =0,. Formulas 
for the free energy, the entropy, the specific heat, etc. can be given easily, and 
they are of the similar forms as those given by Toda,” although the calculations 
in the present case are more complicated owing to the dependencies of A, and 
4’ on temperature. In Fig. 2 and 3 are shown the curves of =(V—M)/N 
and of the molar heat as functions of temperature, where we assumed (4-6) and 
(4-8) for the interatomic potential, the actual volume of liquid helium for V/V=z, 
and —e for ¢, ‘We obtained the value of the transition temperature as 2.9°K, 
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Lil Lis 
Fig..2. Number of moving molecules as a 
function of temperature. 0 0.5 120) 72 
Case a: ideal Bose gas. 
(7 ,=3.14°K) Fig. 3. Specific heat as a function of temperature. 
Case b: Bose, liquid. Case a: ideal Bose gas. 
(Tl VAIA NS) Case b: Bose liquid. 


a little nearer to the actual transition temperature (2.19°K) than the valte given 
by the ideal gas model (3.14°K). Since our simplification of calculations seems 
to go too far, we must here be satisfied with a qualitative success of having 
obtained a discontinuity in the specific heat curve. One of the main obstacles 
which prerent us from obtaining a quantitative agreement is the temperature 
variation of 4’. As may be seen from its definition, J’ is nearly proportional to 
T* so that e~*” decreases with increasing temperature, whereas it behaves inversely 
if 4’ were a constant. It will be shown in the next scetion that the quantum 
effect make 4’ to tend to a constant value as temperature decreases, and that our 
quantitative disagreements are removed to some extent by this fact. 

- To ‘sum up. it is clear that the molecular clustering as the consequence of 
the Bose statistics, or the “ Bose-Einstein excitation,” plays a predominant role 
near the lambda point. This clustering is expected to be remarkable down to the 
temperature where 1/7, given by (4-10), reaches 1, that is, | 


4/2 
0.21( =) ~1:, T~0.96°K. 


Although the quantuin effect will have an influence on this excitation, we may 
say that 1°K is the lower limit of the ‘‘ Bose-Einstein excitation.» 
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§ 5. The. quantum effect 


“It is generally recognized that the quantum effect of helium is already re- 
markable in gas phase. Uhlenbeck and Beth’s calculation, for instance, shows 
that the temperature at which the second virial coefficient of helium gas begins 
to deviate from its classical value is about 75°K. Accordingly, the neglection of 
the quantum effect in liquid helium is hardly allowable. One method of taking 
the quantum effect into consideration is, as often used for gas state, the expansion 
of the Bloch equation into a power series of %.: It corresponds to replacing the 
potential energy of the system, 9(%,...2y) by 


7 


O* (1. 


1 Dy P 
_ Diba V7? SFL. O44... (5-1) 
when the statistics is not taken into consideration, where #=/?/2amkT. . For 
the interatomic potential between two atoms, it thus corresponds to replacing it 


by 
e*() =90) + hf rrp te (opt te (5-2). 


Taking the potential (4-6), it proves that these series converges very slowly for 
the temperature range we are interested in. We therefore cannot use this method. 
‘In spite of this, we can get a rough idea of the quantum effect in the present 
case in the following way. Namely, according to (5-2), this effect causes the 
minimum of the potential to displace apparently to the side of larger r when the 
temperature is not too low. Consequently, if one follows the treatment of the 
preceding section using ¢g*(r) instead of g(7), 4 would become greater, and as 
this effect is more predominant the lower is the temperature, the decrease in J4 
with decreasing temperature is partly cancelled. As mentioned at the end of the 
last section, this. tendency proves to be convenient in explaining the anomalous 
properties of liquid helium near the lambda point. 

It, is a very difficult work to develop the quantum mechanics of liquid on 
the orthodox basis. However, the following, method can’ be adopted for our 
purpose of the study of the quantum effect on the ‘‘ Bose-Einstein excitation.” 
Let the sum over states be expressed. by (2-5)-(2-7), and the Hamiltonian by 
(4-1), where the kinetic energy and the potential energy are now non-commutable. 
In calculating 7Z(mm,..-my), we shall classify the coordinates into sets in such a 
way that those and only those coordinates which are contained in the same set 
are. interchanged by the permutation -P, with an exception that m, isolated 
coordinates are gathered into a set. In this way we obtain 1+77,+ m,...+My= WM 
sets, which we shall enumerate as 1, 2,..., 42 Correspondingly, we divide | the 
Hamiltonian into J7 commutable parts H, H,, ..., Hy which ‘contain each the 

corresponding coordinates and momenta of the. Gb webb siding set, and the potential 
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energies V;,, between different sets (@A7, % jal, 2,5. M): 
H= H,+ H,+...+ Hy + > Vy (5-3) 


* s. If we 
V;, does not commute with 77; and H, but commutes w ith the others oe 
neglect as the first approximation the non-commutativity of V;, with Hy anc , 


we obtain evidently 


2 (my. --tiy) =|) "3s IT Ss(ae,) dar; , (5-4) 
S, (002) =) PPys(aes) eB Hs (0) - (5-5) 
ii 


Here {¢,:(a;)} is a complete set for the system of particles contained in the 7-th 
set, and P is the identical permutation for the first set of 2, isolated atoms and 
the cyclic permutation for other sets. Previously, S,(@,;) (@#1) was such a 
function that has a large contribution to the integral only for those configuration 
a; for which the particles in the 7th set form a “ molecule.” We expect this 
to hold even if the quantum effect is taken into account. A general proof of 
this expectation is difficult, but we shall show below that it is true in the case 
of the sets consisting of two particles. If this is allowed, we again arrive at the 
picture developed in section 4, with an exception that both the internal motions 
of the molecules and the motions of the molecules and the atoms as the whole 
are quantized. 


We are thus perhaps lead to the conclusion that there are two types of 
excitation in Bose quantum liquid: one the molecular clustering or the Bose- 
Einstein excitation which is dominant at higher temperatures, and the other the 
excitation connected with the quantized thermal motions of the assembly of 
molecules and atoms, or which may be called “ photons” and “ 
prevailing at lower temperatures. This result may be considered as a compromise 
between Tisza’s idea and Landau’s. Indeed, the molecules are capable of rotating 
motion which may correspond to Landau’s rotons. However, the two kinds of 
excitations are not independent of each other, and in case if the coupling among 
them could be properly treated, one would probably attain a real solution of the 
problem of the second sound velocity at lower temperatures. 


rotons,” the former 


In the last place, we shall study the properties of S(#) for the pe of 
_ two particles. The Hamiltonian of this system is 


1 1 ‘9 | 
eee Pr+— pi +97), r=(7,—7.|, (5-6) 


which can be transfor med, by using the coordinates of the center of gravity and 
the relative coordinate, into the following expression : 
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i 
4m 


1 
= 2 A ae hyn 
re (Pi+ D2)? + (DP, Pe) eS 2 (Pi+P.:) +H. (5-7) 


aur we are not interested in the motion of the center of gravity, we set it 
aside and have 


S(r) = 3} Pig Er) eH (Ev) (5-8) 
where 
1 é 
Pim(E, r) Tn (LZ, 7) Vin(O¢) (5:9) . 


is the eigenfunction of Hf and v,(£, 7) is the solution of the Schrédinger equation 


a +] (B-9)) 2 |o,=0. (5-10) 


Neglecting the existence of discrete levels, we normalize v,(7) in the way* 


kr >, v,(kr) ~sin(kr +6), B= TE, (5-11) 


and noticing that P¢,,(Z, 7) =(—)'Pin(4, 7), we finally obtain 


1s Li bie 
S(7) —on oS (— ‘yy (27+ 1) =, | a e7 si ae Uy (Zr) == em Ca) —_ Soaa(”) . 
0 


(5-12) 


Seven(”) is the sum over even Z and corresponds to the Slater-sum of the system 
_ of two Bose particles constructed with symmetric wave functions, and Syaa(v) is 

the sum over odd / and corresponds to the Slater-sum of the system of two Fermi 
particles. Owing to the normalization condition, Seyven(7) =Soaa(”) for reo, and 
S(r) then vanishes. For small 7 both take small values owing to the interatomic 
repulsion, and it is expected that Sever) > Soaa(”). Accordingly, S(7) vanishes 
for r-0 and r->co and is expected to have a maximum at a certain finite value 
of r. This maximum should be very sharp at high temperatures. but Should become 
broad as temperature is lowered, owing to the quantum effect. If the mean 
breadth of this maximum is smaller or of the same order as the atomic radius a, 
it may be allowed to assume that the two particles form a “ molecule.” To see 
to what extent this concept of molecular bonding is valid, we shall carry out a 


computation by use of a rigid sphere model. 


* The normalization here adopted is somewhat different from that used in the literature (9). Tn 
the case the quantum effect is neglected or there is no interatomic forces, it can be proved that 


(5-12) is equal to Soass(”) given by (5-14). 
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_ Take as g(7) the following form: 


O r>a 


g(r)= 


~<a. 


The v,(4r) satisfying the normalization condition (5-11) is given by 


vier) =) Ter J 1-0 (Fa) Jis cin) Sian (ha) J-1- cy (Ar) . (5-13) 
2 {Tialy (2a) +J-1-a/ (Aa) 5" 


By use of this function, we can calculate S(r), Eq. (5-12), which we shall denote 
Bs o(7). 


(22?) 3/2 S(r) 
1.0 


0.5 


0.0 


p=r/a 
Fig. 4. Plots of functions Sojass(~) and Sg,(7) for 7=0.3°K. 


The actual calculation of. this quantity is complicated, and we give in Fig. 4 rae 
its value for r~a@ and r>a at a very low temperature (A>a), with a=2x iW Ic 
The corresponding classical quanty is given by 


= - 8 9 ; Qn72 
eat ane ae By (r) —F pe 3 (por) ed I ay a 


—o 


and is plotted in the same figure. Although no detail of S,,(7) is obtainéd from’ 
this figure, yet we may say that our meatier ist really the case. tho measure 


baa PRE Site PN 7p | (5-15) 
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The calculation of this quantity can be executed in the same way as that of 
the second virial coefficient,” | and we have 


, 


B= zl 1)! (Ql+1) O,(s) = 27 ve feeeae| (5-16) 
0 
with 
Deal wali ennle Ona? | 
0s) = | J bers In nopuled nan (5-17 
1% He Mrsayy(#) +/-1-0/4 (4) ae : 


Taking the value of & for s>1 and s<1, and 
calculating it by interpolation for intermediate 
values of s, we obtain Fig. 5. The temperature 
at which 2 is very much different from zero 
corresponds to s~1, or several degrees abs., which ° 
is very much lower than the temperature at which 
the virial coefficient begins to diviate from its 
classical value, namely, s~5. This difference is 
based on the fact that although the quantum effect 
appears from very high temperatures for the_ 
quantities Siven(”) and Syaa(”), the main part. of 
it cancels by taking their difference, until at very . 
low temperatures. Although we are not sure to 
have Sess(7) =Su(r) from B=0, it may fairly 


Fig. 5, Dependence of 2 on 
well be allowed to conclude that the model de- temperdture: 


veloped in section 4 can reasonably be. accepted , 
for liquid helium even below the lambda point. Furthermore, the quantity 


“at 4a” Woe (r) dr 
0 


was computed by use of the method of steepest descent in the preceding section 
and we had for it e~%4. The fact that 2B increases remarkably ‘at very low 


temperatures implies the sharp decrease in 


al snr Me, dr=B | dn? Sey 
0 0 
and this in turn implies that, owing to the quantum effect, the quantity 4 tends 
to a constant value or even increases with decreasing temperature. From this 
fact we are lead to expect that a quantitative explanation of the thermal properties 
of liquid helium is at hand by an extention of our theory more in detail. 
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§ 6. Conclusion 


Our results may be summarized as follows: 

(a) There exist two kinds of excitations in a Bose liquid ; one the Debye- 
phonons and Landau-rotons, and the other an excitation corresponding to some 
molecular clustering, peculiar to an Bose assembly. The latter plays the essential 
role in the phase transition in liquid helium. 

(b) As the result of the latter excitation, the Bose liquid has a character 
of a multi-component solution of associating and dissociating molecules. In the 
lower modification, there appears a parameter as a thermodynamical variable that 
describes the equilibrium between these components. Probably the peculiar pro- 
perties of liquid helium in non-equilibrium would be accounted for by such a 


character of the system as a multi-component system. 


In conclusion, the writer wishes to express his sincere thanks to Prof. T. 
Nagamiya for his continual interest and helpful advices on the present investiga- 
tion, and to Dr. R. Kubo for his stimulating discussions during his stay at Tokyo 
University. 
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$1, Introduction and summary nee, 


In the previous two papers* self-energies of nucleons have been investigated 
by making use of the method of mixing meson fields. In this note we shall 
apply the same method as that employed in the preceding ones to the cases of 
the self-energies of mesons. Contrary to the former cases, we could not find any 
simple relations which enable us to eliminate both the quadratic and the 
logarithmic divergences of them. As is well known in the computations of self- 
energies of vacuum polarization types, there appear several ambiguities which are 
concerned with the definition of a vacuum, the gauge invariancy and so forth. 

Although many attempts have been made so far by various authors, it seems 
that we unfortunately have not yet succeeded in a satisfactory manner to derive 
a suitable formulation of the field theory free from the mentioned difficulties. 
We have not considered such ambiguities in detail and only performed formally 
the calculations as in the previous paper*, that is, according to Karplus and Kroll 
we have taken into account the effects of the surface integrals. It is the 
remarkable point that in the present case the surface terms will not contain any 
diverging integral, so that the divergent parts will provide the same form as that 
which could be derived by making use of the Schwinger’s method. As to the 
surface terms themselves, the contributions which arise from the third and higher 
derivatives vanish entirely in the case of Boson field. 

T hroughout this paper we shall use the same notations as that adopted in I. 


§2. Second prdé& S-matrices 


Using the same interaction Lagrangian densities as those given in I, the 
second order S-matrices which correspond to the process as shown in Fig. 1, are 


as follows. 


* HH. Enatsu, Prog. Theor, Phys. 6 (1951), 642. 
H. Enatsu and P. Y. Pac, Prog. Theor. Phys. 6 (1951), 665. 
These papers will be referred to as I and II. 
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Spin O mesons 


—i \|{ I J 1 1 
] ( 2 ) | : SI sis) + “a Jans +) 58, yi + ~5 J psces) +——Sesry) +/rsces, | 


Bae ta ae 
(7, E)—M op ty, A-P)— Mop 
= — | (ae) Spl ir rh r 
vt K jee B+ We (k—p)?+ IP 
cr, ay; k)—M r i(y, k—p)—M | 
P+ MW (k-p)2 4+? 


where 


Ps =U sin =7; ) say = Pin = “(7s p) ; 


re 222 yy py, “1reg BB, 


x 


Spal NS ht en v1 ere Wh Foals 
Verses) = Upeey=fits; 1 rsery= U'Pspyy = — ty, ep Dp) 
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Pescps, PHn=— 1 P) stl Paws, eypysLials 
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Spin | mesons 
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az ca ye ) eae + rn tIrw, nt “g Seventy Seven +/ py ey, vn| 
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1 2 12 . 
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Peover =TP ver, =Gitstus Ueveny= Pveny = Gorsti(s Piu—Tai(% P) t 
Dever, rp Gehst1) PD) Tut D) b> Lever, emp = Gilsl'n 
P'(p)=C"(—p)  (G=1, 2) 

By making use of the well-known formula 


1 


1 \ il 
—— I= Ly - 
AB ’ | du+B(1—x)f? 


and changing the variables £, into 4,+7,, one obtains, 


1 
fe) uw 0” i. 
= — (dk | du(1—w if: : ) 
( )) OP Dea tat eR’ Bb, bhy./ i f+ I+ put 


x Splli(r, B+ up) — MYT Ni(y, b+ (w—1)p) — MY 
+{i(7, A+up) -—M}I™ {e(y, 2+ (u—1)p) —M} IT] 
In deriving them, none of the terms has been neglected since it can be easily shown 
that the terms which contain more than the third derivatives with respect to 4 
vanish entirely. 
Now we shall evaluate the spurs and work out the integrations on #. Further, 
in dealing with them it is necessary to use the symmetrical gaa 2 of integra- 


tions. 
We use the following relations 


Mv _ in A+, 
= 4M7\ Fee wAUAT 
1m fo | ae (P+A@y 2 rae em ‘ 
73 pu(l—z) 
=| (dk) jaw TFLAw Pa du)} 
Spe ie % 2 % 2, ys 9 
‘ { 1 | 
= Ry ky ae Duy £+i 
crake Fone (1,412) “a 
BNico KEK f 2M" 7 tau’, 
rf * {KK -(r t 5 )iog M 18 3 6 


=| (db) |e aay 


- z {xx,—(at'+ # )iog K+ : f = ee 2 xt z| 
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= 4 ches BACs a Myky _ WZ , u, W)du 
I= | (ab) | ree AG TIN Ce f(p, uM) 


0 
1 


L= \ (dk) | dup, pp 


0 


ae S(p, uM) ky ky 
0h, Ok, {+ A(x) }? 


oes (Pu Pvtl Our) \fa, u, M)u° du . 


0 


where 


 A(w) = M+ pru(!—x) 


VEEP VP 


7 -———— = ; = SS ae 
Ve an VAM * + 


’ 


ts 
; , 919 
lice raped 
he ed Ae i pra 


Hy J5% CONSE 
and f(p,-#, MM) is an arbitrary function not involving % At the last step. we 


substitute —x’ for 2p’. 


§3.. Seif-energies of mesons 


After some manipulations we attain to the following results. 


A | fo] , e 
Spin O mesons. i) ee ————— 
- ak akOk 
= Jusy=8in'f? |—KK,+ (300% log Kt he | 
| 
] Se Ls x | 1 
+—— (4M*°—# L—=_| | ee | 
2 ( ) 8 ; ? | 3 D4 x + 12 
1 oe KK, | x | j 
Sy = 810 fe +— —__ y?— | ee x _ is 
2° 2 2 12 am 24 pe 
J ssyy=9 O 0 
1 Stat 2 | 
a J rsrsy =87n' hi * |— KK+ (ar =) lgo Sr ais | 
4 ) M 
| 2 : 
Sis he Lt | + 24S) 1 A 
¢ ————Xx ee 
a 8 24 ner 


On the Self-energies of Mesons 


AEs 2m og 


1 ee K+K, 
“9 J ese) = Sin FS fe \ sae 0 


yg) ey | 
5} 12 


K+k, 


Zz 


PS(PS, ony = Sit F Fy | —2MK log —2UK1| 


Spin 1 mesons. 
1 mle sailed sebespore 
iT Et, ae Oy, KK, 


1 


5 K+K, 
see (Dy Pv + 6,,%) log ———*- 


M 
2 ues 


a (Au ,4+ 84,2) (2 41) 


eee t” (4p, Pvt Ouv® *) + x 27d} 


2 
lve = Sings (Pn py - Duy ) | oo 


De K+K, 
Sse at) og 


—s (sareey7 4 Me —# a 


K+k, 
Tr, jy SIRS £ _bebrt tw) lars ng RE 
+4Ux1 
= 1 
Joven =8:°'G | rite - Dy, KK 
, log =F Ae K+ Ko 
M 


—+1) 


-(5 (pu tv + Oy ® )-217"0, 


(4 nit One) (8 


~2M3yy)L 


9 1 2 
Put Oyy®) + Te ays} 


#3 | 


if 
24 


B 


36 


berohi f 
9 


1 
36 
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GC: Getto ) 


Sle (PT) — = 877" 


— (41° )log tS 
—2 (4r—#)L+ f+ | 
Srviey, pn=9 
where 
l=— el * tana Toar= ~—1 
; : 
Sepa 


A=(@p, py +x o,,) ’ B=(—p, py +%0,,) ’ 
C= (p. Py +X 0yy) 
Kav ESM 


In order to make the effects of surface terms clear, their contributions are 
written on the right-hand side of each J. Therefore, for the case of Boson fields, 


contrary to the self-energies of Fermions,the contributions of the surface terms do 


not contain any diverging term. 


In conclusion it may be inferred from our results obtained above that, when 
we assume the pseudoscalar theory for 7 mesons, we cannot remove all divergencies 
of the self-energies of them due .to the Fermion field by the procedure - pes 


various Fermion fields. 


This work has been supported by the Scihtific Research sega es of the 


Education Ministry. 
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The Scattering of Mesons by Nuclear Particles, I 


R. C. Mayumpar, A. S. Apre* and M. K. SuNDARESAN 
Department of Physics, University of Delhi, Dethi, India 


(Received August 5, 1951) 


A general relativistic theory of scattering of mesons including the radiation damping has 
been worked out in which the incident pseudoscalar (vector) meson is scattered by nuclear particles 
into a pseudoscalar or a vector meson. The cross-sections for the scattering processes involving 
charged mesons only are given and it is shown that the integral equation of the radiation damping 
‘can be solved exactly in a very simple way. The extension of the present scheme of the scattering 

_-of mesons to that of Tomonaga-Schwinger-Feynman-Dyson’s covariant formalism and the scattering 
processes involving neutral mesons together with discussions on the scattering experiments on 


m-meson will be subject matter of subsequent papers. 


Introduction 


-. The scattering of mesons by nucleons without radiation damping was worked 
out for the first time by Bhabha,” Heitler,? and Yukawa and Tanikawa” from 
Yukawa-Proca wave formulation and subsequently by Wilson? from the Duffin- 
Kemmer Particle formulation of the meson equations. Although both the for- 
mulations are completely equivalent the calculations are, however, widely different, 
each having its own merits and demerits. In the wave formulation the calculations 
are to be separately carried out for the longitudinally and transversely polarised 
mesons and then finally summed or averaged over various polarisations. This 
makes the calculations extremely lengthy and laborious. In the particle formula- 
tion, on the other hand, although the distinction between the transversely or 
longitudinally polarised mesons does not arise explicitly, the knowledge of the 
correspondence between the particle and the wave aspect of the meson is required 
in order to introduce the nuclear interaction. This correspondence can only be 
established as shown by Wilson through a very cumbersome representation of 
Kemmer-Duffin $-matrices and as a result the calculations do not lead to any 
great simplification. — It has been further shown by Ma and Hsiieh” that the 
integral equation giving the effect of the radiation reaction on the scattering of 
of mesons can be easily solved on Kemmer-Wilson particle formulation. 

“An elegant approach to Duffin-Kemmer formulation has been recently made 
by Harish-Chandra® in which correspondence. between the particle and wave 
aspect of the meson could be directly established by introducing one column 


* At present at the C. W. I. N. Research Station, Poona. 
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vector matrix ["* satisfying certain algebraic relations. In this theory the cor- 
respondence between the wave and the particle formulations of the meson field is 
so close and complete that one can pass over easily from one formulation to the 
other at any stage of the calculation. The usual spur calculations are avoided 
and substituted by the repeated use of certain algebraic.relations satisfied by the 
[’* matrices. The calculations of the meson scattering by the nucleon become 
extremely simplified and straightforward and the effect of radiation damping on 
the scattering of mesons can be included in a very simple way. In $1 and § 2 
we shall briefly state the necessary results of Harish-Chandra’s formulation for the 
various types of meson interacting with the nuclear particles. In §3 we shall 
apply the theory to calculate the relativistic nuclear scattering of mesons taking 
into consideration the reaction of -the radiation. In the last section we shall 
calculate the general case of the scattering of mesons having spin zero (pseudo- 
scalar) or spin one (vector) by the nuclear particles, the emitted mesons being 
however, either a pseudoscalar or a vector meson. In the present paper scattering 
processes involving the charged mesons only will be given, because in this case 
the integral equation for the radiation damping can be exactly solved. In the 
second part the whole scheme will be discussed from Tomonaga-Schwinger- 
Feynman-Dyson covariant Formalism. The scattering processes involving the 
emission of neutral mesons and the discussion on the scattering of z-meson will 
be reported in the third paper. 


§1. The fundamental equation for mesons 


The equation of the meson is in general given by 


7B*O,P +y¢=9, a (1) 


where ys is the mass of the meson and #* are Duffin-Kemmer matrices satisfying 
the following commutation relations 


PR AYBP + PRY AH = Begre + egy, (2) 


g*” are fundamental metric tensor 


J =0 PAYS Iu=—Iu=—In=—IJIn=1. . (3) 

If 6" is the Hermitian conjugate of #, there exists a matrix A such that 
| AGHA = pe (4) 
and A =A, (5) 


The Hermitian conjugate of Cl) iG 


13,9* 3 — yp* =0 (6) 


where we have put 
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Pp t= PA, (7) 


It has been shown by Kemmer that the equations (1) with the 10-row and 5-row 
representations of § matrices are equivalent to Proca’s wave equations of meson 
for spin unity and spin zero respectively. 

We now introduce with Harish-Chandra a one column vector matrix YZ, such 
that ¢*7, transforms as a vector. Further putting 


Tjd=P,* (8) 
we obtain the following useful relations 

(ote ad, VP Tag Tp Pye 0 

ByB,T p=GurvT p—Jupl » 

Ty PBp= Te up— LV" Ip0s Spin 1, (9) 

AyT=—ByT ys, Ly*B,=—T*B, 
and 

AyuB.T p=T Ire» 
T*8.B,=T* Iu 


PT, 5 dubeT®, Spin 0. (10) 
r.*3.= 1 r.*pe 
pt y= 4 Iev P c 


It is to be noted that if A=1—2f2 is taken as the reflection matrix then $*7, 
is a vector for the 10-row representation and not a_ pseudovector, whereas the 
reflection matrix must be taken as —A for the 5-row representation so that ¢*7Z, 
may transform as a vector, This will always be implied in the following calcula- 
tions. 

Multiplying the equation (1) to the left by /,* and by l',*8, respectively 
and putting 


[=p (11) 
ETB = Gu (12) 
we obtain with the help of (9) 
OG y+ 7U,=9, (13) 
aU, —d,U,= Gy, (14) 


Further it can be shown that ; 
o*U,.=0, (15) 
Ou Got Gop + OpGpy=0. | (16) 
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These are the usual wave equations for the meson field of spin unity. 
Similarly by multiplying (1). by /\* and I,*f, from left respectively and 
writing — 


l.*¢=Uy C7) 
Z, 2 B= pee "Iu (18) 


we obtain with the help of (10) 
0,0=U,, (19), 
aUt+yU=0, (20) 


which are again the usual equations for the scalar meson field. 
Moreover, in this method, instead of calculating the spurs we have to evaluate 
the quantities of the form 


TSP, Pes i tie Pal os +1 


If 2 is odd we have 


re cm Bus pace pee sh & ne =O (21) 


and if #2 is even we obtain 
= , be 2 
D0" PusP ya’ ** Puan L pans 1= Otvorrt! (oe, VCvi.usEie,val" 1v__1,Ram—1][wan, won +1] » (22) 
Qew.vitp, AI= J ward yp JpT va- ' * (23) 


* §2. Interaction of mesons with nuclear particles 


The general scheme of the interaction Hamiltonian has been already discussed 
‘by Vachaspati”. We give here the results only. 


‘The matrix element describing the interaction of mesons with nucleons can 
be expressed ast 


HY ®, | [eet(Bya AG Bo MP8 P— PB!) 


+ €lol(P)aat( p)AB( po, (PP P' +p)] QA) 
where €=¢’=1 for vector and scalar mesons ‘and €=—e’=7 for pseudoscalar 
mesons and x( p) denotes the amplitude of the meson wave function given by 


u( p) = Sai (pus CB) + Sahn (2) (25) 


Wo) ( Dp) and u‘-)( p) referring to the amplitudes” for positive and negative mesons 
respectively satisfying the following orthogonal and normalisation relations 


* The interaction Lagrangian given by ak Chanire for go-part of pseudo-scalar and vector 
mesons is not Hermitian, The necessary changes have been’ made.to'meet this requirement. 
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33 _ Pitts fis ABP), = (Bay 8 096" 
and | | | 
3 Ruuk( p) uf? 9)", = og ERE eas (7) 
where 


(+1 for 4=/=1, 2,.3, 


—1 for £=1=4, 5,:6 (28) 


Pa = 


and Beet PE ee - a," ; Gy Ogt sand 'd, are corresponding emission and. _absorp- 
tion operators. v(P) is the amplitude for the nucleon _Wave function, P and 2 
are the momenta of nucleon and meson respectively and ds a are the usual Dirac 
matrices. 


A(P) and B() are given by 
Ap) =o pc1,*8,—98{ (apy Tr *By+ petisT,* i, 
APD) =T GP HCL *B—G2| (AP) Ty" Bo meal y* }] 5 7= ay eattgt 
AD) = Gi [ue (al) +a 2L*) BiI—298L (PV) + (ap) (al"*) + pea, (al”™®)Bo], 
BD) = peByLo—9:'\ (up) AT y+ peal, Gate 6022 
BD) =[g:c8yT—92{ (ap) BT y+ Meal} Wr | 
B (A) =oi'Lne (WL) + 08) 2) 1+ 2920 (7) + (Up) HT) + peony (“TY 


Be here suffices s,~ and wv stand for scalar, pseudoscalar and vector mesons respec: 
tively. The coupling constants g, and g, will be expressed as 


4 1/2 4 1/2 
a=(—) qs n= mY, (30) 


where g and f have the dimensions of charge. 
Further it can be easily seen 


A(Gya=aAB( A, BG) AM HAG). 0. A) 
§ 3. pratterttg of mesons by nucleons 


We consider the tatecti¢ of a ‘baile meson of fit st Sh ed y by a neutron 
of momentum = in a coordinate system in which the centre of mass is at rest. 
The scattering processes take place in two stages as shown in the following 


scheme : 
V*(p) +V( n-+AO} hath | + 
i p Y(t MA) + V1(P)+M(-P) 
ya) + M(=3") +17] . (82) 
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where the square bracket [ ] indicates that the particle is in a state of negative 
energy. We consider the following types of mesons taking part in the scattering 


processes ; 


i 


Case | Incident meson | Scattered meson 
it Scalar | Scalar 
| 
II Pseudoscalar | Pseudoscalar 
TI Vector Vector 


TUE UUEEEEEI SISSIES 


The differential cross-section for the ay alah is given by 


wc 


where #, Ey are energies of the incident meson, and the nucleon respectively 
given by F=cvV 724 20, Ey=eV p+ MC 


and 1 =s/0 + Ey (34) 
and Uy=Hy tind | Usp Hyp Qy. (35) 
fi 


py is the density of the states /” per unit energy range and the summations are 
to be carried out over all directions and polarisations of states 7’. We express 


K*(p) (Ei— Ma) K(f’) 
Hoe 36 
f | pee (Be — Mc") (36) 
where. 

K(p) =A( put (p)ox(—P) (37) 
and 

K*( p)=K*(p)a% (38) 


and similar expressions are obtained for Hy. 


It can be easily verified by applying the relations given by (9), (10) and 
(27) that 


BKK p= sore eae 7? (39) 


_ where the suffices s, # and wv will indicate the cases involving scalar, pseudoscalar 
and vector mesons respectively. 


AX? = 9" Ey— gop LAL eed 


"+ p°) +2Es"}, 


Yon — 9 Met pf EEXt EP) _ SF ye, 
pe 
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, 


{Ey(B* +p") + 28° p*}, 


ASG eSB somes 


EM eis. 


A'=g* hk" — est et a 
Ee ie 


hie tn ipitbasé)_ L Me. 
a 


i ion 


ote es ar 24 2p? + 2EEy) \, 


A p We a 
=y"(3E, are rts tf (3Ey ere i 


Els ie EP 


Y°=—39"° Me? —by'f?— —3f" Me’, 


Z= Ag") = sets 26)), = byt 22 eine ae 4 (LE ne cp’) 
pec B pect 


The equation (35) reduces to 
HE ( Ee Mid) Uy = K*(p) (Ee Merny) 4 K(f) 
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(40) 


ty 


+ inp) | UipR* ( 2") ((Ei— Meu) 4K p!)aGy. (41) 


To solve the equation we multiply the equation by A*(’)a, and integrate over 


all the final states and introduce the abbreviation 


fs | Uy K*(p))4dQ,, 
we thus obtain 
I[1 — inp (h,— bys) J=K*(p) 4 shat), 


where 
_ 4 E; A+ Mey. 


pn Ath? MO X+ EW 
OS Rae ee 


Equation (43) gives immediately 
T=K*(p) ty) (hy— hat) (F— Guy), 
where [1—zzp(4,—24.4) ](#-—GuH)]=1. 
We therefore obtain finally 
jee? (E2— Me) Uy =K*(p) (FG) (Ei Met) KP). 
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The cross-section is then expressed as 


opal E*Es a: Spluok (P)K*(P') (- — Me iy (F1—Gluy) x 
a= Arh! pie! (EM)? Ei; A 2 


x aK (Pp) K*( p) (F— Gu) (Z,—Mea,)), (49) 


where 
1 : 
naa Pa at ; a RES ’ (50) 
pores + h,") +i phy (l4+7°¢" ig 2—42))], (51) 
coe —2n%4? hike, + it pk, (1— 7p" (hy —42")) J, (52) 
vp aaa eh (53) 
(Qnty, 
D={1l=7e(k2—#e) P+ 4 ehe. pvp (54) 


Evaluating the spur we obtain finally the differential cross-section 


40°F? 2 9. 2 2.2 6.2 1 2 
dp = [ f (ER MAR be phe dh REARS) b+ 
‘BERL re ey eh; 


3 Pos O14 2264 2— 2) | (55) 


which give the scattering of incident écalar, pseudoscalar and vector “mesons 
provided we write the corresponding suffices s, and wv to 4, & and to X, VY 
and Z. ae ) 

It is to be noted that the ctoss-séctions given by (55) for the scattering of 
pseudoscalar and vector mesons agree with those already obtained .by Ma.and 
Hsiieh. . ) 

§4. We now work out the scattering given by the following general scheme 


cr ne =aeseemmmeeeermemenmnmmemeemeeennene nnd 


Case Incident n= Fal 

I Pseudoscalar Pseudoscalar or Vector 

II Pseudoscalar ' Vector 

Til Vector Pseudoscalar or Vector 
IV Vector Pseudoscalar , ai ieee on 


_ The scattering cross section is given by (33) as before where 


Vp P= [Orr P+ Oger? 


with 


U sr =f, ase +m DU, fT gp gpd yy +i8D|U ewe play (57) 
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and 
Bp aes in S| Cay Hare yrpyd Oy ie S\U yrotlyrrpy dy Pm (58). 


Proceeding in the same way as in the last section, we can easily solve, the equa- 
tions (97) and (58) and obtain for the incident. pseudoscalar meson _ 


hp toe ;K*(0)"u( P= Gy) (Z,— Meu) Kp" AN (59) 
OE — M*c') Nae 
ipne™ _ K*(p)’a, Sane he Meta) KB) (60) 
°C (£7—M°*c') 
where # and G are given by , 
[1—ip K,— Ky,) |(#F'—-Go,)=1 (61) 
with 
K,=h? +h, and K,=47+4,'. } (62) 


Thus #' and G aare still obtained from the. corresponding expressions (51) and 
(52) with 4, and & being replaced by KK, and K, as given by (62). Similarly 
integral equations for incident vector meson can be easily calculated. 

The cross-section finally works out to be 


a 42°F? 
= To Kk) (1470 K? 
db £} (EF — at eo mo" 1 ( + 7p" ( — K,’)) 
+ K,f,?(1 — 10 (K°—K,’)) } (£7-—M*c*) + ZZ” cos 00.14 np'(K?—K;)) | 


(64) 
where D is still obtained from the previous expression (54) with £, and £, being 
replaced by K, and KY, as given by (62) and “rt 


where b K, K, Z 

yen ™ p K, K; >< 2-42" 
I p hy (SN Bes: (65) 
Il y K, Boe ene 

IV v hi? ha Z 


It is interesting to study thé cross sections in the extreme cases of non- 


_ relativistic and relativistic’ approximations. In the non-relativistic approximation 


when p<ype (64) reduces to 


Pei geen OK 0 te M9 (66) 
roe me: PU+4eeK) : | 7 
and in the extreme relativistic approximation when p> > Me, weiad 
Fe ate E — pm K+ ee “ [ae (67) 
(14+7°0°K,’) », 16c%p 


746 R. C. Mayumpar, A. S. Apre and M. K. SUNDARESAN 


The results for the differential cross sections for the cases under consideration are 
tabulated below : 
A. In the non-relativistic approximation in which p< pe 
Differential cross sections a 
1 (frp BF +g)? + (fP—9)"} 
Il 3 (f?—9") (f'+ q’) 7 “ | M Jo —4 
Mf +9) {S CPV) ee ee a aac 


IV [+9 6-9) F ery 
Here 


ee Re OME ASU to er ee) ee 

oR (nt PAD) Le he (p+ M)(p+2M) 

Fee cick hte 2 hee P. 
he (ut WZ) (ue +2) 2 


B. In the relativistic case in which po ~ p<Me and retaining terms up to pP’ 


only 
Differential cross sections a 

I 4% G? 
He pc® 

ll Lae) 
pe po - ae || yu 

i 1 +o") ale ) pig ay eae 
3 om pe ’ 

IV i (9? +2f) ‘i? 


| 3 ye ye 
3 GCG: - (g” ak 2 fe) - ihe z : 
LL, =SI6 eae ; 1G = : 5 9h, — C= /p2 v2 wy) ‘2 , 
1— ni iy E 0 iy E IV iy E Cf +g" ape) 


C. In the extreme relativistic case in which p> Me 


Here the cross section is given by 


Same expression l P 1 : 
ab= as in =(4) (1 + cos 0) — dQ (u=1-+ IV). 
B 2 \ pe di / 


isdnte igh 
ae 


The case I of (2) agrees with the expression already calculated by Heitler 
and Peng” and Majumdar.” 


In the non-relativistic limit it will be noticed that the cross seeHone in all 
the cases reduce to the Thomson like formula 


CAbew ace 
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For not too high energies of the incident meson i.e. expo Mc the cross section 
first increases as (~°/E)° and then ultimately decreases as (1/g°) due to radiation 
damping, whereas in the extreme relativistic region in’ which A> Mc the cross 
section first increases as the second power of 9, then finally decreases as (1/#°). 

One of us (M. K.S) is grateful to the Atomic Energy Commission for the 
award of a Fellowship. 
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A general method to treat the quantal two-body problem relativistically is developed on the 
line of Dirac’s many-time theory. The case where two charged fermions interact with each other 
through the electromagnetic field is investigated as an example. ‘We construct a canonical transfor- 
mation which eliminates the electromagnetic field variables in the original Schrédinger equations, 
and derive the potential energy between two’ charged particles. Finally, some properties of the 
simultaneous wave equations for the system of ‘two particles are discussed, ‘and a method to treat 
the stationary state of that system is ore 


S 1. Introduction 


Tomonaga et al. and Schwinger have succeeded in the extension of the field 
theory of Heisenberg-Pauli into a completely relativistic formalism. By means 
of this formalism, we may calculate the potential energy between two fermions 
coupled by the Bose field, but this formalism seems to give difficulty for the 
consistent treatment of the stationary state of the two-body system. On the 
other hand, the S-matrix theory of Heisenberg, which is another approach to the 
problem—integral formalism—, affords a hope to deal with the bound system as 
well as the scattering process. However, in the present state of the theory, few 
investigations have been tried on this problem, as far as we know. Thus we had 
better attempt to make another approach. 

As early as 1932, Dirac proposed the many-time theory? as a relativity- 
theoretical generalization of Heisenberg-Pauli’s. But in this theory, it is to be 
noted, the second quantization was not applied to the matter field. Thus, for a 
system of many material particles, the same number of equations as that of 
particles was required to be considered simultaneously, while the Bose fields as 
the interaction between matter fields are the free fields. This theory is very 
useful for the two-body system, in that we can retain the particle picture 
throughout the calculations. 

On the other hand, for the non-stationary problems, Feynman” has succeeded 
in solving the Schrédinger equations without the procedure of the second quanti- 
zation, That is, he solves the Schrédinger equation with the aid of Green’s 
function which plays the role of the D-function (or associated D-function D, D” 
etc.) which appeared in the procedure of the second quantization. ' Therefore, by 
means of the many-time formalism, we also deal with the non- -stationary state 
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for the many-body system, if the structure of the simultaneous equations is known, 
And we may add that the above structure has been partly discussed by Bloch,” 
on which more details will be given in the second section of this paper. Thus, 
it is with the many time for malism, we assert, that both stationary state and non- 
stationary state can be attacked. It is especially to be noted that we can handle 
relativistically the stationary state of the two-body system in a consistent manner, 
preserving the particle aspect. : 

Recently Thirring? proposed a theory on the line of the many-time formalism, 
and discussed on the mass-defect of a bound system. But the foundation of his 
field equation is obscure, and our present investigation shows that the potentials 
in his equation do not seem to be adequate as far as the relativistic treatment of 
the two-body system is intended. 

The second section of the present paper begins with a simple descr iption of 
the many- -time theory for the case where two charged fermions interact through 
the electromagnetic field. ‘And the conditions for the integrability of equations 
of motion are investigated. The part (a) of the third section.is devoted to a 
discussion on the covariant elimination of the longitudinal field which is replaced 
by the Coulomb potential. The part (b) concerns itself with the general deriva- 
tion of the potential by performing a canonical transformation in the configuration 
space. The concept of potential seems to be valid to some extent: even in the 
relativistic system. In the fourth section, we discuss the necessary and sufficient 
condition for the stationary state of the two-body system, retaining the relativistic 
formalisin as perfectly as possible. Then, we construct the convenient equations 
to solve the stationary state, the potential energy being contained in the equation. 
This enables us to examine the structure of the Kemmer’s” equation which he 
has taken for the deuteron problem. 

The present theory can be applied without difficulty to other cases, for 
example, to the deuteron problem, where nucleons interact through the meson 


field. 


§ 2. Fundamental equations of motion for two-body system 


- According to Dirac’s: many-time theory, the wave function ¥(#;, 7,,) for the 
two-body system satisfies the following equations :* 


FP (ap 4) =9, (la) 

Fy 8 (4p 4) =9, » Ses (Ib) 
where | 7 . ' 

F,= ier (th _ <A ‘4 (x) + myc", (2a) 


* Hereafter Greek and Latin subscripts assume values ranging from 1 to 4 and from 1 to 3, 
respectively and a repeated index is to be so summed, and the symbol / or // signifies the particle Z or 


LZ, respectively. 
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Va i hoe icrt( as ae (41) ) + MC's (2b) 


in the case where two charged fermions interact through the electromagnetic field. 
The notation 7, is used for the Hermitian matrices that obey the following com- 


mutation relations 

be vi} =20u, Wire ri} =20,,. (3) 
The four dimensional coordinate vector x* is denoted by 

axes (1, 2°) = (1, 4%"), 2° =ct, 


and the energy-momentum four vector f, is represented by 
0 : 
= 7 f= 70... 
Pu digs thoy 


The four vectér potential 4, of the electromagnetic field satisfies the relations 
A, (4) =0, [4,(2), 4,(2)]=ihed,,D(e—2"), (4) 
where D is the -usual invariant JD-function, and the following~ supplementary 
condition must be added to the equations of motion in order to be consistent with 
the commutation relations 
[O.4.(«) —¢-D(#—2,)—eD(4—2x,,) |¥ =0. (5) 
Now, the integrability conditions for the system of epuations (la) and (tb) 
become 
yeyy = OF for all p, », (6) 


and 


D(4,—41) ¥ (ep #1) =0, (7) 
where the latter condition was formerly discussed in details by Bloch. 
As is well known, the relations (3) and (6) are satisfied by 16 rows and 
columns matrices, but not by any 4 rows and columns matrix, and the represen- 


tation of the former matrix will be conveniently given with the aid of Kronecker’s 
symbol :” 


reo; kT XTX Op rE STR ogr ofS T; 
wena! Sed, wW=Ixo,xIxT, (8) 


where o’s and J are Pauli’s 2-2 spin matrices and 2-2 unit matrix respectively. 
As the fundamental relativistic equations for the ‘stationary state of the two- 


body system, we will employ, for convenience’s sake, the following equations 
instead of (la) and (1b): 


(7lF, + ewan?) P ==0; | (9a) 
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Gif, —7 Fy) ¥ =0. (9b) 


Then it becomes our task to solve the equations (9a) and (9b) simultaneously 
under the conditions of (4), (5) and (7). As will be shown later, when we take 
the time-points of two particles to be the same, (9b) may be regarded as an 
auxiliary equation which is identically satisfied as the relation between energies 
of two particles, and thus the equation (9a) corresponds to the equation of 
Heisenberg-Pauli or that of Kemmer. 


§ 3. Canonical transformation in the many-time theory and 
the potential energy 


(a) Separation of the Coulomb potential 


Both in the classical and quantal electrodynamics, it was possible to eliminate 
the scalar potential and the longitudinal part of the vector potential, leaving only 
the Coulomb potential and the transverse vector potential. This conventional 
procedure will be preserved even in the many-time theory in a covariant manner. 
We can, after the procedure of Schwinger,” replace the electromagnetic field vector 
A,(%) by two scalar fields, A(x) and A’(x), together with a restricted vector 
field M(x), in such a way that the supplementary condition (5) involves only 
the scalar fields, while the equations of motion contain only U,(+). The de- 
composition will be conveniently expressed with the aid of an arbitrary time-like 
unit vector 2,(7.=—Z) ; 

A, (4) =1,0,9,A (4) — Opt myvdy) A’ (x) +%, (4), (10) 
where 
myAl,=9, Ol, (+) =9. 
The commutation relations of the three fields thus defined are the same as 
Schwinger’s, for example : 


(W(x). Wa) =the Ow + nyny) D(*—+") 


— ihe (Ay t+ Mpr9a) (Av + 2%09e)D(4—2'), (11) 
where D(x) is defined by 
(740,)°D(*) =D (z), LID(+)=9, (12) 


and is an odd function of the coordinates. , 
The supplementary condition involves only the scalar fields and, in fact, only 


combination A(*) —4’(%), since 
[A(x) —A (2) —eD(4—4) —eD (4-4) |¥ =9. (13) 


Now we introduce the canonical transformation 


P =exp (—1G)®, Ga NA a) +A) bs (14) 
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here we must note the fact that 
i . 2é f 
exp(—iG) #exp| — a (x)} 4 exp{— 2M (an). 


Therefore, we define the operator exp(—7G) in the following way : 


en) : 
Oe i), eee ae 5 
exp(—7G) =O EG. svenei(gd, (15) 
with 


G=F JA (ai) +A an). 
C 


The new equations of motion and supplementary condition are : 
| [exp(iG) - F, - exp(—iG)]9=0, (16a). 


fexp(tG) + Fy, + exp (—7G) ]@=0 . (16b) 
and . 


‘Lexp(#G){A(2) —A' (x) —eD (x= 4) —cD(x—4) fexp(—iG) ]0=0.: a7) ? 


Since the following formula is true for any operator FF 
exp (iG) Fexp(—1G) =F +i[G, F|- 3 [G,(G,F]]+- ara Os 


the supplementary condition (17) becomes simply 
| [A(x) —4'(2)]0=0 (17') 


and the equation of motion (16a) 


[ierh{ 2-20, (41) + 5D Gn x;)+ Sn D(xn-2)} 


+m, +ic lim {5,70 D(x —4X;) + Talat BD (a —+x7) | 


ZPXy, 


—iey ign, at) A(x;) — A (x) | }o=0 , | t (16a’) 
and by interchanging / for // in (16a) and vice versa, we have the corresponding 


equation for (16b). In view of the supplementary condition (17’), Eq. (16a’) 
is reduced to BO tif t 


[iat pi My (+,) + 58> (tn — 4) + yn 3 D@n- x) 


+m? |0=0 : ; lenis 53 (19a). 


neglecting the static self-energy term lim{ }... We have thereby obtained the 


ZP2? 
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equations’ of ‘motion for @ which no longer contain the electromagnetic field 
variables involved in the supplementary condition. .The additional term thus 
introduced must correspond evidently to the covariant generalization of the:Coulomb 
interaction between charged fermions. To exhibit this property’ somewhat more 
clearly, we choose such arbitrary time-like unit vector 7, as normal to a certain 
space-like plane surface containing two space-like points 4%, and #,, then the 
following relations hold: 


(n+ MNO, )D (47-47) =9,.. 
1 —— 
yOu D (47-417) = 7 Gira’ Lm (20) 


These relations enable the term containing D-function in the equation (19a) to be 
simplified, yielding 


STE [Gt — 28) "bbe Er onoitiups bouvsotenst ott) 
82 
The procedure of Heisenberg-Paulé theory corresponds to the special choice 
N,=(0, 0,0,27). In this case 7iV, becomes a half of the usual three dimensional 
Coulomb potential ; 


Va =| ul- tf f22a) v5 
E 


The corresponding procedure is applied to Eq. (16b) and we get 


Vi en ae (22b) 


Thus, ren the time-points of two particles are taken to be the .same, Kq.. (9a) 
is entirely equivalent to the equation of Heisenberg-Pauli.. As.for Eq. (9b), its 
meaning will be clarified when the transverse potential 2, is eliminated in the 


next subsection. 
(6) Meller interaction 


We show, in'this subsection, the general method to derive the interaction 
potential, whose relativity-theoretical interpretation can be furnished more eA 
when we take the procedure of the canonical transformation in the many-time 
theory, than when the perturbation-theoretical one is taken. 

In the previous subsection we derived the following equations : ; 

[—itcas + tert ph hoe +111 terra (ay) ]P=0, (19a) 


[inca + ioe ph + ene +7 V ier a (en) ]P=0. (190) 
These equations are given in the Schrodinger representation. To derive ks 
interaction potential by the. method of ‘the canonical transformation, ‘we: perform 
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a unitary transformation which changes the Schrédinger representation into the 
interaction representation. Namely, we transform the Schrédinger function 
P (4%, X14) into P(x, Xy) of the interaction representation by means of a unitary 


operator U (24, +7) : 


0 =U =U (2) U (25) 9, (23) 
where 
. z \ 
U=exp {— Hix}, Un=exp{—4 Hite } 
[U;, UY 47\=90, (24) 
and 


0 yal ne 2 
Hp=icyly) pitvime, 
. tl. 2 AS 
Hyer yh pe +7 mine’. (25) 


Then the transformed equations become 


[thecal —ie7 777M, (4) +717, 9=0, (26a) 
[—sheay!— te EM, (4) +79 =0, (26b) 


where the symbol ~ is used to denote the transformed quantities, and 7, (2) 
are defined by 


UT Up) =U 7 UD) AW n 29) (27a) 
w= U nie Uw , (47) =U77 by (477) OO Ly (m1, ds 12) 5 (27) 


Now, the transformed ;’s are time-dependent—operators in the Heisenberg repre- 
sentation—, but the commutation relations between these operators retain the 
original form, that is: 


rien)? LA) = 7 72 A= 2s 


[ra(21), 7a) ]=0, for all 4 ». (28) 
And it is easily shown that the time-dependence of 7’s is determined by the 
following equations : 


=), (29) 
where 


Hp =UT HU =e + rine, 
47 


and the corresponding relations for 7”’s can be obtained by interchanging suffixes 


/ and // in (29). On the other hand, the transformed 1, (x) satisfies evidently 
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the following commutation relation : 
Pi Gas hn) (2h, 29); Wr) 2) 
=the (Ouy +My ny) D(P,—T yp x{—2£4)) (30) 
—ithe (at + itym,dh (az +71,21¢05)D(9%)—T pn 23—2%)). 


Now, our task is to solve the Eqs. (26a) and (26b) simultaneously under the 
conditions of (28), (29) and (30). This can be carried out quite analogously 
to the case of Tomonaga-Schwinger theory, though the equations to be solved in 
our case are simultaneous ones. Thus we perform the following canonical trans- 


formation: 
D=exp[—iS]f=exp[—i(S;+ Su) 9 | (31) 
where 


2.0 Cow 7 
Sy=— FV Fa Fn 20" 


oe al SUI Pin x) de" (32) 


Here, since S, and S,, are not commutable, we define the operator exp[—iS] to 
be such as shown in (15). The transformed equations of motion for ¢ become 


{ica +215, 7522, (F, 2) ] +710} $=0, (33a) 
{— Hea? + 1S, HTL (Pm 29) 147. VP) G=0 (33b) 


in which we have retained only the second order interactions. We neglect, here- 
after, the terms [.S), 77M (4) | and [.S),, EEN, (41) ] in Eqs. (33a) and (33b) 
respectively, which represent the self-energy. On the other hand, the interaction 
energy of Mdlier type (excluding Coulomb energy) becomes, 


ot Sim Pte aah (Tn 43) \=F 1, (34a) 


S1S5 HTH en #1) Bn (34b) 


Although y's and Y are time-dependent, the actual evaluation of this potential can 
be easily done with the aid of a method proposed by Nambu. ® Here we describe 
only the result obtained, leaving the detailed calculations for Appendix at the end 
of this paper. Expanding (34a) and (34b) in powers of (u/c) (Yn/c), we have, as 
is expected, a half of the Breit potential in the order of (w/c) (vn/c) respectively : 


~~ ae 4 LUT T 
Bim Bum 1 Gi Gury + Tied Geni), (35) 
r 
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where we assumed the time-points of both the particle 7 and // to be the painie. 
Terms of the order of (v,/c)?(v,/c)* representing the recoil effect, depend, as is 
natural, on the velocity of particles. 

Further detailed discussion about the potential energy, for example about 
the fourth order potential of charge ¢, is left over. Our theory differs oe 
Tomonaga-Schwinger’s in the point that in the latter the second quantization is 
applied to the matter field, but not in the former. It may be interesting 4g 
investigate this difference in the potentials of the fourth order or higher with 
respect to é. 

Finally, we return to the Schrédinger representation from the interaction 
representation by means of the inverse transformation of (23), 


$=U70=URUPO. (36) 
Then the operators with the symbol ~ return to those without ~ and Kgs. 
(33a) and (33b) become as follows: 
[—2hc0} + A) +71V,4+8,]9=0, (37a) 


[—ihcol + H+ 72 V y+ By] =0. (37b) 


§ 4. Some properties of equations for the stationary state 


When we denote the potentials derived in section 3 as 7, and /;;,, the funda- 
mental equations become : 


[—itcd +H) +J,]9=0, (37a’) 
[—itcal! +H + Jz]? =0 (37b’) 


where, for the time being, we take /, and /,; as general potentials which are not 
restricted to the same time-points of two particles. 

To solve these equations generally, it will be desired to separate the motion 
of particles into the motion of centre of gravity and the relative motion, the 
former showing the motion of the two-particle system as a whole, that is, the 
motion of a Bose particle. But, reserving this problem for future occasion, we 
will discuss here only the stationary state. 

In our theory also, O* (4%, 4) 9(4,, 4,7) has the meaning of the probability 
density, then we can take the following condition 


~*~ = constant, (38) 


as the generalized definition for the stationary state. The wave function @ which 
satisfies (38) can generally be given in the form: 


D(x; X12) =9(Tr Nr) exp (iE (44, xn) |; (39) 


where £ depends only on x} and x4, explicitly. Substituting (39) into (37a’), 
we have 
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ule + eee en { (g* /,¢) exp (ZF) \ (37a) 
| Oia AEs 8) (y*, 9) 
In order that this equation may hold identically, J; should be divided into 
two parts. 


DSP p Vin 8/Ox4, 8/Ax',), (40a) 
Th=Si (#4, 2%, /ax%, 8/8x4,) (40b) 


where /;' is a function only of ”, %,, 0/ax% and 0/ax%,, while // depends only 
on 4}, 4p 0/dx/ and 3/dx%, On the other hand, the potential derived in the 
previous section can be transformed into the form (40a) through a real transfor- 
mation, but this is not the case for (40b). Thus we put //=0, and only such 
potentials as take the form (40a) survive. This means that, in the actual calcula- 
tions, the potentials for the stationary state should be taken as those which 
correspond to the case where the time-points of the two particles are the same. 
Accordingly, the Eq. (37a’’) becomes 


—_— ic 9% = (PAPAL) const. a, (41) 
Ox, (¢*, a) 
whence we have 
ee 5 
B= —f141 + B(x f). (42) 
hc 


The analogous discussion can be made for (37b’) and we have 


Lae hc GE _ (¢* (Hit) 9). =const.= 2, . (43) 


ia ar aoe 0 
ax 7; ax; (g*, ¢) 


Thus, for the following solution of the stationary state ; 


®=9(r1, My) exp| — J (Eat +E xi). (44) 

Eqs. (37a’) and (37b’) are reduced to 
[—E,+ A; +J,|¢=9, (45a) 
[—Z£y,+A74+Ji\g=9. (45b) 


From Eqs. (45a) and (45b), we can construct the equations corresponding 
to Eqs. (9a) and (9b) as follows : 
[—4,—E£nt H+ Ait V"(=/! +) le=9, (46a) 
(—2£,+ Ey+ HY —Hilg=9. (46b) 
Eq. (46b) can be reduced to 


E,—-Ey=tV Epp + mpd F Vepy + mud (46b’) 
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which is identically satisfied and indicates the possibility of the negative energy 


states for each particle. 
The energy-momentum four vector of the centre of gravity 1s covariantly 


defined by 

Py = Pp + Pu 
Then the proper mass J, of the centre of gravity is defined, in the centre of 
gravity system (P=0), by 


Pia —(E, +E) !/e= = Mie 
and Eq. (46a) in this system becomes 
+ Meg=[Bmjc + PU myc t+c(ai—a)p,.4+ V" |e (48) 
with | 
Pi=Pr=—be; =a, P= o=1, 2. 


We can obtain the mass spectrum of the centre of gravity by solving the above 
equation. This form of equation had previously been proposed by Kemmer for 
the deuteron problems. 


The authors wish to express their sincere thanks to Prof. Yositaka Mimura 
and the members of the Research Institute for Theoretical Physics of Hiroshima 
University for their useful discussions and deep interest. 


Appendix 


Here we calculate the Mller interaction energy of the following type: 


glSin AL 2 J=B,, (34a) 
é a a 
alse reer eS Ure, 411) |=By. (34b) 


As S; and Sj are operators given by (32), (34a) becomes as follows: 


es 460) (27pm See z 
lagen is re en 2), ATTA, 29) Jade’. (Al) 


cg ; 270 : Lit? 
The sae le aa a be written as x) Ute. x°) |dx® where e(2°)= 41 
according as #,20. Weare concerned only with the phenomena in which any 


o 


real process to emit or absorb’ the photon does not occur, so the integral | dx° 


can be omitted. Moreover, if the time-points of the two particles / and Ph hee 


the same (7/=43,, and 2y= (0, 0, O,2)), (34a) is reduced, on account of (30), 
to the following : wk 
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B,=H,+K,, 
e ae + 
ei | Dr, x ards, ST ays 
e at oe Ea 
Ky=— £3195 |" DE va EGE de (A2) 
As the operator 7’s are time-dependent, the rigorous evaluation of these integrals 


is not easy. Accordingly, we take up the convenient procedure employed by 
Nambu,” then we have: 


\" De Cat a ar) fle \dx = = ra cosii( 2 r) TS Je) 


x0=2 70 
= | l I a Wegeisian ns 0 A3 
a dn es +5 ( =) a Ie ) 20— 950 ( ) 
a- 
ai | £4 gy 1 cosh (4 ”) —1] eo) 
Ti Maat <0 0 Dae 2 ey 
{30 yaee xy fl \dx i ( iy y z ioe 
dv 
= phy 1 a ° * Sees 0 | A4 
Sueioxe vine) kaa ani A ete i 


As is easily seen, this is no more than the form expanded in powers of (v/c). 
Thus we have: 


SSH = <|= +3(4 r+ pee lerere 


= n é ste ba a ie Teste TT 9! 
Rea Bk P= eter Ga) etn AE, (A) 
The first term of each equation corresponds to the order of (v,/c)(v,,/c), and 
H,” +K,® is reduced to (35). For the other terms, on account of (29), we 
substitute the relations 
try P 
TO atr akc (A5) 
a ua ] Supperhe 
in (A2’). If we put the time of the two particles in the integrand of 4, to be 
the same, Numbu’s procedure can be applied to our case without contradicting the 
integrability condition for Eqs. (33a) and (33b). Moreover, we take into account 
the law of energy-conservation in the form: 


Sales ad 


TT ae U) 
ary ax}7 


and the higher powers of temporal differential operator, we write for symmetry’s 


sake: 
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7] Qn z 1 on oe a n da n 4 
(2) -Gay=- Ge) Ga) (A6) 
ax; ax ax; ata 
Then we can obtain the explicit form of the term H,?+K,% which corres- 


ponds to the order of (v,/c)*(v,/c)* and depends on the velocity of particles. 
The calculation for the term &,, is carried out analogously to the case of B,, and 


the result is obtained by exchanging the symbol 7 and // in &;. 
Thus we have the Mller interaction energy of the order of (v,/c)*(v,/c)* 


which runs as follows: 


ig ay” +H? +KP 


2 Rap EP 
= EL ay mae {3 (rth) 
8x te 
: I 
4 ul 3-H AE) —Br (G82) — (rtrd) OH) + GLAD Ge) Grd} 
y ia 


+ 81 {8r ryt) (1588) — Br GAL) —— rtrd) (738}) +190) (ir) hrs) } 


a oh = 13) il 
—{GEY=2 — Lary a} 
3r | (8401) — (74a!) (7303) — (782) (73057) + ir?) (73783) (0H) 4 
1 
ss e {37.82 (7594) — (7:02) (73/07) En) — (7:82) (7505) (7ire) 


— (rire) 3'75) 7H8D GHOFD 35 - 


where 
Myo 
type tn= Ml zze 
h h 
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Note added in poof 


In our calculation of the potential in §3 (b), the negative energy states are neglected. Araki* has 
recently showed that, in the calculation of the potential, the neglect of negative energy states is not 
adequate and that, if the negative states are taken into account, much better coincidence with experiment 
can be obtained in the case of hydrogen atom. 


Accordingly, it may be necessary to show that our method adopted in this paper can also be applied 
to the case when the negative energy states are considered. 


For this purpose, it is convenient to carry out the calculation of the potential in the momentum 
representation in the following. 


Bringing the transformations (23), (31) and (36) into one, we can write it as 


0=Sg=exp [ ST Pa + Hype? )| 


Z z : 
X exp [—2(.S7 a Sz) ] x exp ee (A7%x79 + Apher) |p. (N 1) 
This transformation can be written in the momentum representation as 


S= (pi, pi; Ne+1|5|p7, pu ; Vp) 


nl ml? 
=\{ (p!, pL lar 111) (Ne+1; 1, ru) S|r71, 117; Ne) (N 2) 
x(r, ru|p!, pl )dridri. 
Taking into account the relation 
(ry, rept, P) =X (pHePV dt yt pi iP rn|-, 
(N 2) runs as follows: 
S=exp [—77(57+ Si], 
(pli Me+1|Si| pl; Ve) 
=608 (pl —plek) (xh* ririx)) Met le (hk, 29) |Ve)/Z IL e op, 


(pl; Ne+1|Si1| ps Ne) 


; PUL a FELL 
= 8 (pls —pUek) arr iatt) (NEEM UE (K, 9) |Me)/LU — EF op. (N 3) 
(N 8) is just the transformation used by van Ilove** if we put «)9=.77/". 

As is well known, van Hlove’s procedure can also be applied to the calculation of the potential when 


the negative energy states are considered, and thus this is also true in our method. But it may need 


further investigation whether the consideration of the negative energy states in the calculation of the 
interaction energy is also necessary in meson field as well as in electromagnetic field. 


* G, Araki, Private communication; Prog. Theor. Phys. 6 (1951), 879; Sorydshironkenkyai (in 
Japanese) Vol. 3 (1951), No. 4, 177. 
** TL, van Hove, Phys. Rev. 75 (1949), 1519. 
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The exact form of the path integral has been obtained by the method of ordered operators. For 
illustration the result has been applied to the free Dirac particle. It has been further shown that the 
electromagnetic mass of the electron appears in the path integral in a natural way when the interaction 
with the self-field is considered. 


$1. Introduction 


In this paper we show that the exact form of the path integral can be de- 
duced from the usual wave equation, using the method of ordered operators given 
by Feynman.” We use something like a proper time to denote an ordering para- 
meter. The final result coincides with that given by Morette? ; but in her case 
the meaning of the path integral was not clear until the appropriate Lagrangian for 
a problem was constructed. Here this is clarified during the course of calculation. 
To introduce the proper time we adopted the process first introduced by Fock®. 
We shall omit the explanation about the role of the proper time in the quantum 
electrodynamics as this has been clearly stated by Nambu®. The result is applied 
to the free Dirac particle and then to the case where the interaction with its own 
field is taken into account. The problem of the vacuum polarization and others 
will be treated in the succeeding papers. 


§2. The path integral 
The solution of the Dirac equation 
[rn( Pu—e/cAy) time] =0, (2,1) 
can be expressed as 
Y=[Tul P.—e/cA,)—icm]P, (2, 2) 


where ¥ is the function which satisfies the following equation ; 


Lin Pu—e/eAy) +ime] [7p (Pu—e/cAy) —ime] 
=((p.—¢/¢Ay)? + mie* + he/2ic 77 Fyy | =A ¥ =0. (2,3) 


According to the proposition made by Fock”, we shall make use of the auxiliary 
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function /, which is the function of five variables His Lo, %y, X, and tT, andvsatishes 


| ai enany, | oF 2,4) 


Then Y can be put in the form 

v—( Far. (2,5) 
Now we shall solve Eq. (2,4) not restricting ourselves to the form of A given 
above. We assume that the successive events are ordered by rt, and shall follow 


the procedure given by Feynman” concerning the ordered operators: The formal 
solution of Eq. (2,4) can be written as 


F(a, r) =exp(—it/2m\" A [ p(0), 0(a)] do) (a0, 0). (2, 6) 


Here p(o), for example, means that p acts at the “time” o. Using a Fourier 
representation we write the exponential function as follows ; 


exp(—i8/2m{" A [ p(o), «(a) |do ) 
=|---fexp(i/a)’B(@)- w(o)da)G [8(e), (a) ]a[B(o)]. 2.7) 
The inverse transformation is 
G[B(o)a, (a) 1=|-~-fexp(—«/A]"B(@) -v(o)da) 
-exp(—it/2m\'A[ po), #(0)]da)A(o)d[ plo), 2.8) 
where A(c) is inserted to secure the normalization condition 
f--fexo(— 74), 800) pda) Aa) 4 (v0) =0 [8] 2.9) 
the delta functional 0[8] being defined as follows ; 
8[B(o)]=0 if B(o)-0, and |---[0[B(o)] @[B(@)]=1. 


The formal expression on the right hand side of (2,7) is easily transformed 
into the usual one, that is the expression in which the ordering of operators is 
designated by their spatial position, Putting 

+ 
° 


B(o)={ Bodo, B(o)=—B(), 
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we have 
F(a,2)=|---|G[8@), 2+ B()] exp(i/4-BO)p)4[B(@)] F(@,0) 
=|--{¢ [— B(o), «+ B(o)] d[B(s)] F(a+B(0), 0)dB(0). 


Changing B(c) to «(¢)=#+B(a) and making use of the inverse transformation 
(2,3), we get 


F (a(t), 7) =|K (a, c; 0", 0) F(a") dae, (2, 10) 
where 
Kites a0) =|--fese] 2" {ac(a) -p(a) —#/2m-A[p(a),x (0) }} do | 
x A(a)d[se(c)] d[p(e)]. (2,11) 


We shall now make the form of the kernel K(#, 7; °,0) neater : 


At first we shall integrate with respect to p(o). Let p,(a) be those values of 
P(e) which fulfil 


ie, - i 9A[p@), #()] | (2, 12) 
2m OPy 
then we can write 
Dy e—2/2m-A[ p,, x\|=L[a, x]. (2, 13) 


Putting p=p,+p’, and expanding a-p—#/2m-A[p, x] around p,, we get 


. Via . a aA [ p, ’ a] if / 
a-p——_A[ p, x]=Lla, ac]—- : A; 2,14 
‘ Qm Lp, 2] [ ] 4m ODO Dov PuP ( ) 


the linear term in #’ being dropped on account of (2,12). We shall consider 


the case where Eq. (2,14) stands rigorously. Performing the integration in the 
interval (¢,¢+4a) we have 


fes(— 40 ty, a0) co'=(42" Jala. as) 


From the condition (2,9) A(e) can be decided and found to be (4a/2z7%)*. In- 
serting these results into (2,11), this can be written as follows ; 


K (se, 7 ; 00°, 0) = MVesr( LL, w]do) - (V1 4, | Fdie(a). (2, 16) 
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Now, as _ dA, we] _ 2 7 ie, and | Ay, =| arA a 2m ) O(a) =( 2m 7 
0 Pow i OPuAPoy ie A(p) VE 
0(P) \~ 
O(a) 
mda 1 do \? ( a(p,) 
AS 2 = Pr 
me) ule v= 7) cy eae 
O(p,/2xhi) a a5 0 (ade) 4 
0 (a) 0 (x) O(a) 
Therefore, 


K(o, t ; x°,0) = \exp(£2 [a,c] do)(A (pr,/2218) /9 (a) * dara) 


f ‘ f exn(4 fz [ae(a), (a) ldo) (8 (19/2718) /A(ar)) *d [ar (o))]. 
(2, 17) 


This is the final expression for the kernel and coincides with that given by 
Morette”. She has obtained this result starting from Feynman’s definition K(a**', 
a*) =exp(2/h4S,,(a0**", a*))1/c#*, where S,, is the classical action. Our result is 
deduced from the “ Schrédinger’’ equation (2,4) and the meaning of K(a, rt ; 2°, 
0) is evident when we see Eqs. (2, 10), (2,5) and (2,2). When “ Hamiltonian ” 
A is initially known, Lagrangian Z can be formed as shown in Eqs. (2, 12) 
and (2, 13). 


§ 3. Free Dirac particle 


We shall begin with the application of the above result to the free Dirac 
particle. (Needless to say that this case includes the Bose particle as one will 
see when the procedure (2,2) is omitted and ¥ itself is regarded as a wave 


function.) In this case 


A=1/# (pP+mi'c’), (3, 4) 
L=—me?/2+ ms /2. (3, 2) 


Introducing the classical path #,,(¢) determined from aj Ldr=0, we write 
0 
(a) =, (0) +00/(c). (3, 3) 
In the envisaged case 


Hy(o) =const., Hy(o) =H" + (xH—H)a/r, (3, 4) 


and 
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\L(o)da= — mer /2 +m (ae—a")?/2t + m/2)_ a’”(a)do, (3,9) 
0 


as a!(t)=a/(0)=0. Therefore (2,17) gives for the free kernel 


: — x)? eg a 
K(x, G5 a, 0) =exp| {cr + oe} Il foxel Se 4 oh (a)do} 


A(p,/ 27th ) , Ng Vie 
Grane ane [a (a) 
(3, 6) 


The involved integral is computed by dividing the interval + into parts of 
equal length ¢, as follows ; 


\ 


{---fexp| ae [aci+ (By— H,) 7 veeeee = (Wn-1—Hy=2)* + ®a-s}} 
2he 


(/2nhie) II (1 /Inhiey'de, 
k=1 


i im " k+1(,, 2k | wn /Qrhi TT (0 2rhie)’da 
=|...Jexp| Ste Le (* nit) lay TRAPS EL 


= (m/2mhis) IT (Qhekin /m(k-+ 1))2(m/Bhiew)?= (m/Qike)?. 
k=1 
And we have finally 
K (oe, 7 ; 0°, 0) = — (ae /2ate)?1/e2 fixe /2[—cr + (a—ae")?/cz]}. (3,7) 


This kernel being obtained, the desired solution ¢ can be found according 
to the prescriptions (2,2), (2,5) and (2,6). At first we have 


I (xe,t)=— («/2ae)"|1/e? exp {éae/2[ —cr + (a@—axe")?/cr|}F(a0") dn". 


Now we shall integrate F(a#,7) with respect to t from 0 to oo, as this definite 
integration furnishes the positron-theoretical result, 


U (0) =—ix /e\ 4p(oo— a") Fa? de’ 
Therefore if we set as an initial condition for F(a, r) 
F (00°, 0) = —2¢/ze-7yn,0 [ac on C]9¢°(C), (328) 


we can get the well known solution for the problem of finding the Dirac wave 
function when on some space-like surface C a state ¢°(C) is initially given. 
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§ 4. Interaction with self-field 


We shall now write down the kernel for the Dirac particle interacting with 
the electromagnetic field. As the case of the constant field was already treated 
by many authors” we shall: now consider the case of the interaction with the self- 
field. penouse of the usage of the proper time representation, no pair creation 
and po annihilation in the ordinary sense occur, and so we use the second 
quantization only for the photon field. 


The Hamiltonian A is given by (2,3) and from this we have for the momentum 
and the Lagrangian Z, 


PuH=mi,te/cAy, | (4, 1) 
LaL4+L! (4, 2) 

LD = mae /2—me* /2 (4, 3) 
L=e/c(A:ae+ih/4m-ryyFuv)- (4, 4) 


We, have to compute the path integral, 
: oo ie 0(p,/2ih) \+ 
v-fexp{ -[" (224+!) de|( PLT"? ) 2 a[ar(e)} 4,5 
f-~-fexp{ =f" r+ 2) ae} PERS ) #9] (4.5) 


We shall use the perturbation method and expand the exponential function as 
follows ; 


exp{ (194 Lae} 
0 


=exp( \ Lae ++ f LI (o)do+ > ( -)) Li(a)do| LI (oda! +--+} 


ae Ware 


- et Bo ee i by 
=exp(i| ide)+ + | e# \, AC: a do 
0 0 


Saf ce led 12 * 10d: _- ° 19d + ° 10d 
EN fet erect len anet ted 
0” 0 


remembering the meaning of the ordering parameter o. If we consider the case 
where the initial and the final states have no photon, the kernel in the second 


order approximation comes to be as follows ; 
K (0, t ; 0", 0) =K, (a, 7; #’, 0) 4K, (a0, 300°, 0), 


K, being given by (3,7) and 
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KGeraeiees0) =(2) [dof an! j-fa [ac] exp( 1 \. L'dc) 
2 ’ ’ hie ; ; 3 = 
; : th Z +" rae (4, 5) 
x (seo) A (@(0)) +4. Far Fue veo) )-exe( F-) 7 
Ny 4 te we (a")) Jex tse Ide). 
x (eo!) A (000) +4 Fur Fan (0) Jes F-) 
In evaluating (4,5) we must express (a) which multiplies A(ax(e)) as follows, 


ic(o) = {(ar(o+e)—a(a)) + (ac(a) —-ar(a—e))} /2. (4,6) 


This expression being inserted into (4,5), the elementary Gaussian integral 


yields, 


. 2 7 P =) : 
( ie ) f---[aaetoatn' ce! K,(00, t 001, 0) A (a0') - fe (28! , # 
hc x 


t—o 6—a 


1 2 2 0 s ? 9 9 2 ’ 
cae aaa )+ ae |X (at, 0 5 2, a’) - A(x’) Ky (a", a" ; x0°,0) 


o—oa' rol ie o—o 


rd ( hi le yf. | dada! dac'dveK, (2,7 50", 0) 7 ur Puy (a) 
he 4m 


KAO 6 Oe Ve yi noo Oo, 
(4,7) 


The cross term between #-A and 7,7,/,, vanishes after integration, because of the 
form of a, and a(a) is nearly equal to the average of the classical velocities before 
and after ‘the “time” o; the additional term 4c/ia(¢—o’) is the supplement to 
the square term (a#'—a4*/a—o’')*?. We replace A,(a"')A,(a®) by its vacuum 
expectation value ; 


(A, (a) A, (a?) )y=hc8,,D (ae —ar?). (4, 8) 


To justify this procedure, of course, we should have added the Lagrangian for 
the electromagnetic field to (4,2) and then eliminated it. 


We shall begin with the first term of (4,7). The result of the integration 
with respect to a and a is 


S see yaa dol dal| wet oo 
[ited Gee 7. [Reais Renee steers 2)" cc} | 


(8 comes from the integral representation of D,(a'—a2*)). Or, 
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eet ane) NA Lae (Oat asp | 


xo FS Ga eee 


We change the form further in the following way, 


Se alge bic si I ail (ue a] SiGe Be 2) 


xen {G4 ea)" _ a} 


ies ~3e (Aur+ee)c  thy(rp—xp?) 
ae re oe Pak aie if 
a to 2&2 
a ears) 0 (c—€&) (28 +6)? | aoe eas 
x |a as] — : ve B+E 4,9 
al F(B+5? a8 (BENS Go) 


where ae Blc means ACH (BC). In the same way we can calculate 
the second term of (4,7). fur Pur (@")7ur,/(a*) is to be replaced by its vacu- 


um expectation value, which is obtained from (4,8) and found to be 


(Fah Pv (7 prol pol") ) y= 12k] Dy (a —20*) = 24thicd (xe — 20"). 


The calculation gives for the second term of (4,7), 


eee ee) spe ae Bese Sl 


-—__{ (ae setts ions BD eae ze (4 10) 
Sx*hic (277)* ‘ ee 
(4, 9) and (4,10) together give 
tc 
ee (Ay? + 28?) ¢ thu (xrp—xp) 
Ko, t 0°, 0) = ce (de) « ® e 
eo (4, 11) 
GG Ute 
\d {9 Coa re te ee) ff ae eter” gph. 
0 e o §(P+E)* 


At this stage we can not show that 4,(a#, 7; 2", 0) +.XK,(m,\t 5,0", 0) sis the free 
kernel for the particle of mass m+0m. The tentative of ek (4,11) in this 
form was unsuccessful. Only after the integration with respect to r we can find 


the electromagnetic mass of the Dirac particle. As i de d= “adel. dt and 
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tc 5 “4 9 __te A 2 Co —i(hp?+ x?) 7 
Bn eee aye Dee (Ae “ah ne an 


0 


fiers 


Qnize , -2 ee 0.(b + 2), 


we get 
thy, (Gan = xp°) 


J Kew c+ 0,0)dr=— 


rhe 2a)" (4, 12) 
zc ae B 
a 2 —gée 1 Sie ees “fee Bie ee ; salpee ss: 
: S = € 2 £& &£ 
: & é E (84 &)* 
Comparing with 
(ce) Dag. rn S tk (Cz — 9) 
[ Kyde=— 2 | (dh) 3, (U4 2%) ¢ ae (4, 13) 
en)’ 


we see that dz is given by 


hei _ toe 6 =f 2 
gag we ae pele ele ee Ng ee ke de 
2 AC Jy o = E(8+5)° 
co aS E iva 9 
w= o4(( sii Sadly ; is vee - + ), (4, 14’) 
DTN dig ie EE Sa 


Here €, means the minimum “ time ’’ between the emission and the absorption of 
the virtual photon. And as a result we have 


[ Xe, 25 at, O)de= — XI (db) ¢ PEAT  (14+aes 2 2). (e+ ee!) 


“an 


and the « in the coefficient being cancelled with the « in (3, 8), 


V (ar) =¥,(or) + OF 0) 9. 
Ove 


If we want to see the change of mass during the course of mutation, we 
have available Eq. (2, 4). Using this equation we see that de(r) is given by 


A Gen — hb BL. eee 
Pais. (dpe REE a ea 


ce 


irre : €2 | é2 


tc = & 
2) Ge aes 
ne ie BE | 
— E(B+é)2~ | 
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Even when we put £,4+°=0, though it is not allowable now as there is no delta 
function in the integrand, we have 


ice E> 


ame fae 5 
én(r)= | al ACE ae Bee \ aires vd 4, 15 
ork J OL g ° J,e(8+8)? a 


: ° : : 
that is such de(z) as lim de(t)=de. Therefore, during the course of travel of 
THO 


the imaginary particle, represented by F, the additional mass is not constant and 
unlike the usual procedure of the mass renormalization this de(r) can not be 
simply absorbed in the Lagrangian of the free particle. 

When we consider the Bose particle, the corresponding Lagrangian, mutatis 
mutandis, is (4,2), the term containing 7,7,/,, being omitted. Therefore from 
(4,7) the second term disappears and we have for dx (4, 14), of which the 
first term in the parenthesis is multplied by 1/4. 

In concluding we say that the method of the path integral seems not to be 
appropriate for such a problem. Only because of commonness we have chosen 
this self-energy problem and shown that dz appears in an intuitive way in the 
kernel. As to the expression for dz, the linearly divergent imaginary term may 
be due to the inadequacy of the starting second order Dirac Hamiltonian. Or 
else this divergent term may be arisen from the definiteness of the intial and final 
boundary contrary to the usual Feynman-Dyson diagram method. Furthermore, 
from the outset we have omitted the case o=a’, and so even for the Klein-Gor- 
don equation no quadratically divergent term has appeared. 


Acknowledgement. The author wishes to express his cordial thanks to Prof. 
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This paper is devoted to qualitatively discuss the available data concerning artificially 
produced g-mesons : 
the photo-meson production from nucleon and deuteron, 
the scattering of meson by nucleon, 
the meson production by nucleon-nucleon collision, 
and the slow z~-meson capture by hydrogen and deuterium. 
We want to adopt here the phenomenological considerations rather than the current meson 
theoretical calculations. We shall predict some new results not yet observed, which are expected to 
determine whether our view-points are correct or not. 


§1. Introduction 


Many experiments concerning z-mesons have been performed by American 
physicists in a recent few years. Most of the experimental confirmations give 
strong evidences against the lowest order perturbational predictions based on 
meson theories, which is, however, believed to be at least qualitatively correct 
in future. Particularly the photo-production of z°-mesons from hydrogen shows 
the most definite discrepancy with the lowest order perturbational result. There- 
fore, we are forced to analyze the mesonic phenomena upon the basis of pheno- 
menological theory. The methods used in our discussions are borrowed from the 
nuclear physics: the statistical theory of nuclear reactions (mainly, detailed 
balancing) and the partial wave analysis. Because our descriptions have no direct 
connection with “ meson theories plus perturbation”, our results do not always 
agree with the perturbational predictions. 

In §2 we want to summarize some fundamental properties of 7-mesons, which 
serve to conveniently simplify our following considerations. §3 is devoted to the 
general description of “ two-body mesonic processes ’’, i.e., 

7+N 2 N+ (meson production, capture and scattering) 
and 
z+N-— N+7 (scattering and capture) 
where 7, V and z denote photon, nucleon and z-meson*, The usefulness of the 


* If necessary, we use the more refined notations : 
” neutron, 
Lf proton, 
z+ positively charged z-meson, é 
m~ negatively charged z-meson 
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detailed balancing and (probably) of the so-called dispersion formulas are shown 
in this chapter. Finally we give in §4 the qualitative interpretation of the pro- 
cesses ; 


N+N2N+N+7. 


Here the partial wave analysis is used as the basis of our explanation, 


§ 2. Preliminaries 


As is well-known, all experiments suggest the boson character of m*#-. and 
m’-mesons. Particularly, the two-; decay of 2° offers the definite support of 
zero spin”. And the zero spin of z*-meson was established by recent experiments” 
which compared the two processes : 


a +d ptp. 


Further experimental result of slow 2--meson capture by deuterium, i.e., the ex- 
istence of a +d => n+n”, is sufficient to determine the parity of 2* as odd. In 
the following we will, therefore, analyze the available data assuming that 2* is 
pseudo-scalar and 2° is scalar or pseudo-scalar*, as far as without @ proviso. 


§3. General considerations of two-body mesonic processes 
1. Some features of photo-meson production from hydrogen 
The excitation functions?» of 
r+p—>n4+n* (1.1) 


and y~+f—->/p+4+7° (1.2) 


and 7° neutral z-meson. 
Furthermore, we adopt in this paper the natural unit (2=c=1) and following notations : 


momentum energy 
ore (laboratory system) (laboratory system) 
photon 0 Kk (\k| =2) h 
meson Le q¢ (\q =2)- go =V P+ 2 
initial 0 M 
nucleon M 
final Ps(|Ps| =P) Ey=V PP + MM? 


The corresponding quantities in the center of mass system are specified by asterisk * (for instance, A*, etc.) 


* Because there are no definite experimental conclusions about the parity of 2°. (The polarization- 


correlation of two 7’s from decay of 7° is one of the most promissing methods to determine the parity 


of 79 But at present this experiment seems too difficult to get any definite conclusion.) 
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near threshold show that photo-z7*-mesons are emitted in s- and f-wave (thus it 
turns out that the z*-meson-nucleon coupling must be, at least partly, spin- 
dependent) while 2° mainly in ~-wave (the contribution from s-wave is not larger 
than 10%). This marked difference and the different angular distribution of 
photo-2* from that of photo-z° must be attributed to the difference in their pro- 
duction mechanism (electric or magnetic, spin-dependent or not, and so on) and/or 
the opposite parity of z* and 7°, Let us now check the latter statement. 

As was mentioned above, the observed relative cross section of (1.2) to 
(1.1) does definitely disagree with the lowest order perturbation results. This 
important fact compelled us either to adopt the opposite approximation of strong 
coupling” or to examine the higher order perturbation”. It is, however, regret- 
table that the validity of these procedures cannot be regarded as well-established 
so far. Moreover, the 27-meson scattering by hydrogen” shows that the meson- 
nucleon interaction is neither weak nor strong enough to justify the weak or 
strong coupling approximation, respectively. Thus it seems better to analyze the 
processes (1.1) and (1.2) in a phenomenological way. The investigation of 
possible (i.e., phenomenologically allowed types) of transition matrices for photo- 
meson production shows that the parity of z° is hardly determined from the 
photo-meson production (its excitation function and angular distribution of meson). 
A brief proof is given as follows* : 

Let ¥;, Y,, g and /,, be the initial and final nucleon wave function, meson 
wave function and the electro-magnetic field strength, respectively. Then the 
possible types of transition matrices are 


( GF BOE Fas 
and pe | for scalar meson, (13) 
) GY BrsOus¥ Kes 
ev 8 (Ox, Pale 
er J PP 8750. 8 


j PE BOE Kas ) 


for pseudoscalar meson ; (1.4) 


where — means complex conjugate (and transposed), tas is the dual tensor of 
/%4,; and Og, means the appropriate second rank tensor generated from Dirac 
matrices 7, photon momentum #2, meson momentum g and initial (or final) nucleon 
momentum ~. From various theoretical requirements (energy-momentum con- 
servation, Lorentz invariance, gauge invariance and Lorentz condition for electro- 
magnetic potential) there are only four types of possible O,, ; 

Vals» Pals» Tap and Pads (1.5) 


* The author expresses his hearty thanks to Associate Prof. 
Kotani and Watanabé for their valuable discussions on this proof. 
independently by Koba, Kotani and Nakai (ref. 8). 


Utiyama and Messrs. — Nishijima, 
The similar argument was also given 
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multiplied by arbitrary scalar function constructed from k, g and g. Of course the 
eight types of (1.3) or (1.4) are not linearly independent, and the scalar function 
appearing in O,, is further reducible. We do not enter here into the details of such 
discussions, but merely note that. there are not essential differences between (1.3) 
and (1.4) with respect to either excitation function or angular distribution of mesons. 
Therefore we will hereafter consider the both cases of even and odd _ parity 
of 7°. 


2. Some considerations about photo-mesons 


It is worth while to remark the very good efficiency of photo-mesons as 
compared with other modes of photo-reactions (also cf. the meson production by 
nucleon-nucleon collision). The large photo-meson yield is readily understood 
by, e.g., the sum-rule method” under the appropriate assumptions about the linear 
dimension of meson cloud and the effective number of virtual mesons around the 
nucleon (these quantities are estimated from the anomalous magnetic moments of 
nucleons, electron-neutron scattering’? and so on). 

Moreover the large yield of photo-mesons from deuteron as compared with 
the simple photo-disintegration are expected for hard y-rays (= 160 Mev for z* 
and = 170 Mev for z°). This fact suggests the usefulness of 


y¥t+td—>p+p/4+um and ~+d—>p4+nu+4+7" (2.1) 
as a source of informations concerning the processes 
ytu—->p+r and 7~+2—>u+7". (2.2) 


Hence the accurate calculations of nuclear binding effects in (2.1) are necessary 
in order to derive the definite conclusions about (2.2). For high energy ;-rays 
the largeness of deuteron radius may allow the impulse approximation for the 
photo-meson production from deuterium. Thus as for 2°, the relative yield of 
four types of the final nucleon system (i.e., singlet even, singlet odd, triplet even 
and triplet odd) is just sufficient to determine the relative importance of spin- 
and charge-dependent parts and independent parts of transition matrices. Quite 
similarly, the relative frequency of different spin states in final two (like) nucleon 
system serves to derermine the spin-dependence of 2*-production. More extensive 
arguments of (2.1) are given in another paper™. 


3. The dispersion formula 


Next we shall proceed the general discussion of the two-body processes 


concerning meson: 


y+N2 N47 . (scattering or capture), (3.1) 


z4+N—> N+ (scattering or capture). 
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For brevity we want to describe these processes by dispersion formulas with one 
excited level Z,. The total cross section of, e.g., 7+pon+n* is expressed in 
terms of y-ray width /'?, and meson widths [2+ and [%o: 


Ly fe flint 
ee (EX-E,)+ (124 TE +0)" 


, (3.2) 


where 
Ex 4+ M=kh* + VEE LM 


= Go + Vg + MM F 


We shall assume that the meson widths [7%- and /% appearing in 7+7—> p47 
and x+2° are almost equal to [’?- and /'%0, respectively (charge independent 
hypothesis). But the widths [2+ and [Z- appearing in the scattering processes 


m+4+p—>p4n* and 2m 4+x>n+77 (3°3) 


may be different from /"2+=J/"2-, and we can say nothing about J‘%+ and IZ-, 
because there are no experimental informations about (3.3). 

If the change of denominator of (3.2) is not so rapid, the meson widths 
are responsible for the behavior of excitation functions near threshold, and thus 
we may put 


* *\3 
x= ea] Z+(£) | (3.4) 
: go" ) 
*\ 3 
and ['%o =Cn es) ’ 2 (3.5) 
0 


where c’s have a dimension of energy and may be regarded as nearly energy 
independent. As for I’?, we assume only the “ f-wave”’ contribution : 


B® +1 
Rexel) bdo 3.6 
Boalt ) (3.6) 
But it is noted that the results (2.7) and (3.8) stated below do not depend on 
the choice of 7 in (3.6). 
The process y+p—>x+7* has a larger yield than that of 7+ — pt+n° by 
a factor of ~3 at £=250 Mev. This leads to the relation: 
CoA PoE (3.4%) 


Assuming the charge independence, [% =I", (which must be checked by 
y+d— p+n+7n", as was stated in 2 of this chapter), the data of slow 27>-meson 
capture by hydrogen (77> 4+p—x+2° and n+7) is sufficient to determine the 
ratio of ¢, to c,; (we also use the relation Pe Gey. 


Cn © D0C,. (3.8) 
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_ This result seems quite reasonable. 
The above considerations correspond to the even parity hypothesis of 7°, 
because of p-wave nature of z° emitted after the slow 2--meson capture by 


hydrogen. If we assume the parity of z° is odd, (3.5) must be replaced by a 
more refined form: 


* ‘ *\ 3 
f2o =a co: f+ ( a) ; (3.9') 


The shape of excitation function of 7+ —> +2" gives the upper limit of c?: 
Pe 0 We (3.9) 


In this case the photo-z°-mesons are mainly produced in f-wave while z°-emission 
after z~-capture by proton occurs in s-wave. The competition of two capture 
modes 7>+p-—>n+7" and n+7 gives 


on & Ac,. (3.10) 


(3.9) and (3.10) do not contradict (3.8). Also the lowest order perturbation 
supports (3.9). Thus we may use (3.7) and (3.8) irrespective of the parity of 7°. 


4. The scattering of meson and ;-ray by nucleon 


If we use (3.4)—(3.8), we can calculate the relative frequencies of various 
modes of meson scattering; e.g., it turns out for 85 Mev 


p+ 713%, 
tm +p—>in+7 24%, (4.1) 
n+7r 3%. 


In fact this result is practically independent of the assumed forms of meson 
widths (3.4) and (3.5), because the value of g* appearing in the calculations of 
(4.1) is almost equal to that used to evaluate (3.7) and (3.8). For example, 


if we use the expression 


[P+ IS ; c,=const., (4.2) 
Go 
instead of (3.4), the relative frequencies suffer only slight changes : 
p+nz TA%, 
mT +p—>4{n+7° 23%, (4.1’) 
u+y 3%. 


Secondly let us consider the elastic scattering of y-ray by proton. Assuming 
(3.8), abnormal scattering of y-ray by proton has the total cross section o,, equal 
to that of (y+f/—/+4+7") multiplied by 
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Ss rad Cees 
50 \ pg" 
Thus o,, at £=250 Mev turns out to be ~ 6.7 x 10-*cm*. Note that o,, is pro- 


portional to £1 near £=250 Mev. The value of a,, is large enough to be observed 
by present experimental technique. (Cf., the total cross sections of Thomson 


scattering are 
8.6 x 10-"cm? for 2*-meson, 
and 1.9 x 10-*"cm’ for proton, 
respectively.) 

In the above discussions, we did not make full use of the dispersion formula, but 
it sufficed merely to assume the factorizability of transition probability for each 
process into two terms and the applicability of detailed balancing to these indivi- 
dual terms. The validity of these assumptions must be checked by the two 
predictions given in this section. 

Finally let us tentatively determine the resonance level 4, and the absolute 
values of widths. The total cross sections of y+p—>x+7* at £=250 Mev® and 
of 85 Mev z--meson scattering by proton” give two set of the values: 


&, = 310 Mev, ¢, = ).65 Mev; (4.3) 
and ££, == 220 Mev, c, == 0.037 Mev. (4.4) * 


Our previous assumption that the denominator of (3.2) do not appreciably change 
with £* or g* is consistent with the set (4.3) rather than (4.4). And the ex- 
trapolation of the y-ray width of nucleus favours also (4.3). 

We may therefore conclude that our results are nearer to the strong coupling 
theories” rather than the weak coupling theories. Moreover this fact may be 
seen from the abnormal scattering of 7-rays by protons when our result is com- 
pared with that of Sachs and Foldy™ (also see Concluding Remarks). 

Our considerations are based on one level formula with simple assumptions 
about widths. We can, of course, generalize our treatment to many level formula 
with more refined assumptions concerning widths. These possibilities will be 
discussed, if necessary, in future**. 


§4. The mesonic processes in two nucleon system 
1. General discussion*** 


Besides the energy-momentum and the angular momentum, the two nucleon 


* The set (4.4) is somewhat attractive, after some suitable modifications of forms of widths, because 
the value of Z,,+ 47 is close to the mass of V-particles!) , althongh there remains the interpretation of 
their long lives. 

** Also the photo-mesons from nuclei can be treated in similar (phenomenological) way, if we take 


into account the reabsorption of produced mesons!) . But we do not discuss their details in this paper. 
*** Also see ref. 24). 
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system has two constants of motion: 

i) the symmetry property with respect to interchange of spin coordinates, 
and ii) the parity. 
Thus it seems appropriate to describe the mesonic processes 


N+N2N+N+2 Clat} 


in terms of selection rule in regard to the spin state or parity of two nucleon 
system. Such an statement is desirable, because we think that we may succeed in 
deriving the “ selection rule” from the meson theories as in the case of m +747, 
in spite of the great difficulties to obtain any finite numerical results at present. 

*Considering the smallness of the relative energy in the final nuclear system 
in (1.1), it is readily seen that the partial wave analysis will be very useful for 
our discussions. Thus we can assume that the smaller the relative (angular ) 
momentum of final nucleon system the larger the probability of its occurrence 
in the final state ; i.e., the z-yield accompanying with the nucleon system in S- 
state is much larger than that with nuclear /-state, as far as there is no any 
effective selection rule. 

These arguments are the foundation of our following analyses of (1.1). 


2. Fundamental data 
The very marked features of recent experiments are as follows: 


pt+ut+n, 
(a) ptp> {ifs oh 
The final (f+) is mainly in *S-state™, 


p+utn, 


(b) i ea 


The 2°-yield is very small compared with z*-yield™. 


a* + (nucleus+ other nucleons), 


(c) f+ (nucleus) > | 


z~ + (nucleus+ other nucleons). 


The z*-yield from proton bombardment is large (by a factor of 5 ~ 10) 
compared with z~-yield™. Analogously the zm yield from neutron bombardment 
is large compared with the z*-yield.”. There are two possible interpretations of 
(0): | 

~ (cl) The fact (c) is mainly attributed to the elementary processes ; i.e., 
the 2~-yield from proton bombardment on neutron is small compared 
with the z*-yield from proton bombardment on proton. 

(c2) (c) is due to the effect of exclusion*principle in the final nuclear state”. 
The z*-yield from +z is not necessarily smaller than the z*-yield 


from p+ f. 
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Next we will show that these three data can be explained by the simple 
« selection rule” (no singlet~-—triplet transition or no parity change). 


Let us consider the process 
p+prptutn. (2.1) 
First of all, transitions of nuclear system : 
AC > Saty Lo pane aly ees (2.2) 


are forbidden by the parity and total angular momentum conservation law (because 
m* is pseudoscalar). The fact (a) demands that 


PSS rand Pps; 


must be forbidden. This requirement is fulfilled by assuming either 
the selection rule (t) ; 
“the triplet singlet transitions must be forbidden,” 
or the selection rule (p) : 
“the parity must not change’ 
with regard to the nucleon state. 
Secondly we will examine the processes 


, 


+p+r, 
eee bs 4 (2.2) 
WA A-oo ie 
The transitions with final nuclear S-state are 
eS ce 
‘dele ns tp, 3455 (2.3) 
ge Baa A 


If we adopt the view-point of (cl), we must forbid these transitions (2.3). 
Assuming the validity of the selection rules irrespective of the charge of nuclear sys- 
tem*, (the charge independences are often noticed in the nuclear physics), then only 
the selection rule (t) is permissible. On the other hand, if we use the interpretation 
(c2), it need not forbid (2.3) and the selection rule (p) is now adoptable. 

Furthermore if we assume 7° is pseudoscalar**, the main processes ®P, > 1S, 
and “P,—>'S, of £+/>/+/+47" must be forbidden and (b) is readily explained by 
either (t) or (p), showing the usefulness of charge independent hypothesis (in z+- 
and z°-production) *. 


Thus we see that the selection rules (t) and (p) are equally useful to ac- 
count for the observations (a), (b) and (c). 


It need not, of course, require the absolute validity of these selection rules 
but it merely suffices to be valid in good approximation at low energy regions. 


ry : ; 2 
Though the charge independence is assumed for both nucleons and mesons, 
mean that only 79 of the “symmetrical ” (ee. 


(ie., ((1))) type interaction is also permissible. 
** The scalar 7° case will be discussed in § 5. 


it does not necessarily 
((r3)) 5 see below) type should be used; the “neutral” 


=, ‘ 3 yp 
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3. Some consequences of the selection rule (t) 


In the first place we consider the case of (t). Assuming 2° is pseudo-scalar, 
the main processes of meson production are as follows* : 


Ptp— p+utn, (odd) >°S+ (st+d+...), 
ptpptp+™, *(odd) >*°P+ (P+..-), 
ptnusntn+n (even) P+ (s+d+...), 

) fais PB ys 
*(even) 3S + (P+...), ((1)) 
*‘(odd) +°S+ (st+d+...). CG) 


pPt2t—ptptz 
ptusrptutn. 


where small letter s, Z,... in parenthesis denote the s-, f-,.... wave of produced 
meson, and ~ is added to clearly show the odd parity of z-mesons. 

We can see the following facts without any detailed calculations. 

(t-1) The angular distribution of z*-meson from ~+/ (proton bombardment 
on proton). The main processes of the reaction +p > p+u+n* 
are 


®P, > *S; +(s+d) (J=]), 
(°P, > *S, +(@) (/=2). 


We must therefore consider that the observed angular distribution (~ cos*6dQ, 
in the center of mass system for 343 Mev proton” ; where @ is the angle between 
q* and the incident beam, @2 is an element of solid angle into which the meson 
is emitted) is due to the suitable superposition of s- and d-wave of mesons. 

(t-2) The ratio of x’-yield to *-yield (or x~-yield) from proton bombard- 
ment on neutron (we shall denote this long statement briefly as “ 2°/x* (or 2°/~) 
from p+”) is nearly equal to z/a° from p+. In the deuteron the nuclear 
binding effects will not be so appreciable, that 7*/a~ from pt+d or x /x* from 
n+d must be close to 2*/z’ from +f, while z*/z° from p+d or a /x° from 
n+d is nearly equal to unity. 

(t-3) The angular distribution of x’ from p+z. If the transitions are of 
the type ((t;)), the main transition of z’-production from p+” is of the same 
type as 2*-production from p+. Thus in this case the angular distribution of 
x from p+ will be the same as that of 7* from p+. However the existence 
of ((1))-type transitions may deform the z-angular distribution in the direction 
of isotropic distribution. As in the case p+/ — ptn+n* a large part of 2° 


* In the 7°-production from p+, the symmetry property of isotopic-spin eigen-function of nuclear 


state will change in some cases (which are specified by “((rts))”) and will not change in other cases 


(“((1))”). The difference between ((t3)) and ((1)) does not appear in 7°-production from 7+f or #+7. 
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from p+2 will be accompanied by deuteron (i'e., pt+u-d+7, but no 1§-resonance). 

(t-4) We discuss 2*/z° from + / as an example (other cases can be treated 
quite similarly). If we fix the incident energy of proton, 7*/z° increases with 
increasing meson energy. Because; the larger the meson energy the smaller the 
relative energy of final nucleon system, the latter means that P-(or higher angular 
momentum) state contribution becomes the smaller with the result that 2*/z° 
increases. The same argument shows that, fixing the meson energy, m* /x° 
increases as decreasing incident proton energy. 

In the above considerations we neglected the Coulomb effect. In order to 
refine our arguments this effect must be taken into account. 

(t-5) a*/a- from p+(nucleus) may be smaller than the ratio Z-(7*- 
yseld from +f) to WV: (a-yield from p+) at the same incident proton energy, 
because of the combined effect of next reasons (7:4 5mumber of pron and) ; 

i) ma has larger wave function than 7* near the target nucleus owing to 

the Coulomb field of the nucleus ; 

ii) nuclear binding effects : 

ii-l) the internal motion of target nucleon inside the nucleus makes the 
incident proton energy effectively higher, 

ii-2) the final nuclear system with higher angular momenta may easily 
be realized as compared with the case of + (nucleon). 

ii-3) the exclusion principle forbids the final states the more seriously 
the smaller the energy of final nuclear system; the smallness of 
energy may more or less correspond to the smallness of relative 
angular momenta of final nuclear states. 

All of these effects reduce the 2*/a~ from p+ (nucleus). 

a-/a* from 2+ (nucleus) can be discussed analogously, but in this case the 

effect i) and ii) act on a ~/z* in the opposite directions. 


4, Some consequences of the selection rule (p) 


Next we want to examine the case of (p), in which the interpretation (c2) 


must be adopted. 2° is assumed here to be pseudoscalar. The main production 
processes are 


PEP > Pn i |, "So 'D, > *Si+ (A), 
pPtp—prpt+n, Re IPA Dy 
p+u- dha) 


aS 3 3 BA 
p+n— p+ pen, PF eaaniadtiae a 


2 Sy Dd; a *So+ (P) ’ 
p+nu > ptn+n, "So 1D. *S,-+(P), 
Sa of WB Has *S\+ (P). ((1)) 


((t3)) 
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Some qualitative discussions as in 3 are possible. 


(p-1) The angular distribution and excitation function of 2+ from p+/. 

The angular distribution (in the center of mass system) of z+-meson is 

~ a2 for 7S, > °S,+ (P) Cf=0); (4.1a) 
and ~ cos 6¢a2 for 1D, > ®S,+ (Pf) (/=2). (4.1b) 
- The proton-proton scattering at 340 Mev shows the strong interactions in P- and 
D-state as well as S-state. Therefore it is not unreasonable to assume that 
(4.1b) has much larger probability (at least by a factor ~5, as can be seen 
from the statistical weight) than that of (4.la). Then the cos’@ angular distribu- 
tion does agree very well with the observation at 343 Mev proton. The angular 
distribution of z* for 381 Mev #+f is also expected to be ~ cos*@d2 ; and thus 
the ratio of z*+-yield from #+¢ at 343 Mev to 381 Mev turns out to be 2.5+0.8. 
This figure is also consistent with the f-wave of 7*-meson (excitation function 
is roughly proportional to (E—p)'*%, where & is the incident proton energy and 
Z is the angular momentum of a meson). These explanations are more natural 
than the case of (t) (cf. (t-l)). 

(p-2) z*- and z°-yield from ~+ are nearly equal to z*-yield from ptf. 
This is the marked difference between (t) and (p), and may easily be checked 
by experiments. 

(p-3) The energy distribution of 2° from f+ is expected to have two 
peaks corresponding to ‘S-resonance and deuteron state of the final nucleon 
system. The angular distribution of 2° from p+ is hard to predict only from 
the qualitative consideration, but it seems to be rather collimated in the direction 
of incident beam. . 

(p-4) 2*/z° from ~+/ and others show the same behaviour as described 
in (t-4). 

As was stated above, a definite determination of superiority between (t) and 
(p) must be done by comparison (t-2) and (p-2) with observation. 


5. The case of sealar 7° 


The selection rule (t) or (p) may be used for pseudoscalar 7*-meson.  (b) 
in §2 leads to the selection rule for production of scalar  ; 
the selection rule (t’) 
“only the triplet triplet transitions can be allowed” 
Assuming the validity of this selection rule irrespective of the charge of nuclear 
system, the main processes of 7'-production are as follows : 
angular distribution 


ptpoptrptm, *P—*P+(s) ~ da, 
*S—>*S+(s) ())° ~ ae, 


; 0 
PEO PENSE taps Pe(p) ((n))  ~ cos*bdd. 
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Considering the case of p+p>ptp+u+z* a majority of produced 7° will 
be accompanied by deuteron state, 


p+urd+n. 
It is further noted that the charge independent (in a wide sense) selection 


(t’) is also permissible for pseudo-scalar 2* and scalar m’-meson, because in the 
pseudo-scalar case (t) is equivalent to (t’) at low energy regions. 


6. Slow z--meson capture by deuterium 


As was mentioned in § 2, the existence of capture mode 
Tm +d—>u+n 


determined the parity of z* as odd. This transition is allowed from the 
selection rule (t) while of the first forbidden from the selection rule (p). Ac- 
cording to the detailed balancing the relative frequency of two capture modes 

u+n, 

™ +da—> 

n+nut}7. 
can be calculated from the observed cross section of inverse processes (assuming 
charge independence)” : 


{p+pr>d+n"*, 
| 7¥+f-> u4+7". 
If we adopt the selection rule (t) (or (p)), one finds 
(x7+n) : (v4+nt+7)=4:1 (or 2:1). (6.1) 


Because we do not know the precise values of cross section of x+n—>d+477 
and ;+n—>p+77 the result (6.1) must not be understood as conclusive. How- 
ever, this result seems to favour (p) over (t). 

In the process 7 +f—>n+2*, the z*-production of, at least, s-wave meson 
must be spin-dependent. Therefore the capture process 77 +d —>2+n+y7 is also 
certainly spin-dependent, and the final (z+) must be in 4S-state. The energy 
spectrum of final y-rays will be very useful to know the neutron-neutron inter- 
action™*4) , 

Finally let us consider the process 27>+d—>n+n+7° (kinetic energy of 
m™ x 1.9+1.5 Mev)”. If 2° is pseudoscalar, this process has negligible probability 


as compared with other capture modes, because the main capture process turns 
out to be 


™ +d—>n+n+7", (Ss). 4°, > °P+ (Pf). 


On the other hand, for scalar z° the main capture processes is 
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TM +d—>n+n4+m, (5) +°S,;>1S)4 (Pf). (6.1) 
If we compare this with the process 

Tt +p—>n+7° (f=1/2, odd) (6.2) 

(Ss) (p) (kinetic energy of 7°=5.4+1.0 Mev). 


The relative frequency of these two processes is given by 


(7~-+d => N+n+T) < (4 +1.0 
5 


3/2 
as =0.2+0.1. 
(7 +p>u4+7) ~ as) “y 


Thus we find the relative rate 


i ot i of a; 
zm +d— 

n+n+7° <02+0.1. 
If we use the experimental result” 


nu+n Te 
m+d— 
n+nu+y 5 


the final state (v+2+7°) occurs with probability not larger than (6:43) %. Thus 
the even parity of z° can not be excluded by the present accuracy of experiment. 


7. Slew z-meson capture and fast z~-meson scattering by nuclei 


A) z--meson capture by nucleus 
Because of the internal motion of nucleons inside the nucleus the main capture 
mode is attributed to 
am +p4+N—>n4+WN. (7.1) 


In the case of (p), (7.1) is now the allowed transition though it was first forbidden 
in the deuteron case 77> +d—>u+n. Therefore the great majority of “stars 4 
produced by 77-meson capture by nucleus is easily understood. It should be 
noted that in the case of (t) similar situations occur, though in this case (7.1) 
has somewhat smaller probability than that in the case of (p), providing further 
evidence favoring (p). 


B) Fast z~-meson scattering by nucleus 
The detailed balancing predicts that the major parts of 7 is captured through 
the process 
m-~+p+N—>n+N 
and the total cross section may be close to nuclear area. This was confirmed 


by recent experiment”. 
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The more quantitative discussions of the contents of this chapter are possible 
on the basis of phenomenologically constructed transition matrices (cf..§ 3. O dy 
The preliminary results of such a treatment have already been published by 
Fujimoto and Yamaguchi. Further details will be given in near future. 


§ 5, Concluding Remarks 


We have analyzed the mesonic phenomena in somewhat different manners as 
compared with the viewpoint of current meson theories. 

The rather strong interaction between meson and nucleon may allow us to 
adopt the dispersion theory (§3, 3 and 4). Of course this does not neces- 
sarily mean the usefulness. of strong coupling theory ; instead the concept of dis- 
persion theory (in a generalized form) has much wider validity than the so- 
called strong coupling theory has. We could derive some results concerning the 
meson-nucleon and photon-proton scattering. In fact these predictions were based 
on the simplified assumptions of ‘“ width” (factorizability and charge independence 
(ie, [2,=F%_, [2=1, etc.)), which may not’ be! correct... We think, howe- 
ver, that these crude assumptions are sufficient for our preliminary considerations ; 
and the check of our assumptions can be done by the experimental results of 
photo-meson production from deuterium (§ 3,2) and z-or 7-proton scattering*, 
ebtea (6. 3,4) 

Furthermore we discussed the meson production by nucleon-nucleon collision. 
This process can be qualitatively interpreted by the selection rule (t) or (p). While 
some evidences favouring the latter (p) were stated ($4, 4 (p—l). 6 (6.1)), 
the conclusive discrimination will only be established by the meson production 
by nucleon-deuteron collision (§ 4, 4). The close connection between the dis- 
persion formulas for ‘two-body mesonic processes”’ and the selection rule in the 
meson production from nucleon nucleon collision should be established, but it was 
not discussed in this paper. 


Acknowledgment The author wishes to express his hearty thanks to Prof. 
Nambu and Mr. Nishijima of Osaka City University and to Mr. Kotani of Osaka 
University for their valuable discussions. 


Addendum = The content of $4 was read in REKS held at Kyoto Univer- 
sity on 24 July in 1951. Just after the author had finished the §4 of this 
paper, the issue of the Physical Review, vol. 83, no. 1 (1951) arrived, in which 
an excellent paper of Watson and Brueckner (who adopted the case (p) with 
((z;)) for 2°-production) dealing with the same problem as in §4 was published. 

; Since the perturbational results were not used in this paper, many papers 
written on the basis of perturbation theory were not cited. 


o Eg, the energy dependence of g++ will give the correct form of Ty? (i.e, cy and / in eq. (3.6) ) 
providing our description is correct (§8, 3 and 4). 


| . y A 
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The experimental results concerning nuclear events in cosmic-ray underground, obtained by 
EF. P. George and J. Evans by means of nuclear emulsions, were found to be in rather good agree- 
ment with the theoretical calculation, where the. electromagnetic interaction of -meson with 
nucleon were treated in detail by Feynman-Dyson’s procedure. 


§1. Introduction 


Recent experimental arialysis of nuclear events in cosmic-ray underground? 
indicates that these are mainly caused by #-mesons. The direct interaction of 
p-meson with nucleon, estimated from p-meson capture, is too weak to account 
for the frequency of these nuclear events. One of the most probable process will 
be the electromagnetic effects of “-meson, which we shall consider in this paper. 

When a p-meson passes by or through a nucleus, some proton in the nucleus 
gets a momentum transfered electromagnetically. The cross section of this 
process is of order 4.107" cm® per nucleon, if we regard a proton as a point 
charge. However, in reality, a proton is not a point charge but is accompanied 
by a meson cloud around it, which will play the most significant role in this 
process. This situation is similar to that of photo-meson production, where we 
found a rather good agreement between the theoretical prediction and the ex- 
perimental results. 

The object of this paper is to clarify the above consideration and to get the 
cross section for the process, where an incident f-meson collides with a nucleon 
to make it eject a m-meson. In order to apply our results to the nuclear events 
underground, we must consider the interference effect with other nucleons in 
the nucleus, which was analysed by Amaldi? in detail. When the momentum 
transfer is greater than the mean kinetic energy of nucleon, this effect will be 
negligible. The m-meson which is produced in a nucleus will again be absorbed 
by the nucleon whence it has come or by others and give rise to star. 

In § 3-1 the general cross section will be given with some brief discussions 
about it. In §3-2 the cross section in the case of the threshold energy will be 
given. In §3-3 the extreme relativistic case will be treated in detail and the 
physical interpretations will also be made. In § 4 the average energy loss of p- 


Pgs and average deflection angle of #-meson and of the recoil nucleon will be 
given. 
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Considering: the Coulomb field .of the incident -meson as a set of. virtual 
photon, our process has a close relationship with the artificial production of 7-meson 
by y-ray, which gave results compatible with theoretical predictions, although the 
validity of perturbation method is not established. This problem will be discussed 


in § 5. 


§ 2. Notations and units 


Throughout this paper we use the natural unit, 4=c=1, and the following 
notations ; 
P,(»), 7£,), P(p, iE); the energy-momentum 4 vector of initial and final 
nucleon, respectively ; 
K(k, 7€5), A(R, i€); the energy-momentum 4 vector of initial and final 
f-meson, respectively ; 


g(q; ze) ; the energy-momentum 4 vector of the created z-meson; 
VY, gy, and ¢; the wave function of nucleon, /-meson, and z2-meson, 
respectively ; 


for which we have, 
(i7P+M)¥ (P)=0, 7K+p)e(K)=0, (7 +#)4b (9) =9, (1) 
where JZ, p, and x mean the masses of nucleon, #-meson, and 2-meson. 


Calculation will be performed in center of mass system. 


§ 3-1. General formula for the cross section 


The Feynman-Dyson diagrams for this process consist of the following two 
diagrams, which, combined together, constitute a gauge invariant set. 


Fig. 1 
¢ 
fe K 
4 3 m-meson, 
1 
: 3 pe-meson, 
pe 
i. 3 r-ray, 
3; proton, 
P, K, 


In Fig. 1 we can interpret the process as that the proton or 7-meson are 
scattered by the external field of #-meson; however it must be emphasised that 
each of these two diagrams cannot have rigorous physical meanings as they are, 
when separated, not gauge-invariant. The matrix element ME of this process are 


of the same feature as that of photo-meson production: 


— A.M, (2) 
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fe} 7 rs 
where A, means the external electromagnetic field of p-meson ‘instead of free 


photon and is given as follows, 


A, = jo Plul (3) 
L 


and WM, is 


WV — fw ah i7(Pyta)a —M 220 * : 4 
B= FE (Prd | aa a pete a) ee 


; 1 for scalar meson, 
(C3, 


ty, for pseudoscalar meson. 


The cross section is given by, 
1 \e dq dK 
=¢! f?—____ 2n)1d(P + K+q—P,—K,)%, 
2°! 5c\0R) 55 can Gn %) 


0=— >| MP, (5) 


B= /(P,K,)?— PR? ; 


in center of mass system. This is rewritten as, 


ea a ee ee © 


where @ means the deflection angle of #-meson and ¢ is the angle between the 
plane of incident and scattered w-meson and the plane of nucleon and p-meson 
after the scattering. 


[e) 
Using 0,4, =0 (charge conservation) and energy momentum conservation, 
@ is rewritten as, 


O=B, Cy, (7) 
where B= BB CLEC MOS (8) 
pe BAK Kt), psd (8, BK) KK), 

2 (K,—K)4 2(K,—K)? (K,2K)? ; 
10) Aaa Ve 
Ch=2} uz oy ; 
mo (4) (Gps me apttaea) 
( oa 4 73 qv 3 ) 
(h.+K—-K)?+IP (P,—P)P+x2 
es —29.9,(K,—K)? (9) 


[(A—-P)* +e (Pt A—K)+ M7] 


imeem 
= apf ( +2 +{( jar—z| 5. 1 ee ~ 
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OO 
Here (4) indicates that we take 0 (or 4) for pseudoscalar (or scalar) meson. 


Bi, does not appear if “-meson is a scalar particle, thus it can be interpreted as 
the spin effect of s-meson. This term is negligible compared with B¢,, the 
difference of spin 0 and 1/2 being not essential as in the case of the high energy 
bremsstrahlung.” 

Cyv and Cy, also indicate the spin effects of nucleon and is absent in the case 
of scalar nucleon (but this is true only for scalar z-meson, and if z-meson is a 
pseudoscalar meson there are no interaction between nucleon and meson). 

Cyy offers smaller contributions than the others and may be neglected. Cy 
and Cy, must give the same energy dependence to the cross section, which can be 
easily seen from that Cj, is negative in the case of pseudoscalar meson, so that 
it cannot have any higher dependences to the energy of the incident p-meson 
than that of Cj. In the case of pseudoscalar meson C§, is the most dominant 
term, while in the case of scalar meson CZ plays the role for it, similar to the 
photo-meson production, therefore we can interpret them as current-type and 
magnetic-moment type interaction, respectively. 


§ 3-2. The threshold energy region 


Near the threshold energy region, where the momenta of the final particles 
can be ignored compared with nucleon mass, the cross section is given by 


vee eC a ia x ( ip acoy ee anes 10 
4 =) (7) M EAE, +4) FRED. Co 
— {(9\ ye + PCxt+2p) 7 e+2p | 

where lozz {(4)42 x aA (e+ pm)” s Bae wD , 


C11) 
py x —2Qxp—2P 
Deu SMe 


and € is the maximum kinetic energy of final p-meson. 
Ss S! -Hacty 
Tonts and 7,,. come, from Cy, Ce,<and, C 4,,, respectively. 
In the case of scalar meson the most dominant term is 7°, as was discussed 


in the preceding section. 


CAV Ech pe be Sarre Teh) 


4a) \4r) 2 x hy (Ey+€,) 2 (x+p)? 
~0.35-10-#.(7°). © cm’. (12) 
4n/ xé, 


In the case of pseudoscalar meson with pseudoscalar coupling, 7%, 7* and /* are 
all of the same order of magnitude and 
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yi (£ “ e p(x+2p) (8x + 2p) 
ee =(£ 7 E (Bite €,) 8x(x+p)° 


~0.9 x rey 22. (13) 
xk,’ 4a 
In the case of pseudovector coupling, the equivalence theorem holds, and the 
cross section is given by 
2M 2 x a gq? 9 ; 
pe) SS FF =1.6-10 .(- mst #). (£ Cur. 14 
Spy. (= Joes rim, me ax (14) 


These cross sections are proportional to 1/x* rather than 1/J/7°, which shows 
us that proton is not a point charge but has a meson cloud around it. 


§ 3-3. Extreme relativistic case 


In the extreme relativistic case, where z- and #-meson masses are much 
smaller than the incident y-meson energy in center of gravity system, the main 
contribution comes from Zt,Cy, and By,4),. This is verified as follows. 

In center of mass system we have 


(P\+ K,—K)*?+M=—2(£,+ €,) Cea <)s 


(K,—K)°?=2(€,<—2— RA, cos 8), (15) 
(P,—P)?+=24, E—-2M* +2 42f, p(cos u cos 0+sinu sin 6 cos ¢), 
oe 


These factors are in the denominators of the matrix elements, so that we 
can see by inspection that the integrands have strong maxima near e~e,,,, and 
cos @~1, cos a~—I1, showing the validity of Weizsacker-Williams approximation. 
Therefore we can say that the incident #-meson does not suffer several energy 
loss, while the energy of the incident nucleon are distributed to the scattered 
nucleon and the created z-meson so as to give them the same velocity in center 
of gravity system. 

The total cross section is given by 


a Gali sie : spade P+ Py). | (16) 


Here %, Ps and Ms, are the contributions from Ci Ce, ond Cy respec. 


tively. 9%, can easily be integrated. Neglecting x’, and #2 compared with 17°, 
we get : 


Oy Ade A eae [ des: # 1 fA €,€—pL se 
Hw Iu+ ML 4(e,— ey bh ~~ pee, e) 


Oe 42) 1 # €€— w+ hh 
+{ M i { o L =*)—1}} 
(4) 8x" kk, n( H#(€,—€) : 
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u=(Ey+€,)(€,—€), 4=(u-2) re a pe (ur). (17) 


This gives a constant term to the cross section in high energy region, that 
is a smaller contribution than from %, and @,. 

The integrations of ®g and Ms, require rather tedious calculations and the 
terms which, at first sight, appeared most dominant cancell between them, so that 
we must be careful in carrying the integrations. | 

After the cancellation of the highest order terms we have 


een{(a)aene|{ fee] Bogie eee 


+ {{{dedta (cos d)de| sbhen one ie sors same *) 


(20+ €) (4,4 &—£) — 
2u (€,€— f — hk cos 0) (2+ (P,x—P)?*) 


ff 1 | peeeene as A Tht 
4(€,¢—p— &,k cos 0)?” ul x +4+(h—-P)* 


(4, +€,)£-IM Int? 12 E—2M +2 pho 
8 At+e) (o-O)Ap 2+2L,E—2M’— 2p, 
ie E,+€)e—- A €€—f + hk 
a fees GE So) Ena FE HE yy Sob EF gk 
ef a 4u(2u+M*) ky p-(€,—€) 


A (4,46) (24+€ 4+€,—24,) +2—-2" 
< G da 0 0 - 
+f ffeeatetarcos Reh ee tec iad enc 


The first and the second terms in @s contribute only 1/€,? energy dependence 
in high energy region to the cross section. Integrating exactly with respects to 
dp and d(cos @), the last term becomes 


Ai (Z,+ &) QE + €—€)) +¥—2M"} 
4(E, +) (€-—€) VV — 4p"? 


"peo | \ae Wi 


(18) 


02-0,= {fee dE. 


in] Geet Mek) IBC + VC*+ D) +4 pif sin*a(ege — phy) | 
: errs hok) \B(C + VC°+D) —4p,' fp" sin’a(€,¢— 2 — hh) | 
(19) 


where («% is the angle between p and k) 


Bi =x +2L,E—-2M +2pp, cos a, 
= 28(ey€)[eA—2Fe], 
e 


C+ D=Pe(e,— 6) [#44], (20) 
A=2(E, +¢,)(Ej—£)—X. 
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The integrand has a maximum neat €~€ max In this energy region we can 
approximate the logarithmic factor as follows, 
a VOD TC~P(G—€)A, 


pores tomal 4: 


Bi(C+V C24D) —4P*Py sin’ a(€€ — —kk) +2(e,—€)**, 
B(C+V C+D) —4P°Py sin*u (€o€ —pe—k,k) 
2 §x'44¢(LE—-M) +4? (L,-£)*}, 


Ce —f+ kky)? 2(€,—€)?-8- (A, + &)*(A,—£)’ 
[P(e,—€)? WRK, {x 4-42°(L,E+ IW?) +410 (4,—L£)*} 
in Ae (A, + €q)° 1% 2€o* 


DA (ihe = ES 
eM pt 


In. factor in O2~In 


where €,* is the incident w-meson energy in laboratory system. 
Therefore, we have 


Ae OP 
M x T 
184 fi koe \. aI 
| ” ah CMS oS 20) 


(a detailed evaluation shows us that this estimation is correct.) 
The evaluation of ®, term is more tedious than the above. However, as 
stated nye the contribution from @, is negative in pseudoscaler meson case and 


is — ues —~—_,9, (scalar), which is quite clear from the factor {(q)ae—* L, so that 

MY, must not have any higher dependences than ®, to the incident energy ; that 
6 * 

is, at most In (<<). 


Because of long and tedious calculation we give only the results, 


1G)"-#} eae ‘) i 
5 ay 4 aar(fmay 2 3a 


Aon ein Vin =a une ), 
x / 


Dae (22) 


Collecting our results and neglecting the terms which vanish in high energy 
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region and then keeping only the terms of lower order in the expansion with 
respects to x°/M7*, we have 


eter yl hw be e,* Ie ae 2 
sant ( p tfou & -1)/ pee | 
: ) oo A _ pL 3 of 7 ‘ x 6M 
eS \ alo: <e—1)f1 M_ 5 , 35x | 23 
Wi be iz) wa oa Tae 2 “) 


From the above expressions for the total cross sections in two cases, we can 
deduce following conclusions: 

(1) In both cases, it is almost independent of the mass of the incident 
f-meson, which is just expected from the beginning, for the incident #-meson can 
be considered as merely the source of virtual photons. 


(2) In the case of scalar meson, it does not depend on the nucleon mass, 
too, and is proportional to 1/%*, which can be understood by the simple or rather 
semi-quantum-mechanical consideration that a nucleon is accompanied by its 
virtual meson cloud, the diametre of which is of the order of z-meson Compton 
wave length. 

(3) In the case of pseudoscalar meson, contributions from current and 
magnetic moment are of the same order of magnitude, 1/172. We have 7; in the 
pseudoscalar coupling which implies that the transition from a_ positive energy 
state to a negative one of the nucleon and vise versa is to be performed, so that 
the nucleon must be virtually in one of its negative energy state. Out of the 


5 


domain of order of nucleon Compton wave length, 1/JZ% in diameter, there can 
hardly be expected such a transition, for the nucleon in this region can be con- 
sidered as a classical particle. Therefore, it is rather a matter of course that we 
had the cross section of order of 1//7°. The cross section in the case of pseudo- 
vecter coupling becomes 4//’/x’ times that of pseudoscalar coupling (the equivalence 
theorem holds between pseudo-vector and -scalar coupling) and is proportional 
to 1/x°, comparable to that of scalar meson case. 
If we substitute €,*=14 Bev. (the mean energy of #-meson underground) 


HEL) BIOS HHO, = L) <26-10- nit 24 


§ 4. Energy loss and deflection angle of s-meson 


Here in this section we will estimate the average energy loss and the average 
deflection angle of #-meson. To evaluate them, it is convenient to make use of 
the following Lorentz invariant relations 
Ki,—kK)? 
Mle.*— 8) =— (Pi, KK) =— (Py KK) = (y+ 6) (6-9) + MTD 


’ 


M (Fa *6) = (By + 6) (= 6) + MAY (25) 
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Neglecting the terms which vanish in the high energy limit, we obtain 
ss yg? yee 1 Zé, | ae, O _* | 
[B+ (o-)do=(F) eed bs eRe x ae + (4) We 


(2% n+2—41n *)I. 
x 


x 
[ee a(S (£). ne | In(+ 26") 242 {(f)- I], 
a ? et 4n/ 4 ot M 4A\4) 
(26) 
#1 (as In Ahm +60} ; scalar meson, 
Me 22 M “9 
Ci y= (27) 
La Ze" ES (1 oi seudoscalar meson. 
39 In ne 35, nf{it+ ti pseudoscalar Ss 


(These energy losses in two cases do not depend on the coupling constants.) 

The average energy loss of w-meson in laboratory system increases only 
logarithmically with the increasing incident “-meson energy. This logarithmic term 
comes from the spin effects of nucleon, while the constant terms from charge 
current of both nucleon and z-meson. 


The average deflection angle of the incident #-meson can be obtained from 
the relation 


(Sep ib cos 8) = {Ko BY (Se ED 


" = (€,€*— 2— 2* 2 cos 0). (28) 


The main contribution comes from ¢*~e,*, so that we have approximately 


== [eA 


NOR 29 
sions me = (29) 
The results are 
deen 2€5* es scalar meson, 
= €5* M 
AV fe? — (30) 
ma Fin (1 ae a ) ; pseudoscalar meson. 


The fact that the average energy loss and average deflection angle are small 
expresses the validity of Weizsacker-Williams approximation. 

In Figs. 2 and 3, the above calculated energy loss and the deflection angle 
(both average value) are plotted against the energy of the incident p-meson. 
The average energy loss and the average deflection angle of p-meson do not 
depend on the magnitude of the coupling constant between nucleon and z-meson, 
as far as we confine ourselves to the second order approximation. For the 
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convenience of comparison, experimental data obtained by: E.. P. George and J. 
Evans are also listed in them. 


The probable value of a, angle between scattered p-meson and nucleon, can 
also be evaluated easily by means of the following equation (see Fig. 4) 


= cos «) {= = 0. 


xexp. (Gt) 


J 9 i xexp (G E) 


20° 


10° 


— (%o-M)it+e-2 


w+ — 

a 2(%)—M) : 
: (Wo—p)?*+M7—x% 
Lg => 6 , 

2(W)—-M) 
= * x 
Wo(e-6) +I 
Fe Wiss) 
M In ) 

My 
ba! bry aa 
Wy=LEo+€, 

1.48 for PS, 
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§ 5. Discussions* 


(1) Groundmaking of our calculations 
We have dealt with the third order perturbation only, so that some doubt 
may arise concerning the perturbation calculation itself, as it has been in several 


cases. 
However, the following considerations will serve some basis to our results 


which are of scalar or of pseudoscalar meson. 
According to Weizsacker-Williams, the Coulomb field of the incident #-meson 
can be replaced by a set of virtual photons with the intensity distribution 
2 ( e uae = 
: log —, 32 
m\4r/ K K eo 


where XK is the energy of the virtual photon. 


Then we have for the cross section of #-7 process 


2 ( e ) { 1 is 
Co —— ia VF; adkKk-o a= los Slat 33 
ee Ae: ae in ee Si 

If we put the perturbation of lower order for o,,,, the above formula agrees 
with ours as will be seen in Appendix. 

Therefore, our results share their destiny with the second order perturbation 
Teoet Moreover, in the case of scalar or pseudoscalar meson the latter is trustable, 
at least, in the low frequency region of y-ray, (the fourth order contribution to 
this 7-2 process which was calculated by Osaka group being small.”) In addition, 
that lower energy photons will contribute greatly is suggested by the above 
formula, while we know that in the low energy region the second order pertur- 
bation with pseudoscalar meson results in a rather good agreement with the 
experiment at Berkeley. Even if we do not have any conceivable ground to 
speak of the validity of the perturbation method in the high energy region, we 
would be supported by the small intensity of high frequency y-ray, as was shown 
by Weizsacker-Williams approximation. For example, E. P. George and J. Evans 
have substituted for o,,, its experimental value, 10-*%cm®. (McMillan et. al.) and 
got a result not much different from ours. 

: If the ots section 9,5, increases with increasing photon energy, which can 
RS stl in cases of vector and pseudovector meson, the results may have a 
quite different feature. However, we need not be afraid of this point as far as we 
deal witl ar or pse 5 : 3 i i 

oe A scalar or pseudoscalar mei oS will not couple strongly with the 
igh frequency 7-ray. These considerations will give some justification to our 
results. 

Coe The effect of the fact that nucleons are confined in a nucleus 

Until now we have considered the nucleon as being free. Now we examine 


* J. N. Sneddon and B. F. Touchek h i oC nae 
(1949), 352, uch ave carried out the similar calculations, Proc. Rey. Soc, 199 
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to what extent this assumption can be fulfilled. 

In the Weizsacker-Williams approximation described in §$5-1, the lower limit 
of K is taken to be z-meson mass x. The wave length corresponding to this 
energy is of the same order as the nuclear force range. To estimate the magnitude 
of the mutual interference of nucleons we refer to the experiment of z-meson 
production by 7-ray. There was a variation by about factor 1/3 between carbon 
and hydrogen target,” which we suppose will be due to this interference effect. 
In the region where the ;-ray wave length is smaller, this effect will become 
much more reduced, Therefore, our assumption that the nucleon is isolated will 
not be very rough one. 


(3) Comparison with experiment 


E. P. George and J. Evans observed stars in cosmic ray underground by 
means of nuclear emulsion and gave 4x 10~*° cm* as the cross section of star 
production. Meanwhile, our cross section concerns to the single z-meson produc- 
tion. However, we can compare our results with the experimental data of FE. P. 
George and J. Evans considering as; once the incident #-meson has produced in 
a nucleus a z-meson, which has a strong coupling to nucleon, the created z-meson 
will interact with neighbouring nucleons and some additional particle will be 
ejected to make the prongs of a star. 

It does not seem us necessary to consider the pure multiple process. On this 
standpoint we have compared our results directly with their experimental data and 
obtained a fine consistency between them taking f?/4a to: be ~ 0.2, the value 
which is consistent with that from y-7 production. 

The variation due to whether the spin. of p-meson is 1/2 or 0 is negligible 
as it was in the case of bremsstrahlung calculated by Christy and Kusaka.” 
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Appendix* * 


We consider the problem by the aid of Weizsaicker-Williams method. The 
cross section of z-meson production by a fast charged particle can be written as 
follows using the cross section by j-ray, 


Ousnt=\0;5n+ X (intensity of virtual photons) . 


In the above formula, we can replace o,,.+ by its experimental value or by the 
lower order perturbation, of which the first was carried out by E. P. George and 


*% We are indebted to Prof. J. Oppenheimer for his helpful discussions to one of us (H. F.). 


. 
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J, Evans and will perform in this Appendix the second approach. 
G. Araki® has calculated the cross section of ¢,,,+ process, and we can 


immediately use his result, which can be approximated as follows, 


wnct2sim(2)(L)- fleet 


The Araki’s above cross section is to multiplied by the intensity of virtual photons, 


+(=) . i dK \n Ee 0 
it N47 os. K 


to give the cross section for our #7" process. 
We had the following result 


Oe ft ee aes yi eee | 
oat (P.S.) = <\(Z eal [1 ie i 
Creat Es.) (a Lae. BE Me ai 


Next we can similarly calculate the average loss of the ,incident p-meson, , 


k. M 2e,* 
4+ —¢\=(K )\ = — la {3 1). 
SFr lima alles 


For the sake of comparison, the pseudoscalar meson case only is treated. 
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The anomalous magnetic moment of a nucleon bound in a nucleus differs from the value when 
it is free because of the modification of yirtual meson cloud around the nucleon, due to the effect 
of other nucleons. This modified value is calculated and shown to be about half of the value when 
the nucleon is free. With this value of the magnetic moment, the deviations of nuclear magnetic 
moments from the Schmidt lines can be explained. It is shown that this effect is equivalent to 
the exchange magnetic moment. 


§ 1. Introduction 


The single particle model, which describes the nucleus in terms of stationary 
states of the individual nucleons in an averaged nuclear field, has achieved a 
remarkable success in explaining many nuclear properties, such as shell structure 
in nuclei, isomerism and beta-decay probabilities. According to this model, the 
magnetic moments of odd nuclei can be computed, under the assumption that they 


are solely due to one extra odd nucleon. The two possible cases, [=I-= and 
[=I+5 for given total spin /, lead to two lines in a plot of magnetic moment 


against J, which are known as Schmidt lines. Experimentally-determined moments 
lie between these lines, but do not coincide with them exactly. They form two 
bands roughly paralleling the Schmidt lines. It is one of the success of the single 
particle model that it can account for the general dependence of the moments on 
ZT. But it fails to explain why the observed values of moments do not coincide 
with those obtained by the single particle model. 

Deviations from the Schmidt lines indicate the crudity of the model. Foldy 
and Milford”, and A. Bohr? suggested that the deviation could be accounted for 
by assuming an exchange of angular momentum between the extra odd nucleon 
and the core. Foldy and Milford’s calculation shows that in a majority of cases 
the theoretically predicted deviations are in the right direction and proper order 


of magnitude. One must admit, however, that for las their model cannot 


predict any deviations, in disagreement with a considerable number of observed 


data, and for nuclei with [=I-+ >95/2 the model predicts deviations in the 


wrong direction resulting in further discrepancies. There must be a considerable 
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2 


ft ; 
amount of mixing of states with /= _ “A, and mat 3 to account for experiments, 


which seems, however, hardly acceptable, in view of the wide separation of these 
two states caused by the strong spin-orbit coupling. 

One will easily observe that the deviations are in the opposite direction for 
nuclei with odd nucleon spin parallel or anti-parallel to total spin, i.e. for odd 
proton nucleus, the deviation is minus if the spin of the extra proton points up- 
wards, and is plus if it points downwards. One thus arrives at the simple ex- 
planation for the deviation if he assumes that the intrinsic magnetic moment of 
the proton is diminished inside a nucleus. This view of intrinsic moment is 
by no means unreasonable because, a nucleon, when bound in a nucleus, is exerted 
a strong influence by other densely packed nucleons which gives rise~to the 
modification of the meson cloud around it. And the anomalous magnetic moment 
of a nucleon, which is supposed to arise from the virtual meson cloud around it, 
undergoes a change in its magnitude if brought into a nucleus. 

In this paper the calculation will be carried out of this change of magnetic 
moment, and we shall see that this effect just accounts for the deviation in question. 
In §2, the origin and the order of magnitude of this change are discussed. In 
§ 3, the change is calculated with the aid of meson theory. It is shown in § 4 
that this effect is equivalent to the exchange magnetic moment. Results are 
compared with experiments in § 5. 


§2. Change of magnetic moment of a nucleon in a nucleus 


The anomalous magnetic moment or the virtual meson cloud of a nucleon in 
a nucleus differs from that of a free one on account of following two reasons: 

Firstly, the nucleon is exerted by nuclear forces, and its motion in the inter- 
mediate as well as in the initial or final state is not free but distorted. Secondly, 
the exclusion principle operates; the nucleon is prohibited to make (virtual) 
transitions leading to states already occupied by other nucleons. 

For heavy nucleus a nucleon can in good approximation be assumed to move 
in an averaged field, and the potential may be taken as a spherical box with 
constant depth. If the radius of this box is sufficiently large (as compared with 
meson compton wave length, which is the extension of the meson cloud around 
a nucleon), the effect of nuclear forces on the modification of meson cloud will 
be negligible. So in this paper, we shall set this effect aside and concern our- 
Ses mainly with the second point mentioned above. This assumption is certainly 
sina se, ufbicn, ad br ee 

g avy nuclei, probably with mass number 

> 90. For light nuclei a separate treatment is required. 
am Ee oe ee admitted, the size of nuclear box is irrelevant 
ge of magnetic moment. We may therefore take 
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a nucleus as a Fermi gas of infinitely large dimension. The experimental fact 
that nuclear moments are determined almost only by their spin and nearly inde- 
pendent of details of individual properties such as their mass number or shell 
structure, indicates that such a simplified treatment for nucleus is sufficient for 
our purpose. 

Consider a proton with momentum zero in a Fermi gas composed of nucleons 
up to the momentum P. P can be determined from the observed nuclear radii 
and is known to be about 210 Mev.*, independent of elements. In this nucleus 
the virtual process p> x+2* is forbidden when leading to neutron states with 
momentum <P. From momentum balance (remember that we have neglected 
the effect of nuclear forces which would partake the momentum balance) this 
nucleon cannot emit a meson with momentum less than P, that is, a nucleon 
takes off a part of meson cloud inside a nucleus which it wore outside. Anomalous 
magnetic moment #4, of a proton is expressed as a sum of contributions frome ach 
virtual mesons. Thus 4, is expressed as {...dk where the integrand is a positive 
definite function of momentum &. The lack of virtual mesons with momentum < P 
implies the diminution of the domain of this integral, thereby results in the 
decrease of the magnetic moment. 

Also the presence of this proton in question forbids the transition ” —> p+77 
to this state of all neutrons in the nucleus. One can see that this effect just 
doubles the decrease of moment mentioned above. To see this it is more 
appropriate to use a representation in which angular momenta of particles are 
diagonal. A proton with upward spin makes a transition to a state of a neutron 
with downward spin and a positive meson with angular momentum +1(pt — xn] 
+7*f). The probability of duration of this state is 


(w+ £,—E,)° 


where V represents the meson-nucleon interaction and w is the energy of the 
emitted meson. This state contributes to the positive magnetic moment and 
prohibition of this state decreases the moment. Similarly, the presence of pf 
‘prevents the transition 2) > p[+27| which would have given the positive moment, 
resulting in further decrease of moment. The dissociation probability of this state 


is again expressed as 


|(a|V | p+7) |? 
(w+ £,—E£,)° 


in which the numerator is the same as that of (1), and the energy denominators 
of both expressions are also equal, if nucleon energy difference £,—, is neglected 
as compared with the meson energy w. Thus both effects decrease equal amount 


* Hereafter we use natural units, ie, # and c=1. 
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of moment. Processes such as pt—zt+2*— have little to do with the spin 
magnetic moment*. 

The magnitude of this decrease can only be calculated by meson theory, but 
we can estimate the order of its magnitude as follows: 

Let a be the fraction of time which a proton (neutron) spends as a neutron 
(proton) and a meson. Then the magnetic moments of the proton and neutron 
are roughly given by” 


fo= (M/o*)a—a, 
[m= — (M/o0*)a—a 


where M is the mass of the nucleon, and w* is a certain mean value-of the 
inertial mass (energy) of the virtual mesons. The first term comes from meson’s 
charge and the second term comes from proton’s magnetic moment. In order 
that , is almost equal to —y,, Z//w* must be large, i.e, momenta of virtual 
mesons that mainly contribute to the moment must not be appreciably larger 
than the meson rest mass x, probably they must be of the order of x. On the 
other hand, mesons with momentum < P=1.5x are excluded in a nucleus. There- 
fore a considerable amount is expected to decrease in a nucleus. 

We have up to now considered a nucleon with momentum zero. The extra 
odd nucleon outside the nuclear core, in which we are mainly interested, occupies 
the highest energy level, so has |momentum|=P. It situates in momentum space 
on the surface of the sphere with radius P, in which nucleons are densely packed. 
The nucleon is free to move outwards, only prohibited to move inwards. There- 
fore the prohibition is only half as effective as it were placed at the origin. So 
the decrease never exceeds half of the free nucleon magnetic moment. However, 


the total decrease that is observed is twice as large. Thus the decrease is equal 
at most to the free nucleon moment, and to zero at least. As we shall see later, 
this decrease is about half of the free nucleon moment. Thus the anomalous 
magnetic moment of a odd nucleon in a nucleus is not equal to but about half 


of the value when it is free. This is the main conclusion of this paper. 


§3. Change of the magnetic moment: Calculation 


The change of the magnetic moment explained in the previous section can 
be calculated by meson theory. Unfortunately the meson theory in its present 


form is not always reliable. This situation prevents us from predicting an exact 


value of the magnetic moment. Nevertheless in view of the fair successes which 


the meson theory has displayed in various nuclear phenomena, we may be safe 
to say that it can predict the correct order of magnitude. Moreover, by compar- 


* However, they contribute to the space exchange magnetic moment, See ? 4, 
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ing with the free nucleon moments, we are free from uncertainties of the coupling 
constant. 

We shall employ the perturbation method of Feynman”. 

A free nucleon is in reality immersed in the sea of negative energy nucleons. 
A nucleon bound in a nucleus is thus soaped in the negative energy sea and the 
Fermi gas. Therefore, the magnetic moment of the bound nucleon can be 
calculated as if it were free, with the proviso that now ‘vacuum’ shoud mean 
“vacuum-+ Fermi gas’. The quantity 


= 1 
(PUY (4), $(9)) ae. =O (4 I) Se( HJ) 
used for free nucleon problem is now to be replaced by 
= T / 
(P( (4), PCI) ) van: terenins a= 5 e(4 J) Sray)s 


where* 


Sr (4,7) =S,(4,7)+4S(4, 7), 
4S(x, 7) =2. 3) Ha) G9) =2(%, 7). 


p represents (for 2,=y,) the density matrix of the nucleus. For Fermi gas 
model, which is to be employed in the following, 


) 


bh 


p= a, | expG Men) —ie(@—y) ak, (2 
ki<P 

One of the advantage of Feynman’s method is that S, automatically takes 
into account the effect that any negative energy nucleon cannot make transition 
to the state occupied by the nucleon in consideration. Quite similarly, our 
modified S, automatically reckons the prohibition of the process ”—p+z7~ of 
all neutrons in the nucleus, as well as, of course, the prohibition of ~p—>x2+7"*. 
We have thus achieved in reducing the problem to single particle problem. The 
magnetic moment of a bound nucleon is calculated with this S, just as if it were 
free. 4S causes the change of the magnetic moment, which is in question. 

We take pseudoscalar symmetrical theory which gives correct sign and right 
order of magnitude of the magnetic moment of the proton and neutron”. Ex- 
perimentally y, is almost equal to —y,: this means that meson current which 
gives equal but opposite sign contribute a bulk, and nucleon current is negligible. 
So we need only to calculate the change of magnetic moment due to meson 
current. Calculation” shows, however, that by pseudoscalar theory, the contribu- 
tion of nucleon current is by no means small but even larger than that of meson 


* This modified Sp’ function was first obtained by Y. Nambu. 
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current. This serious situation is intimately connected with the v—* difficulty of 
nuclear forces, which gives too large binding energy of the deuteron. Both of 
these difficulties arise from too large contribution of high momentum virtual mesons, 
owing to the derivative coupling of the pseudoscalar theory. Only way known 
for us to avoid these difficulties is to cut off these high momentum mesons. Cut 
off radius of nuclear force adjusted by the deuteron problem is known to be from 
1/2x to 1/3x®. For such small region the higher order effects are more pre- 
dominant and the validity of the lowest order perturbation is restricted to outer 
regions. Therefore the high momentum of the order of 2 ~ 3x must be cut off”. 
In low momentum region the effect of proton’s charge can be neglected as com- 
pared to meson current. Unfortunately, we cannot fit both », and fy quantitatively 
by choosing the cut off momentum in any way. So the cut off cannot be uniquely 
determined from the data of the free nucleon magnetic moment. 

The interactions that are responsible for the magnetic moment will be listed 
below ; 
& 
x 


aad (¢,0,b0— $.3.0;) es (4) 


z 


Pst TsO We (3) 


i= dy Tul! (to— TH, ) Ay: (9) 


_ 
Energy of a nucleon in a magnetic field, modified by the second order meson 
cloud is given by (from the interaction (4) ) 


£E= ae \\ Ax dx lap (4) tas vS p(4o—4;) x 


X Tso (4) 0,4 7(4—+,)0,0,45(4%.—2) A, (x). (6) 


Change 4£ of this quantity from the value when the nucleon is free, is obtained 
by inserting 4S for S,’ in the above expression. As only momenta below P are 
concerned, following approximation may be permitted : ¢ and ¢ depend on time 
as exp(+7//?) (in (2) this has already been done), and 7,=1 te Inserting 


the Fourier transform of various quantities, the time integration can readily be 
performed with the result 


fp vege: dkdpdt ¢(p)t.9,0,(p—k),(a—k), (¢—k) ,6(Q) 
(27)* ale + tis ((p—k)? +x) ((q—k)2+2%) A,(9—P) 


where (7) 


1 i 
ee | Au or) etta-PYater, 


Of course, 


one arrives at the same expression by th Be : ; 
tion method. P y (S Schrédinger S perturba- 
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Define the axis in the direction of constant magnetic field. Choosing the 
gauge such that 


1 
A, (4) — aii(—» 4, 0, 0) 


tae FT ary ye ae 
(a—p)= 5H (5 a—v), — 2 8(a—p), 0, 0) 


we can readily obtain 


Aim — 11 ee (gg Bl DVD (9-999 BID) 
AA (Dh) +x) 
eine 2eg” 1 ¢(p)t,05(p—k)*h(p) 
te ak j 
nk BRDt J ((p—-2)? +2)? isa 
|K\< 
age ¢(p)=( p—“);(¢(p—k))$(p) 
+H dk‘ Dp. 
x ny | ((p—ky+2)? ap (8) 


Quite similarly, from (5) 


‘A Foes: Ei one 1 | dk DP) ts (D—h):91— (P= 2) 182) PD) yy 
? Qzxy | (p—hy+# 


which, added with the first term of (8), gives 


Nie = py ote \ dk P(P)t3((P—£).9,— (2—£) 82) #(P) gy, (9) 
(27)* ((p—k)* +2)" 
|Ki<QP 

Quantities multiplying (—) in these expressions represent the change of 
magnetic moment. The second term of Eq. (8) is proportional to 7,0, and gives 
the decrease of anomalous magnetic moment explained in §2. The third term 
in (7) has arisen because of the asymmetrical distribution of the excluded meson 
cloud around the nucleon. As stated before, ¢(p) of the extra odd nucleon 
differs from zero only when |p|=P. In such a case integration with respect to 
k& is rather a simple task. The second term is readily integrated*. The change 
is negative for proton and positive for neutron and the absolute magnitude is 
given, in nuclear magnetons, by 


* Use has been made of the formula 


x (2? ; 
jakAip—k) =F) eear—n ede 
[k| <2, DiaP 
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22 M (p—k)* 
Dien ane \ dk — 
PS Tge ee ((p—k)? +2)? 
[el <P, |pi=P (10) 
bagi 2M 2Pm(4) — (5 
rerio <l (4) —m(9) ] 

where 


Min (2? ,k,) ?” 1 
y ————— at 
7 Oe ae cake 


The upper limit is the smaller of 2P or the cut off momentum 4. (10) is to 
be compared with the magnetic moment of free nucleon, which is 


ga She eth 2 (11) 
(242)? 


° 4 32 #2 


Ratios of (10) to (11) for various & is tabulated in the following: 
hy= 2x 2.5x 3x 00 
0.54 (for p) 


0 0.85 0.53 0.44 
H/o 0.07 (for 2) 


The last column is obtained with #, without cut off, relativistically calculated, 
including nucleon current contribution. We can thus see that the decrease of 
magnetic moment is about half of #. The above table is not very accurate be- 
cause the contribution coming from the third term of Eq. (8) is considerably 
large for lower & and reduces the ‘0.85’ in the table to about 0.7. Also the 
expression (11) for py is not correct for %, as large as 3x because of the 
relativistic effect. 

Correct expression for the third term of (8) is rather complicated if 4, < 2P. 
Here we shall only give the expression for 4, >2P. Added with the second 
term, the change of the magnetic moment is given by 


: «(0 
dp= (4140,— ape\SP)) Ts 


where 
4p, =£ 1 MA ep (a) agp? n(3) <n) = 2.8, (12 
4n 4x P¥ ) 
of 1 M 
a i = 
tet wigs ae [SP°x(3) —32(5) |= :s ars (13) 
n() =| a 
OS Ce 


* This expression was obtained with the same approximation which led (6) to (7). 
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Thus 
4p=0.710,—0.42 p;(op) /P? (14) 


where we have tentatively inserted 0.25 for g /4z adjusted to fit the free nucleon 
moment when we take £,=3x. Although these figures are uncertain by a factor 
of ~2. It is understood. that change is —dy for proton and +4y for neutron. 

£, (Eq. (9)) is independent of spin but proportional to the orbital angular 
momentum of the nucleon. The origin of this term can be explained as follows: 
A proton with. angular momentum (around the z-axis) m makes a transition to 
neutron state with angular momentum 7’ and emits a z* with angular momentum 
m—m'. If this neutron state is occupied, this transition is forbidden and magnetic 
moment is changed by & (m#—®m’). As m! is as frequently positive as negative, 
summation of const.(72— 2") over all neutron states in the nuclear core, is pro- 
portional to mm, which is the content of (9). 

Unlike the term which is proportional to spin, this term cannot be compared 
_ with the free nucleon moment, for spin independent field also contribute to this 
term. However, as we shall see in the succeeding section, we have means to 
determine this value phenomenologically—from the known expression of nuclear 
forces. 


§ 4. Comments on the exclusion principle in the intermediate state : 
_ Connection with the exchange current 


Feynman states in his paper® that in his perturbation method, one can ignore 
the exclusion principle in the intermediate state, because there always exists 
corresponding process which just makes up the effect. One can verify this state- 
ment by examining all possible cases in which exclusion principle comes into 
question. Then what is the meaning of our theory in this viewpoint ? 

In our viewpoint, a proton in a state g is forbidden the transition g > ¢ 
+ —¢@ if state # is occupied, and this changes the magnetic moment. If we 
dispense with the exclusion principle in the intermediate state, this transition is 
allowed and no change of moment occurs. There exist, however, other processes 
which coniribute to the magnetic moment. Thus the proton in state g makes a 
transition to ¢ with the emission of a meson, followed by the transition of a 
nucleon in state ¢ to g by absorbing the meson: and conversely, the nucleon in 
state ¢ goes to state g accompanied by the emission of a meson, the latter being 
subsequently absorbed by the proton in ¢, which goes to ¢ These processes 
would not occur if we had taken the exclusion principle into account. These 
processes give just the same amount of magnetic moment as our method does. 
The magnetic moment arisen from the exchange of mesons between nucleons Le 
usually called as exchange magnetic moment. Therefore the change of magnetic 
moment explained in previous sections is equally well interpretable as the effect 
of the exchange magnetic moment. The advantage of our method lies in the 
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simplicity attained by reducing to the single particle problem, of calculations as 
well as of physical meanings involved, and the possibility of comparison with the 
free nucleon moment. 

The comparison of two viewpoints often affords an interesting interpretation. 
Consider the change of the self-energy of a nucleon ¢ in a nucleus, due to the 
forbiddeness of some of the virtual states. If g—>¢+7 were forbidden, the 
change of the self-energy of g will be (in scalar theory ) 


a 
leny 


\ ake \ doe p (a0) exp (kar) (a0) - \ dy$(y) exp(—iky)o(y)/2(K+*) 


=, 7 | dedy 9) f(y) SPAM 4, ry p(y). 
2 42 lja—y| 

But this is nothing but (half) the exchange integral of Yukawa potential taken 
between g and ¢. The same situation also holds for all types of forces, if they 
are transmitted by intermediary quantized fields, Thus one can bestrew an intui- 
tive meaning to the exchange integral which has no classical analogue: The 
exchange integral of a potential between states g and ¢@ is the change of the 
self-energy of g, caused by the prohibition of process g >¢+47 due to the pre- 
sence of # plus the change of the self-energy of ¢% by the presence of g. This 
form of statement will be more accessible to those who are accustomed in the 
self-energy problem. 

Once realized the equivalence of our calculation to the exchange magnetic 
moment, we can turn to the evaluation of spin independent term (9). It has 
been proved by Osborn and Foldy® that spin independent exchange moment 
(which is referred to as space exchange moment or longitudinal exchange moment) 
is completely determined by the nuclear force solely by the requirement of gauge 
invariance. Their result is, that if the nuclear potential is 


TT 5Vig 
the space exchange magnetic moment is given by 


aay 
M= — Se Valtex ty} rs x 15]. 


With this expression the space exchange moment of the nucleus can be calculated 
Again we use Fermi gas and for potential assume Yukawa type of the form 


r 


V=...+7t(a,+ 4,00) a 


—% 
rv 
Teriic ' 

erms of the form a or a,oo0 are irrelevant for us. The result is 


phe ui ae 
me (a.4+3a 6: e pie n(1) —n(3) 2-7, 


= — (ay +3a5,) 1.04.05 
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where 7 means the angular momentum of the odd nucleon. At present we have 
no satisfactory form of nuclear potentials, valid for both two nucleon problem 
and for heavy nucleus. From the nuclear potentials adjusted to fit the high 
energy nucleon-nucleon scattering, we obtain the order of magnitude for p’ to be 


w=+ dp'l~ +012. 


( for p (15) 


for 2 


§ 5. Magnetic moments of heavy nuclei 


We are now in position to compare our results with experiments. Magnetic 
moment of odd nucleus can easily be calculated by the vector model. But the 


Magnetic moment 


1/2 3/2 5/2 7/2 9/2 
Spin 


Fig. 1 Magnetic moments of odd neutron nuclei. Only 
heavy nuclei (mass number >> 20) are plotted. Full lines 
represent the Schmidt lines. Dashed lines are obtained by 
our theory. 


gyromagnetic ratios g, and g, 
of spin and orbital angular 
momentum differ from usual 
ones because of the change of 
magnetic moments in a nucleus. 


Thus 
g=14+4y, for 2, 
=—4yp', for 2, 
ig Borg 2a “atree 
=—1.91+d4y,, for x, 


where 4p’ is given by (15) 
and dy, is given by (12) or 
the first term of (14). The 
contribution of the second 


term of (14) can also be calculated. Magnetic moment of nucleus is given by 


1 J 
= I — f I=/+—, 
M=bbtE tax if 2 
wed CE UCISI)@ y Dll. DiC CB Oy 21 MEP 
SLES eat Te eR SORE 2 
where 
‘for p 
£a= + Sf i 
for 2 


and 4, is given by (13) or (minus of) the numerical factor multiplying the 
second term of (14). In Figs. 1 and 2 the calculated moments are plotted. In 


plotting the curve we have used the values 
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Ap! =0.05, 
ef ae 8 (16) 
and 4p.=0.5 
3 to obtain the best fit with 
E experiments, for the numeric- 
& al factors in (15) or (14) 
3 are uncertain by a factor of 
~ 2. 

The agreement of the 
present theory with the ex- 
periments seems satisfactory, 

i in view of the crudeness of 

2 the assumptions adopted to 

3 simplify the calculation. Smal! 

Z deviations from the theoretie- 

al curves will be due to the 

rough calculation of 4p or 

oe the lack of general validity 

Fig. 2 Magnetic moments of odd proton nuclei. of the extreme single par- 
1 


ticle model. Also the deviation will be due to the coupling of states with 7=/+ ot 


Rainwater™ 


pointed out that the large value of nuclear quadrupole moments can 
be attributed to the spheroidal shape of the nuclear core. In this asymmetrical 
field, the angular momentum of the extra odd nucleon is no longer an exact 
quantum number, and the magnetic moment of the nucleus deviates from the 
Schmidt lines. If so the deviation will be proportional to e%, ¢ being the ec- 
centricity of the nuclear core. The deviation cannot be proportional to e, because 
negative as well as positive ¢ causes an 


inward deviation of moments. ¢ can be maenctic 


calculated from the known value of “°° 


quadrupole moment. We have plotted in 


Fig. 3, magnetic moments p of odd 


proton nuclei with J/=/ +5=3/2 versus 


e* and found that in fact they lie co-linear., 


A rather unusual behaviour of Cu® will 


j pie 2 3x 107 
be due to the experimental error. The Kecen tricity 
extrapolated value of we for 6-0 tends Fig. 3 Magnetic moments versus eccentricities 


to the value predicted by theory. of, odd proton, nuclei with Jolt = 8/2, 
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§ 6. Conclusion and discussions 


The contribution of the virtual mesons to the magnetic moment of nucleus 
is calculated. A precise prediction of the moment is greatly hampered by the 
lack of a satisfactory meson theory which can give correct values of free nucleon 
magnetic moments. The problem of nucleon magnetic moments does not seem 
to be settled only by the second order perturbation calculation, but needs higher 
order corrections. However, such a way is prohibitively laborious. Taking a 
pseudoscalar theory and assuming that the correct solution will be given by cutting 
off the cumbersome high momentum mesons, the calculated effects are in accordance 
with experiments. One can conclude that a possible explanation for the deviations 
of nuclear magnetic moments from the Schmidt lines is given in this way. Con- 
versely, we see that virtual mesons of momentum ~x must play a dominant 
part in the nucleon magnetic moment, and high momentum mesons with 2 ~ 3x 
is to be cut off. This conclusion will be useful in determining the distribution 
of charge and current densities of meson cloud around the nucleon. 

Before concluding this work, some discussions are added. 

We have used a sharp cut off (1 for |K| < 2, and O for |K&| > 4,) to calculate 
the magnetic moment and estimated du/y, to be about 0.5. But this result is 
nearly independent of the choice of cut off factor. I have tried with the cut off 
factor 1/£ and find du/p, to be ~ 0.4. Such cut off which saves the difficulty 
of nuclear forces is sufficient for our purpose. 

It was shown that somewhat smaller value of Jy’ than predicted by theory 
(Eq. (15)) gives better fit with experiments. This may be taken as an indication 
of the invalidity of nuclear forces used to estimate (15). But it must be bear 
in mind that space exchange moment is not definitely determined in this way, 
for the orbital gyromagnetic ratio sensitively depends on special properties of the 
nuclear model. Thus the liquid drop model of Margenau and Wigner™ gives g, ~ 
Z/A*® 0.4, in contrast to the single particle model which gives g,=1 or O. 
The true situation will probably correspond to a sort of compromise between these 
two extremities, rather near to the latter. So the space exchange moment would 
be larger than that given by (16). This tendency towards the liquid drop model 
is also inferred from Rainwater’s discussion’ of nuclear quadrupole moments, 
who obtained too large value if single particle model were adopted, and thereby 
expected considerable “dilution” of the extreme single particle model. 

The spin gyromagnetic ratio without meson effects is, on the contrary, in- 
dependent of the model and is not obscured by the possible tendency towards 
the liquid drop model. However, this does not mean that (14) should just equal 
to (16). There is several reasons that this is not so. First of all, the problem- 
atical adoption of the current meson theory, as repeatedly stated. Secondly, the 
roughness of the Fermi gas model used to calculate the change of moments. 
True wave function of the nucleus is more tactfully arranged to increase the 
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overlapping of each two nucleons in order to gain more potential energy, yet 
not to increase the kinetic energy. The Fermi gas model is known to under- 
estimate the potential energy by a factor of 2. It is possible that it also under- 
estimates our change of moments equally. Thirdly, there must be other causes 
which change the magnetic moment inside a nucleus. We have good reason to 
suppose that meson-nucleon interaction as well as field equations of mesons differ 
from usual ones inside a nuclear matter. This is the mesonic analogue* of di- 
electrics in -which, for instance, the Coulomb force is multiplied by 1/e if the 
dielectric constant is e, and light velocity is reduced to 1/“e. Similarly, 
meson-nucleon coupling constant or meson compton wave length will be diminished 
in a nucleus which naturally changes the anomalous magnetic moment of a nucleon. 

The author wishes to express his appreciation to Professors T. Yamanouchi, 
S. Tomonaga and M. Kotani for their kind guidances and advices. 
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The “nuclear force”, inspite of its longest career, is one of the most complicated unsolved 
problems in the meson theory. We will investigate this problem on a non-relativistic basis. First, 
we analyze the special natures of the phenomena, “nuclear forces”. Then making use of the fore- 
going analysis, we discuss the problem qualitaitvely, for instance, what kind of approximation we should 
employ. As the results of these discussions, we can conclude that no single approximation such as 
weak coupling or strong coupling will be capable of explaining the phenomena, and that the higher 
order calculations would not be able to help the situation out of discrepancies, if the adiabatic 
nuclear potential computed up to 4-th order could not fit the experimental data in the low energy 
region where the weak coupling theory is expected to hold. Second, based on the above -conside- 
rations, we calculate the 4th order adiabatic nuclear potential by the method of canonical trans- 
formations. In order to obtain a meaningful 4-th order adiabatic potential, it is necessary that the 
@nd order one can be derived in the Schroedinger approximation without referrirg to the Pauli ap- 
proximation. Interesting is the result that thus derived potential agrees with the one derived by 
the S-matrix method. 


§ 1. Introduction 


It was not later than three years after the birth of Yukawa theory when the 
serious difficulty concerning the singularity of the meson potential became empha- 
sized, and so disencouraging was this difficulty, as compared with the Coulomb 
potential, for both theoretical and experimental reasons, that the efforts of early 
meson physicists were concentrated on this problem. Recently, however, the la- 
boratory studies of mesons were rapidly advanced, and most meson physicists are 
interested in the mechanism of the production and capture of 7-mesons leaving 
the problem of “nuclear forces”? untouched, Still we have reasons to believe 
that this phenomenon, though implicitly related to the properties of mesons, will 
give us some informations about the correct method to be employed in the meson 
problem as will be shown later. Accordingly, we will study the problem in this 
paper. 

Historically various methods were proposed in order to get rid of the singu- 
larity which will be stated simply in the following. 

First, we must stress the mixed meson theory due to Mller and. Rosen- 
feld..—” It is interesting to remember the fact that later on this theory was 
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abstracted and developed to the mixed field theories. The cancellation of singu- 
larities in the mixed meson theory, however, is restricted only to the lowest 
order in the coupling constant, and moreover it is a general truth that such a 
theory breaks down in other phenomena. 

Second, there appeared the method of ‘cut off’? due to Bethe.” |. This 
method, contrary to other philosophies, leaves the difficulty as uniknows, and 
treats the problem rather phenomenologically, which though imperfect theoretically, 
seems to be the orthodox in such a kind of problems. 

Third, recently the following fact was emphasized by several authors that the 
relativistic effect, or synonymously the retardation effect, diminishes the order of 
singularity.”-” But at the present stage, we know the strong interaction 
between nucleon and meson fields, and unless the higher singularities originated 
in the higher order calculations can be removed at the same time, we can no 
more regard this method as the final one than in the mixed meson theory. 

Besides, a non-linear meson theory was proposed quite recently by Schiff.” 
This theory seems promising, but we know nothing about detailed results yet. 

Thus we will confine ourselves to such extent that we can discuss with the 
present stage meson theory. As for the problem of singularity, it will not be 
solved unless the nature of the self field around a nucleon can fully be clarified, 
and we shall follow Bethe’s standpoint for the time being. 

We first discuss the method of approximation, i. e. which one of the weak, 
intermediate™ and strong®~™ couplings will be the best. 

As for the problem of nuclear forces, no single approximation will do, i. e. 
we must prepare every variety of approximation for every variety of condition. 
First we will examine if the weak coupling approximation is correct in the low 
energy region. Were it correct the main behaviour will be determined by the 
second plus fourth order potential. (§ 2) 

The next problem is the computation of the 4-th order potential in the 
weak coupling approximation. As the method of computation, we make use of 
the canonical transformations. And in order to clarify what transformations we 
must use, we review the derivation of the 2nd order potential. (§ 3) 

Based on the method of derivation of the 2nd order potential, further trans- 
formations for the 4-th order potential are studied. (§ 4) 

By the above studied transformations, 4th order potential is discussed. ($5) 

And then the physical interpretation of the potential is given. (§ 6) 

Finally we compute the 4-th order potential in individual cases. (§ 7) 


§2 Qualitative discussions” 


(1) We first consider the reason why the concept of “ potential’’ is neces- 
sary. It is almost certain that the mutual interaction between nucleons can be 
explained only on the basis of the meson theory, so that if we want to solve 
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the problem of a nucleon system, it is necessary to take account of the meson 
field. It turns out to be a quite complicated many body problem which, of 
couse, we cannot solve at the present stage. 

Therefore some convenient method to eliminate the meson field is desired. 
It will perhaps be impossible to perform such a procedure rigorously, but to some 
extent of approximation it will be possible. 

From the standpoint of field theory, it corresponds to an approximate sepa- 
ration of nucleon and meson fields by some suitable method such as the canonical 
transformation. 

In this connection, the nuclear potential plays an important role as the im- 
plicit representative of the eliminated meson field, and the mathematical treatment 
becomes much simpler than in the original form. Moreover it is established 
experimentally that the concept of nuclear potential is useful in describing the 
nucleon-nucleon interaction. 

Next it is known that the Born approximation is meaningless in the low 
energy nucleon-nucleon scattering.” Theoretically, calculations of the covariant 
S-matrix is desired which, however, inevitablly reduces to lower order Born 
approximations. Thus the non-relativistic potential is more useful in the analysis 
of the low energy nuclear forces. This is the second reason. 

(2) Second, we will consider the special natures of nuclear forces. Al- 
though the character of nuclear forces so seriously depends on the nature of the 
meson field, only virtual mesons are concerned in these phenomena. While in 
other mesonic phenomena such as production or capture of z-mesons, we see 7- 
mesons appear not virtually but really at least in one of the initial and final 
states. Thus these phenomena must involve high energy states in their processes 
in contrast to the nuclear force. What is essentially important is the fact that 
the nuclear force is the only low energy mesonic phenomenon. 

(3) Third, we are concerned with the force range. Now, we define the 
essential 2v-th order nuclear force as the phenomenon in which 7 mesons are 
interchanged simultaneously between two nucleons, 

Other types of nuclear forces are regarded as radiative corrections to the 
essential nuclear force. Then the radiative corrections in low energies give only 
the renormalizations.» (See Appendix.) 

For this reason, we may investigate only the essential nuclear forces provided 
that we confine ourselves to the low energy phenomena. Our following discus- 
sions on the force range are due to Wick’s idea.” . Suppose a two nucleon sy- 
stem, then the uncertainty of energy of the system due to 2v-th order essential 
nuclear force is given by 

AE Znpc (1) 


where ## is the meson rest mass, and c¢ the light velocity. 
So the time of flight of mesons, 4¢ is limited by the following uncertainty 


818 K, NISHIJIMA 


relation : 


4E At~h. (2) 


Combining (1) and (2), we see 
At~/npe. 


Thus the distance of flight of mesons, R is seen to be 
R<cdt~ (1/n) (@/pe) = (1/2) x. (3) 


The range of the 2v-th order essential nuclear force is 1/n times of that of the 
Qnd order. The above consideration is made by expansion in numbers of mesons 
but not referring to the perturbation method. 

The point nucleon model employed in the above discussion, however, is not 
correct since a nucleon has its spread with a radius of about 4%, the nucleon 
Compton wave length, dué to its Zitterbewegung. 

For z~6, we see that R~Z, and the above consideration does not hold. 
The validity of the discussion will be at most to z~3. The more mesons two 
nucleons interchange, the more uncertain the positions of nucleons will be due to 
their recoil. 

In this way, the point nucleon model catinot be applied within about one 
third of the force range, and we need to use the velocity dependent potential in 
place of the ordinary static potential. We have estimated the validity region of 
the static potential to be outside of about one third of the force range (Cf. 
Bethe), however, it might be half the force range if other effects are taken into 
account. 

Indeed, we must consider the dynamical effects due to meson clouds around 
nucleons besides the kinematical effects discussed above. This problem will be 
discussed later. 

What we must notice next is the type of coupling between nucleon and 
meson fields. For instance, the discussions cannot be applied to the queer inte- 
faction 7, 1.-€, Ps (pst 

Here the capital letter -Ps denotes the type of the meson field, and the small 
letter ps in parentheses the type of coupling. The existence of the coupling 7, 
makes the transitions from positive (or negative) energy states to negative (or: 
positive) energy states easier than those from positive (or negative) to positive 


(or negative), and the former discussion breaks down. Thus the inequality (1) 
turns out to be 


4E = 2M, _ CW: nucleon rest mass) (1) 
and (3) to be 


R ~ h/2Me. (3) 
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As easily be seen from the above result, the meson clouds shrink together and 
the nucleon anomalous magnetic moment cannot be fit to the experiment. 

To conclude, the former discussion is valid only when the 2nd order nuclear 
potential can be derived in the Schroedinger approximation without referring to 
the Pauli approximation. , 

Therefore we confine ourselves only to such couplings from now on. 

(4) Fourth, we discuss what kind of approximation we should employ. This 
is a rather general problem, and we pick up only the low energy problem. The 
characteristic feature of the low energy phenomena is the applicability of the 
non-relativistic treatment together with the static (or adiabatic) approximation. 

Now consider which approximation will be better, the weak coupling or the 
strong coupling. For this purpose, we first employ the weak coupling. Then the 
higher the order of approximation proceeds, the higher the order of singularity 
and shorter the force range will be. 

Therefore, for a large separation of nucleons lower orders will be dominant 
because of shrinkage of the force range in higher orders. For an intermediary 
separation, lower orders turn out to be inferior since they are of low singularities 
and much higher orders will also be inferior because of their short force range. 
Finally for a suitably small separation higher orders will be dominant by their 
high singularities and the spread of nucleons, i.e. the criterion in terms of force 
range breaks down in this region. 

Thus it is clear that the perturbation does never converge within some small 
separation, which cannot be determined in the present stage meson theory but is 
of great importance. We shall call this separation “ the critical range ”’ and denote 
it by re. The critical range is similar to the cut off radius in the phenomeno- 
logical theory, and corresponds to the convergence radius of the perturbation 
calculation. 

This is the dynamical limitation for the validity of static potential, strongly 
depending on the type of coupling contrary to the kinematical limitation discussed 
before. 

As a whole, both limitations together determine the critical range. 

From the above discussion, we can conclude that the approximation to be 
employed depends on the separation of nucleons, and that the weak coupling 
method cannot be applied within the critical range. 

Although we do not know how to determine the critical range, we shall 
illustrate it by a simple model. 

Suppose that the 2v-th order nuclear potential is given by 


Tia aN 
( 2 2 ) * 
wr \ 2" 


where g is the coupling constant, / a constant with the dimension of energy. 


Then the whole potential is. given by 
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ts = Se a ee . 
Vo3V,=— (= 
In this case, the condition of convergence is readily seen to be 


mai 9 9 
ge eT ze ie 


This inequality can be transformed into the condition for 7: 
v>Te- 


Thus we get the value of the critical range. In general, the larger the ee ge 
constant g, the larger the critical range ro, i. e. the narrower the domain of 
perturbation method. Inside the critical range, it is clear that other methods 
than the weak coupling should be employed. But in this simple example, we 
will use the method of analytic continuation. From the outside solution by the 
perturbation method, we get the following potential inside the critical range : 


Pig —£" V4 


9 9 


Ce 


xr x 


In this case, the singularity at the origin is only 7~’ in contrast to the prediction 
due to perturbation method. 

In actual problems, we cannot use the method of analytic continuation since 
higher orders are unknown, but this situation will be similar. 

We know, in this way, that the weak coupling theory cannot explain the 
phenomena singly, so we shall examine the strong coupling theory next. Well, 
let us study the behaviour of the nuclear forces at comparatively large separation 
near the force range by the conventional strong coupling theory. Since large 
momentum transfer won’t occur in this large separation, the adiabatic approxima- 
tion employed in this theory will give fairly good informations. According to 
Serber and Dancoff,” we know that with 


2a = 0A, (a: the radius of a nucleon) (4) 


no value of the coupling constant gives spin dependent forces large enough to 
agree with experience. 

In general, the strong coupling theory gives, for large enough separation, forces 
between two nucleons of the same type as those obtained from perturbation 
theory, but at closer approach the forces become ordinary. 

Thus the behaviour of the potential predicted from the strong coupling theory 
does not give the correct information near the force range, while the nature at 
closer distance cannot be trusted since the adiabatic approximation is not valid in 
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this region. 

In order to investigate the property at small distances, we must study the 
relativistic strong coupling theory which to our regret is not known yet. 

We conclude from the above discussions that inside the critical range the 
weak coupling theory is not valid and outside the strong coupling theory is not 
valid. The knowledge concerning the interior region is furnished only by the 
relativistic strong coupling theory, for which we must abandon the hope at the 
present stage and our subject is limited to the outer region. For these reasons 
we will test the validity of the weak coupling theory in the outer region. The 
treatment in the intermediate coupling theory is left open in this paper, though 
it is quite promising. We shall investigate how the adiabatic nuclear potential 
will be, provided that the weak coupling theory is valid. 

If the perturbation treatment is allowed, we may suppose that 


0.5 > xreg > 0.3. ©) 


Of course, the smaller the value of xe, the better the perturbation method. We 
assume for the moment x,~0.3. 

We employ the potential on the weak coupling theory in the outer region, 
and assume suitable cut off in the interior region. Notice here that the solution 
does not seriously depend on the mode of “cut off’’ as has been shown by Bethe. 
Otherwise the cut off procedure will lose its meaning. 

The most difficult question in the perturbation treatment is to which order 
we must perform the caluclation. We compute up to 4-th order in this paper. 
If it does not show good agreement with experiments, then 6-th order calculation 
will be required. On the other hand, if it shows good agreement with experi- 
ments, then we fear the 6-th order calculation would destsoy the agreement. 

Fortunately we have reasons to believe that the 4th order computation cet 
be the decisive one for right or wrong in the low energy nuclear forces which 
we discuss next. 

(5) We compute the nuclear potential up to 4-th order which is different 
from the 4-th order computation of the S-matrix, since the S-matrix calculated by 
this potential involves the repetition of the Qnd plus 4-th order potential, nae 
calculation of the 4-th order S-matrix is meaningless, for we are interested a 
the low energy nuclear force, and the Born approximation is no more valid in 
this region. 

From the relation between the force range and the order of nuclear force 
stated before, the range of 4-th order nuclear force is half that of 2nd order, i. 
e. (2x)-1, and 6-th order (3x)7". ’ 

Let us call the shell bounded by two spheres with the radii x7’ and (2x)7*, 
the region A, the shell with the radii (2x) and (3x)~'~vc, the region B, and 


inside the sphere with the radius (3x)~'~re, the region C. 
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Then the forces acting in each region are: 

in A: 2nd order nuclear forces, 

in B: 2nd+44-th order nuclear forces, 

in C: higher orders, velocity dependent forces and for- 
ces due to the strong coupling theory, and 
possibly of heavy mesons. 

Our standpoint is to regard the region C as the cut off 


region. The experimental evidences show that the nu- 


Fig. 1 


clear force in the region C is not so singular as has 
been predicted from the weak coupling theory. Moreover the volume of the region 
C is small compared with the whole volume of nuclear force, i. e. 


volume(C) —— 
volume(A+B+C) 27° 


(6) 


Thus we see that the behaviour of the nuclear force in the region C or the mode 
of cut off will not seriously affect the results of the analysis, and the adiabatic 
nuclear potential computed up to 4th order will give us a good criterion about 
the validity of the weak coupling meson theory of nuclear forces. 

As will be shown later, the 4-th order potential in the case of Ps (pv) is 
large compared with the 2nd order one, and is comparable even near the force 
range. 

If this largeness is due to some inevitable reason, such as differentiations, 
the higher orders will diverge even in the neighbourhood of the force range, i, e, 
xro~1, but if it is due to some accidental reason, then higher orders will be 
small and the perturbation method converges. At any rate, it is the question 
whether the 4-th order potential will fit to the experiments or not. For some 
reason the intermediate coupling theory seems to be best, and both the weak and 
strong coupling theories will be ruled out. And it seems to us that the validity 


a) the weak coupling theory depends mainly on the type of coupling and only 
slightly on the value of the coupling constant. 


§ 3. Second order potentials 


. iets the 2nd order potentials, we need not repeat calculations since they 
t ‘ var 
cee known, but we review them to get some instructive informations for the 
derivation of the 4-th order potentials. 
“a The typical fetes to compute the 2nd order potentials are (1) the pertur- 
: ion method which has developed into Feynman’s S-matrix theory, and (2) 
e ches of canonical transformations originated by Méller and Rosenfeld and 
developed into Tomonaga-Schwinger theory. 
4 “5 ‘ . ° . ; 
< a former is simpler and convenient to analyze scattering problems, and 
ambu computed the 4-th order potential on this method2” But the concept of 
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potential is too non-relativistic by nature to compute by the relativistic .S-matrix 
theory, and the potential has the same transformation property with energy as a 
part of the Hamiltonian, quite different from the invariant S-matrix. 

Moreover, the essential problem is how to separate the 4-th order potential 
from the repetition of the 2nd order potential. 

For these reasons, we are inclined to choose the latter method and in fact 
we do so. In the method of canonical transformations, the original Hamiltonian 
is transformed into a more convenient form of other Hamiltonian without chan- 
ging its transformation property and the separation of the 4-th order potential is 
automatically done. 


We start from the Tomonaga-Schwinger equation for meson-nucleon system : 


OF la] 


Fay EA) + HELA) EL (7) 


where 7, and AH, are Hamiltonian densities of the Ist and 2nd orders in the coup- 
ling constant, especially H, is added by the requirement of the integrability con- 
dition. We employ the unit Z=c=I from now on, 

In order to derive the 2nd order potential, we make use of the following 
customary transformation : 


T[a]=cxp( —il'H, (XY )dX) (8) 


For convenience in the non-relativistic approximation, we employed the following 
notations : 
aAX=dzrdydzdt, dx=dx dy ds. 


By the transformation (8), the equation (7) is transformed into 


i oF [o]_ 


The nuclear force is obtained by taking the two nucleon, no meson part from 
the above Hamiltonian, i. e. 


V(X) = (H(X)— 2 [(X),| Hh (X")dX"}) 20 (10) 


For instance, in the case of neutral spinless meson theory 


. _ sf ag rd _) M, "7 
H,= fWo+ : om ff, = ( z (My) (11) 


where ¢ is the wave function of the meson field, and IV, M, are the bilinear 
forms of nucleon wave functions. 7, is the unit normal of the space-like surface 
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at a point X. te 
; ace (11) into (10), we face the following type of integrals : 
= co) 


\ W(X )4(X—X") W(X) AX", 


where 4 is the 4d-function of the meson field defined by 


ee! (tSectorsi kot 
ony dh 


and (12) 
1 ak 
M® NG ss | 2 ee ke a 
(XY) Qn) & 0 
with 4,= Vk®+x. Gothic letters refer to three dimensional vectors throughout 
this paper. 


The integrations are readily perpormed by means of the following formulae : 


[Pax i ee (13a) 
x =| 7 
0 9 Ses a, (X) 
ETS See WO LC ode Ge. (13b) 
| ea eaee oo 
(a F_ A(X =X") F(X ax = ED. eX) onan, (13c) 
OL 04; x—[] 


Applying these formulae to the case of (11), we have 
4 fap 7s V7 
v.=—F |, Ww l4 fs (1, 3, M, \_{ al u,}) 
2  \ 


xr—T ia 
+i) { Ma a 


It must be noticed that the normal dependent term appearing in the right hand 


side of (13c) just cancells H,. Terms like 0.4%, can be simplified by means of 
_ Dirac equation, 


In order to change V, into non-relativistic form, we have only to employ 


the Schroedinger or Pauli approximation, and to substitute like 


#—[ > #—J, (14) 
which is the definition of the adiabatic approximation. 


What we must notice here is the situation that the nucleo 


i ns take only posi- 
tive energy states all over the process in the 2nd order nucle 


ar force, which no 
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more holds in the 4th order. For instance, cases in which nucleons take nega- 
tive energy states arise in the 4-th order as has been suggested in § 2, and in- 
dicated in fig. 2. The coupling 7, is an example. Thus the substitution (14) 
i must carefully be performed, and we confine ourselves 

(+) only to the cases in which the contributions due to the 

change of sign of energy in the virtual states can be 

‘7 neglected, i. e. the cases in which the 2nd order poten- 

tial can be derived in the Schroedinger approximation. 

The adiabatic approximation holds only when the nu- 


ie cleons move so slowly compared with meson velocities 
—-— ; nucleon line, that nucleons can be regarded as rest. Of course, 
: meson line. this approximation can be applied only in the low 

_ Fig. 2. energy regions. And the direct interaction 7, required 


by the mathematical condition has no physical meaning as has been shown in 
this section, so that we omit this term in the following calculations. 


22). —26) 


§4.. Method of canonical transformations 


Based on the qualitative discussions developed above, we shall compute the 
4-th order nuclear potential. We first take up Bloch-Nordsieck transformation. 
We start from the Tomonaga-Schwinger equation also in this section: 


OP lo| _ 7x) Bfa. 15 
PECAN — r(x ye) (19) 


We understand that the direct interaction HZ, is dropped already, and apply the 


first Bloch-Nordsieck transformation (8) to the equation (15), i. e. 
v [a]=U, [0] ¥, [0], Uslo]=exr(—i | #(x)4x), (16) 
then the transformed Hamiltonian is given up to 4-th order by 


HUX)= -5. [H(X) [Hx éx"|-— [[7(X), J "A(X AX) HX") dX") 


+i (ilar), {axa} |X") dX) HX": xen 
| (17) 
=Hi(X)+AU(X)+Hi(X), 
where HEEL and Hi are terms of 2nd, 3rd and 4th orders in the coupling con- 
stant, and #74 does not contribute to the 4-th order nuclear force. 


H?! contains the following processes : 
(1) nuclear forces, (2) self-energy, (3) Compton scattering and (4) double 
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emission or absorption of mesons. (Cf fig. 3) 


KK 


nuclear force. self energy. Compton scattering. double emission or 
absorption of mesons. 
(Vv) (S) (T) (R) 
Fig. 3 


Now we drop all the divergent terms, for our calculations are non-relativistic 
and they give only renormalizations in low energies. 

So we drop the term (S) in AY, moreover the diagram (T) does not con- 
tribute to the 4-th order nuclear force since we take into account only no meson 
states in both initial and final states. Important is the diagram (R), for its (2,0) 
part vanishes in this original form, whereas the iteration survives and contributes 
to the 4-th order potential, i. e. (R) is virtual in the 2nd order and turns out 
to be real in the 4-th order. Therefore we must eliminate (R) which gives me- 
son clouds by the second Bloch-Nordsieck transformation. Notice that (R) con- 
tains the following real process if relativistically treated : 


N+NSr+n, 


(V: nucleon, 4’: anti-nucleon, 7: meson) 


and this process must be left from the second transformation, but since our con- 
sideration is restricted to non-relativistic approximation, we can ignore this pro- 


cess. As for Bloch-Nordsieck transformations in a relativistic treatment, they are 
discussed in detail by Takeda.” 


Now we apply the second Bloch-Nerdsieck transformation : 


V [o|=U,[o] ¥.[o], U,[o] =exp(~i |" R(X) ax), (18) 


oe 
o 


- Y (o]=U, [oe] UV, [oe] ¥, [a]. (19) 


Thus the transformed Hamiltonian becomes up to 4-th order as 
HX )=V,(X) + 7(X)—i[VX) i R(X) aX"|—i[TX) Ree )dX7] 
Z . ; | 
— 5 (RO) RNA HUX) + HX), (20) 


where R, T and V are terms in Hf; corresponding to diagrams (R), (T) and 
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(V) respectively. Taking up (2,0) part from (20), we obtain 


TUCK) Yeu V(X) -+ [R (X) ‘ cear X" Joo (Hi(X) ) 20° (21) 


The first term gives the 2nd order nuclear force, and the second term together 
with the third term give the 4-th order potential. 

The advantage of the method of canonical transformations consists in the 
automatic separation of the 4-th order potential. And also the non-relativistic 
approximation in the calculation of the potential which is a purely non-relativistic 
concept has much benefit. The first is concerned with ambiguity of the poten- 
tial,’ i. e. although the 2nd order static potential has its definite meaning, the 
non-static part can be dropped by a suitable contact transformation which modifies 
the form of the static part of the 4-th order nuclear force. 

This ambiguity does not occur in our calculation, for the indefinite terms 
vanish in the adiabatic approximation. Moreover we can regard the problem as 
a pure two-body problem. 

Next we will write down the diagrams of the 4-th order nuclear forces: 


(L) (S) 
Fig. 4 


We calculate only terms corresponding to the irreducible diagrams (A) and (B), 
for other diagrams give only renormalizations in low energies. For instance, the 
contribution from (V) vanishes in the adiabatic approximation in, which nucleons 
are regarded as infinitely heavy, and (L), (S) give eer talieations of the cou- 
pling constant and the nucleon rest mass. (Cf. Appendix.) To pick up terms 
corresponding to the diagrams (A) and (B), we use the suffix 2N. Then the 
4-th order adiabatic potential is found to be 


V(X)=VACX) + V(X), (22) 

where 
V(X) =—+-[RX), | "R(X AX on, (23a) 
W(X) =( A(X) dow: , (23b) 


(to be continued ) 
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The values of quadrupole moments of light nuclei, which are calculated from the usual shell 
model, show unsatisfactory agreements with experimental values, except for nuclei shell-tone. 
Consistent interpretation of quadrupole moments of light nuclei having more than one nucleons 
outside the closed shell, with magnetic moments can be obtained by the configuration interactions 
with higher nucleon configurations. 


§ 1. Introduction 


The spins and magnetic moments of atomic nuclei were successfully explained 
by the nuclear shell models except a few discrepancies”. Moreover, the devia- 
tions of magnetic moments of heavy nuclei from Schmidt limits were explained 
in various plausible manners”. On the other hand, the relations between the 
values of quadrupole moments and fillings of nucleons into the shells were shown 
experimentally”, and the large values of quadrupole moments of Lu'® etc. were 
explained by the introduction of ellipsoidal potential?. The experimental values 
of quadrupole moments of some light nuclei also, have been obtained by the 
progress of microwave spectroscopy. We shall discuss the quadrupole moments 
as well as magnetic moments of light nuclei for which experimental values are 
available. We shall use the models of light nuclei such that nucleons (or nucleon 
holes) are moving around the spherically symmetric core, since the introduction 
of asymmetric potential seems rather unnatural for light nuclei... In the next 
section, we shall show that reasonable values of quadrupole moments of odd-odd 
nuclei cannot be obtained by the usual theory of single-body approximation and 
introduction of configuration interaction is necessary to give consistent values of 
magnetic and quadrupole moments for these nuclei. In § 3, we shall deal with 
Li’, and in the last section, some discussions will be given. 


§ 2. Odd-odd nuclei 


By the 77 coupling shell model, Feenberg calculated the magnetic moments 
of odd-odd nuclei and obtained fairly good agreement with experimental values”. 
Using the same wave functions, we computed the quadrupole moments of Li*, 
BY and N" for which their values have been measured experimentally®. The 
results are shown in Table I in contrast with the experimental values. The 
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estimation of (7)4, was made roughly by (7) 4. =2 x Ax 10-%em"*, where A is 
mass number”. Although the agreements of calculated magnetic moments with 
experimental values are fairly good, the values of quadrupole moments of Li® and 
N" show disagreement definitely. 

In order to overcome this difficulty, we have considered the configuration 
interaction with higher configurations from the standpoint of JZ coupling shell 
model. Here, we are not concerning with the dynamical problems such as spin- 
orbit interaction, but restrict ourselves to investigate merely the problem how the 
states of different configuration have to be mixed to give consistent interpretation 


of quadrupole moments and magnetic moments. 


Table I. Magnetic and quadrupole moments of odd-odd nuclei 
a 


Experimental* Calculated 
Magnetic Quadrupole Configu- Magnetic** Quadrupole 
Nuclei Spin moment moment (10-2%cm*) ration moment moment (10-26cm?) 

3Lié 1 0.82189 |< 9x 10-2) pee 0.63 1.06 

+4 pia 
5 B10 3 ae 624 Pugin 1.88 2.7 
7Nu i 0.40365 2 Dae 0.37 0 

1/2 
+3 


pene Na Ri ns 
* J. E. Mack, Rev. Mod. Phys. 22 (1950), 64. 
**k FE. Feenberg, Phys. Rev. 76 (1949), 1275. 


(i)  Li® As is shown in Table I, the calculated value of quadrupole moment 
is about ten times larger than observed value. Moreover, the agreement of 
calculated value of magnetic moment with experimental value is not very good. 
The configurations which can interact with the lowest fio are Psy Pyjo and Psy fyjos 
since the parity must be same (even) and the spin unity. However, we can 
neglect the configuration interaction with ,). fj. in comparison with fs) fyj2, be- 
cause the interval between f,,. and fy. is expected to be much larger than the 
interval between fy. and fy. Furthermore, there is %/-configuration which does 
not interact with 5). directly but does so through fs). f12. However, we shall 
ignore this configuration assuming that the bulk of ground state consists of f3)- 
configuration and its interaction with fjj. is the second order effect. 


Table Il. Matrix elements of Table TI. Matrix elements of 
magnetic moment operator quadrupole moment operator 
A B © A B Cc 
Al 0.63 A a | 
A — 
0.20 0.70 B| —V5/2 —5/2 (7) 44/25 
0 0.13 0.37 C 0 5 0 


Tables II and II give the matrix elements of magnetic moment and quadru- 
pole moment operators, respectively, for the systems with total angular momenta 
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unity involving two unlike f-nucleons. In these table, A, B and C denote Pij.-, 
Psi Prjo- and f}/2-configurations, respectively. (7°) 4 is assumed to be the same 
for Psp and £2, for the sake of simplicity. 

Y, the wave function of the ground state of Li®, can be written, according 


to the above-mentioned reasons by making use of normalized wave functions 
and &,, as follows: 


P=a Puts ve 
where 
FHF =1. 


Putting @/4=§, corresponding magnetic moment J/ and quadrupole moment Q 
are obtained from Tables II and III as 


M= (0.63 + 0.40€ + 0.703") / (1 a §*) ’ @ x1107°* cm? 
OQ= (0.16—0.127€ —0.10€) (7°) ,,/A +&), $4 
where, (7°)4, is estimated roughly as the se we eget 


order of magnitude 2 x 6°4=6.6 x 10~*%cm’. 0 SEE TT RTT ET 
Fig. 1 shows variation of the values of -%5 
these Mf and Q with €(|€| <1) and 1/€ — -10 
(| 21). The calculated values of 
magnetic and quadrupole moments for #%)2- 
configuration as given in Table I, corres- 
pond to €=0, and the values for Pyj2 pij2 
correspond to 1/¢=0. Since the exchange 
magnetic moment vanishes for a self- 
conjugate nucleus as Li’, if we choose 


the Walne- vol fasopithat »the,,computed,; .“* 

magnetic moment agrees with experimen- Fig. 1. Quadrupole moment and magnetic 

tal one, then the computed quadrupole moment of Li® with the configuration inter- 
action. 


moment is given by the value shown by 
an arrow. It might be fairly good agreement, remembering that the above 
estimate of (7*),, is rather overestimate. Then 


S=0.00, 
and the probabilities of Pap-and py Pijo-configurations are, respectively 
a ~ 0.73, & ~ 0.27. 
(ii) ,B’ For this nucleus, Table I gives almost satisfactory results. If we 
wish to obtain better agreement between computed and experimental values by 
the configuration interaction, we are forced to consider much higher levels such 


as fj. in order to produce spin 3 and possess the same parity together with Dy. 
Thus, it seems natural that, for B™, single configuration p33 gives satisfactory 
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agreement with experiments. AS 
n i ives 
(iii) ,N™* Although the computed value of magnetic moment of N” g 
fi 


i <perime of quadrupole moment 
fairly good agreement with experimental value, ins value q e pial a2 
calculated from the same #73-configuration vanishes and it contradicts a 
periments, as is seen from Table I. We assume that the ground state invo we 

Ss, as is s : 

; : Aa epatiers wnt, oe OE NEE 
Piz ys in addition to p72 configuration, in the similar way as in the case of I 
Let the wave function of ground state ¥, and write as follows: 


P=ct P oi +O*E 2 , 
where 
Cobb = ks 


and C* and B* denote the states with resultant angular momenta unity of Pp 
and £73 fys-configuration, respectively, and Pex and y,* are their reciemalieess 
eigenfunctions. In this case also, Tables II and III can be applicable by consider- 
ing that the signs of matrix elements of quadrupole moment must be reversed 
but those of magnetic moment remain unchanged. according to hole theory of 
spectroscopy. Then, putting 4*/c*=€, magnetic and quadrupole moments are 
given as 


M= (0.37 +.0.268 +0.708) /(1+€), 
O= (—0.4F +01) (7°) 4/48). 


These are shown in Fig. 2. (7*)4, ~~ 2x 1478=11.6 x 107-%cm’, in a similar way 
as before. If we choose the value of € so as to make the value of magnetic 
moment coincide with experimental value, the points with arrows are obtained. 
€~ —0.98, and the probabilities of p73-and p73 
Px2-configurations are, respectively, 


ch ~ 0.51, be ~ 0.49. 


The agreement of computed value of quadru- 
pole moments with experiments are not so 
good but the estimate of (7°) 4, seems rather 
overestimate so that more refined value of 
(7*)ao would likely to give better agreement 
between them. For instance, if we assume 
uniform density in the nuclear radius R, 


(7) a= 3/5R, 


then the values of quadrupole moment be- 


comes Q=1.71x10-"%cm*. Although there 


Fig. 2 Quadrupote moment and magnetic is such arbitrariness of the estimate of 
14 j * 9 

abe of Nt with the configuration Care our value of quadrupole moment 

interaction, 


gives right order. 


One th Quadrupole Moments of Light Nuclei 833 
eso Li 


We shall study the magnetic and quadrupole moments of Li’, as an example 
of nuclei shell + 3, in this section. The magnetic moments of nuclei of this 
type have been investigated by Mizushima and Umezawa recently”, and especially 
the properties of Li’-were studied in detail by many authors”. Here, we shall 
treat the ground state of Li’ by the 7-7 coupling shell model as was done in 
reference (8). The configuration of the ground state of this nucleus may be 
assigned as #3, and, then, two distinct states with observed spin 3/2 occur which 
corresond to total isotopic spin 7=1/2 and 3/2.* The calculated magnetic and 
quadrupole moments for these two states are shown in Table IV with experimental 
values. It contains these moments of Cl” also, which is a nucleus of the same type. 
(7°) 47 in the calculated values of quadrupole moments were estimated by 2 Ae 


Table TV. Magnetic and quadrupole moments of Li? and Cl*5 


Experimental* Calculated 
Magnetic Quadrupole Configu- Magnetic** Quadrupole 
Nuclei Spin moment moment (10-26cm?) ration Te moment moment (10-26cm?) 
»sLi? 3/2 ——. 2 tides 3.08 — 22/75 (7) 4y~— 2.14 
2 2 
= = sa) -—001 2/15 0/2) 4y~0.97 
170185 3/2 oe —7.95 a, 1/2 —0.48 — 22/7572) 4y~ — 6.27 
si = 3/2 0.80 2/15¢72) 4p ~2.86 


ae rome te a 
* J. E. Mack, Rev. Mod. Phys. 22 (1950), 64. 
** M. Mizushima and M. Umezawa, Phys. Rev. 83 (1951), 463. 


x 10-%cem?, as before. From Table IV, we see at once that we cannot have any 
state from #3. for which the magnetic and quadrupole moments agree with the 
experimental values of Li’ simultaneously. Similar situation holds in dsj.-configura- 
tion for Cl®. Therefore, we shall consider the configuration interactions with 
higher configurations for Li’ as in the case of odd-odd nuclei. 

The configurations which can interact with the lowest fi, are Pi2 Pye PspeSi2 
and f31 fi, but we shall ignore the configurations containing fyj2 and 5/2 as in the 
case of Li®. The states of 3/2 P1,.-configuration must be specified by parent terms 
Pi(T;/;) as well as resultants 7’ /. For instance, £32 fi. has two terms 7=1/2, 
/=3/2 with parent terms fj,(01) and P12). In addition to Pio fry» if we 
take into account 7/2 Px, the following eight states with spin 3/2 will occur. The 
states signified by capital letters are states with 7=1/2 and ones with small letters 
are 7=3/2. 


* It might be convenient to consider total angular momentum / and total isotopic spin 7’ as the 
analogues of total orbital angular momentum £ and total spin .S, respectively, in Russel-Saunders coupling 


of atomic spectroscopy, although / may take values of half integer. 
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Table V.- The states of Li? 


A B Ca D E a b : 
2 Qa Fi “4 2 
Configu- Pax? PsyoP1/2 Poy P39 Py) P32 A, {2 P39 Ps" Psjo Pijs Pyj2P apo 
t oF e FA 
be sabes his 1/2 1/2 1/2 1/2 3/2 3/2 3/2 
y re 2 1 . 0 — 2 0 
7, “s 1 0 0 1 a 1 1 


The matrix elements of magnetic and quadrupole moments between these 
states are shown in Tables VI and VU. 


Table VI. Matrix elements of magnetic moment for Li? 


G Caos 0.080 0.160 

D 0 —0.170 0.057 0 

E 0 0.042 —0.127 0 —0.267 

a —0.239 0.119 0 0 0 0.133 

b —0.038 0 =V,1138 0.240 —0.060 0.085 0 

c 0 —0.060 0.179 0 —0.189 0 0.084 —0.333 


Table VII. Matrix elements of quadrupole moments for Li? 


GG A B Cc D E a b c 
A 2275 
B —A/75 0 
Cc 0 2/25 4/25 
D 0 —38V 2/25. WV 2/25 0 
E 0 V10/75 —V 10/25 0 —4/15 
a —8V5/75 4V 5/75 0 0 0 2/15 
Seba ts 0 —2Y 2/25 6/25 —2V5/75 2V10/75 0 
c 0 —2V5 /75 25 /25 0. —2V 2/15 0 2V'10/75 2/15 


———— 


In the first place, we shall investigate how the quadrupole moment and 
magnetic moment can be made to agree with experimental data only by the 
states which have configuration Pag and pxjo' Py and T=1/2 i.e., A, B, and C. 
The ground state of Li’? is written as follows: 


EP =al +50 24+c¥ o, 
where 


@4+04+C=1, 


We look for the values of a, 6, and ¢ which make Q maximum, and evaluate OQ 
and MM for it, then we get 
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Q=1.32.x 107*%cm’, M=1;11 nim. 


This is not a good agreement with experimental data. 
In the next place we construct the ground state by the state 7=1/2 only. 
As an example we take for ground state 


] 
Wi es F ,—28 o— Pp+¥ >], 


and then we get following values ; 
QO=—1 20x 10-"cny, M=2.34 n.m. 


Another example including various states is afforded by 
1 
v = lh a —20 .— Pot Dn P|, 


O=1.47 x 10cm", M=1.56 n.m. 


We might obtain better agreement by trying various possible combinations, but 


we did not try such cumbersome calculations. 
For Li’ exchange magnetic moment has non-vanishing value, which we have 


also calculated. We take for exchange magnetic moment, 


M=53 | (J, Onb)at 
aj 
as Spruch™” did, where 


z 
0;; =——("; X15) 2(7eX Tye SigPig » 
v/o 
5M 
ze 
Here P,, is the space exchange operator between 7 and 7’th particle, 7,,P;; is the 


space exchange interaction. 2; is the distance of the nucleon 7 from center of 
gravity and a, and /, are range and strength of the space exchange interaction. 
If we take the same numerical values for /,, and a, and the same potential Si 


and radial wave function as Spruch, then the result for the state A are 
M,=—0.05 n.m. 


If we add this value to the one we obtained before, we have worse agreement. 


It is, however, small enough to be neglected, 
§ 4. Conclusions 


The above calculations reveal that the configuration interaction is necessary 
from the standpoint of 7-7 coupling shell model, in order to obtain consistent 
values of quadrupole and magnetic moments of light nuclei. This situation might 
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seem to introduce complexities into the shell structure theory of atomic nuclei, 
but it is quite natural for closer investigations of properties of atomic nuclei since 
it is evident that the shell model is not a complete picture of nuclei. However, 
neglects of the configuration interaction across the magic-numbers seem justifiable 
by considering the analysis of quadrupole and magnetic moments of B® in com- 
parison with Li® and N¥. Thus, we may accept the shells and magic numbers as 
useful notions in nuclear structure, but the so-called sub-shells have not such 
definite meaning. Furthermore, we should notice that the charge multiplicity 7 
is not a good quantum number for Li’ and Cl® as is seen from Table IV for 
the consistent interpretation of quadrupole with magnetic moment. 

The authors wish to express their sincere thanks to Prof. T. Yamanouchi 
and Messrs. Y. Fujimoto and Y. Yamaguchi for their valuable discussions. 
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Recently Einstein has proposed a new unified theory and Schrédinger advanced it a step 
further. In this paper solutions of the field equations in these theories are searched for. Under the as- 
sumption of spherical symmetry, static solutions of their field equations are obtained, and it is shown 
that the exact solutions of Papapetrou are included in them. It is usually considered that affinity of the 
space-time is determined uniquely from the equation ¢;j;,=0 for a given gzj, but it is not necessarily 
the case. This circumstance is made clear and further some investigations are made with respect to the 


necessary and sufficient condition that affinity can be determined uniquely. 


§ 1. Introduction 


Einstein has proposed a new unified field theory as a direct and natural ge- 
neralization of his general relativity.” In the new theory two basic generalizations 
are introduced ; that is, non-symmetric fundamental tensor g;, and non-symmetric 
affinity /’%. Advancing a step further, Schrédinger constructed a purely affine 
theory.2 If one puts the ‘ cosmological constant’ A=O0 in Schrédinger’s field. equa- 
tions, then Einstein’s ones are obtained at once. Papapetrou obtained some exact 
solutions of Schridinger’s equations and investigated their physical meanings.” On 


the other hand Straus discussed the existence of the meaningful solutions of 


Einstein’s equations.” 


In this paper we shall obtain new spherically symmetric static solutions of 
these field equations and discuss the relations between these solutions and those 


of Papapetrou. 
We shall adopt the notations used by Einstein. Then ‘Schrédinger’s field 


equations are given as follows : 
[E,] Sip=Fur—&a Va—Sis M=9, 
[E,] Pe=0, 


[Ey] (RiaetAzing) + (Rinct Aging) + (Rig t Av 44) =9, 
Vv Vv Vv Vv Vv Vv 


838 H. Taxeno, M. Ikepa and S. ABE 


where 
Ree eed eae Pa Pit V's ki: (1.1) 


To solve these equations, we shall first assume that the non-symmetric fun- 
damental tensor g;; is spherically symmetric ; that is form-invariant under the group 
of 3-dimensional rotations. Further we consider that gis is of (—, —» —, +) 


—type as used in general relativity. Such a tensor is known to be reducible to 


| 0 0 i 
(gy) = 5 = a eee ; as 
=i ) 0) Cru 
and accordingly 
| gedet. g,=LM sin? 0, (L=ff—AC, M=P +P), (1.3) 


by choosing a suitable coordinate system, where A, 3, C, f and / are arbitrary 
functions of and ¢ satisfying the conditions A, B, C>0, and 10. 


In the following sections we shall solve [E,], [E,], [E,] and [E,] by using 
(1.2). 


§ 2. Solutions of [E,] 


In general it is hard to solve [E,] in terms of /"%, for an arbitrarily given 
gi;, but under the assumption (1.2) we can solve as follows. 

If we substitute (1.2) into [E,], we have 64 algebraic linear equations with 
respect to /;, which can be reduced to five sets of simultaneous equations as 
follows : 


4 equations, each one of which contains only one unknown quantity : 


~x (not summed), (2.1) 
6 equations for 6 unknowns: Zh, Dis Pir Ps Go Gt (2.2) 
6 equations for 6 unknowns: fb, Pos, is» P's; Gas» Gea» (2.3) 


24 equations for 24 unknowns: i, Pity Plo» Pier Plar P's» Pit Pies Pos 
Puy Dn Pair Dir Des 135 Ais rhs irs 94» iay Qe4y ods aay ats (2.4) 
24 equations for 24 unknowns: £3, 2:3, £3, Dis pas par Posy Pos» Pubs 
Pty Ps Pass par psa; Giss Qiay Dis iss Goss OPS our Pour six Faas (2.5) 
where we have put 


b= thy Ph=ah and (7, 8, 9. DCA 24, 2, 2). 2.6) 
From (2.1), (2.2) and (2.3), we have 


pi=A'/2A, pi=p§=0, ps=C/2C, (2.7) 
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rind, (2a i-fE)-S (rsa) 
ne Arf) 
Be ss (ii Spe a (2.8) 
pia po r-£2)-L irc} 
vO ee sar 
neni fh 
pa= cot 6, pg=— sin Ocost, p3=py=g3=9x3=0, (2.9) 


respectively, where dashes and dots indicate the derivatives with respect to r and 
t. (2.4) are 24 linear homogeneous equations for 24 unknowns. By solving them, 
we can find that all of these unknowns must be zero. 

Lastly by solving (2.5), the following two types of solutions are obtained: 


Type L When (B=/? and f=0) does not hold good. 


In this case 24 unknowns are determined uniquely as follows: 
pi=(—BP+hQ)/A, pd=sin® Op, pa= (BP —hQ)/C, pa=sin? 0 ps, 
pa=pau=P, pa=pa=P, p3s=pn=0, 
pi=—fO/C sin 0, p8=— sin? O23, pi=—fO/A sin 8, p,i=—sin” Opa, 
gn=gn=fP/C, i= qu=—fP/A, (2.10) 

gs= —Q/sin 9, 93= —sin” 249;3, Quai= QO/sin 0, ga= —sin? Ogs4, 


gi=(BOFAP) sin 0/A, gi=—(BO+hP) sin O/C, 


where 
a ! A. 5 } 14 By! si Bh—Bh 
= PRM Pn OSE OD 
2(B? +h) 2(B?+7’) 2(B? +h") 2(B? +h”) 
Type Il. When BP=K’ ie. Bz=eh, (¢=1), and f=0. (2.12) 


In this case 24 unknowns are determined to within 4 arbitrary functions as 


_ follows: 
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foi= (2u—B')/2A, pis= — (24+ BY) sin? 0/24, pi=— (Qa—B)/2C, 
pi=(2a+B) sin’0/2C, 

pix (Bl—a)/2B, pi=(B'+4)/2B, pi=(B—2)/2B, pa=(B+4)/2B, 
pi=—AB/2B sin? 6, p:=sin’ 6 p,2, pii=CB/2B sin? 0, pa= sin? O pos, 


isp epee, (2.13) 
ga=eAB/2B sin 0, 35=— 92, gui=eCB/2B sin 0, gsi= — Quis 
gi=—ex/2B sin 0, gd=sin’ 0 9, gd—eu/2B sin 8, ga=sin’ Og, 


gi=eB’ sin 0/2A, gi=—eB sin 0/2C, 
where u, a, 8 and # are arbitrary functions of 7, 6, g and ¢ As is easily seen, 
in (2.10) if we tend 7° and f to B’ and O respectively, we have expressions of 
the form (2.13), in which «, a, 8 8 are replaced by zero. 


In this case where (2.12) holds good, (2.8) are reducible to the following 
simpler forms: 


, 
pi=A/2C, pi=A/2A, Pu= Gi/2C, pia Gu=9u=0. (2.14) 


The fact that the solutions of (2.0) are not determined uniquely indicates 
that (2.12) is the condition that the determinant of the coefficients of the linear 


equations (2.5) vanish. In fact, some elementary but troublesome calculations 
show that this determinant of degree 24 is given by 


A? C2(B+22)*{ AC(B— 2) 44 BE}? sin™ 6 (2.15) 


to within constant factors, and this vanishes under the condition (2.12). 


Thus we have determined completely the forms of If for the general spheri- 
cally symmetric g;;. 


It is generally considered that R,, obtained from spherically symmetric g;; is 
also spherically symmetric,” but we shall show in § 4 that it is not always the 
case. It seems to us that Einstein and Schrédinger developed their theories, and 
Straus and Papapetrou obtained their solutions, by excluding such a case. 


§ 3. Equations [E,] for both types of 1’; 


For I’; of the type I, [E,] are reducible to 


293+ g4=0, 298+ 91 =0. (3.1) 
By substituting (2.10) into (8.1) and integrating the results, we have 
f° (B+ 2)/L=const. (3.2) 
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That is to say, [E,] is equivalent to (3.2) in this case. And by making use of 
this condition, (2.8) reduces to the following simpler forms: 


shat ee cae sas ha Of? =, Cc’ of? 
— a ad 5 ’ i= ’ 
HOGI GE Pee: SEG VORA (ll gale TAD To 
(3.3) 
a sete 
p= sot SP, wa EP, gin EP 


For [’ of the type II, as is easily seen, [E,] is identically satisfied. 


§ 4. Equations [E,] 
For ['§ of the type I we obtain by (1.1), 
Ry =Piia—2f121— Pisa + Pi (26:5 + Pus) + Dit (— fist 2fo5 + fu) —2 (Pa)? 
— pis pis— (pst)? +2912)? — 2921 G+ (Qu) = Ru 2), 
Ris= Pi —2Pots— Pia +P 2ps +P.) + papa t 2p2+ pi) —2 (pai)? 
— 2px Pi— (Pu)? +2 (get)? — 2qngai + (Gu)? =Rulr2), 
R= pr21 + fo3,4 +14 £2(fitfii) + por( pis + puis) —2912 gos— 2943 gos = Ro(7,l), 
Regeesint 0 1s; 
Ris=Prha—Pila— 2h at G4 + Gita + 2Pi2 Dis + Whos Pst pis Pa — Pa Pit 
— 2p 3 pai —2p:3 Pa—2qirgei— 2g12981 — Qugu— 2912 Pa— 212 Psi (4.1) 
— 2pirqei— 2h 2 gai + 2pe gu + 2pai gu=Ru (rt), 
Ry =Piia— Pia — 2faiar + Gata + Gala t 2f13 Put 2pot PtP Pah pus 
—2p,3 pi—2pispsa—2qoi982— 2Q21945— QQ —_2g2i Pai— 292, Pus 
—2p2191— 213945 a 20,5941 + 2psgi= Ra (7,2), 
Rog=Qeia t+ ois + 2hsqe— 2psigeit (Dut it) ges+ (Dist Put) G25 
=V(r,t) sin 9, 
Fgg 2 — Seg, other Ry,=0. 
Evidently this Ri is spherically symmetric and [E,] are reducible to the four 
conditions : 
Ry—AA=0, Ry—AB=0, RytIC=0, Ryt Ry=0. (4.2) 
For ['# of the type II the following expressions hold good. 
Ru=Piia— (Pat pat pid) at Paths +Ppiont (Petpet fu) put 
ie (Piz) 7 — (Ais) oo (pia) °— Pit Dis = 2pis Ai’ +2 (qi3)" as 2913 Qiss 
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Ry =phr— (Pit Pzt pd) a+ (pat pat papat (at Apap pa 
— pi pi—pi PA—Pa PADS Pe— Gaga — Mga — Vda — Jigen 
—p2 98—pigd—piga—Piiga—QiPei— 73 Pa— 92 Pa V3 Pov 
R= part phat (PA—Di+ PEt DS) DS+ (Pi—pat Pat pa) fe 
—2pi§ Por— 2.8 Pos— 291292 — 292923 + 1, (4.3) 
Ri=[PiatPigst 22 b8—P) | + [982+ 223 + P23 (92 — 3) ], 
Ra= [ ” ] aa ? ” ], 
Ry=[PiotPigs—ls Pil + [9132 + 913,3—Pss 712]; 
Ry=[ ” ies, | ” if 
Res=[ pat tPiis—po pi— Por ps— Pos Pai— bss Prt Pal Pitpia) +P (pit fa) 
+ 9b; (Gis— 918) + 953 (Gie— Gis) | + [G25 + 9b4— Pegs Pgai— Pisqar— Pasa 
+ 92(Pitpit) +921 Piitpu) +f2h(913— 913) + Por (9a— Qua) J) 
Ry= J — J ” ]. 
Rip, Kip Rav Rov Rag and K,, are obtained from Ay, Asay tego tvepetl eg aie ee 
respectively by interchanging the indices 1 and 4 throughout, and similarly (A, 
—sin’ 0) is obtained from (R»—1) by interchanging 2 and 3 throughout. 
From the result above obtained it is clear that ;, is not necessarily spheri- 


cally symmetric, although gy, is so. 
By (4.3), [E,] becomes 


Ry--AA=0, RytAC=0, Ry—AB=0, Ry—AB sin? 0=0, 


(4.4) 
RetRe=0, Ryt+Ry=0, 
and 
Ry= Ry = Ryg= Ry = Ry = Ry=Ry= Ry =. (4.5) 
Further rewriting (4.5), we have 
dy9+2a cot 04 AB,,/sin? 6=0, d,.+2u cot O— CB,,/sin? @=0, 
a,;—AB,.— AB cot 0=0, a,3+CB,.+ CP cot 6=0. (4.6) 


§ 5. Equations [E,] 
For I’ of the type I, [E,] are 
Ros. + Ags, =0, Rosa A 93,4=0, (9. 1) 


and by integrating them we obtain 
N(y, t) +Ah=const., (5.2) 
where WV is defined by (4.1). 
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For I’§ of the type II [E,] becomes 


Riuye=Rys=9, Rosy +Age51= Rot Ago5,4=0 (5.3) 
Further by using (2.14) and (4.3) we have 
: (Auf + Cuf)/sin @=function of r and 4, 
aay Ey ay a>. yes Pes ye AB — Ce a 
= ei = AB 
A 2C 4A B sin? 6 og BCt 
=function of @ and g. (5.4) 


§ 6. Approximately Minkowskian static solution for {—0 


In this section we shall deal with the case A=O, that is, Einstein’s field equa- 
tions. First we assume that the space-time is static, of approximately Min- 
kowskian type and B=r*. Then J’ must be of the type I. By the above 
assumptions we shall take : ; 


A=1+A(r)m, B=r, C=14+Cir)m, h=hi(r)m, f=f(r)m — (6.1) 


where m is an infinitesimal parameter of the first order. 


From (4.1), 
=(—C"/24+ A /r)mte, Ry={(A'—C')r/24 A}mt+-, aa 
6.2 
Ry=—Re=(—M'/24+Hh/r) sinO@m+e, Ry=(C"/24+C/r)m+-, 
where the terms not written are of the second and higher orders with respect to 
m. Substituting these expressions into (3.2), (4.2) and (5.2), we have an ap- 
proximate solution : 


(6.3) 
f=hkywmn/r’, h= (ky? + hy? + hy) m, 
where £4;°°° f .,k, are arbitrary constants. By a suitable change of the scale of 


time 4, & in (6.3) may be replaced by zero. 


; §7. Exact static solution for /’j of the type I 


We shall put the following assumptions. 
[A,] 4, C, f and h are all static in the coordinate system for which B=r’. Since 


a coordinate 
both gy; and g, Sapte tensors separately, it is obvious that we can take 


system for which B=7? by a suitable tr ansformation of ~ and ¢ (by which the 
character of the type I is conserved). Without this assumption [A,] our field 


equations are too complicated to solve. 
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[A,] 4=4r° in the coordinate system for which B=r’, where kis an arbitrary 
constant. But we must take f*<;0 in the case of #=1, for we are dealing with 
the solutions of the type I. The results of the last section suggest us to take 
this assumption [A,], without which we shall feel much difficulty in solving our 
field equations. 

From the above assumptions the first three equations of (4.2) become 

—( GC’ s of y) A ee a 2f? ss 2\_-(£ " 2f° ) {2 ytd 

2C “cr 2A De ACTIE 7 20 “AF oP 


(Ge 4f? \/ ( (EH 4f? \( At (Ev 4 a) 6f? oe be ; 
‘ re aes " +“ +1C=0, rp! 
ee ‘i al ‘a 2A» AYIA AOC ACH ELF L AT. oe 
Al Ud 2 >) Qs 
Re Oe ie fe 2A Se eee 
A Gan Cr iets Way 
and the last becomes an identity. By putting the constant in the right-hand 
member of (3.2) to be —/,(4?+1) and integrating (7.1), we obtain at once 
k o. ah i 
; ). fe (7.2) 


y 


Baia ea AC=a( 1+ 
7 3 

where @ and m are integral constants. Conversely, it is obvious that these results 

satisfy the field equations. Then we have: 

Theorem Under the assumptions |A,| and |A,], the general solutions of the type 

LT of Schrodinger’s field equations are given by 


Vie steed = B=?Pr, C=o(1- 2" 4 2 +4), : 
3 3 ra (7.3) 


7 i 


h=kr, f*=ahi/ 7c, 


where #,, @ and m are integral constants. 

In the case of a>0, we can take a=1 in (7.3) by a transformation of time- 
scale: =V at. 

By putting £=0 and £,=0 in the above solution, we can obtain the solutions 
of the case I and II of Papapetrou respectively, and by putting 2=0, the solu- 
tion of Einstein’s field equations. 


The non-vanishing components of R,j+Ag;; which correspond to (7.3) are 
Vv Vv 


5 Rivicke (en 5) 
Yr J ¥ ay, fu 3 “enue (7.4) 


Rog + AS o3= 
¥ r 3 


3 
§ 8. Exact static solution for | 4 of the type II 


The properties of the type II are invariant under an arbitrary transformation 
of r and ¢ Therefore as in the last section we shall put the following assump- 
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tions. 
[B,] A and C are both static in the coordinate system for which B=r. 


[B.] a, «, B and B are functions of r and 8. This condition [B,] is taken by 


analogy with the Christoffel symbols of the static spherically symmetric space-time 
in general relativity. 


Under these assumptions the first five equations of (4.4) are reduced to 


Cc’ A Gal A’ 
de 0, 
at ee )+ FP, hae 


as ay aa 
- RC=0; 
94. 4A ( re c) ¥ 


vA 
o—r AS —Cr n asey a(S +4) “ cy Oe al 
+ as —-+- —— + r=, 
( A a Yr’ sin? ea rC rA 
(8.1) 
—(447) + te 5G Racername 4) ceo ge ashoeet 
A r* sin? 6 WY INDA DE ey” gt Oleg 


A CE 
2p’ +e(“-+)=0, 
PBA Tartan 
and the last becomes an identity. From (4.6), we have 


a=u(r)/sin’0, a=v(r) /sin?O, B=p(r)/sin 8, B=g(r)/sin 8, (8.2) 


where zw, v, # and g are arbitrary functions of 7. From these relations and (9.4) 
we can easily show: 

Theorem Under the assumptions [.B,] and [.B,], the general solutions of the type 
IT of Schridinger’s field equations are given by the following formulas to within a 
transformation of the time-scale, t=at : 


At= =1-2%_ “4, B=e, hk=eF 3 f=9, 


u=kh,A/sin?0, a=—ek,/sin? 0, B=zh,/sinb, B=eh,A/sin 9, (8.3) 
ileal), 


where k, and k, are arbitrary constants. 
In this case all components of Rij+4g;; vanish except 
é Vv Vv 


Reg th inHlan/e=e sin 0. (8.4) 
Vv Vv Vv 


The expression obtained from (8.3) by putting £,=/,=0 and (8.4) coincide with 
those obtained from (7.3) and (7.4) by putting 2s, £,>0 and a=1, respectively. 
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§9. Condition that [E,] can be solved uniquely 
As is easily seen, if we put gy=/j and baHtis (where det. 4,;°59), we have 


gagtgt+gh” lf f im/2s (9.1) 
StEts 


5 
where “4 is the conjugate tensor of %,;, and g and gare determinants of /;; and 
fy respectively. Further let g¥% be the conjugate tensor of £1, that is, 


by8 = 88" = 85, (9.2) 
then there holds the relation 
1 < 
gg” eS ier Ae le ete Fx 7 , (9.3) 
between ¢* and 4%, where both €,y,, and ¢”" are €-tensors with respect to /,, 
(not tensor density), p=€'""f,; fi,/8, ie. @=g, and the upper indices in the right- 
; 8 


hand member have been obtainéd by using 4%. (9.3) may be rewritten in the 
formy:” 


il 
estas ie (14 57") fo D4 fat shy empl. (9.4) 


Next we shall consider about the condition that /"%, be determined uniquely 
from [E,]. From the symmetric and skew-symmetric parts of [E,] with respect 
to z and 4, we have 


Pu= {at a— 2" (fro Gia tS to Onn)» 
qa= Ca) s—H"( fire P—fio Pid), 


respectively, where {,:}, are the Christoffel symbols with respect to #,; and 


(9.5) 


a | at a 
Ca) f mee AEs, z ae fr k +Sia, a )= Say (ci) f- (9.6) 
Eliminating g or g from (9.5), we obtain 
gis Neu= Can) s— UY io {re} a—Jas Lat als 


or 


Dis Wiehe {enh a — 2" Sco Gia) y tic (a) rl 
where 
Niner Fi OEM A fu Fi” fae) + (OF f= 08 iD fh, 
(3.7 
Nii=oy OF oh A re +n te) - (ot SP + oe fe? Vis 
Accordingly the necessary and sufficient condition that Ii, be uniquely de- 
teimined from [E,] is given by 
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(24—24) det. Wisi 0 or (40—40) det. WiKi es 0: (9.8) 
It is not easy to write these determinants in simple ordinary tensor expressions. 
But if we assume the space-time to be spherically symmetric, we have the 
following simple results : 
Theorem Jet gy, be spherically symmetric, a necessary and sufficient condition that 
[', be not uniquely determined from [E,] zs given by 


pads, ¢=0: ae?) 
= Vv 
where g*<0, Ew and £ij tS assumed to be of the type (— ight oP arther, 


these conditions can be rewritten in the following equivalent ones : 


ST” Sim=2; €™ f.5 fim=O.- (9.10) 


The proof is obvious from the above results. 


Summary 


We searched for the solutions of the new field equations proposed by Eins- 
tein and Schrédinger respectively. First of all we assumed that g, is spherically 
symmetric (§ 1), for which the general solutions of [E,] are determined (§ 2). 
Putting some further assumptions, we got a spherically symmetric static approxi- 


mate solution : 


—1—,m/r, 0, 0, kym/r* 
0, —p, (ke +hy+h)m sin 6, O 
(Si) = 0, —(ky?+hyt+h,)m sin 6, — 7? sin? 0, 0 
—hmn/r, 0, 0, 1+ (—&/r)m |» ~ 


where mm is an infinitesimal parameter, in the Einstéin’s case. Next we also ob- 
tained exact static solutions in Schrédinger’s theory under some other additional 
assumptions (§§7 and 8). gi of these solutions are given by 

* 


(1-2-2 ) 0, 0, eVak,/r? 
£ a 
(g)= 0, —?7, kr* sin 9, 0) 
; —frsin 9, —7r sin? 6, 0 
— Qm As k 
—eV ah/r, 0, 0, A iosoet ss )Q +41) 


Two kinds of exact solutions of Papapetrou are given by putting #=0 and 
b,=0 respectively. 

It is usually considered that equations [E,] are solved uniquely with respect 
to I’ 9? but it is not necessarily the case. This circumstance was made clear in 
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this paper, and at the same time we investigated the necessary and sufficient con- 


dition that /’4 be determined uniquely. 
The authors are very grateful to Prof. Y. Mimura for his valuable discussions. 
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The effective cross section for the production of charged z-meson by y-ray is calculated by the 
Lorentz-covariant perturbation method, including the effects of order e/4(¢%94). The pseudoscalar 
meson field with both pseudoscalar and pseudovector coupling has been employed. Virtual mesons — 
in intermediate states can be either charged or neutral. 


The procedure of the renormalization of mass and mesic charge (/, g) is sufficient to determine 


unambiguously the finite fourth order matrix element except only one term to be interpreted as “ electric 
charge of neutron,” which we have struck out. 


The general requirement of gauge invariance restricts the possible interaction of nucleon and. 
meson with photon to only four types ; consequently we have divided numerous Dyson diagrams into 
certain gauge invariant classes and then reduced them according to Dyson’s general program, to 
obtain ultimately those four types. 

In our second approximation the anomalous magnetic moment of the nucleon plays an essential 
part ; consequently the lack of any correct analysis for the latter complicates our results considerably. 
Moreover, in our y—z process the behaviour of the magnetic corrections, dependent on the incident 
eiergy of photon, are comparable with the static effects. 

Three provisional measures have been taken with regard to the anomalous moments and the 
resulting values for the various combinations and couplings of meson fields are compared and discussed. 
Though the results depend upon the choice of these possibilities, it is shown, in general, that the 
fourth order contributions turn out for the energy region of the present experiments (incident X-ray 
being about 330 Mev.), not so large compared with the second order in the case of the symmetrical 
combination, while they are of the same order of magnitude with the second order in the case of 
the “charged plus pure neutral ” combination. 

Finally some qualitative aspects of the y—z process are discussed, which might be valid 
independently of the order of approximation. 


$1. Introduction and summary 


Since the physicists at Berkeley made a successful experiment”~? of meson 
production by X-ray from the synchrotron, in 1949, this process aroused renewed 
interest among us?-®), because the artificial mesons, contrary to natural ones, 
provide us with fairly accurate and most suggestive informations. We have, for 
example, angular distribution, quantitative comparison of the yields of positive, 
negative and neutral mesons.2-™ Especially the use of a liquid hydrogen target’? 
has made it possible to set the experimental results directly against the theoretical 
predictions without being hindered by the complicated effects of nuclear binding. 
Further, the theoretical treatment is here less ambiguous than in the case of 


* Now at Kobayashi Institute of Physical Research, Kokubunji, Tokyo. 
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nucleon-nucleon collision, since one of the colliding particles is the photon, the 
properties of which we know to some extent. te: 

With regard to the reliability of the cura meson thepty most pec Ss 
agree: it is a good approximation within a certain energy eee as long = the 
interaction of mesons with electromagnetic field is concerned ;*” it becomes dubious, 
however, when one has to do with mesons interacting with nucleons, and perhaps 
it would not be able to explain the experimental results quantitatively before 
some radical alteration is introduced into the theory.’ 

Thus the study of the electromagnetic properties of nucleon-meson fae 
appears particularly interesting. Such study will include the problems concerning 
the anomalous magnetic moment* of nucleon, the meson creation by 7-ray, the 
capture of z-meson, the scattering of y-ray by nucleon, and so on. The simplest 
of them, the a.m.m., which has not been yet explained satisfactorily,"°-” represents 
only static properties of the system, while our ;—z process depends essentially 
upon its dynamical behavior, so that we could expect to get a deeper insight 
into the nature of the nucleon-meson interaction by thoroughly investigating this 
photo-mesonic effect. 

Various attacks”~*» )-*) have been already made on this problem. We shall 
in the following try to evaluate the effective cross section for the process by the 
covariant perturbation method including higher order effects. 

As is well known, the meson theory is characterized by its rather strong 
coupling with the nucleon field®:* and consequently the convergence of the 
perturbation series is quite questionable. Thus there is no authority for the ex- 
pectation—analoguous to the quantum electrodynamics—that the first few térms 
of the series would yield the correct answer, though it might be still premature, 
on the other hand, to jump to the conclusion that here the perturbation method 
becomes entirely senseless. In any case one is not in general qualified to draw 
even rough conclusions before actually estimating—-at least—the second approxima- 
tion. In view of the provisional character of the current theory we can never 
be so optimistic as to anticipate that the higher order perturbation would im- 
mediately give us the predictions that agree well with experiments™: ® ; we suppose, 
however, that otherwise we could in general hardly find out virtues or defects of 
our present formalism and method. The recent success in the quantum electro- 
dynamics, the renormalization method,®™:*” can be taken over into certain cases 
of the meson theory and enables us to carry out, —in principle, —such a higher 
order calculation. ; 

The result of the fourth order perturbation for the pseudoscalar meson with 
the pseudoscalar coupling** is already included in Brueckner’s excellent work on 


* For short we shall write a.m.m. in place of anomalous magnetic moment throughout this paper. 
Mereafter the following abreviations will be used: -=scalar, p.s.=pseudoscalar, y.=vector, 
p-v.=pseudovector, p.s. ( 


OK 


p-S.) = pseudoscalar meson with pseudoscalar coupling, p.s. (p.v.) =pseudo- 
scalar meson with pseudovector coupling, and so on, 


Production of Charged %-Meson by ~-Ray 851 


the y—z+* process.” He relates his results, however, very briefly; and we hope 
it will be allowed for us to de&cribe the methods and results of our calculation 
in more detail, because one could find in them some general aspects of higher 
order processes. 

Our object, method and results. We have computed the effective cross section 
for the elementary process (7—-ray +nucleon—nucleon+charged z-meson) to the 
order e*f'.* P.s. meson field, which is generally believed to be most promising** 
and also has been rather successful in the second order computation for this 
transition,” has been employed with both p.s. and p.v. coupling. Of course, virtual 
mesons in intermediate states can be either charged or neutral (in symmetrical 
formalism or ‘charged plus pure neutral’ formalism).*** 

The requirements of the over-all conservation of energy-momentum, and of 
the gauge invariance restrict the possible forms of the matrix element for the 
considered transition essentially to the following types: 

a) The photon is absorbed by the macroscopic electric current of the nucleon- 
meson system ; 

b) The photon is absorbed by the internal spin electric current of the nucleon ; 

c) The photon is absorbed by the mixed effect of spin and macroscopic 
currents. 

The last type includes two independent terms, since the macroscopic current 
can be either the initial one or the final one. It is more convenient for our case, 
however, to take two suitable linear combinations of b) and c), instead of the 
two terms in c), because those correspond to the electromagnetic interaction of 
nucleons through their a.m.m. This statement is of general character and is valid 
independently of the order of approximation. Thus the estimation of higher order 
corrections consists in the more and more accurate computation of the coefficients 
to be multiplied into these four forms. These coefficients are of course functions 
of the energy of the incident photon and that of the emitted meson, 

In carrying out the calculation we have followed the covariant formalism of 
Tomonaga-Schwinger—Feynman—Dyson and especially made use of Dyson’s general 
scheme,™ reducing the higher order diagrams to those of the lower order, and, 
in view of the foregoing consideration, divided numerous diagrams into certain 
gauge-invariant classes.”) Such a procedure eliminates from the beginning those 
terms which turn out not gauge-invariant and are ultimately to be cancelled. 
Similarly the matrix elements concerned with p.v. coupling have been separated 
into terms that are equivalent to p.s. coupling and those that are not, and some 


* The results of a similar calculation for the production of neutral meson by y-ray carried out 
by S. Minami) will be published shortly. 

** i) The decay process of the neutral meson and ii) the z*-capture process by the deuterium are 
favourable to the meson having the zero spin. iii) The 27-capture by deuterium excludes 


. completely the scalar meson.*5) 
*** In this paper we shall denote, for brevity’s sake, these two cases by sym. and ch.+n. respectively. 
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of the latter terms have been combined suitably and deeoeetsts to Siipley forms. 

With regard to the applicability of Tomonaga-Schwinger’s subtraction method, 
we have verified : 

1) seine renormalization procedure for the See a the meson mass sit 
the coupling constant of the meson with nucleon is rit for the evaluation 
of the observable effects of the fourth order 7-7 transition. 

ii) As an exception one correction term appears, sous si not Sen e 
and could be interpreted as “ electric charge of neutron ’*) interacting with the 
photon. This term we have struck out according to the general argument con- 
cerning the ambiguities of the current field theory.°-“? 

As for the observable effects : ' 

iii) The contribution of the fourth order quantities (~¢*f* etc.) to sti effective 
cross section is...... in the energy region of present experiments, incident X-ray 
being about 330 Mev....... not much smaller, in general, than the second sci 
ones (~e?f? etc.), because the coupling constant is to be chosen comparatively 
large: f?/(4z)? (or (2Mg/p)?/(4z)*) ~1. 

iv) A characteristic feature of our second approximation is, as could have 
been expected, the intervention of the a.m.m.’s of the proton and of the neutron. 
Moreover, these a.m.m.’s include not only static effects but also non-static ‘‘ cor- 
rections’ dependent on the incident energy of the photon, and the latter are by 
no means small compared: with the former. These circumstances prevent us from 
drawing a unique conclusion, because a straightforward evaluation of the fourth 
order cross section would be unsatisfactory, even if it should turn out rather small 
and appear to guarantee the convergence of the perturbation series, since the 
experimental a.m.m. cannot be explained field-theoretically (in the first approxima- 
tion) by the p.s. (or any other single) meson. We could replace the static parts 
of the a.m.m. by their empirical values, but at present we have no reliable method 
to evaluate their non-static corrections. 

v) We have therefore taken three provisional measures with regard to 
a.m.m.'s, namely (i) employed the empirical values for the static parts and neglected 
the non-static parts, (ii) employed calculated values for the static and non-static 
parts, or (iii) employed the empirical values for the static and calculated values 
for the non-static parts; and we have compared these results for a) sym. theory 
with p.s. coupling, b) sym. theory with p.v. coupling, c) ch.+n. theory with p.s. 
coupling, and d) ch.+n. theory with p.v. coupling. It has been found that the 

result is very sensitive to the choice from these twelve cases. 

In the case a) the fourth-order corrections are not so large, and we have to 
choose f°/(47)*~2 in order to explain the experiments. Besides, those corrections 
tend to increase the t*-production and to decrease the m~—production. In the 
case a), i) one can most easily fit the calculated values to the empirical ones both 
for the absolute values and the negative-to-positive ratio of the cross-section. In 
the cases a), ii) and a), iii) the above-mentioned change in the cross-section ratio 


Production of Charged -Meson by ~-Ray 853 


is. somewhat more conspicuous, owing to the non-static a.m.m. for iii) and incorrect 
static a.m.m. as well as_non-static a.m.m. for ii). Thus in the latter two cases 
one cannot adjust the coupling constant to the observed cross-section ratio without 
departing from the empirical absolute value of the cross-sections. In the case b) 
the parts inequivalent to the p.s. coupling play an essential role, and, contrary to 
a), they reduce the *-—production and enlarge the 7~—production. Here, too, one 
cannot explain the absolute value and the ratio of the cross-section simultaneously. 
Only b), ii) becomes an exceptional case, due to the incorrect static a.m.m.’s ; 
but this effect predominates only at large angles so that one would not.- obtain 
the required cross-section ratio at small or very large angles. In ch.+n. theory 
c) and d) the fourth order contributions turn out comparable with the second 
order, if one tries to explain the experimental data in this approximation. One 
can hardly justify oneself, therefore, in putting an end to the perturbation series 
at. this order. 

We are not qualified, thus, for comparing our fourth order results immediately 
with experiments, All we can say is that neither the first nor the second ap- 
proximation can be relied upon quantitatively. All the same we could suppose 
that some of the qualitative features drawn from our calculation would be valid 
more or less independently of the order of approximation. Such arguments refer 
to the following points: i) the character of the dynamical corrections for the 
nucleon a.m.m. in the radiation field, ii) devices to supplement the values of the 
static a.m.m.’s, derived from the p.s. meson field in the first approximation, iii) 
comparison of various meson fields, and iv) the roles and significance of the four 
fundamental components of the matrix element for our 7—7 transition. 


§ 2. General scheme and second order matrix elements (e/) 


In the covariant perturbation scheme the effective cross section for any transi- 
tion process can be obtained by estimating the corresponding element of the S- 
matrix, which-is, according to Dyson, expressed by 


eo 


‘SHU (0060) = Su—Ay"/n ‘is \ dw, \ Ad, | ity, » PU (00,), EH (00) +E (an)). 
ictes. reid (2-1) 


Thro. ghout this paper we employ the natural unit Z=c=1,; a thick letter, e.g. 
> 


ac, means a four-vector, while a letter with an arrow, e.g. x, represents a usual 
three-dimensional vector; da stands for a four-dimensional volume element 
ax =atdt,d1,az;: 

H(a) is the interaction Hamiltonian density function in the interaction re- 
presentation and, since we are dealing with three kinds of interacting fields: 


nucleonic field (¢, ¢), electromagnetic field (4), and pseudoscalar meson ‘field, 
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charged (¢, 6*) as well as neutral* (¢°), it is given by the following expression.** 
H=H"™" +H” 2 A 447" + Aaa + Hocupi. ’ (2-2) 
with 
11 = RG ROW + Sy 9" [Buy + Sh 1G /B2,+ RG’ + SrOG"/A%p 


R=if$ystye$s Sp=Ce/D)Grsreturd » (2-3) 
R= Prstsh, St= CGM) PTsr ated » 
H=—jAy,  fuxied prod (2-4) 
11% mieAy ($* + 96/827, —9*/Ax, + 9), (2.5) 
1" = ic Ay( Sy" — SE 9) - (2-6) 


The last two terms in (2-2), Hinass aNd oon, are so-called counter terms, which 
stand for the renormalization procedure of mass and coupling constant respectively. 
Honea has the form; —dMpp—d0M op—pdpg*d, where dM(dI7") and dp are the 
corrections of the nucleon mass and the meson mass (self-energies) respectively.*** 
Aeon, is given if one replaces in R, R°, S, and Sy the parameters f, f", g¢ and 
g’ by —of, —df, —dg and —dg° respectively. The values of these corrections 
will be given later.. 

In H™ there is also a term quadratic in A, but we have omitted it since it 
has nothing to do with the process considered. Apait from this term the above 
expression for 7 is not perfect as a Hamiltonian and must be supplemented by 
certain terms which depend on the normal of the space-like surface, in order that 
the integrability condition may be satisfied. Nevertheless the above AH is sufficient 
for the evaluation of the S—matrix, because one can suitably modify the definition 
of the P-symbol and then proceed as if there were no such normal-dependent 
termsy = 

First we recapitulate the results of the second order perturbation because our 
later arguments will be frequently referred to this first approximation. 


For the process: 7+P—+N+7*, we have the two diagrams in fig. (1) and 
fig. (2), from which we obtain**** the matrix element 


eect o | +e) (UUE +903 ; (2-8) 


Raised suffix 0° will always indicate a quantity which is referred to the neutral meson field. 
In X° and 5° the rs’s are to be replaced by 1, if one deals with a pure neutral field. 

647° is the self-energy of nucleon due to neutral meson field and turns out slightly different 
from 642 (See § 4 [V}].) 

It is convenient to expand the wave functions following Fukuda and Takeda‘), Then the meson 


wave function in the momentum space ¢(g) becomes equal to unity, but we shall write it ex- 
plicitly for the sake of clearness. 


KEK 
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where* 


§ =2Mg/ ps ; (2-8) 
NU = CPP )irst xelil,/ (RL) —ign/ (ka) oD) Ak) (@), (2-9) 
"Ot = CPP irs t vel Opy ./2 (KL) | 6 (1) A, (ke) 9* (a), : (2-10) 


with C=—¢g/A(2r)?, Fp, = (1/22) tiie er oe 


and (KI) =kT—AI, etc. 


intake ? 
¢ 
. is eee a es proton 
: aS —————— neutron 
id wee meee Charged meson 
: A a ‘ “is, “ serrere-s-= photon 


/ 


Fig. (1) Fig. (2) 


Here the notation of Brueckner is followed: Z and # are the initial and the 
final four-momentum of the nucleon respectively ; K represents the four-momentum 
of the incident photon, while q stands for that of the emitted charged 2—meson. 

It appears that "U,* exhibits characteristic features of the interaction of the 
photon with the convection electric current of the nucleon-meson system, and that 
N77 * represents something like the interaction of the photon with the ‘“ normal ” 
magnetic moment of the proton. In the following this type of interaction will 
be provisionally called the ‘‘ magnetic” interaction. (Cf. the discussions in § 3.) 
To verify the gauge-invariance of "U,* and "U,7, one has only to substitute 
ik, A(k) for A,(#) in them and find that they do vanish. 

For the process: y+V->P+2a7, the matrix element “"U/~ can be calculated 
in a similar way and we find it is connected with the above given "“U* by the 


relation 


. NU ~ =| — (kT) /(kF)} "UV". (2-11) 


§ 3. Gauge invariance 


As mentioned in § 1 one of the colliding particles in our 7—7 process is 
the photon, which fact restricts the possible forms of interaction. considerably 
because of the requirement of gauge invariance together with other general condi- 
tions, and so makes our theoretical treatment far less complicated than in other 


cases. 


* Tt is convenient to decompose the matrix element into several parts, Hach of these constituents 


will be called a “ component.” 
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The matrix element for the y—7 process is a function of four energy-momenta 
I, F, k and q, one of which, however, can be eliminated by means of the over- 
all energy-momentum conservation I+k=F+q. We express q, for example, 
in terms of IZ, F and k. Then considering that any gauge invariant expression 
includes the vector potential A, necessarily in the form of field strength (4,4, 
—f,A,), the matrix element takes the form: 


CE BE)P(k LB, 1) $ DA) Ky 8°) » (3-1) 


where the function P,, is antisymmetric with regard to the indices # and ». 

First we shall investigate how P,, depends on y-matrices. It has certainly 
a7, as a factor since the emission of a pseudoscalar meson is involved, and is in 
general a polynomial in 7’s, containing arbitrary numbers of scalar factors (7JZ), 
(7), and (7k). However, repeated application of the relations :- 


(7a) (7b) =2(ab) — (7b) (7a) 
1y(7@) =2a,— (7@) 7p (3-2) 
and r(7@) =—(7a)7;» 


allows us to transfer all (7#")’s to the left and all (7Z)’s to the right. Then 


we notice that to the left of the expression stands ¢(#) and to the right ¢(Z), 
so that each of the above (7#’)’s and (7Z)’s can be replaced by iMZ according 
to the Dirac equation. Further, if the remaining expression for 7,4, includes 
two or more (7%)’s, it must vanish or practically vanish by the help of (3-2)* 
and the Lorentz condition 4,4,=0. Thus we conclude that 7’s in P,, 2, must 
be a linear combination of the following four forms: 


is r(7k), V5lps Vs%u (7). 


Taking this fact into consideration, we can determine the four fundamental. 
antisymmetric expressions for P,y ;** 


t) stshls allies > (3-3) 
VME TARE cer ey (3-4) 
lil). Te\%elv—Tol ps (3-5) 
AACS Om. (3-6) 


The six-vector (3-3) is proportional to the four-dimensional rotating current 
aroused by the change of the energy-momentum I to ¥#, while (3-6) represents 
the rotating four-current due to the inner trembling motion of the fermion. As 


* 


(7h) (7k) =#=0, ru (rk) =2h4u— (yk) rp. 


** We have discarded the combination Y5( Mere, —AY Lp) since 4p.4y=0 and £4, 2,=0. 
vilfy= Ue 
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for (8-4) and (3-5) they stand for the mixed effects of the macroscopic and inner 
motions. ’ 

Any gauge-invariant expression for P,, can be deduced from these four by 
transforming, multiplying by arbitrary scalar functions of suitable dimension, 
independent of 7, and linearly combining them.* In (3-3), for example one can 


replace Z or EF’ by q making use of the energy-momentum conservation and 
obtains 


73(Fyn gv —Quly) (3-3)! 
ou Gp fe 1a) , (3-3)" 


(3-3) is convenient in the treatment of 7—z~ process and (3-3) in the y—zt 
process, since g and F or £ and @ are respectively proportional to the macroscopic 
current vectors which really carry the electric charge. It is to be noticed that 
the above considerations are of a quite general character. We have postulated 
only i) Lorentz invariance, ii) gauge invariance, iii) energy-momentum conservation, 
iv) p.s. field for the meson, and v) Dirac equation for the nucleon.** Thus our 
conclusion is independent of the method and order of approximation or the type 
of interaction. Our analysis can be, of course, applied *mzulatis mutandis to other 
processes involving a photon or photons. 

The main parts (2-9) and (2-10) of the second order matrix element are 
(3-3) and (3-6) respectively, while that of (2-11) is given by (8-3) and (8-6). 
In the next section we shall find that the main part of the fourth order matrix 
element is derived from (3-6) and (3-4) or (8-5). That is to say, in the eva'ua- 
tion of the fourth-order matrix element we shall not make use of (3-4) and (3-5) 
directly, but combine (8-4), for example, with (3-6) as follows: 


7. Uulv—ivtg) + My, oy,= i (Ik)7;Sp(v)o,, ’ (3 a8) 


* The four gauge invariant expressions obtained by interchanging the roles of the electric and the 
magnetic fields, namely CO F) Py oD) e(uvos) Ap(Kk) £o¢*(q), with pes not containing 75, 
which correspond to the diagrams involving closed loops of nucleon line and which will appear 
in the sixth or higher order, might at first seem independent of these fundamental four. In 


reality, however, the former can be expressed as certain linear combinations of the latter, though 
such transformation might not be always advantageous, as follows ; 


e(uvap) retry Tate=4! To 
e(uvao) du ry rare=3! (tA) Ts 
e(uvip) AuBy ra 1e= T(rB), (1A) 1755 
e(wwp) Au By Cy rp= (1/4) {(7O), (7B), (tA) 1315, 
e(pvdp) Ap By Cy, Dp= (1/8) (7D), (7), (7B), GA 75 
where 
[X, VJ=XV—VX, {X, VJ=XVLVX. 
We express our gratitude to Mr. Y. Watanabé and Mr. N. Mugibayashi for their valuable dis- 
cussions and advices on this point. 
** The last two assumptions can be further generalized. 
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J 2 2 3°8 
where S,(v) = (uv -M) /(v' +) (3-8) 
and : v=I+k. (3-9) 


In terms of the component matrix elements for the 7—2" process, the relation 


(3-7) is expressed as 


OF ta OT + Us, (3-10) 

where 
OO =CO(P)ipstre ly l—Lur) /2M (Lk) ]¢( DA, (&) hk, o* (q), (3-11) 
COLTS a CP (BP yiist xe Sp) [ont e/2M | f (DA, (Kk) 2 9*(Q) , (3-12) 


and "U/,+ is defined by (2-10). ©U,% is easily seen just to represent a process 
in which the nucleon absorbs the photon with a Pauli-type interaction, going over 
into an intermediate state, and then emits the real meson. Replacing here the 
intermediate propagation function, S,(v)/2/7 by the corresponding function for a 
scalar wave 1/2(Ik) =1/(v?+2), one can formally obtain "U,t, which have 
been referred to at the end of §2 as the “ magnetic’”’ interaction. This would 
imply that the difference U,* of these “U,t and "U,; stands for the effect of 
the nucleon spin in the intermediate state, and hence we may provisionally call 
QO, “virtual spin effect.’* In the same way as (3-7) one obtains from (3-5) 
another relation ; 


O* =U, —M[ — (Ie) /(FR)], (3-18) 


where 
205 =COP)[ (m1 Fa) (2M (BW) Jitstyr$ DA Ck) g*(@), (8-14) 
Ut = — ChB) (ou, ty/2M] Sp(w)iys typ (1) A, (k) &, $* (@) (3-15) 


and 


w=h_-k. (3-16) 


As four independent component matrix elements, it now appears more convenient 
to select (2-9), (2-10), (8-12) and (8-15) instead of those corresponding to 
(3-3)~(3-6). 

The above considerations strongly suggest that one should carry out every 
step of calculation in such a way as to exhibit the gauge invarianc of the com- 
ponent matrix elements most clearly. The gauge invatiance of the S—matrix has 
been proved by Feynman® for the case of interacting electronic and electro- 
magnetic field. One can easily extend his proof to the most general case including 
any kind of charged particles,®” and this result we shall apply to our y—7 process. 


* We shall discuss the role of U, for the Y—7 process in §7 again. 
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The conclusion for such general case can be stated as follows: One may take 
off from the Dyson diagram that photon line with regaid to which one will 
perform a gauge transformation, and thus one may obtain several “ skeleton” 
diagrams. To each skeleton one may attach the photon line to every possible 
place, that is to say, to every charged line and to every vertex of charged lines, 
if the type of interaction allows such a diagram (e.g. p.v. coupling). In this way 
one derives one class of diagrams from each skeleton diagram, and this class as a 
whole yields a gauge-invariant expression. 

As an example we take the case of y—z* process, considering only charged 
p-s. mesons with p.s. coupling* in inte:mediate states. From the given skeleton 
(see the figure) one constructs four diagrams, as shown in the figs. (3-1), (3-2), 


skeleton Fig. (3-1) Fig. (3-2) Fig. (4:1) Fig. (4-2) Fig. (8-1s) Fig. (3-2s) Fig. (4-2s) 


(4-1) and (4-2),** which together form a gauge-invariant class. Consequently 
the expression which includes all the contributions from these four diagrams is 
certainly gauge-invariant. 

This procedure of classifying diagrams not only makes the gauge-invariance 
of the results obvious, but also eliminates automatically the non-gauge-invariant 
contributions from individual diagrams and so lightens the burden of computation 
considerably. It turns out especially useful when one has to do with divergent 
integrals, because it indicates how to deal with it. 

A slight modification of the above method is necessary when one is to carry 
out the mass-renormalization. In the above example one has then to add three 
more diagrams that come from the counter-self-energy term. (See figs. (3-1s), 
(3-2s) and (4-2s).) In these diagrams the small circle denoted by (—0dJ/) re- 
presents the action of the proton self-energy. 

These three terms together form a gauge-invariant class, since they are 
constructed from a common skeleton. So the seven diagrams, the original four 
and the added three, are of course gauge-invariant in all. But these seven can 
be decomposed into two gauge-invariant classes in a different way from the 
original one, and to this new classification corresponds the physical interpretation : 
renormalization term and reactive term. Symbolically one may write, 


* As for the p. v. coupling see § 5, 

** Throughout this paper the figures are specified by two numbers. The first number indicates the 
(gauge-invariant) class and the second the individual diagrams in this class. The reason why 
we have nevertheless distinguished fig. (8) and fig. (4) as two classes will be explained shortly, 
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(3-143-244-144-2) + (3: 1s4+3-2s+4-2s) 
= (3-143-243-1s4+3-2s) + (4-144:244-2s) . (3-17) 


We denote (3:143-243-1s4+3-2s) by IV77,* and this renormalization term 


becomes, after some computation, 
VO7,+ = (—aZ/4n) "0+, (3-18) 


with 
1 
ae (1/2in*) | (dt) \e dx» (t842Mx) /(O4+L)2)°—1/4, 
0 


(3-19) 
p= Me + 1 —2) and a=f7/4r , 


which is evidently gauge invariant. The gauge invariance of the term (4-1 +4-2 
4+4-2s) is manifest since it is the difference of two such expressions ; also the 


direct proof is easy. 


§4. Fourth order matrix element: pseudoscalar coupling 


Now we shall proceed to the evaluation of the fourth order matrix element. 
In the first place we investigate the process y+ P>N+2* taking into account 
only p.s. coupling.* The case of p.v. coupling will be analized in §5 and the 
process 7+NW—P+z> will be referred to in § 6. 

According to the method described in the preceding section we divide the 
Dyson diagrams for the fourth order y—z process into six sets, which we shall 
denote by [I], [II]...... [VI]. The set [I] contains those which will yield un- 
observable reaction effects, that is to say, the renormalization terms. The sets 
[II], [M¥E] and [IV] represent observable reactive effects due to virtual charged 
meson, and the set [V] those due to virtual neutral meson. The set [VI] contains 
both observable and unobservable effects due to virtual neutral meson. 

[1] Renormalization 

In the preceding section we have shown that contributions from the four 
diagrams figs. (8-1), (8-Is), (8-2) and (3-2s) are reduced to a simple form (3-18) 
which can be eliminated by renormalizing the coupling constant f to (/+9f). 
Fig. (8-3) shows the diagram where a virtual charged meson is attached to the 
external neutron line, the exact analogue to fig. (3-1) in which a virtual charged 
meson is attached to the external proton line. The four diagrams, fig. (3-3), and 
those which correspond to figs. (3-1s), (8-2) and (3-2s), together make up a gauge 
invariant class and this class gives, like (3-10), a contribution which renormalizes 
the coupling constant f, the correction df being (—«uZ/4z). The same holds also 


* In §4 and §5 we treat only the process of mz2+t-—meson creation and we write instead of U+ 
simply U since there will be no confusion. 


Production of Charged m-Meson by ~-Ray 861 


is ! 
ome ¢ 
e 
ne a ae, 
Fig. (3-3) Fig. (3-5) Fig. (3-6) 


—-—-— neutral meson 


when neutral mesons appear in intermediate states: two classes of diagrams 
modifying external proton and neutron lines respectively, the two representatives 
of which are given in figs. (8-4) and (8-5), yield renormalization effect (—u°Z°/47) 
for each.* (u°=f"/47). Besides there is a class whose member is illustrated by 
fig. (3-6). This gives the renormalization (—aY/4z) due to the modification of 
the external meson line by virtual nucleon field. 

The above mentioned five classes give rise to the following result, which 


amounts to simply renormalizing the coupling constant.** 


NT 4NV7={|—2(a/42) Z—2 (u /4r) Z°— (4/42) VY}, (4-1) 
where Z is given by (3-19) and 
L=Z+1/4, &=f"/4a, (4-2) 


y= jix*)| (dt) ie dx (O4+2M?) / (+L)? es 


2 = MP — pea (1-2) . 


[II] Anomalous magnetic moment of the proton (due to charged meson) 

The diagram of fig. (4-1) is obtained by modifying the vertex 7, of the 
second order diagram fig. (2) by virtual emission and reabsorption of charged 
meson; the diagram of fig. (4-2) is similarly obtained by modifying the internal 
nucleon line of fig. (2). The component matrix element corresponding to the fig. 
(4-1) will be denoted by UV, and. that corresponding to fig. (4-2) and (4-2s) by 


Uy». They are expressed as follows.*** 

O11= Co F) 5 Typ S7(v) Y e , T) Tpf ( T) A, g* (4 . 4) 
and 

Uys=CO(F)tzstue Sr) tute $ (1) Aue ’ (4-5) 


* 70 differs from Z by a finite term 1/4. This somewhat strange result is forced by the general 
rule of selecting integration variables, in order to maintain gauge invariance. Cf. the set [V] of 


this section. 
** Not all the renormalization terms are included in [I]. One will find in [VI] such an effect too. 


*kk FJereafter we shall write instead of 4y(K) and ¢*(q) simply 4u and ¢*. 
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where v is given by (3-9). . 

Here [77(v, I) denotes the modification of the 7, by virtual mesog current 
and is related both to the four-momentum JZ of the external nucleon line ame to 
wv of the internal nucleon line.* On the other hand the propagation function of 
the internal nucleon S,(v) is in (4-5) altered to S;(v).** After some calcula- 


tions*** we obtain 


Pv, T= (4/22) Zr, + (4/28) DW) 7u— (4/22) 1 Guvk,/2M), (4-5) 


Sp(v) = — (4/22) ZS,(v) — (4/27) Sp) D1) » (4-7) 
ben) 499 ,().[ 30 —y) (Le £2) (et + 20) © 
ue) aaah id) | as Y | y[O4+L,} 
(i7v + M) 2M (1—x) ins 
=F [e+L27 | ; | ( ) 
Le—-Lf= (V+ M*)x«—-z)y, (4-9) 


where Z,’ is given in (8-19) and 
n(L) =n (@)+yn(@)((rv+M)/M)], a=—2(Tk)/I. (4-10) 


yy» Qu are functions of the energies of the incident photon and the emitted meson ; 
their explicit forms will be given at the end of this section. 7 corresponds to the 
a.m.m. of proton.in nuclear magneton unit. We shall later discuss the physical 
meaning of these terms together with similar terms appearing in the set [IV], 
and give here only the expression of the component matrix element ; 


O4=U 434 UV a2 
=CHP)itst ye SH)[— (4/22) 9 (D) «oy, by/2M ep PD) Apg*®. (4-11) 


[TM] Anomalous magnetic moment of neutron 
The two diagrams represented by figs. (5-1) and (5-2) make up a gauge 
invariant class, since in this case the virtual meson and the virtual proton form 


a closed loop of electric charge, to which the photon line can be attached in 
only two ways. 


* Our My differs from what Dyson®) has given in his equation (88) (p. 1743) Ty=yp+ Ap; ours 


is identical with Dyson’s Ay. Throughout this paper Sy’, Ay’ 3X, and JJ are also somewhat 
different from those defined by Dyson. 


** In Sj/(v) is contained only reactive effect, since the renormalization effect has been subtracted 


by adding fig. (4-2s). 


The four-momentum of the neutron is taken as the integration variable in computing Z. See 
the appendix of the reference3?) for the integration formulas. 
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As there is no direct interaction between neutron and 
photon these figures cannot be reduced to the second order 
diagrams ; but one can formally express the fourth order 
component matrix-elements as if they were the modification 
vd Fig. (5-1) of the vertex 7, of neutron-photon interaction. There are 
two kinds of such modification as shown in the figures. One 
of them (fig. (5-1)), due to proton current, is denoted by /;’, 
and the other (fig. (5-2)), due to meson current, by ['y”. The 
corresponding component matrix elements are given by 


Os.=CP (PPP, w) ty Se(w)izstre (T) Aug, (4-12) 


Uso= COB) Tt B, w) ey Sp(w) izstef (LZ) Aug (4-13) 


Fig. (5-2) 


with w=H-—k=I-—q. [I,’s turn out, after some calculations 


[P'2(F, w) = (4/22) 77,4 (4/27) 7,03 (w) + (4/27) (Guy %,/2M)€F (F) é 


(4-14) 
TPF, w)=— (4/22) Z74— (4/27) yy >} (w) + (4/27) (Our hy/2M) 9 (F) > 
(4-15) 


€ (PF) =§,(—4) +n(—4)[(@rw+I)/M], | 
(BF) =n(—2) +9n(—2)[Gpw+M)/M)\, b=—2(#k)/MP. (4-16) 


The explicit definitions of ; etc. will be given at the end of this section. They 
are of course functions of the energies of the incident photon and the emitted 


meson. 


Uns Uyo=— (a/22) [Ex (—8) +91(—4)]? On 
+ (4/27) (a/2)[Fu(—4) + Gu(—b) Pn 
+ (u/22) (Zy—Z) CUB) rp twSe(W)izstarP (LD) Aug*. (4-17) 


Some comments on the right-hand side of (4-17) may not be superfluocs. 
It is to be noticed that the coefficient of @U,, which has been stated in (3-15) 
includes, besides the “static ”’ value of the a.m.m. of neutron first worked out by 
Case,” a correction term dependent on the frequency of the electromagnetic field, 
which could thus be called a ‘‘ non-static ” correction.* . 

The second line has the same form with the-“ magnetic ”’ ntetarHon, (2-10), 
only multiplied by a certain numerical factor. Thus it represents a simple cor- 
rection to the component of the second order element. 


* As for this name cf. §7 (I). 
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The third line does not vanish, because we have fixed a scheme on calcula- 
tion, according to which Z° is not identical with 7. In fact arenas by 
(4-2). This fact gives rise to a trouble, since that term — be interpreted = 
“electric charge of the neutron”? and can never be renormalized, Ade it is 
not gauge-invariant. Here one has to do with the so-called ambiguity of the 


current field theory which appears when the Dyson diagram 


contains a closed loop. By the help: of the general discussion / 
an ° ’ 
given by Mugibayashi and some of us”? with regard to such Py 
ambiguities, we strike out this problematic term.* : 
‘ 
[WV] Mesonic polarization re-toee 
The figs. (6-1) and (6-2) stand for the component matrix \ 


elements obtained from fig. (1) by modifying respectively the 
internal meson line (4,(#)) or the interaction of photon with 
meson current (g,). It is obvious from the requirement of 


“A 
gauge ihvariance, that these two elements cancel one another.** rie 
This can also be verified by a direct calculation. One has 
namely, with e=q—k= I— F, - ay 

Us:=CP(P) irstue $ (1) 4p (Ut) 2g, Ay 9 , , 


u Fig. (6-2) 
Tys= Ch (PF) iystye f (1) 5,(4)270, Aud . (4-18) 


The propagation function of the virtual meson 4,(e) is defined by 4,(a#)= 
1/(a@’ +’). 4, and Q, can be easily obtained; in the former the effect of the 
meson mass renormalization has been taken into account. 


A',(W) = — (u/2m) Vg (We) + (a/27) (a0) 4, (00) , (4:19) 
Ou= (4/27) Vou— (4/27) I(t) Qu (4-20) 


where Y is given in (4-3) and 


1 1 


eso | 3(1—y) (L1—L3 5) (40 +241") 
I(u =,.| dt Jara m— Lm ae 
\ ) Qan* \ ) ‘f [O+ Lio+ (=) wy} ( ) 


0 0 


* This is the only case that one is bothered by the so-called ambiguities in calculating the fourth 
order matrix element for the y—z* process. 
** The reasoning is as follows. According to the general rule of making up a gauge-invariant 
class, one has to add to figs. (6-1) and (6-2) two more diagrams, which, however, are reduced 
to the renormalization of the meson mass. Thus the two figs. (6-1) and (6-2) must form by 
themselves a gauge-invariant subclass. Now from the diagrams one can easily infer that these 
give rise to a correction to the interaction of the meson with the photon, Since our p.s. meson 
has no magnetic moment of its own, this correction must take the form of convection current of 
the meson. But we have ascertained in § 3 that the interaction of the meson convection current 
with the photon can be gauge-invariant only when combined with the current of the proton. 


Thus we conclude that if figs. (6-1) and (6-2) should yield a non-vanishing result, it would 
violate the gauge invariance. 
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with 
Po —Pay= (w+ /)x(—2z). (4-22) 
Thus we have indeed 
Gay Ues=0.. (4-23) 


[V] Anomalous magnetic moment of the proton (due to neutral meson) 
One can modify the second order 


diagram (fig. (2)) by adding the emission 7. -- 
and reabsorption of a neutral meson to the Seat air 
vertex (7,) or to the internal nucleon line , » 
(S,(v)). Thus one finds the figs. (7-1) é y 
and (7-2), which form of course a gauge- ine : a 
invariant subclass.* The corresponding com- Fig. (7-1) mee ee 
ponent matrix elements are F oe 
On= CHP) izstweS rv) le °(v, T)tpP( 1) Ay g*, (4-24) 
Or 2= CYP )irstue Sr (UV) 7p Te P(D)A,g 
where** 
[28(u, Dy = (8/22) 2 r+ (ol/22) SW) rut (8/28) $ Dus by / 2M 
(4-25) 
S/9(v) = — (u!/27) 2" S,(v) — (9/22) S,(¥) DW); (4-26) 
with S1(v) given by (4-8) and 
€(1) =6:(a) +Fn(@) [ret D/H); (4:27) 


(a) and é,(a@) are given explicitly at the end of this section. | 


Thus we obtain 
G,=Uzg+C 7.2 
= CEB) irstur SolW){(a!/2) § (W)Opnrk 2M er (DAs. 4-28) 


The total effect of the set [III] and the set [V], which gives the a.m.m. through 


the charged and the neutral meson field becomes 


* Cf, the first few lines of the second footnote on the foregoing page. 

** Tn computing ih (v) we have chosen the four-momentum of the meson as the integration variable, 
while in the case of Sp/(U), (4-7) we have chosen the four-momentum of the nucleon as much. 
This difference is required from the general rule of gauge-invariant computation that the integra- 
tion variable should be the four momentum of the virtual neutral line. Cf, the set [I] of this 


section. 
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U,+U,=[(a/2n) (a) — (9/22) (Un 
— (a/2)[(a/2) gua) — 8/22) f(a) "Om » (4.29) 


where U,, is given by (3-12) representing the anomalous magnetic interaction 
of the proton. The coefficient of this term is reduced to the value of Case when 
b-»0, as was the case with the first line of (4-17). The second line of (4-29) is, 
similarly to the second line of (4-17), a simple correction to the component 
matrix element of the second order. 


[VI] Modification of meson emission 


Fig. (8-1) Fig. (8-2) Fig. (8-3) 


The skeleton of this class is characterized by the virtual emission and re- 
absorption of a neutral meson modifying the vertex 7,. This class includes three 
diagrams, figs. (8-1), (8-2) and (8-3), the second of which represents a new type, 
not being directly reducible. The corresponding component matrix elements are 

O,=Ch BF), (F, T) typ $ (1) 4, (tt) 279, A, o*, 
O2=CP(P)AY (1D) Ag", (4-30) 
O3= Co UF) (FF, W) Typ Sr)7u Tr P( 15 ge 


A, and I’, in the above expressions are defined as follows ; 


A, = (— ye) / (27)! y \ (dt) i573 Sp( P+ t)iy; Typ Sr(v ae t)r. Tp Sr ee t) Ys 7345(¢) ’ 
(4-31) 


(Fe) = (u!/27) Xy,+ (49/227) "T CF, By (4-32) 
where 


1 1 


x= (1 /int)| (at) | x dx \ dy[@+u21—2) [e+ 42f—1/4, (4-33) 


0 0 


BT Fad) =1/(n")| (at) |» dx fay 


x7] fae 3(de—2) (4+ )8—2)) Mere +a) 


qe eo Lethe 4.34 
; [442+ (2-42) 2} (242) pa eo 
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with 
0 Mx? + ex) + xy (y—1), 
a 42= (0° +) (1-2) 274+ [(F-0) 4°] 2491-9), 
v=I[+k=F+q. (4-35) 


I’, I) can be derived from I’,(#, ¥) by replacing v by I and_ noticing 
the relation 7°+ 17?=0. 

We sum up these three component matrix elements and transform them into 
the following expression.* 


sat Usat Usa=— (u!/22) iy(a)[2 (Qe) / MPO, (u°/22)dy (a) UR) /IPEYW,, 
— (a! /22) de (@)[2 (Tk) (MU, + (!/222) Ay (a) [2 (FR) /IP]°U 
+ (u° /27) X "U E (4-36) 


The coefficients 4’s are given below. (X is defined in (4-33)). The first two 
terms on the right-hand side of (4-36) represent respectively corrections to the 
convection current interaction and to the “ magnetic” interaction of the second 
order. The third and the fourth terms are “ non-static’’ corrections to the a.m.m.’s 
of the nucleon; and the last term, being the total second order matrix element 
multiplied by a constant numerical factor, can be eliminated by the renormaliza- 
tion of the coupling constant. 

In foregoing we have enumerated all the possible component matrix elements 
of fourth order for the process 7+ P—>2*+/V and reduced them to five types as 
those appearing in (4-36). As for the process of z~-creation a similar arrange- 
ment can be carried out; the result will be mentioned in §6. That no other 
types appears even when one takes the p.v. coupling into consideration, will be 
shown in the next section. 

In concluding this section we give a list of the definitions of the functions 
used above.** 


1 1 


m1 (a) = fate a e’(l—xr)/l,, yn(a)= me a(1—-+)*y/l,, (4-10) 


0 0 


* Tt is expected from the consideration in § 8 that such a transformation is always possible. 

** Tt is seen that the integrands for &(a@), y(a) and A4(a) have singularities where the denominators 
vanish. his fact corresponds to the situation that in the diagrams [II], [V] and [VI], to 
which these functions are related, the energy-momentum of the system can be conserved in an 
intermediate stage. In these cases, one has to integrate round the singularities on the complex 
plane, when one carries out the parameter-integration. The exact prescription how to select the 
path results from the definitions of 47 (and .S7), by scrutinizing the methods of integration with 
and without parameters. Then one gets certain imaginary parts, besides the real parts which f ollow 
by taking the principal values for the integrals (7) (a) and 4(a). Such imaginary parts, however, 
contribute nothing in our ¢? f4 approximation (see (6-12)), [and are omitted also in (§7. I), 
though this is inexact.] 
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1 1 1 1 bs 
f(a) =(dx| dya"/le éu(a)= [delay 2—2y/h, (4.27) 
0 0 0 0 
L=L3/M=x2+e(1—x)—ax(1—a)y, (3-19) (4-9) 
a=—2(Ik)/M?, e=/2/M?. (4-10) 


€(—4)’s and 4(—6)’s are obtained from the corresponding £(@)’s and n(a)’s 
by changing the denominator 4, of the integrand to /,. This amounts to replacing 


I by —f. 


lyp=L2/M? = +e(1—1) +44(1—42)y, 6=—2(FR)/M?, (4-16) 


1 1 u 
, 1 1 1—7*) (1 1 a «ye 
(a) = {de | dy [ds 2°19) ( 2 pees ana =)+ 6 |. 
0 0 0 Cas La = » Fad d = 


ad 


1 1 1 
Lae: e(l—x exy(1—x) +227y 
an(a) = {ax fdy\de] (—a)a*yf 7 +- oS ) )- ee ca 
0 0 0 a a a 


1 1 


1 
4,2 
An(a) = jax | ay | de 4 
0 0 ad 


0 


1 1 1 


' x =. 2¢ 
Payee: \ax| dy \ de ra ae Da, (4.36) 
0 0 ad 


0 


=x? +e(1—2) $ex°y(y—1) —a(l—a)ay2 
la =4?+0(1—2) + 02°91) —a(1—2) xy(1=3) + dr'y(I-y)e, 


Q=2+e(1—2) +er°y(y—1)+deryl—y)z, d=—2(qk)/M. 


§5. Fourth order matrix element: pseudovector coupling 


As is well known, the p.v. coupling is derived from the p.s. coupling if one 


substitutes in the latter 7,7,0/0a, for 7,. When the electromagnetic interaction 


is taken into account one has further to introduce a term of direct coupling of 
nucleon, meson and photon, denoted previously by A7™ (2-6); otherwise the 
gauge-invariance would be violated. 

In our method of diagram classification, as stated in §3, this means: One 
may take any gauge-invariant class for. the p.s. coupling, replace the vertex of 
each diagram 7, by 7,7,0/07%, and moreover add a new diagram containing a 
quadrufurcate vertex (with two nucleon lines, one meson line and one photon 


line) to this class and thus one obtains the corresponding 


gauge-invariant class 
for the p.v. coupling. | 


This class of p.v. coupling we divide into two parts; the one is what will 
yield results equivalent to the p.s. coupling and the other is the so-called inequivalent 
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part. The calculation can be for the most part performed in the momentum re- 
presentation, but a scrupulous care must be taken when one has to do with a 
closed loop of charged lines that yields a divergent integral.* 

We shall not give here the details of the calculation, but, illustrate our method 
taking a class of diagrams corresponding to [MIT] of §4, which is just the ticklish 
case mentioned above. As is seen from the figure, our diagram has three vertices 
of nucleon-meson coupling. We can choose, for example, two of them as p.v.- 
coupled and the remaining one as p.s.—coupled. The former we denote by a 
double circle and the latter by a single one. Thus we can draw three diagrams ; 
figs. (9-1), (9-2) and (9-3), which form a gauge-invariant class. 


Fig. (9-2) Fig. (9-1-1) Fig. (9-1-2) Fig. (9-1-3) Fig. (9-1-4) 


The vertices (3-2-4) in figs. (9-1) and (9-2) form a closed loop of charged 
lines and may yield an incorrect result if calculated in momentum representation.” 
In fact the same diagram for the p.s. coupling has already given rise to an 
‘electric charge of the neutron”’ (§ 4). So we had better proceed for the present 
in the coordinate representation. 

For the component matrix element corresponding to the fig. (9-1) we have** 


Oo.=— (es/1)| Ax, AX, Ax, AK, (a) [— Cisf/t) t7,twp Sp(0,—Wy) 
X Tei pSr(He— Hs) iy stew ty + O4p(H,—IHy) /O45, y] Sp(H,—H,) 


X Uy5Twp TrP (H,) Ay (He) + AO*/O44, a. (5-1) 


We integrate this expression by part with respect to #, and making use of the 
relation 


(i 8/Ax, + M) So(wr) 10) (5.2) 


decompose it into three parts,*** 


* Tt will not be necessary to explain the other classes, not containing any closed loop, They can 
be separated into equivalent and inequivalent parts without difficulty. One has only to take care, 


for example, not to put the expression 
(dt) EP) as P— ID) Sp PEO Sp (P) or, 
equal to zero, because it contains the self-energy term. (See Karplus and Kroll.) 
**  Sir(@) = (—2)/(2n)4 « {ca W)Sp(W) exp Wa) « 
*** We put the surface integral equal to zero, according to the general discussion given by Mugi- 


bayashi and others. 
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Ts= Cosa ona ti base 


of which the first one, U1, just cancels Uy; and the other two are, when ex- 


pressed in the momentum representation, as follows : 


Unio=(e/p NCEP) e/ La B, w)eshirste(— 7 DPD) AE) ®D » 
(5-3) 
rsa= (g/Uf) CHF) 
x ((2Me/pp) PEP, w) ex] Sew)izserr(—7D (DAR) (Q) (5-4) 


with I? given by (4-14) and w=I—q=F_—K. 

Further we divide OU ,3 into “ equivalent’ and “ inequivalent ’’ parts with 
respect to the vertex 1. This time we can make our way in the momentum 
space, since we are not concerned with any closed loop. To do this we substitute 
the relation 


Sy(W) ty, t xp (—77Q) $ (D = {2MS,(w) +1} ty,twe f( T) 2 (5-5) 
into (6-4) and get 


OR (2°) *U 51 +0 5345 (5 ‘ 6) 


where the first term on the right-hand side is equivalent to the p.s. coupling given 
by (4-12) and the second term 


Dora=(2/ ef) CEP) eT 2(F, w) cy] ste (1) A, (8) 6* (a) (5-7) 


together with Uy,5 gives the inequivalent effect arising from the diagram (9-1). 


The above mentioned reduction of the component matrix element with p.v. 
coupling may be performed with the help of diagrams as follows. Instead of a 
diagram with the double circle representative of p.v. coupling one may draw three 
diagrams, two of which are derived from the original figure by erasing the one 
or the other nucleon segment neighbouring the vertex in question, and the 
remaining one of which is obtained by replacing the double circle bya single 
one (p.s. coupling). Repeated application of this rule ultimately separates the 
essentially inequivalent effect. 

‘Now the inequivalent terms Uy,. and U,,.4 from U,, are of course not closed 
with regard to a gauge transformation. Those terms which are to be combined 
with them are derived from the diagram (9-2). We apply namely a similar 
reduction to the component matrix element of the diagram (9-2). After some 
calculation in the coordinate space—this is necessary because of the presence of 
the closed loop—we get expressions corresponding to the figs. (9-2-1), (9-2-2) 
and (9-2-3). Further application of the reduction procedure to the vertex 1 of 
(9-2-3) gives rise to an ‘“ equivalent’ component matrix element (represented by 
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the diagram similar to (9-2-3), only with a single circle instead of the double), 
and an “inequivalent ’’ element, (9-2-4), The component matrix element for the 
fig. (9-2-1) turns out zero. Thus (9-2) yields, besides an “ equivalent”? term 
which need not be written here explicitly, the following two “ inequivalent ” terms. 


Dvs2=(g/Uf) COB) (ge /ep) Un B, w) tx] ivstxe(—ira) oD) Ay () 8*(Q) 
(5:8) 


Oooa= (g¢/bf) COP) [(2Mg/pf) 2 CP, w) ty] iste (C1) ACR) G* (@) 5 
(5-9) 


with [7 given by (4-6). It is obvious from the structure of these diagrams that 
Ooo2 With Up, and Ugo, with Uo; make up respectively gauge-invariant sub- 
classes of inequivalent effects. 

Thus the total ‘inequivalent’ contribution from the diagrams (9-1), (9-2) 
and (9-3) becomes, after some calculation, 


ie = ( ‘2 ao { §1(—6) +41 (—4) ae F(—6) +9u(—4) | —2(#k) U7 
at Rennes, 4 9 Fe : 
—(2’)? Gg &1(— 46) + 26 (—2) +41(—6) +2y1(—4) 
s) Q7 4 
af Fu(—4) +7n(— 4) 3 —2( Fk) —2 (Ik) ay tas (5-10) 
8 We Mw mt 


It is seen that the ‘inequivalent’ effect can be reduced to the known types of 
interaction: The first term is the anomalous magnetic interaction of the neutron, 
and the second term stands for a correction to the second order “ magnetic” 
interaction. Thus the “ inequivalence’”’ consists in the fact that the coefficients to 
be multiplied into these interaction prototypes are not simply proportional to those 


from p.s. coupling. 


Fig. (9-2-1) Fig. (9-2-2) Fig. (9-2-3) Fig. (9-2-4) Fig. (10) Fig. (11) 


In the above example two of the vertices were assumed to be p.v.—coupled. 
The case of all three vertices taking p.v. coupling can be treated in an analogous 
way. Only one must be careful in treating the divergent integrals ; the problematic 
which bears the form of the electric charge of the neutron, should be 


term, ; 
Besides this term anything obscure does not 


dropped, as has been done in § 4. 


- appear. 
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The Dyson diagrams with p.v. coupling, which do not contain closed loops 
such as figs. (9-1) and so on, can be treated quite easily in the momentum re- 
presentation. They give rise to the same prototypes of interaction with § 4, but 
of course with different and in general not proportional coefficients. 

When one treats the Dyson diagrams containing virtual neutral meson with 
p.v. coupling, one can utilize a particular method analogous to the gauge-invariant 
classification. One may namely divide the diagrams into several classes, for each 
of which the equivalence theorem holds separately if it is valid at all. Such an 
“equivalent class” can be constructed from a ‘‘ skeleton,” which contains one less 
vertex of nucleon-meson coupling and so one meson-line left unconnected, by 
attaching that unfixed meson-line to every permissible place of the skeleton. The 
diagrams corresponding to figs. (10) and (11), for example, belong to the same 
‘equivalent class,’ though they are members of different ‘ gauge-invariant ” 


d 


classes. When one picks up the “ inequivalent’ terms from each diagram of a 
certain class, every two of them have an identical form, either with every the 
opposite or the same sign. 

In our y—z* process almost every class containing virtual neutral meson 
gives such pairs with the opposite sign, so that the inequivalent effect vanishes. 
Only a few classes afford paiis with the equal sign and this inequivalent contribu- 
tion can be reduced, after some transformations, to only one prototypes: the 
anomalous magnetic interaction of the proton. 

The renomalization of the coupling constant due to the inequivalent terms is 


given by 


"o4¥U =| 1 +(1 5 Pp Meat ee tse Se 


a / SO TAL 70) ee ec S 
hei te) (et3) rea gh t_z" ly, (5-11) 
4 - 
Zr (1/sin)| | (ae) | de» x /(O4 Li) +in'/A, (5-12) 
0 


Z" = (1 /Ain®) || (at) [a . 2/(O+L3)*—in*/4| ; (5-13) 


ZN = (1/4ie@ WP? | (dt) -1/(€+/2), (5-14) 


with Z,” given by (3-19) and &' =2Meg/pf=g"=2Me"/pf’. The fourth and the 
fifth terms on the right-hand side come from the virtual neutral meson. We have 


here assumed the sym. field. If we take the ch.-+n. field, the result is somewhat 
different, namely, 


Production of Charged x-Meson by 7-Ray 873 


W74N= E +(l+g")? 2’ — 2 iho Zn 


+ (I +2") (20 +32" + ae ner he (¢ ey = 2") U7 | (5. | »D) 


§ 6. Results 


We shall summarize in this section the results derived from the calculations 
of §§4-5. Besides the renormalization terms, which have no direct physical 
significance, the fourth order matrix element for the y—z* process can be classified 
into those components arising from i) the convection current interaction "U;*, ii) 
the “ magnetic” interaction of the proton “U,;, iii) the a.m.m. interaction of the 
proton U,* and iv) the a.m.m. interaction of the neutron @U,* for both p.s. 


coupling (f) and p.v. coupling (g). 
As for the process 7+ P>7*++W, we have 


ee Ge Ue Gel 2G OS +OGL OU), (6-1) 
here | 
Gi Fo np) = £1 +4")"(/22)4(a)d, (6-2) 
Gey qo) = (1 +8)? (4/42) [6 — 8) + 9 (—4) — 9 (2) J @ 
+(l+g")('/42)[En(@) t4n(a)] 2 
— (2+')g/(#9/40)[6:(—8) /2 + 8u(—4) + m(—6)/2 + mu(—8) 
—m (a) /2—4(a) Ja 
MS | (¢)?(u/4m) €u(a) + a°/4 
+e")[e"+'/ (+e) ]'/42)[&:(@) +Fu(@) Ja, (6-3) 
OG (hy go) = (1 +9")? (4/42) 2m (a) 
— (1+.g"")?(4'/27)[&1(@) F An (a)a] 
—g’ («4/4r) [qu (@) —g ‘mn (a)/2] a 
-- Pelee &,(a) + a/2 
d+e"[e"+e'/ +e] 4/27) [&(@) +Fu(a) Ja, (6-4) 
GS (ky go) =— 1 +g')*(4/4e) 2n(—6) 
+28, (—4)] ¥ (1 +g")? (v!/22) Ay (a)d 
— g' (4/4) [Eu(—6) +9u(—4) — (8’/2) Fi(—4) +m (—4)) Jo. (6-5) 
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a, 6, a, €, 4 and 4 have been defined at the end of §4. The upper sign cor- 
responds to the sym. case, (2° =u=f?/4z), g=g'= (2Mg/rf)), while the lower 
sign stands for the ch.+n. case (in general 2u'4a). It goes without saying that 
the terms with (1+ g’)? represent the effects of the p.s. coupling and certain parts 
of the p.v. coupling which are equivalent to the former. The remaining terms 
are ‘inequivalent’ contributions from the p.v. coupling. 

The result for the process of negative meson creation y+N-n +P is ex- 
pressed in a similar form : 


WJ- = (1 +2')1Gr lO es SY i ines +-QCGC.. a mt : (6-6) 


if one defines 


BU d(T) / CE) UL oe NU aden We) (Be) Sota (6-7) 
OT-=—Cb(F) irstpy Sp(V) (Opy hy/2M] tyf (1) Ayo (6-8) 
OT- = — CPF) [oy hy/2M | tp Se W)izxstrw$(L) Aue . (6-9) 


The numerical factor G~(4y, g) is derived from G*(%, g) by the substitution 
a—(—6) and 6>(—a). Further, to obtain "GZ (4, 9) one has to put Ayr(—d) 
instead of Ay(a) in PGE(4y. gq) and to obtain ?G I (4, go) put Ay(—4) instead 
of Am(a) in °GE(4y, Qo). 

From the above matrix element one can deduce the fourth order cross section 
(~ef') by multiplying it into the conjugate complex of "UV, doubling the result 
and summing or averaging over the directions of spin and polarization. 

For example, one has for the case of 2*—production* 


da*/d(cos8) = (te) f [48 0, M/by) 31 Girt. (6-10) 
where 
oo= (2/4m) (2/2) (1/2) =5.07 x 10-* cm’, (6-11) 
Gl=GE+G2", Gf=(Gt4+ GP*4 6440/2, (6-12) 
G@} =Gi+Gi* ; Of =O Cl. UGs* Ot mae : 
ai 
pt =01g' sin’@ «Mk —q)/bi(qo—9 6086)"} > 0, (6-13) 
t= — pl Leg sin’O/2k,'(gq—g cos8)*}—yF <0, (6-14) 
X8 =P \ (Go/4o) — (4 /2Mk,)} >0, | | (6-15) 
17 =—p(%—¢ cos8) /2M<0, (6-16) 


* + . 
In order to obtain the energy spectrum of the emitted meson one may utilize the relation 
d(cos 6) =dqo/&o p- 


with 
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2¢° ; 


e— 


qo (2M, + fe) —2 (M+ ky) 


(6-17) 


6=the angle between the emitted meson and the incident photon in the laboratory 


system. 


0.28 + 


0° 30° 60° 
ootey . amma —s 


Fig. (12) 


150° 180° 


Angular distribution of 


the emitted meson for J/=6.6 p 
(in the laboratory 


and eo =a 2u 
system). 


Pag : 


(6-13) 
(6-14) 
(6-15) 
(6-16) 


a oad be replaced by x 


in the latter. 


yw, yz and y; come respectively from the square of "U,*, the product 


of "U;* with "U,* and the square of @U,. yt 
is derived from the product of "U,* with 0+ 
and @U,3. The product of "U,* with U,+ or 
@(7,* vanishes. 

To get a rough idea of these relative magnitude 
of these @,7,’s, a graph is given in fig. (12) for 
the case of £,=2y in the laboratory system. (7 
=1837 m, #=276 m). 

The lowest order cross-section (~e?f?) can 
of course be derived from (6-10) by putting 
&,=G,=G,=1, G,=0 and agrees with the value 
hitherto obtained.” *” To find the angular distribu- 
tion in this order one may superpose the three 
curves 7;, y: and y; in the fig. (12); is seen 
that the contribution from the circulating current 
(yi) is predominant as is already well known. 

Now we shall study how the fourth order 
contributions modify the above result, and for this 
purpose we shall compare yx}, which did not ap- 
pear in the lowest order, with the main term y} 


The area under the curves yf is approximately one-eighth of that 


} : a7) er | vs 
under yf, but we must of course take into account their coefficient G*, Gf. 


Table (1) 


Numerical values of Gt+’s (6-12). (4>=2y, A7=6.6 pw) A~BZ means that the value 
varies from A at 0° to B at 180° monotonously. 


Pseudoscalar coupling Pseudovector poling 
fr=flv2, 2’/=0, a=4z. si=elV2, pao ; oles = 
oy a) Sym. ' ; ej Ch.+ n. ; b) Soni ve aye Chetm 
G,+ 0.00 ie 0.00 0.00 0. 00 ; 
Gyr 0.02~0.05 0.34~0.37 —0.14~ —0.15 0.40~0.39 
Gt 0.04~0.10 0.68~0.74. = 0.28~ —0.30 0.80~0.78 
(i) —0.24 0.24 —0.24 —0.24 
G+ (ii) —1.90~ — 1.96 —2.30~ —2.48 a ae —1.76 —2.58~ ‘Eau 
(iii) 0.70~0.64. 0.30~0.12 1.02~0.84 0,038~ —0.2: 
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For the present case of £,=2y in the laboratory system, we shall given in 
Table (I) these quantities for four types: a) p.s. coupling in sym. theory, b) p.v. 
coupling in sym. theory, c) p.s. coupling in ch.+n. theory, d) p.v. coupling in 
ch.+n. theory. 

The appearance of the anomalous magnetic interaction in ©, complicates the 
matter remarkably. As mentioned before, these interactions are due to static 
anomalous magnetic moments of the latter. To our regret the values of the 
static parts, which are to be compared with the observed anomalous magnetic 
moments of the nucleon, do not agree at all with experiments.” (See Table (II).) 
In view of this discrepancy we have taken the following three measures and 
compared the results. (More detailed discussion on this point will be given in 


§ 7.) 


Table (11). Anomalous magnetic moment of nucleon. The static value G(0) has beeu derived 
from G(%o, go) ((6:4) and (6-5)) by putting %» equal to zero. The non-static correction has 
been evaluated, putting 4)>=2n, J7=6.6 » and taking an average over the direction of the emitted 
meson, when it depends on the latter. 


Static value Non-static correction 
Observed Aree an — 
value - F a “ f : 
Symmetrical Charged | a)ge SymeyP.S2) b) Sym. (P.V.) 
Proton —1.79 OG (0) =0.22 0.69 OGs —OG* (0) =0.29 0.25 
Neutron —1.91 @G* (0) =—1.64 —1.64 GX —OG¥ (0) =0.17 0.34 


i) One replaces °G} (hy, 9), (6-4) and @G*(%,, 9), (6-5) by the observed 
values of the a.m. 1.79 and —1.91 respectively. This implies the neglect of 
the non-static corrections, which depend on the photon energy %. Since those 
observed values have opposite signs, the coefficient @ +, which is twice their 
algebraic sum, turns out rather small (—0.24) and so G} Ni <5 

ii) One computes G2 (zy gq) and @G* (ky 9) without introducing any 
further assumption. Then the numerical value of ©, is considerably larger than 
in the preceding treatment, because the a.m.m. of the nucleon, derived field- 
theoretically in the first approximation, differs from the experimental values to a 
great extent, so that their algebraic sum is not necessarily small. 

iii) One replaces the static part of the derived a.m.m.’s by the experimental 
values, while one employs the calculated non-static correction. Then one has a 
much larger value 1.79 for the static part of G+ than the computed 0.22 
(l+g") a/4z, but a not so much larger value —1.91 for that of G* than the 
computed —1.64(1+ g¢")u/4z. This treatment goes, so to speak, between the 
preceding two. Compared with ii), the static part of the a.m.m. is replaced by 
the experimental value and compared with i), the non-static correction to @, is 
more or less taken into account; but this treatment iii) is inconsistent, of course, 
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since we have replaced only the static part of the a.m.m. by the empirical value. 
If it is possible to explain the static moment whether in higher orders or through 
virtual fields of other types, we should expect that the non-static part would be 
considerably modified too. 

All these features are illustrated in fig. (13), where u=4a (or g’u=4n) has 
been assumed. 

We can also obtain the cross section of the negative meson production in a 
quite similar way; i.e., we replace Gj yj in (6-10) by Gryz. It may be seen 
that yo/yf=ys/18=75/78 =\—(1k)/UPR) }, and y2/zt=—(Ik)/(Pk). We 
summarize in Table (III) the results of z*-and z~-meson production for various 
cases, to compare and contrast their distinctive characters. Here we have adjusted 
the coupling constant so as to make the calculated value approximately agree 
with the experimental one* obtained by Panofsky et al.” for 2*-meson produc- 
tien.** , 

a), 1) The fourth-order*** contribu- 
tions to the cross section are smaller than 


ta* (10-" cmi*/ster ) 


the second-order ones (i.e. one-sixth even 
if f°/(47)’~2, so that the main features of 
the latter are conserved, and this conclusion 
is identical with what Aidzu-Fujimoto- 
Fukuda™ and independently Kaplon*” have 
inferred from a phenomenological treatment 
of the am.m.’s. Further the fourth-order 


Ec ct so as to increase the cross section : 
ai e d : J E 3 30 60 90 120 150 180 
for z*—meson production a little, while they sie 213) Buortan inl ewexverteaste eles 
somewhat reduce the 2~—meson production. M=6.6 p) 

a), ii) In this case it appears necessary a: Symmetrical theory with p.s. coupling. 
; 9 b:S tri ith p.v. ling. 
to choose a rather large value f?/(47)’*~1.4 Symanctricallthedry with peytcouplng 


re c: “Charged plus neutral” theory with 
for the coupling constant because of the 


p-s. coupling. 
smallness of the second order cross section. d: “Charged plus neutral” theory with 
We have besides a large value for G,, p-v. coupling. 


: DA ae yf) f2/Ag = 4A 
which results from the unreasonable values Se ge 
ed Se (2nd. order) 


* dot (90°) /dQ~8 x 10-59 cm?/ster. 
** The coupling constant has been determined, for example in the case of p.s. coupling, as follows, 
The cross section of z*-meson production at 90° is given by 


. 4 
da (90°)/d9= (f2/8*) 40M |to) {Sixt (90°) +518} (90°) x3 (90°) } : 
ime the values (J//h)) =3.9, (00°) ~0.1, (6-11) ‘ae do, and putting 7£2/(47)2=., 
Do (90°) ~+#(90°) ~0.1 x Ax, ie obtains roughly 4x?+a2—10=0 and one can determine by 


isneeeadg the calculated 4 into the aboye equation. 

*** From a certain point of view, the corrections in the cases i) and ili) may include not only the 
fourth order contributions but also those from still higher orders, since we have replaced the 
static magnetic moments by experimental values. We shall use the word “ fourth order,” though, 


for brevity’s sake. 
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for a.m.m. of the nucleon. Thus the fourth order correction contributes a little 
too much in enlarging the cross section for the positive meson production on 
one hand, and in reducing that for the negative meson on the other. In this 
case, therefore, one cannot augment the cross section up to the experimental value 
without departing from the observed ratio of the positive mesons to the negative ones. 

a) iii) This time, we have so modified the derived values of the static a.m.m. 
of the nucleon that the term @,y, may not play any significant role, and that, 
at the same time, the non-static corrections included in ©, may work so as to 
cancel the contributions of @, (and @,) and that their balance may make the 
cross-section increase for 2*—production and decrease for 2~—production on the 
other hand. These variations of cross-section in a*—- and 27-creation are for 
themselves slight for the value /°/(47)°~1.5, but they are sensitively reflected 
upon the cross-section ratio, making it rather disagree with the experimental one. 

b) The inequivalent part of p.v. coupling to p.s. coupling is larger than the 
equivalent one and @, (as well as @,) changes its sign, contrary to the case a). 
Accordingly, the fourth order effects behave so as to decrease the cross section 
in the case of the positive meson production and to increase it in the case of the 
negative. In the cases b), i) and b), iii) one cannot, therefore, adjust the cross 
section of m*-meson production to the experimental value. Only the case b), ii) 
is exceptional owing to the large value of G,. The ratio of the cross-sections 
for the production of negative and positive mesons is, however, quite sensitive to 
the value of the coupling constant, and one has to take the value of the coupling 
constant «/4z (or g”u/4a) below~1.5. Otherwise, one could not get a reasonable 
value for the cross-section ratio, which would agree with experiment. Table (III) 
shows that the fourth order contribution turns out in the case b), ii) considerably 
smaller than that from the second order. One cannot, however, take an optimistic 
view, since this result depends essentially upon the large value of @?, which 
contradicts with the experiment of the static am.m. If one attributes this dis- 
crepancy to the effect of some other virtual fields, one must needs evaluate the 
fourth order ;—7 process through these fields, too. If one assumes, alternatively, 
that contributions from higher orders than the fourth fill up this gap, one cannot 
of course stop the work at this stage of approximation. 

c) and d) The circumstances in ch.+n. theory are more or less different 
from the sym. case owing to the distinguished behaviour of 7,(=1) from rt, when 
‘interchanged with typ tnd tpy. As is seen from Table (II), G*’s in these case 
are positive and not so small as in a) and b). As regards @~, the absolute value 
in the case c) is larger than in the case d), while those of @yj’s (<0) both in 
c) and d) are of the same magnitude with those in b). Consequently the resulting 
fourth order contributions are somewhat less predominant in the case c). How- 
ever that may be, they are comparable with the second order ones when afar 


(or g”u/4r)~1, so that it would be senseless to confront them with the ex- 
periment. 
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Table (IIT) The results of y—z+ process including fourth order corrections. 


EE ___eeeeseseseeeses, 


or Ce A, | pa ae 10-30 a Cel maeigee te A(t) 

t An | dat (90)° | dQ ’ ster. (xt) (x 
2nd order | 2.5 | 1.8 8.1 
P22 cidwleedie diet 15 We aon ee Ree 
fey Ge.) Le ¥ 03 ik opr | 0.6 ja! 
sym. | (iii) till | os. | SA aro 0.05 
b) as i) aa | ye | “ies w = 
Seagal Ne gl ae ei el } 55 | 1/7 0.1 
= Sy ey ee =a Le cal ie 
yeep: | Tare en, 72 0.8 0.6 
ey aye Siar Top riveyt)| , 73 } 11 1.0 
ee | hy abe Opie it: 8.6 | 0.9 0.5 
hill bi? 13 soba 48 | Tees) | 0,8 06. 
Gasiun| “as 10° | - 03 , He 7.3 | 1.2 2 
chm | iy | aah 0.6 — Ss 9 08 


(As for 2, see the second footnote standing on p, 877.) 


In closing this lengthy section we may again impress on our mind that the 
lack of a satisfactory theory for the a.m.m. has made our analysis rather dubious. 
In cynical words, we may have enumerated detailed values for various cases, not 
to present them as reliable predictions, but to convince one how unreliable they 


really are. 


§ 7. Discussions 


The result of a fourth-order calculation can be relied upon quantitatively only 
when it turns out negligible compared with the second order one. When it is 
found conspicuous, we can tell that the second order result is not to be trusted, 
but we can by no means insist upon the quantitative correctness of the fourth 
order result. In fact the latter may give an even worse value than the former. 
Nevertheless we can draw some general qualitative features from the higher order 
computations, which did not present themselves in the lowest order and which 
will be useful when we try to analyse the process in questjon by the help of 
other approximative methods. It appears, for example, that one should study at 
least two phenomena, the a.m.m. and the 7—7 process, simultaneously. Thus we 
shall make in the following several qualitative remarks concerning the y—7 process. 
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(1) The variation of the non-static part of the a.m.m. with the incident photon 
energy 

We have seen that our results depend essentially upon the non-static effects 
of the a.m.m. interaction. We shall, therefore, examine the characteristic behaviour 
of these dynamical “ corrections,” taking as an example those parts of iis 
a.m.m., which do not vanish in the static field, appearing in the coefficients G;,, 

i p) 

(Gad) or OU A gand G7, (6-0) ots 0, . . 

Then, the a.m.m. of the proton and the neutron are given by the following 
ftp(a) and py(4) respectively : 


ptp(a) = (4/21) 9x(a) —(u!/2)8,(a) , 
pa) = — (4/22) {r(—6) +6:(—4) } - 


ons As was explained in §4, the ¢’s represent the 
contributions from virtual nucleon current and the 
y's those from virtual meson current. f,(0) and 
fty(0) are the static ones listed in Table (II).* 
The dependence of these € and y on the incident 
photon energy is fig. (14), where the ratios of 
E(—4) to €(0) and of »(—4) to 7(0) (solid lines) 
are given.” 

The following informations could be obtained 
from this figure. 

(i) The non-static corrections of €(@) and 
7(a) have large values at the threshold energy 

for the y—7 process, while those of €(—6) and 
Fig. (14) The dependence of the 4(—6) are not so conspicuous. The former func- 
ratio &(—4) to &(0) and y(—d) to tions have been derived from the figs. (4-1) and 


#(0), on. the photon energy. Solid (7-1), which are characterized by the fact that the 
lines; p.s. theory, dotted lines; s. 


theory Ls y(a)/y(Q), 1: F(ay/e(0), requirement of energy-momentum conservation can 
TI: 4(—6)/y(0), IV: €(—4)/&(0). be fulfilled at an intermediate stage. Thus their 
The argument 4 depends also on 
the angle (@) between the incident 
photon and the emitted meson, and 4 
so those putting @ equal to 90° are and nucleon clouds, due to the circumstances that 


+0.0 


(Thresneld) —+ &, CASS elo 


behaviour near the threshold energy seems to 
indicate a violent distortion of the virtual meson 


shown. a real meson is about to be emitted in the inter- 


* pp(0)=VG*(O) and py(0)= >G*(0) in the static field and g=2a° for the sym. theory. 


Also, we find that €1(0) and 71(0) correspond to the By|xq and Ls/x9 of Casel?) respectively ; 
their numerical *values will be listed in Table (IV). 

When the emitted meson line is replaced by the photon line, all diagrams cited in this section 
are translated into those for the Compton scattering by the nucleon, and so the curves in fig. (14) 
have been drawn from the origin which corresponds to the photon of energy zero. The variation 
of € and y for the y—z process begins, of course, at the threshold energy of the- photon, 


KK 


Production of Charged x-Meson by ~-Ray 881 


mediate stage, although such a real process. has been subtracted.* 

On the contrary, the latter functions have no such “resonance” effects,** 
since the 7—7z processes like the figs. (5-1) and (5-2), from which these functions 
have been derived, can not realize energy-momentum conservation in an inter- 
mediate state. The above considerations would apply to other §&’s, 77s and d’s as 
well. 

(ii) The variation of the virtual meson current terms (y) is larger than that 
of virtual proton current term (€), probably showing the difference between the 
energy of virtual meson and that of virtual proton. Now one can picture, in a 
sense, that the p.s. meson cloud is closely bound to the nucleon and. contains a 
considerable amount of energy, while the s. meson is rather loosely bound. Thus 
one could expect that. the difference between the variations of € and y will be 
smaller in the p.s. theory than that in the s. theory. In fact the fig. (14) shows 
clearly such tendencies (dotted line).*** 

These arguments will hold also for the y—z™~ process only with the substitu- 
tion a>(—é) and 6-(—a), which almost reverses the absolute values of the 
non-static corrections for the proton and neutron. 

The name “ non-static moment” may be justified by such complicated behaviour 
of the quantities mentioned above. If their dependence on /, could be expressed 
as polynomials, we should have called them “ higher moments ’’ of our dynamical 
system. 

(IL) How to supplement the static anomalous magnetic moments 

It has been shown that the non-static a.m.m. interactions of the nucleons 
are, in general, not small in comparison with the static ones. Our computation, 
however, does not seem to have given their correct values. (Cf. Table (II).) It 


* Cf. the footnote on p. 867. 

** Such large variation would correspond to the resonance effects indicated by Sachs and Foldy*). 
They have performed, in the non-relativistic approximation, an estimation on the Compton scatter- 
ing by the nucleon. The relativistic calculation on the same problem has already been carried 
out by N. Mugibayashi et al. and their results will be published later in this journal. The 
results obtained by Sachs and Foldy do not indicate any appreciable resonance effect in the 
s. meson theory because the a.m.m.’s of the nucleon treated by their non-relativistic method are 
equal to zero, but the Lorentz-covariant perturbation method will yield for the s., meson the 
same resonance anomaly as in the p.s. theory though here arises a new complication owing to 
the fact that the calculated static anomalous moment has the opposite sign to the observed value. 
See the Table (IV). 

*** Rosenbluth, who has carried out a calculation on the “ scattering of electrons by proton,” has 
evaluated the variations of and y for the process, in which virtual photon lines stand instead 
of our real ones, and real meson lines instead of our virtual ones. The variations of € and 7 
estimated by him have no resonance effects, because evidently the energy-momentum conservation 
of the system does not take place in the intermediate state; consequently they show the same 
trend as the €(4) and 4(—@) calculated here. The variation in the s. theory is larger than in 
the p.s. theory for the virtual meson current term (7) (fig. (3) in Rosenbluth’s paper) and vice 
versa for the virtual proton current term (€), contrary to our case (fig. (4) in the same paper), 
but the modification of y is larger than that of similarly to our conclusion. 
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would be impossible for us to evaluate them reasonably, before we could give a 
convincing explanation of the static values of the as <4 

The second approximation (~ef*) of the static — of = a eons a e 
p.s. theory have been found by Nakabayasi and Sato™* totbe po ps rm to 
be able to remove considerably the discrepancies pare the lowest sic er va - 
(ef) and the observed ones. Moreover, the coupling constants a yo o 
are nearly consistent with those for the 7—7 process, for ace a5. F/ (Ar) ~2. 
This fact suggests that higher approximations aay be able to get rid of the present? 
difficulties regarding the static moment. If this is true, vp shall = vaatiieuee: 
values for the non-static parts, proceeding along this line. Without jorge 
computations, however, we cannot further advance in this —s What is worse, 
the convergence of the perturbation method is quite questionable. We shall, 
therefore, discuss this problem at another place. 

Three measures have been taken in §6 to adjust the calculated values of 
a.m.m. in our approximation. A fourth possibility is to add to the Hamiltonian 


a Pauli type interaction, 


(e/2) P (Lp tp t+ Uy tx) Gu,/2M)$ (OAp/B1,—9A,/Axy) » (7-2) 


from the beginning and to carry out a straightforward calculation for the process 
to the order ef*. One can regard this Pauli-type interaction as an elementary one 
and treat it on completely equal footing with the usual coupling.** Evidently 
the static values of a.m.m. can be made to agree with experiment only if #, and 
Hy are chosen properly. Alternatively this added interaction may be looked upon 
as standing for all static and non-static corrections, which we should have when 
all the higher order calculation above ef* would have been carried out without 
any Pauli term.*** This procedure has the advantage of introducing the non- 
static corrections as well as the static ones quite naturally, but it seems that the 
modification by them would not change the main features of our results, and so 


we shall take occasion to discuss this prescription when we shall treat the neutral 


They have calculated such corrections for p-S. meson with p.s. coupling in various theories : 
charged, sym, and “sym. plus pure neutral.” From their results we can easily obtain, for the 
ch.+n. theory used in our paper, the following values, the meson mass being 273 m, : 
Proton moment: — zp(0) = [0.35 (a/2z) —0.24 (2a°/27) | + [0.25(a/2x)? 
—0.13(2aa°/(27)2) —0.07 (2a°/(27))2] , 
Neutron moment: yy(0)=— [0.35 (a/27) +0.47 (a/27) ] — [0.27 (a/2z)?—0.36 (2aa°/(27)2)] « 
If one puts @ equal to 2@° and adjusts yp(0) to the observed value (+1.79), the coupling 


constant (a@) and neutron moment Hy tur out: @/27=5.33 and py=—1.65. The p.s. (p.v.) 
will possibly give considerably different results. 


Such an opinion is entertained, for example, by S, Sakata. 
This has been suggested by S. Tomonaga. 
S. Tomonaga for many discussions on this 


** 
RK 


We wish to express our sincere appreciation to Prof. 
point. 


Production of Charged x-Meson by ~-Ray 883 


< ipa production by j7—ray, in which the a.m.m. interaction plays an especially 
important role.* 

CHIL) = The other types of the meson field 
; In this paper, the p.s. meson theory has been selected for the reasons men- 
tioned before. (Cf. § 1.) Our results have, however, revealed the important role 
of the a.m.m. interaction in the ;—2z process, and since the p.s. theory is—at 
least in the first approximation—quite unsatisfactory regarding the static values 
of = a.m.m., it will be worth while to compare what would be expected from 
various types of the meson field. 

The static a.m.m. of the proton (#,(0)) and the neutron (#,(0)) for the 
four types of the meson field, as have been worked out by many authors, are 
given by the formulas (7-1) with respective €'s and y’s listed in the Table (IV). 


Table (IV) The static a.m.m. in the lowest order, calculated for various meson theories without 
derivative coupling. 

Proton moment; yp(0) = (a/2z) 7(0) — (a927) (0) , 

Neutron moment; py(0) = —(a/2z)[7(0) +£(0)]. 
To put a@=2a° for the symmetrical, a=0 and @° 0 for the pure neutral, a0 and g°=0 for 
the charged and a0, a@°0 (in general a2a°) for the “ch.+n.” theory. é’s and 7's differ 
from each other only in the numerators. 


ieanatoe EE Numerical value for the meson of 
5 x +e(1—x) mass 276 m mass 1000 m 
—x)x(x—2 —2.02 — 
S.17), 19), 21) r plished a Saket bias 
&, a? (x —2) —1.16 —0.74 
21x)? . ; wed 
a an Nr A sale (l—w)a 0.69 0.36 
fy —2(1—.4x) a? —0.69 —0.3 
pe 20 —x) 1-34 +7) +427 (1 —~) /e 69.60 3.28 
P.V.21), 22)** 
Entp: 2(1—.) (A—x) x +4x5/e 92.79 8.06 
Ny (1—x) «? 0.35 0.18 
P.S.1%-21), 22) Meo hE 2. oe esl. or. 
ey x8 0.47 0.38 


It can be inferred*** from the general consideration on the isotopic spin 
space that the contribution from the electromagnetic interaction of the virtual 


* It is indicated by the Berkeley experiments™) that the total cross section for the neutral meson 
production by the y-ray is nearly equal to that for the charged meson production. The results 
of the second order perturbation for the y—z process are very small owing to the cancellation of 
main terms, but the next order contributions, which depend essentially on the a.m.m, interaction, 
are large enough to give a reasonable value for the y—7x° cross section in comparison with the 
experiments. 

** Misprints in the original works have been corrected. 
**k We are indebted to Mr. H. Miyazawa for having pointed out this fact. 
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meson* to the a.m.m. of the proton is equal and opposite to that for neutron, 
irrespective of the order of approximation. This indicates a sufficient, but of 
course not necessary, condition to explain the experimental ratio of the a.m.m. 
of proton and neutron: the contribution from 74 should predominate. In the lowest 
order calculation shown in Table (IV) the absolute value of 7 larger than |€| is 
given only by the scalar theory, and this may correspond to the circumstances 
that the meson cloud in the s. theory is, as it were, more widely spread than in 
other cases. The angular distribution of the emitted meson in the s. theory for 
the y—z* process has, however, the form sin’@ in contradiction with the Berkeley 
experiments owing to this large spread of the meson cloud. Such a distribution 
results from y,, which in its turn comes from the interaction of the photon with 
the convection meson current of the meson-nucleon system ("U,), rather than 7; 
which is given by the magnetic interaction of the nucleon ("U,,). 1n other words, 
the experiments of the magnetic moments could be explained by such an extended 
meson cloud as in the s. theory, while the y—72 experiments do not favour it. 

Qualitative results of the v. meson theory in the lowest order perturbation 
do not agree either with experiments on the magnetic moment or with those on 
the angular distribution of the emitted meson. This theory gives namely an 
identical expression with opposite signs for €, and y,, so that the neutron moment 
vanishes. It predicts, on the other hand, a forward peak in the angular distribu- 
tion, owing to the prevalent interaction of the photon with magnetic moment of 
the meson. (See the fig. (5) in Brueckner’s paper.) 

In order to examine the p.v. theory, we shall begin with a remark on the 
calculation of the first approximation (ef?) for the a.m.m. in the meson theories 
of the spin one. If the meson wave function, $, say, in the usual formalism is 
replaced by {¢,+(1/p)dB/dx,} according to Stueckelberg and then a transforma- 
tion is performed by a method similar to that used in § 5, to decompose the p-v. 
coupling of the 4-feld into a part equivalent to the coupling and an inequivalent 
part, it is found that the moments given by the equivalent part are analoguous 
ue that gained by the p.s. theory, only replacing the p.s. coupling constant (/) 
in the latter theory by a new constant (2M /t)fov.= (2/Ve) fy».) and turn out 


far larger than those given by the ¢y,-feld, whereas the inequivalent part does 


not contribute to the moments in this order. In the v. theory the part equivalent 


to the s. coupling does not appear by the above transformation, as one could 
expect from the equivalence theorem for the s. theory.” The non-static a.m.m. 
obtained in the p.v. theory shows, owing to the above circumstances, much the 
same variation with the photon energy as that in the p.s. theory, while 7, and 


[€,| are equal to y in the p.s. theory, whose variation is shown in the fig. (14). 


This effect could not, however, appearently reveal itself on account of the pre- 


dominant magnetic interaction of the meson with the photon in this theory. 


* This is j : : : ales 
his is identical with our y in the first approximation, In a higher approximation it can include 
more than what is usually defind as meson current term. 
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i — oe) dit nial sai could not entirely be exelncods since in 
ee = . fe) coms aia with the present erpemmnee of 

h —capture,” though the neutral meson is certainly 
spinless. But when we want to consider the next order corrections for the ;—2* 
process, we shall immediately come upon the same difficulties as in our paper, 
because this theory is disappointing in explaining the observed moments as was 
also the case with the p.s. theory. 

The mixture theories of two or more meson fields can also be considered in 
order to overcome the present uncertainties in the corrections for the 7— process. 
Le derive observed static a.m.m. in the second order calculation, there are several 
paized theories possible: unsymmetrical spinless meson theory proposed by 
Hulthn which consists of the neutral s. field and the charged p.s. field, Schwinger’s 
mixed type, M@ller and Rosenfeld’s mixed theory, and those which replace the 
p-s. field in the above theories by the p.v. field. We are of the opinion, though, 
that such mixture should be determined after having estimated higher order effects 
for individual fields. Mixed theories are very interesting in connection with both 
the V-particles observed in the recent experiments and the latest study of the 
nuclear scattering in the domain of relatively high energies. We shall have 
another chance when these theories are minutely considered. 

(AV) The roles and significance of the four fundamental components 

As has been deduced in § 3, the components of the matrix element for the 
7—z* production can be limited, irrespective of the order of approximation, to 


the following four types: 
"US = CHB iret xr [ila/ Uk) —i9s/ (RY YD) AG") 29) 
"Ut =CU(P) it, tre [ouyhr/2(KL) | (1) A, (K)9*() » (2-10) 
OU 8 = — CEB) iygtxp Se) [Ours tr 2M G(D A(R), — (8-12) 


and 
OUT * = —Ch(#) [ou hy ty/2M | SpW)izs te YD Ay (KE) O*(Q) «© +15) 


The fourth order matrix element, for example, is expressed by 


WEL* =<(dg!) (GE Usted + OGEPU S463 OU Dinan Cr)) 


m 


The coefficients G’s, which depend on the incident energy of the photon and the 
angle of emission, are of course different functions according to the order of ap- 
proximation. For the evaluation of the cross section we need, in general, besides 
the four 7,'s (6-13-16), given in § 6, two expressions yj and x, which are shown 
in Table (V), and graphically in fig. (15). yf and yf are derived from the square 
of Ut or @U,* and the product of U,t with Ut respectively. 45 and 7 
for the y—z~ production are equal to y; and yf individually. 
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Though we have used the above four types in order to simplify the results 
of the second order perturbation, to carry out the renormalization procedure 
conveniently, and to see easily the character of the angular distribution, there are 
other selections possible for the four independent gauge invariant components of 
the matrix element. For example, "U,} (2-10), being just the third term of (40) 
in Brueckner’s paper”? (p. 648), is composed of the Pauli type interaction 0/,f 
(3-12) and the “virtual spin effect’? °U,* (8-11). (Cf. (8-10).) When one used 
OC7,* instead of "U,t, x, and y,) appear in the expression (6-10), which are 


Table (V). The various y’s appearing in the expression (6-10) both for the s. and p.s. 
theories. (p.s.) and c.c. mean the same expression as is obtained by the p.s, theory and the 
complex conjugate respectively. R expresses (—(Zk)/(F'k)). 


i The y—z7 
= * {a 
The y—z+ production Prsuhact inn 
ao Both the s. 
The p.s. meson theory | The s. meson theory and p.s. 
| theories 
ein? | 41s g°sin?6 ,| 
x g7sin-6 eae a ae ° 
‘p @k)? MPy—M) >0 | G=GE-G, 0 (qk)* Gy 5 = (fs) xs = Ret 
+ (7.5.)>0 
: 1 " 
742 -g?sin?@ @3=—— (G*-G xo 
7s = Oia ai dy a et er Go, =(f = K%y,* 
2(qk < PS 2s = (Pose) MSA 
a (qk) +¢.¢.) p 
re (qk) . af f oO 
Ae (ee _ ne 43s 
pane GU) 79 | Gs= Gr - Cm a = (fsx) >0 Gs= (As.) ya = R2y3* 
: 6@,=G*X-.OG,, 6..=Ct.MG 
%4 (qk) 0 x nd ie s 
BE Fe ee Eh : s 
i 2(Tk) << +GX.G,, ae =1—(g.s.) >0 —GE.G2 | y= Rat 
+66 “Oc. 
45 _ _(o—90) G,=OG*.OG,| x 
AO on >0 m ’ ~#58 4 5.) >0 ae. pesete 
0 2M +2) Gt. OG, 0 (2 ) > G55 (A Se) 45~ =A%st 
X6 (qk)? 6,.=MG*.OMG_| _Xes 
= 0 6 Tm Te ee en 
0 ACP) (Ik) Meh i 0 sc Ges = (p.5.) X46 =%6* 
ele <0 


derived respectively from the square of (+ 
; v 


and the product of U7,* with (7+ 
and are given by is 


AP hes | 0-9 


Nets | ad cos @ 
1a E oar dt (7-4) 


We have omitted the symbols (+) in this Table. 


ee eee LE 
* 


, 


: 
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The relation, y,=y7,+y7/+75, is obtained 
easily. By the help of the other relation 
(3-10) between "U,* and U,*, one can reach 
the same result. The angular dependence of 
these functions is given explicitly in fig. (15). 
Further, z, is derived rather from the product 
of "U,* with @U,* than from the product of 
NOU * with "U,*+, because the product of "U,* 
with “U,* vanishes. In other words, this y, 
has an angular distribution like dipole radia- 
tion (fig. (12)), while y.’ which represents the 
square of U,* or y,/ derived from the product 
of U,* with U,*, assumes a character of 
the magnetic moment interaction. It is to be 
noticed that the contribution from %U,* is 
the largest one, as shown clearly in figs. (12) 
and (15), and this term corresponds to the 
relativistic effect, standing for both the spin 


0.28 


0.20 


0.10 


0° 30° 60° 90° 


— cos 4 


120° 150° 180° 


Fig. (15) Angular distribution of the 
emitted p.s. meson for 4)>=2y in the 
laboratory system. (C.f. Fig. (12).) y2/: 
(7-3), y4/: (7-4). Other y’s are given 
in the Table (V). 


and the recoil of the nucleon. 


x should be replaced by x 


Since these y’s are independent of the perturbation calculation, it would be 
of some use to introduce the coefficients (G of G) of these y’s parametrically and 
determine them numerically as the function of the energy (g) and the direction 
(@) of the emitted meson (or the photon energy (4))) by confronting them with 


15.0 


10.0 


501,~ (—502,) 


120° 150° 180° 


0° 30° 60° 90° 


cos § —=> 


Fig. (16) Angular distribution of the 
emitted s. meson for 4)>=2y in the labo- 
ratory system. The definitions of ’s are 
given in the Table (V). 

x should be replaced by x 


It seems that the ratio of 
the emitted meson in direction 0° to 90° 
should be especially important by the reason 
of its sensitive dependence on the variants of 
meson theory in the energy region to the 
several hundreds Mev., and also in order to 
determine the coefficients of 7, y; and 7, 
which involve the non-static a.m.m. The 
contribution from y,, principally y,’, to the 
total cross section is larger than others in the 
p.s. theory for the sufficiently high energy, 
provided that the coefficients are all of the. 
same order, not only because the parts of the 
total cross section which come from y¥,4+ 7; 
and y, are approximately equal to (#°/JP%,") 
and (1/J/z") severally, but also because those 
from y,, 7; and y, turn more rapidly into the 
smaller ones than the parts of y, on account 


the experiments.* 


* See the note added in proof, where an additional remark on this point is made. 
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of the numerator, e.g., (g—g ¢0s@) and (4,—q)- Such a determination of a 
coefficients may afford in some measure a check on the meson-nucleon interaction 
of the p.s. meson theory. The variations of six y's for the s. — theory 
derived from the four components of the matrix element corresponding to those 
of the p.s. theory, zy, in the latter being replaced by unity, are a saginint fig. 
(16) and Table (V).* In this case, % is larger than the other pom the 10m 
energy region (4,<.J/), but y, becomes the largest one in the sufficiently high 
energy. 

Some of the qualitative aspects, which we have thus far examined, seem 
correct, but the quantitative studies have been quite unsatisfactory. It is in our 
case rather questionable whether a further advance along the line of weak coupl- 
ing approximation would be duly rewarded. We are inclined, therefore, to conclude 
our lengthy report with the trite remark that an approximative method, which 
assumed a strong or intermediate coupling and which takes into account the 
relativistic effects must be established, in order to test the reliability of the current 
meson theory. 
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* or the vy. and p.y. meson theory, the matrix element corresponding to (8-1) in the spinless 
theory takes the form: 


COP) Pura(h, I, BF, 1) (1) Aulke) ky $*(q) - 


Using both the condition g,4,*=0 and the over-all energy-momentum conservation J+Kk= 
+q, the terms having the index 4 in Puy are restricted to 4, /, and y,. If one denotes, 
for short, these terms by ¢,, one obtains for Puy fifteen fundamental expressions antisymmetric 
with regard to the indices 4 and y, in the same way as described in § 3, as follows; 
ts (MA—-L Myo, (7-6) 
15 (re —ty A)oa, (7-7) 
75 (tru — ty P)o,, (7-8) 
where 75/ means 77;, 75 


15! (re Ty—Ty 1) Cas (7-9) 
ts’ (Cuday—Cy dua), (7-10) 


or ¢ according to the employed type and coupling of the meson field. 
Hence the y’s from these expressions are very numerous compared with the six for the spinless 
meson and so will not be written down in this paper. We only remark that, as in the second 
ot results, the parts of y, which play relatively important roles, are derived from the interac- 
tion of the photon with the magnetic (or quadrupole) moment of the vy. or p-v. meson, 


10) 
11) 
12) 
13) 
14) 
15) 
16) 
17) 
18) 
19) 
20) 
21) 


22) 
23) 
24) 
25) 
26) 
27) 


28) 
29) 
30) 
31) 
32) 


33) 
34) 


39) 


36) 
37) 
38) 
39) 
40) 
Al) 
42) 
43) 
44) 
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Note added in proof : 

We have discussed the angular distribution of the emitted meson for scalar and pseudoscalar cases, 
which would be expected if one neglected the angular dependence of the coefficients of the y’s. Such an 
assumption, however, could in general hardly be justified. This can be most clearly seen, when one con- 
siders the dual cases referred to in the footnote on page 857: If one interchanges the roles of the elec- 
tric and the magnetic force of the incident.y-ray, our y’s for p.s. meson go over into those for s. meson 
and vice versa. Thus our two groups of y’s are linearly dependent on one another, according to the ar- 
gument in the above-mentioned footnote. It is therefore impossible to distinguish between the two types 
of the spinless meson field by comparing the experimental angular distribution with our y’s, except for the 
case of very weak coupling, where the perturbational picture may resemble reality. We express our 
cordial thanks to Mr. Y. Yamaguchi for his valuable advice and discussion on this point. 
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In order to obtain the energy eigen-value 
of closed system, the following two methods 
are usually employed, namely, (a) solving 
Schrédinger equation with suitable potential 
and (b) the analytic continuation method of 
S-matrix”. When the potential actually ex- 
ists, both methods are shown to be equivalent. 
With the method (b), however, not only can 
we avoid the two step procedure of (a) (i.e. 
setting up the potential from the scattering 
matrix element and solving the Schrédinger 
equation), but also treat the case in which 
the potential in its ordinary sense does not 
exist, say, nucleon-meson system. In this 
note, we shall attempt to construct an ap- 
proximate S-matrix, which may afford the 
binding energy in the same approximation 
as the method (a) if we start fiom the same 
scattering matrix element, and apply it to 
the problem of nucleon isobars. 

For brevity, we consider the scattering 
problem of two-body system. (The extension 
to many body problem is straightforward.) 
The Schrédinger equation of the system is 


HO=E®O, 


where Hj is the free part of Hamiltonian 
in any field theory and H” interaction term 
describing the transition of two particles 
(obtained by a suitable canonical transforma- 
tion). Now, restricting the amplitudes of @ 
to those of two body state only, we expand @ 
as follows, 


H=H,+W, (1) 


9= VPP), (2) 


where g(P) is the eigenfunction of Hj, cor- 
responding to the state of two particles with 
momenta P,—P and ¥(P) the correspond- 
ing amplitude. Inserting (2) into (1), we get 


{Ep—E}¥V (P)=—-SPIN'|D¥U@. (3) 
q 
The solution of (3), satisfying the boundary 


condition of the scattering problem, is given 
by 


Y= + F 5c, (4) 
where ¥, is the incident wave and 
¥..=GY, (5) 


(P|G\q) =—2nid, (Ep—E,)(P|H'|q). (6) 

Then, (3) takes the following form 
VY=¥,4+GY. (3’) 

Therefore, the solution of (8’) is reduced to 


1 


or 
¥ = 4 Y. ee) 


Expanding (7’) in power of G, the term 
proportional to G” corresponds to the scattered 
wave in the n-th order Born approximation. 
Further, we define another operator G by 


(P|G|q) =27i8_(Ep—F,)(P|H |. (8) 


(In the configuration space, the operators G, 
G correspond to Green functions (—1/47) 
exp(tihk|a—a’|)V (a’)/|a—ax’|, where 
V (a) is a potential.) According to Heisen- 
berg-M@ller’s definition”, S-matrix is given 


by 


s=1+(@-@ 3. (9) 
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The scattered wave, the asymptotic amplitude 
of which satisfies Heitler’s damping equation”, 
is written as follows 


Vc, H= Gg (10) 


where @=(G—G)/2. The corresponding 


S-matrix®) is therefore 


1-inH’ (11) 


Sa cee 


where (¢|H’|t’!)=(2|H’|l’)pr is the sub- 
matrix in the same energy shell Kr =p 
and pr the state density. The unitarity of 
S is evident from the properties of G, G. 
The S-matrix thus obtained has the follow- 
ing property: If we take as H’ in (1) e.g., 
the collision matrix element of 2nd order in 
coupling constant (2nd order potential), it is 
easily found by expanding (7’) in power of 
G, that our method corresponds to the ap- 
proximation containing’ only the effect of 
interaction of 2nd order potential. In other 
words, it corresponds to the approximation 
neglecting the effect of higher order potential 
in Dyson’s” expansion of S-matrix. Following 
the program of Heisenberg-Krammers,” we 
can obtain the energy eigenvalue of closed 
system from the poles of these S-matrices. 
Next, we shall apply our formula to nucleon- 
meson system (nucleon isobar). For simpli- 
city, we take scalar meson theory with scalar 
coupling, and take an approximation neglect- 
ing the recoil of nucleon for the collision 


matrix element. Under this approximation, 


the diagonalization of S becomes very easy. 
We cut off the high momenta, since, if not, 
(9) leads to divergent results. (This is un- 
necessary for (11); where only the diagonal 
element appears.) In this case, we have the 
following scattering processes : 


scattering of m*(z~) by proton (neutron) (A) 


scattering of z~(*) by proton (neutron) (B) 


(A) gives the charge isobar with total charge 
—1), and (B) the one with 0(1). The 
collision matrix elements of (A) and (B) in 
the lowest approximation are given by 
(A) (k|H’|k’) =—9°7/2E? Ey”, 2 
(B) (k|H’|k’)= ab ais a ee 
Calculating G, G from (9), (11) and per- 
forming the diagonalizations, we can obtain 
the binding energy of the system from their 
zero points on negative imaginary axis of k. 
The results are shown in table (I), where, 
the isobar-states are allowed for the given 
binding energies (in the meson mass unit) 
and the indicated values of the coupling 
constant. * means no isobar-state for any 
value of them. & and yz represent the cut 
off factor and meson mass respectively. 
When the number of particles, varies S- 
matrix becomes a piece-wise analytic function 
on the complex plane. In this case, remember- 
ing N. Hu’s® remark, we can no longer 
make use of the method (b) for our present 
purpose. In view of this point we have 
fixed the number of particles just as usually 


RR 


Bind. E. 
0.01ln 0.054 0.01n 0.2 : 0.4 0. h 

ee once L u Le “nw O3dp Lu Su (0.6 67 =n (0.9 
ry, (A) x : * * * x k 194 0.65 0.29 0.10 

(B) 0.53 0.58 0.66 0.82 26 3.68 15.0 * * * * 
oes (A) * * 103 2.06 1.10 0.72 0.50 0.36 0.24 015 0.07 

(B) 2,00) 72a * * * * * * * * * 

Damping (A) * * * * * * * * * * 
theory (B). 714 3.05 2.07 1.33 0.98 0.75 058 0.44 0.31 0,20 0.10 
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done in method (a). Furthermore, we have 
neglected the recoil of nucleon to facilitate 
the diagonalization of S-matrix. These pro- 
cedures can not always be regarded as a 
good approximation for the problem of meson 
field around nucleon, because it is expected 
that the reaction of eigen-field will play an 
important role in the vicinity of nucleon. It 
seems to be for this reason that the results 
of Table I show the considerable dependence 
on the cut off factor and the effect of damp- 
ing. In this respect, we may say, S-matrix 
will not be so powerful method to determine 
the binding energy unless the exact S-matrix 
is known, because an approximation for S 
matrix will not always be the same order 
approximation for binding energy. It is very 
interesting, however, that without further 
assumptions we can expect the existence of 
nucleon isobar even under the weak coupling 
approximation in the present form of meson 
theory. 

The authors wish to express their cordial 
thanks to Prof. S. Sakata and Mr. Umezawa 
for their continual encouragement. 
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V Particle as a Composite One 
H. Suura 


Department of Physics, Faculty of Science, 
. Hiroshima University 
August 11, 1951 


The possibility that the neutral V particle 
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with the mass 2240 m,, (m,: electron mass), 
recently found by Butler et al.”, may be a 
composite particle composed of a proton and 
a negative 7 meson is examined. This com- 
posite fermion, model was originally applied 
to neutron* by the present author.» (This 
paper will be cited as B.) Following the 
method developed in B, we postulate a pair 
interaction between protons and rt mesons 


H,=—7\ $r(x)br(a)9.*(a) (ad, (A) 


and another pair interaction between protons 
and t—7 pairs 


H,= —<) br (a) br (2) P.* (a) 0n(a)da+ec. 
(2) 


Hf, is responsible for the formation of the 
bound system of a proton and a negative tT 
meson, (P+ t~), which represents a neutral 
V particle (or a neutron in B), In B, em- 
ploying the conventional method of introdu- 
cing a source function, after the usual pro- 
cedure taken in meson pair theories®), the 
contact interaction H, was smeared over a 
finite region and the resulting mesonic wave 
equation was solved. It was shown that for 
the existence of a bound mesonic state with 
energy , 7 must be taken as 


1 A ‘ 

n= TT Wie (3) 
where 

We aen(). (4) 


Hz is the reciprocal compton wave length for 
t meson. A is a cutting momentum associ- 
ated with the source function. In order that 
this bound state represents a V_ particle, 
must be taken as 

E=m,e —mpe’= (2240-1840) mc? 


=400m ce”. (5) 


The second interaction H, gives rise to a 
process like 
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(P+t-)—P' +4. (6) 


This was interpreted in B as a Yukawa 
process N+P+x-, with the value of ¢ of 
the same order of magnitude as 7. Here it 
represents the dacay of the V“particle, V—- 
P+zx-, and now ¢€ must be taken far smal- 
ler in order to account for its rather long 
decay life-time of the order of 10~” sec. 
According to B, by comparing the matrix 
element of H, for the process (6), that is, 
the annihilation of a bound rt~ meson and 
meson, with that 


the creation of a free z 

of a conventional Hamiltonian g] bp(«) 

xX by (2) ¢x(a)d'a, the ‘equivalent’ g is ob- 
tained as 

Ope ph Ae 

4nhic (4n)* EK 


_Wi 2, ¢\2 
Fe (144 (EY: C0) 


where the relation (3) was used to deduce 
the last expression. On the other hand, 
according to Ishida and Ito”, g must be 
taken as 


(Ac)? 


Z 


g 
Arhe 


~ 10>, (8) 


in order to obtain the right order of the 
life-time of the V_ particle. This implies, 
from (4), (5) and (7), that 


(AC)? ~40 (9) 


It is interesting to note that this value can 
be obtained, though not necessarily, but quite 
reasonably, by considering the decay process 
(6) as the second order one resulting from 
the decay of the bound c~ meson into z- 
-and 2°, 2° being absorbed in the second 
step by the proton, P+z°—> P’. Assuming 
the corresponding interaction Hamiltonians 


a Gas a" (2) Pa(%) Pao (wd e+e. (10) 
and 


H,=G \ br (x) Pr (@) Pno(x)d*x, (11) 


with G’ and G@ dimensionless, H, can be 
derived as the second order effective Hamil- 
tonian, the coupling constant ¢ being given 
by 

pik Eo ays 

Cae ee 


A may be taken from the consideration of 
virtual mesonic clouds as 


A~ pr. 


Therefore, 


(AC)? = (Py(s* hg ; 


a 


With the values ei ae and 


taken, respectively, to account for the life- 
time of t —2z~+7° decay and the nuclear 
force, this yields 


(Ag)? ~ 10-, 


which is close to the required value (9). 
Strictly speaking, the second order Hamiltonian 
resulting from (10) and (11) in static ap- 
proximation is not given by (2), but by 

Bx |z—2/| 


pe. GG: 
H,! = he “Fa te\) Or @ br @ Gr — 


—x’| 
x 9." (20") bx (a" Bada’ (12) 


which cannot be approximated to (2), since 
we are concerned in the bound state of 77 
meson, the wave function %, having an ex- 
tension of the order of 1/z,. Starting from 
(12), instead of (2), it is shown that the 
correct value of the equivalent g as given by 
(8) can be obtained. Alternatively, taking 
H, as the basic interaction, the decay can 
be considered as the second order one, 


ct -> PAP ee 
P+ P-—> a. 


The production of V particles can take place 
via (6), through nuclear bremsung, 


P— (P+r7)+7"*. 


But the cross-section would be far too smaller 


_ the production of z mesons. 
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to account for the large production rate of 
V particles, with the value of the coupling 
constant € given by (9), or the equivalent 
g given by (8), which were determined from 
the life-time of V_ particles. However, the 
main contribution to V particle production 
is made by the interaction H,, which causes 
a process, by bremsung, 


P—- (P+rt7)+r"*. 


The equivalent coupling constant g’ for this 
process is given by (7) with ¢ replaced by 
7, thus 


which is the same order of magnitude as 
the coupling constant of z= mesons with 
nucleons. Using this value of g’, the cross- 
section of V_ particle production can be 
calculated just in the same way as that of 
The resulting 
cross-section would be a little smaller than 
that of z meson production, since the energy 
denominator for the former process would 
be larger than for the latter, owing to the 
large masses of 7 mesons and V particles. 

In conclusion, the author wishes to express 
his cordial thanks to Prof. K. Sakuma for 
his kind interest in this work. 


1) R. Armenteros, K. IL. Barker, C. C. Butler, A. 
Cachon and A. H. Chapman, Nature 167 (1951), 
501. 

* Thanks are due to Mr. Y. Yamaguchi, who 
kindly called my attention to V particles. 

2) H. Suura, Soryushiron-kenkyu, Vol. 3 No. 3 
(1951), 162. The English translation will appear 
later in this journal. 

3) E. Wigner, C. L. Critchfield, and E. Teller, 
Phys. Rev. 56 (1939), 530 
G. Wentzel, Helv. Phys. Acta 15 (1942), Lad: 

4) M. Ishida and D. Ito, Soryushiron-kenkyu Vol. 
3 No. 3 (1951), 196. 
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m°-Meson Production by Gamma-Ray 


S. Minami 
Department of Physics, Osaka University 
August 23, 1951 


In the process of P+7 > P+7°, it is well 
known that calculations of the lowest order 
perturbation theory do not agree with experi- 
mental facts. We have examined whether 
this fault might be I a 
Brueckner et al. have predicted,” by calcula- 
tions of higher orders in symmetrical and 


relieved, as 


neutral pseudoscalar theory. 

Following the formulation adopted in the 
calculation of 7—z* production,”» we have 
classified a number of Feynman-Dyson dia- 
grams into some gauge-invariant classes and 
reduced the various terms of the matrix 
elements to four independent gauge-invariant 
fundamental expressions, that is to say, 


Cer nas - LEK gr irseerpD 


x A,(K), 
Um=9( Pyir sro BPD Ago 


iy (I+ K) —M o,,Kytp 


U,%=—@(P)irst 


(I+K)?+M* 2M 
xWDA(K), 
and 
2) — — a¢qny Seve te tr (FF K) —M 
U0 = OE OM (OF) + Me? 
x ipstd (DT) Ap(K), 


where I, F and K denote the momenta of 
the initial and final nucleon and the incident 
photon respectively, and t stands for ts, or 
7, according to symmetrical or neutral theory. 
The S-matrix can be expanded according to 
the powers of f as follow: 


ef Ay +ef* Ast efi Ash - +++ (2) 


The ef-term consists of two processes, in one 
of which the nucleon absorbs the incident 
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photon in the first step, and emits the z° 
meson in the second step and in the other 
the photon absorption and meson production 
occur in the reversed order. Owing to the 
fact that contributions from the main terms 
in these two processes cancel out, the ef*- 
terms overwhelm the ¢f-terms in magnitude, 
if the accepted value of the coupling constant 
is adopted. Consequently, we have to take 
into account not only (ef) x (ef*), but also 
(ef*)*-terms in the calculation of the cross 
section for the y—z° process. This, in turn, 
necessitates the computation of the cross 
terms (ef) x (ef*), which, however, has not 
still been done. In these circumstances it is 
impossible to say anything rigorous, but, for 
the sake of smallness of ef-terms, we may 
be allowed, for the present, to neglect the 
contribution from these cumbersome terms. 

We here state the results only for the case 
of the pseudoscalar coupling in symmetrical 
theory which seems to be promising, and 


Letters to the Editor 


the results for other cases will be reported 
For the sake of 
convenience in comparing the values of cross 
section up to ef? with those up to e’f®, the 
following notations will be used : 


shortly in this journal. 


Bi coetreumegees e*f°-terms only are taken into 
account 

Ll eee the same as above, but with a 
Pauli type interaction*)»”? 

Tie up to e?f°, our computation. 


The numerical values of the incident photon 
energy and the coupling constant which are 
used for the evaluation are K,=24=276 Mev 
and f?/4z=87 respectively. This value of 
f?/Ax=8n is adopted because of the results 
in the work about charged meson produc- 
and in order to conform with the ex- 
perimental value of cross section at 90, 
3x 10-*°cm?/sterad. In this case the differ- 
ential cross sections in laboratory system are 
as follows: 


tion” 


0° 30° 60° | 90° | 120° 150° 180° 
I 0.016 | 0.033 | 015 | 034 | 0.46 | 051 | 0.52 
cm2 
= 80 

a9(10 az) Mm | 0.12 0.61 1.9 gone a5 40 | 40 

m | 124 1-209 7.6 44 ea | 14 1.0 
a Mee GM 
Ee A Ee ee 2 ee eT ee A eS 

| 0° | 30° | 60° 90° 120° | 150° | 180° 

6 (10-20 eos ) nn 8.1 64 3 

0 aan : 3.6 1.9 1a 0.76 0.69 
ee ae eee Se 
Further, we have carried out the evaluation cussions. Moreover, we wish to express our 


for N+7 + N+7° with the same values of 
photon energy and coupling constant as for 
P+7—> P+7°, with the following results. 

A detailed paper will be published in near 
~ future. 

In conclusion, we should like to express 
our deep gratitude to Prof. K. Husimi for 
his guidances, to Asst. Prof. Koba who has 
kindly given us his valuable suggestions with 
Tespect to the important points throughout 
this work and to Messrs. S. Nakai, T. Kotani 
and N. Mugibayashi for their valuable dis- 


gratitudes for the financial aid from the 
Yukawa Yomiuri Fellowship to us. 
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On the Interaction of the Lattice Vibra- 
tions with the Conduction Electrons 


T. Nishiyama 
Department of Physics, Osaka University 


August 31, 1951 


G. Wentzel” and W. Kohn and Vachaspati” 
made comments on Froéhlich’s theory of 
superconductivity.» The latter confirmed 
that the shell construction in the momentum 
space is hardly possible if the interaction of 
the conduction electrons with the lattice 
phonons is so strong that Frohlich’s condition 
of superconductivity is satisfied. The former 
applied Tomonaga’s tneory of sound quanta” 
to derive a similar result pointing out that 
the frequency of the lattice vibration becomes 
imaginary so far as Frdhlich’s condition is 
adopted. The objective of this report is 
two-fold : first we confirm the results of the 
abovementioned authors by an extension of 
Tomonaga’s theory given in our paper” and 
next we examine Wentzel’s suggestion that 
the motion of atom might become stable if 
the Coulomb interaction forces are taken into 
calculation. The result obtained is compared 
with that of the hydrodynamical treatment, 
the validity of which is computed from our 
point of view. 

When a conduction electron with wave 
spumber & absorbs a lattice phonon with wave 
number w, its wave number becomes k-+w. 
Such a process and the reciprocal process 
are represented by the following operator 

M(w)[a* (k+w)a(k)b(w) 

+a*(k—w)a(k)b*(w) AD 
in which a*(&) is the creation operator of 
electrons and a(&) is the annihilation operator 
and b*(w) and 6(w) are those of lattice 
phonons respectively and M(w) is the matrix 
- element of the interaction energy which is 
- expressed by 


M(w)?=4 ¥ teow) GC (2) 


where F’ is a dimensionless constant of order 
unity and ¢=£°k,"/2m and WN is the total 
number of atoms. 

written in the form 


Hyryp. = DM w)Lo(w) " (w) + e(—w)b(w) | 
(2) 


The interaction energy is 


>y Ma [eee 
x [o(w)g*(w) +e*(w)g(w)], (3) 


in which 


o(w) =p" (—u) = Sak k—u]2)a(k+w/2), 


(A) 
q(w) = 9" (-w) = [ss [iow +b(w) |. 
(5) 


Our approximation consists in regarding the 
density operator p(w) as a sum of oscillators 
with various frequencies and with wave 
number w as follows :” 


p(w) =|ul S[2%['e.@, © 


V=L*>: volume of vessel, 


where 


rie. (7) 


2_§%), (8) 


2,(w)?= 


tk,: the maximum momentum. 


The hamiltonian of these oscillators is 
=5 ST 1 Ps* (w) Ps w) 
+ 2,(w)’Q;*(w) Qs (w) ], (9) 


in which 
[Q,(w), P (w’) |=ihe,, FOP aac (10) 
Therefore the total hamiltonian becomes 


=Ay+ Hiner. +H, (11) 


898 Letters to the Editor 


in which the hamiltonian of lattice phonons 

is 

H,, -+ x [p* (w) p(w) +. (w)?q* (w) g(w) J 
(12) 

Here we notice that 

o,=mS/h, (ao/ky)? = 10-°, 


S: sound speed. 


Wy (w) =| S, 


Then one can easily find the proper frequency 
of lattice phonons : 

Us oO kg=6o 
w= sl Ble vF(A =— log *— °) 
oe eae) [ av F(T 5 Flog) |, 
in which vy is the number of conduction ele- 
ctrons per atom and the logarithmic term is a 

4 ‘ Con 
small negative quantity. If 2vF >1—O(F5), 
0 
the frequency becomes imaginary and the 
motion of atom becomes instable. G. Wentzel 
suggested that the motion might remain 
stable, if the electronic interaction of the 
electrons is taken into consideration. Here 
we calculate the effect of the Coulomb inter- 
action energy in the scope of our approxi- 
mation. One finds that Eq. (1) turns out 


Ow)? =o (w)? = (w) [1-2 F/ (1+4,,)], 
(14) 


in which 


nm\i er? ; 
hw = in( > )( =) » m: number density of 


electrons, 


av? <0 fe Qui S14 2y. GB) 


This result is compared with that derived 
from the so-called acoustical approximation 
of the hydrodynamical treatment given in 
our previous paper®) which has been proved 
to be compatible® with Landau’s theory of 
quantum hydrodynamics. 
show that 


Some calculations 


@(w)* =o (w) [1+%(w)?—[[1 —x(w)2 2 


+47 (w)?TP/2, 
*(w) =2,(w)/@,(w), 


7 (w)2=4Av FC/3ma,(w)’, 
wo(w)?<0 if Qy > 38+ Ay. (16) 


This is different from (15) by three. 
our point of view the failure comes from 
the incorrect treatment about the curvature 
of the Fermi surface. If one sets #=1 and 
y=2, the Squared frequency remains positive 


From 


for 
|r| < Qk from (16), | aw] <4 ah from C15). 


It is expected that the theory of Frohlich is 
reconstructed introducing the Coulomb inter- 
action energy. 

The writer wishes to thank Prof. K. Husimi 
for his interest in this problem. 


1) G. Wentzel, A private communication to Prof. 
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On the Energy-Momentum Tensor of 
Bopp-Type Non-Local Fields 


Y. Ono 
Department of Physics, Hokkaido University 


September 3, 1951 


The symmetrical energy-momentum tensor 
is Obtained for the Bopp-type non-local field, 
whose Lagrangian is of the type 


D(a) ={ g(a)e(a—a" p(x’ dx’, 


where g(x) is a field variable of a certain 
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type, and e(#) the characteristic non-local 
function. The method is as follows: We 
expand e(#) in terms of the derivatives of 


O(a), ie. 
e(a) = D3 A,L1"0 (a), 
Pp 


and then derive the energy-momentum tensor 
for the Lagrangian 


D(a) =¢(a)D”¢(2) 


by the use of the theory of general relativity, 
that is, by varying the metrical tensor gy,y. 
Next, we carry out the summation with 
respect to py, which yields the form contain- 
ing e(a@) or its Fourier components &(k). 
In the spinor case, a slight modification is 
necessary, ‘since ¢(#) is no longer a usual 
function but a matrix, and, moreover, the 
local coordinate vector A” must be used. 
The results expressed in the Fourier com- 


ponents are: 
a) For the extended electromagnetic field 


On, (k) weet i 


aan ae [ Fesb—2' EW’) 


Fas (k’ ) Oy, +2fna(h—W E(k’ fralk’) 
+ Fira (kh—h’ E(k!) fra (k’) 


21 fas(k— \fas(k’) (- (kh) k's 
py 

+z hrk’ Buy) 

+ Fas (b—k’ fos (h’ )hka(k—-2k') 


+fos(k—l fab halk —2k'),} 


WELK) EE’). 
“h—k’) 


2. ft , 
b) For the spinor field 


By (h) nm ereery 


F et) WG b-#) 


TwW(ky=— 2 Qn (Qn) 


[ Ea) +E), HEED) o7y 


&((k—k’),—2(k—k’) yOu) —E (h’) lee) 
i((k—-k’),—2(k—k’) ,8y) tT, —tha’ Tad 
——> << 


(with no summation for sz), 


where the arrows in the denominator mean 
the following: if we multiply the fraction by 
the first term of denominator from the left, 
and by the second term from the right, and 
then subtract, we get the numerator. 

These tensors are characterized by the 
following features : 

i) They are symmetrical in # and ». 


oli) They are gauge-invariant. 


iii) In the limiting case, they tend to the 
usual tensors. 

iv) They satisfy, due to the field equation, 
the equation of continuity. (Here, it is 
not necessary to introduce an extra in- 
homogeneous term, as has been done 
by Bopp, even when there is a source 
in the field.) 

The expression proposed by Bopp” for the 

case a) does not satisfy the conditions ii) 

and iii), and also i) for the field containing 

a source, while that proposed by Heisenberg” 

for the case b) does not in general satisfy 

the condition iv), notwithstanding his claim. 
Thus our formulae might be considered as 
to express the most natural extension of the 
local fields. 
Detailed account will be given in the later 
issue of this journal. 


1) F. Bopp, Naturf. 1 (1946), 53. 
2) W. Heisenberg. Naturf. 5a (1950), 251. 


The Quantum Mechanics of Assemblies 
of Interacting Particles 


T. Matsubara 
Department of Physies, Osaka University 
September 11, 1951 


Recently, H. S. Green? has published in 
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J. Chem. Phys. a paper with the same title 
as given above. Some of the results derived 
in his theory happen to be very similar 
to those which the writer has obtained using 
a different method in the course of an in- 
vestigation on liquid helium”. Although the 
details of the writer's theory will appear 
shortly in this Journal, he would like to 
present here a brief account of some of the 
method used and the results obtained in the 
form convenient to compare with those of 
Green. 


Let the Hamiltonian of a system of N 


identical particles be H, which may be divided 


into two parts, the total kinetic energies AC 


and the total potential energies @. Then 
the density matrix for the system in thermal 
equilibrium will be given by 
1 
p=exp(—PHA) =exp[—B8( K+ 9) |, B= 7 
(1) 


p has to satisfy the following different equa- 
tion : 


0 r 
ap7 Hea — (K+ 0)0. (2) 


Assuming p in the form 


e=exp(—-BK)+(1+9,+9.+°), (3) 


we can solve equation (2) by successive ap- 
proximations similar to those used in the 
time-dependent perturbation method for the 
Schrédinger equation, and obtain 


p(B) =—J Vide, 


| 
(8) =~] VOo,ae=['V Hadf'V (yas, 
OO aa Ne age te oe ; (4) 


where 
V(t) =exp(tK’)+*O-exp(—tK). (5) 
The Slater sum of the system is given by 
My (0) = 3) x" (ac) pV x (ar), (6) 


where {¥j-(a)} is an arbitrary set of ortho- 
gonal-normalized functions and a stands for 


(1, 2% -., ?~)- Neglecting the effect of the 
quantum statistics, and taking for {Wie(a)} 
the set of plane waves, that is the eigen- 
functions of JK, 


il : 
¥ py....py(X) ~~ rie exp| 4 (p52 as 


+pxry) | (7) 


we can easily obtain from (3), (4), (5) and 
(6) the following results : 


nv (Gur) * 1-80. 


+5 B°0,(a) — aie (8) 


F Ox() = (Ar) Pf de Jsdea{ *.. 
| a kw) 
x | D(y,)D(yo)--.O (yx) 


el Za een eae ne 1—en)ex yar 


| 22° (ae yi)* . (i= Ye)* 
xexp| Bh? | 1—z, * ere, 


~ —_ » 2 med yj 2 : 
= es oh) Sad Jorn d yx. 
Ce —{ eK ZK 


te ns 


(9) 
The formula (8) just corresponds to Green’s 
formula (38) in his paper, up to the terms 
@,, except for a trivial difference in the 
normalization, as may readily be seen by 
noticing that our @,(a#) can be transformed 
by a change of integration variables into 


0 Ge) = ae \e - Jaz 


[O(a 5 =) vy )exp (— see )dvy, 


(10) 
which is just identical with Green’s expression®. 
Our treatment gives beyond this the general 
expression for the higher approximation terms, 
which are lacking in Green’s paper. 

The calculation of the formula (3) can 


2 with the expansion (3). 


| 


~ presentation in which K’ is diagonalized. ) 
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alternatively be done in the following way, 


and indeed in a more direct manner. Let 
H, be defined by 
Hz=K+e0 (11) 


e being an arbitrary parameter, and let f(/Z-) 
be any function expressible as a power series 


of H;. Then we have 
Of Ae) _ = 1 
Bn lao} Goer. 


(12) 

eT ee 

where aH.’ BHE 

differentiation with 

H; as if it were an ordinary number, 
@(e)’s are defined by 


O(c) = 0%» (6), rom 


etc. mean the formal 
respect to H, treating 
and 


=0¢-) (ce) H-—H.0"-(e), (18) 
OH: 
(6) L35225 52 
oo Ae 0. 


Taking 0(¢) =exp(—BH-) for f(H;), and 
making use of (12) in a repeated manner, 
we find the following expansion for p(e) : 


B29: 
72 ad 


=exp(—BK)- {1+e@, (0) +5) “G,(0) 


p(e)= 00) +2(52) +5, ( 


5 G,0)+.-}. (4) 

In this expression, G,(e) is given by 
| mk (t—1) no 
Giiey= x § OMe), (15) 


and Gx(e)’s (k=2) are determined from 
the recurrence formula 


Gy (2) Ox_ (e+ OG (16) 


Gx(e)= 
It is not difficult to show that the expansion 
(14) for o(1) (putting ¢=1) is identical 
(This identity may 
most clearly be shown if one uses the re- 
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Eq. (14) can be expressed in another way. 
If we put 


e(e) =exp(—BK)-exp(—f0*), (17) 
then @* is an operator which represents some- 


thing of the nature of the effective potential 
energy of the system. It is expressible as 
a power series of : 

. : jg) ae 
—BO =eBit 9 & Bot 3 Bst --., (18) 


where B,’s can be shown to be given by 


B,=G,(0), 


B= (23) wah 
B=(© Fafs)) i es a > 0), 
Bim ena e=0 (SG + aaa wet 0] 


etc. 


(19) 


The various formal expansions of the density 
matrix here obtained will converge for 
sufficiently small values of ¢, so that they 
are valid in the whole range of temperature. 

The details and the applications of our 
will be in the forthcoming 


theory given 


papers. 
1) IL. S. Green, J. Chem. Phys. 19 (1951), 99d. 
2) TT. Matsubara, Quantum-Statistical Theory of 


Liquid Helium, Prog. Theor. Phys. 6 (1951), 714 


3) In his paper the argument of @ appears as 
w+ (1—2)'/2y, instead of Hts, (1—2?) 1?y. 


This would be a trivial misprint. 


A Note on the Fermi’s Theory of 
Meson Production 
Y. Fujimoto and T. Tamura 
Department of Paysics, University of Tokyo, 
September 12, 1951 


In a recent observation of meson produc- 
tion in single nucleon-nucleon,” it is shown, 
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that the Fermi’s theory of meson produc- 
tion?» is in good agreement with experi- 
ment at extreme high energies. That the 
theory can also explain the experiment at 
threshold energies, is shown by Fermi him- 
self in his first paper.” 

The knowledge of the features of meson 
production at intermediate. energy region, 1.€:, 
some or some ten Bev., is very important for 
the analysis of cosmic radiation, and as Fermi's 
theory agrees rather well with experiment at 
very low and high energies, it would be 
meaningful to investigate whether it can also 
explain the features of meson production at 
this energy region. 

The most apprepriate experimental data 
for this purpose is that of latitude effect of 
stars, given by Salant e¢ al.”. Since they 
given the mean number of charged mesons 
produced from light (C,O,N) and heavy 
(Ag, Br) elements by 1~ 8 Bev, and >8 
Bey protons, we can compare the theory 
with experiment at these two energy regions, 
separately. 
Table I. 


We calculate the number of charged mesons 


We summatize their data in 


produced in nucleon-nucleon collision by . 


protons (1~5 Bev) and higher energy 
protons ( > 14 Bev) according to Eqs. (22) 
and (82) of A, respectively, and interporate 
between these two energy regions. 

Taking as the differential primary energy 
spectrum of Winckler et al.”, we get mean 
number of charged mesons produced by 1~8 
Bev protons. It amounts to 0.58, ie. much 
smaller than the corresponding value in 
Table I. To diminish this difference, we 
first consider the. effect of plural production. 
In the evaluation of secondary production, 
we assume one of the two nucleons, which 
take part in the initial production, “goes for- 
ward, and the other goes backward, in the 
center Of mass system, with same ene: gy, so, 
in the laboratory system, they go foward 
with different energies, We further assume 
that they both collide with other different 


* by interporation. 


nucleons, and produce mesons. In the same 
way we can calculate the number of mesons 
produced tertially, and so on. If we include 
mesons produced as far as fourthly, the mean 
number amounts to 1.25. This would be the 
maximum value conceivable in light nuclei. 
This value is yet smaller than the experiment- 
al value 1.3 + 0.38. In heavier nuclei, seven- 
ly or eighthly production could occur, but 
according to our calculation, the energies of 
nucleons reduce so small that the contribu- 
tion becomes negligible after sixth production 
and is impossible to reach the value 1.5 in 
Table I. 

We next calculate the number of mesons 
assuming the collision to be inelastic, but it 
is found, that the result becomes even smaller. 
This would moreover injure the angular 
distribution of mesons = * 

The expedient we finally take is to con- 
sider the effect of meson production by mesons. 
For the evaluation of this effect, we modify 
Fermi’s Eqs. (22) and (32) in A, replacing 
the part of incident nucleon by an_ incident 
meson. It is found that the number of 
mesons produced increase much more rapidly 
with energy in the center of mass system 
than in the case of nucleon-nucleon collision. 
But the energy in center of mass system in 
meson-nucleon collision is smaller than the 
corresponding value in nucleon-nucleon col- 
lision, when the incident meson and nucleon 
have same energy in the laboratory system, 
so the contribution of meson production by 
mesons does not come to be so large. 

As mentioned above, we obtained the num- 
ber of mesons in the energy region 5~14 Bey 
This. would perhaps be an 
underestimation. ‘Therefore we may conclude 
that in this energy region, the Eq. (22) of A 
should be used rather than Eq. (32) of A. 

In the above analysis we treated the number 
of thin tiacks of table I to be all due to 
mesons. But as was shown by Camerini 
e' ab.?, about 1026 of them may be thought 
to be protons, so as the true number of 
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mesons, it would be better to take the value 
of table II. If we do so, then, though we 
use the above calculated interporated value, 
it is possible to. obtain the experimental 
value for 1~8 Bey protons, if in light nuclei 
meson production by nucleon-nucleon collision 
is considered up to secondary, and to this, 
secondary meson production by initially pro- 
duced mesons is added, and in heavy nuclei 
both their contribution is considered up to 
tertially. Similar consideration is sufficient 
to get agreement between theory and experi- 
ment for >8 Bev protons. 
Anyhow, as long as we believe in the 
validity of Fermi’s theory, we can conclude 
that the meson production from nuclei by 
cosmic radiation is multiple and plural one. 


Table I. Mean number of thin tracks 


| , . 
energy of protons | light nuclei . heavy nuclei 


1. 8 Bey | 13 40.3 | 15404 
S 8 Bev | 1.4404 2.8 +: 0.3 


Table IT. Mean: number of mesons 


energy al protons | light nuclei | heavy nuclei 


1.17 + 0.3 | 1.35 + 0.4 


| 
| 
1~8 Bev | 
| 


1.26 + 0.3 | 25 +03 


1) J. J. Lord, J. Fainberg and M. Schein, Phys. 
Rev. 80 (1950), 970. 

2) E. Fermi, Prog. Theor. Phys. 
referred to A. 

8) E. Fermi, Phys. Rev. 81 (1951), 683. 

4) E. O. Salant, J. Hornbostel, C. B. Fisk and 
J. E. Smith, Phys. Rev. 79 (1950), 184. 

5) J. R. Winckler, T. Stix, K. Dwight and R. 
Sabin, Phys. Rev. 79 (1950), 556. 

6) LL. S. Osborn, Phys. Rev. 81 (1951), 289 

7) V. Camerini, P. H. Fowler, W. O. Lock BG 
If. Muirhead, Phil. Mag. 41 (1950), 418. 


a 


5 (1950), 570, 


Pri la Koncepto de la Libera Kampo 
S. Hori 
Department of Physies, Kanazawa University 


September 26, 1951 


En la nuna kvantuma teorio de kampoj, 
la koncepto de la libera kampo ludas gravan 
rolon: Oni supozas ke por liberaj kampoj 
solvoj estas jam antate donitaj lau spinoj, 
masoj kaj sargoj de korpuskloj kiujn la 
kampoj priskribas, kaj interagadoj estas aldone 
kaj adicie enkondukitaj inter ili. 

Libera kampo, tamen, aktuale ne ekzistas 
en la naturo. Ni ne havas eé rimedon por 
certigi (eksperimente) ¢u la solvoj estas 
korektaj ai ne. Tial ni volas formeti la 
koncepton de Ja libera kampo forde la nuna 
teorio. Ni enkondukas  jenan  gvidantan 
principon: Libera kampo tiel nomata en 
la nuna teorio priskribas en fakto la korpus- 
klon jam interaganta kun kampoj produktitaj 
de la korpusklo mem. Tiu ¢i gvidanta 
principo tamen ne estas facile aplikebla rekte 
al Ja teorio de due kvantumitaj kampoj. Gi 
estas aplikita, unue al la klasika teorio kaj 
ni havas modifitan teorion en kiu ne aperas 
klasika Coulomb’a memenergio, kaj due al 
la kvantuma teorio. 

Bedaurinde tiu ¢i modifita kvantuma teorio 
estas malfacile due kvantumita, ¢ar por 
apliki nian gvidantan principon, ni devis 
necese enkonduki distingeblecon inter fotonoj 
emanitaj de diferencaj Sargaj korpuskloj. Ni 
tamen povas konjekti pri nia estonta  teorio. 
1. Nia teorio estos tia ke Sarga korpusklo 
sola ekzistanta en la vakuo ne havas Coulomb’- 
an kampon Cirkau si, krom kiam oni alpro- 
ksimigas alian sargan korpusklon por sondi 
au mezuri la kampon. 

2. En nia teorio ne aperos ne sole Coulomb’a 

memenergio sed ankau kvantumteorta mem- 
energio. 
3. Ni 
Hamiltoniano kun memoro” por evili supre 


devos eble enkonduki specon. de 
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menciitan distingeblecon. 
Pli detala artikolo aperos en pli malfrua 
eldono de tiu Gi gazeto. 


1) F. J. Belinfante, Prog. Theor. Phys. 6 (1951), 


202. 


On the Fourth-Order Nuclear Potential 
S, Machida, s: Onuma 
Department of Physics, University of Tokyo 
and 
M. Taketani, Tokyo 


September 27, 1951 


Recently, it has been pointed out” that, 
if one considers the fourth-order term in 
addition to the second order one which has 
only been taken into account so far, the 
pseudoscalar meson potential with pseudo- 
vector coupling alters its feature considerably. 

In view of the importance of this conclu- 
sion, we have made a investigation of the 
deuteron ground state and low energy neutron- 
proton scattering taking into account the 
fourth-order nuclear potential. The method 
of the shape-independent approximation has 
been used to analyse the low energy scatter- 
ing and we have assumed the symmetrical 
theory throughout these calculations. 

1) The singlet neutron-proton scattering 
. The calculated values of the singlet effective 
range, ‘7, and cut-off radius, aw, are as follows : 

a) zero cut-off 


xo(in unit of 


fe lAntc Iy(in 10-13cm) — z-meson range) 
0.075 1.925 0.5886 
0.090 2.457 0.665 


EL 
b) infinite repulsive square well inside 
(hard core) 


f? Antic ly x9 
a re 
0.075 2.104 0.3285 

0.090 2.585 0.384 
ee 


Here the singlet scattering length 'a is ad- 
justed to the experimental value 23.68 x 107 
cm.2 The experimental value of the singlet 
effective range is~(2.7 + 0.5) x 107*5 cm.” 

As can be seen from these results, a 
reasonable magnitude of the coupling constant 
f?/Anhe is about 0.08 ~ 0.10 for both ways 
of cutting-off considered above. However, 
in relation to the singlet hard core model 
suggested by Jastrow®? and somewhat larger 
values of the singlet effective range, f*/4ahe 
=0.09 ~ 0.10 and infinite repulsive cutting- 
off seems to be more favourable. 
2) The deuteron ground state and triplet 
neutron-proton <cattering 

In this case, as the infinite repulsive cut- 
ting-off is unable to produce a_ sufficient 
binding energy, zero cut-off method is only 
adopted. The next table shows the values 
of the quadrupolemoment, Q, triplet effective 
range, *7, and D-state probability, Py. 


f?/Anrte Qin 10-27cm?) 37 Pn (2%) x9 
0.05 1.85 1.325 7A2 0.16 
0.08 2.37 1.582 8.65 0.232 
0.10 3.25 1.75 11.3 0.303 


Experimental values for these quantities : 
Q =2.738 x 10>?" cm?,® 
Sr = (1.7044 0.030) x 10-73 cm. » 


It is generally accepted that the observed 
magnetic Moment gives a measure of the 
D-state admixture, and the value 4%, 
calculated from the simple formula for the 
resultant magnetic moment, has been adopted 
so far. This, however, forms an unreliable 
restriction, not only because of the uncertain 
relativistic corrections but a dependence of 
the magnetic moment of one nucleon on the 
proximity of another. Actually, the latter 
effect has been confirmed by the experimental 
ratio of hyperfine structure in deuterium and 
hydrogen.” ‘Taking these facts into consider- 
ation, it seems meaningless to adhere to the 
usually adopted value of 49. The value 
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obtained here (9~10%) is not necessarily 
Incompatible with present experimental data. 

Straight cut-off procedure, using the value 
f?/Axhe=0.08, changes the cut-off radius ay 
from 0.232 to 0.33 altering the Other 
quantities mot seriously. If a deep square 
well is assumed inside,® the cut-off radius 
would increase and the quadrupole moment 
decrease a little. 

According to these results, it is possible to 
conclude that the pseudoscalar meson potential 
with pseudovector coupling (inclusive of the 
second- and fourth-order terms) is compatible 
with the deuteron ground state and low 
energy neutron-proton scattering data, pro- 
vided the proper choice of the coupling 
constant _ between 
namely the value 0.09~0.10, and cutting-off 


m-meson and_ nucleon, 
is made. 

We have investigated, in addition, whether 
or not the above mentioned potential satisfies 
the saturation requirements,” and found that 
they are not satisfied in several respects ; for 
example, spin saturated neutron cluster can be 
stable as far as reasonable cut-off radius for 
the potential is assumed. Even if we take 
into account the pseudoscalar coupling to- 
gether, not all saturation requirements can- 
not be satisfied. So we must explain the 
saturation phenomena by some other effects, 
if we adopt-the static potential deduced from 
the symmetrical .pseudoscalar meson theory 
with both couplings including fourth-order 
effects. 

We wish to express our thanks to Professors 
S, Nakamura and M. Sasaki for stimulating 
discussions throughout the course of this work. 
We are in addition grateful to Mr. K. Nishi- 
jima for sending us the manuscript of his 
paper before publication. 


1) M. Taketani, 5. Machida and S. Onuma, Prog. 
Theor. Phys. 6 (1951), 638; K. Nishijima, Prog. 
Theor. Phys. (in press). 

2) E. E, Salpeter, Phys. Rey. 82 (1951), 60. 

_ 38) R. Jastrow, Phys. Rev. 81 (1951), 165. 
~ 4) IL G, Kolsky, T. E. Phipps, Jr., N. F. Ramsey 


and H. B. Silsbee, Phys. Rey. 81 (1951), 1061. 

5) ¥. F. Low and F. E. Salpeter, Phys. Rev. 83 
(1951), 478. 

6) M. Taketani, S. Nakamura and M. Sasaki, 
Prog. Theor. Phys. 6 (1951), 581. 

7) L. Rosenfeld, “ Nuclear Forces”, Chapter XI. 
H. Kanazawa, Preg. Theor. Phys. 6 (1951), 126. 


Note on the Cascade Function 
for Heavy Elements 


J. Nishimura and K. Ida 


Departments of Physics, 
Kobe Univerity and Tokyo University 
August 26, 1951 


Recent calculations ™* of cascade 
functions using the accurate Bethe-Heitler 
cross-sections, have shown that there exist 
considerable differences between these func- 
tions and Snyder’s® results based on the com- 
plete screening cross-sections. 

In this paper, we should like to. stress 
the point that in order to account the average 
numbers of the shower particles the Coulomb 
scattering effect is rather important especially 
in heavy elements. Efforts in this direction 
have already been made by Belenky”, and 
we treat the same problem using the angular 
distribution functions” derived analytically in 
approximation B®. 

The approximations used for the calcu- 
lation of this angular distribution are : 

(1) use of the complete screening cross- 

sections, 

(2) neglect of elon- . 
gation of the 
path for the 
particles inclin- 
ed from the 
shower axis, 

(see Fig. 1) 

(3) putting sin 0d~ 
Pwd: ia the 
angle from the 
shower axis,see of the path is 
also Fig. 1). given by 

The cross-sections for ( ~--1)¢ 
the low energy particles ee 


Fig. 1 Elongation 


906 


are smaller than those of complete screening, 
but, fortunately the error due to these in- 
accurate cross-sections may be compensated 
by the error, due to (2), because the lower 
the energy of the particles, the larger the 
inclination of the particles from the axis. 
Thus we have only to take into account the 
effect of (3) and the increase of ionization 
loss due to (2) 
mitted by our approximations. 
simple consideration it may be clear that the 
exact angular distribution function will be 
diminished with increasing @ as shown by 
dotted line in Fig. 2. It is, therefore, reason- 
able to assume that the shower particles 
which leave downward from the material are 
those lying between 0 and 1 radian from the 
shower axis distribution functions. 
The results thus obtained for considerably 


to remove the error com- 
From the 


in our 


high incident energy particles are listed in 
Table 1, and compared with the experimental 
data obtained by Shapiro”. (Fig. 3) 


10.0 


5.0 


~ 20 


1.0 


Qs 


Average numbers of shower particles > 


02 
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Relative numbers of shower particles — 
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LPS | us 
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@ (radian) — 


Fig. 2. Schematical representation of angular 
The full line 
gives the angular distribution calculated 


distribution function. 


using the approximations (1), (2), and 
(3). 


given by ‘otted line. 


Yhe exact distribution will be 


Rossi & Greisen 
(Approximation 1) 


Wilson (Monte Carlo) 
Experimental results 
obtained by Shapiro 


Ours, corrected for 
scattering effects. 


Fig. 3. Comparison with experi- 
The data here 
listed are mainly due to the 
private communication from Mr. 
Hayakawa, 


mental results. 


yro 


¢ (cascade unit) —> 
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The fair agreement between theoretical 
and experimental results seems to mean that 
our approximations are not so far from 
reality. 

Table 1. Fractions of shower particles which 


leaves downward from the materials. 
S: shower ages 


rE ape % f pe iig | 
| | | | 

| 
| Pb | 0.25 lrrergOkS | 
| Fe | 055° | O47 | 


These values are derived from the formula, 
§5 2 (6) 27040 
(2 x(0)2n0d0 

distribution function. In order to see the ac- 


where z(@) is the angular 


curacy of these fractions, we have also estimated 
(2/2 (0) 272020 
f° 2(0) 27x6d0 
the upper limit of these fractions. These values 
are larger about 209 or less than those listed 
in this table. These values listed in this table 
may be considerably accurate. 


the formula which gives 


Since these corrections for the average 
numbers of shower particles are considerably 
large, they may be of great importance for 
the interpretation of the cosmic-ray phenomena 
containing the cascade showers, i.e. burst, the 
transition effects of the cascade showers etc. 
For instance, the discrepancy between theoreti- 
cal® and experimental results of burst under 
the thick absorber at sea level can be ex- 
plained, if one takes account of this scatter- 
‘ing effect. The theoretical size frequency 
curve is thus reduced by a fator about 3.5* 
and the discrepancy is Much diminished. 

The authors wish to express their ap- 
preciations to messers. Hayakawa, Fujimoto 
and Ogawa for their valuable advices through- 
out this work. 


1) I. B. Bernstein, Phys. Rev. 80 (1950), 995. 
2) R. P. Wilson, Phys. Rev. 79 (1950), 204A. 
8) HS. Snyder, Phys. Rev. 76 (1949), 1563. 
4) S. Belenky, J. Phys. U.S.S.R. 8 (1944), 305. 
-5) J. Nishimura and K. Kamata, Prog. Theor. 
Phys. 5 (1950), 889; Prog. Theor. Phys. 6 
(1951), 263. 


6) B. Rossi and K. Greisen, Rev. Mod. Phys. 13- 
(1941), 240. 

7) A. Shapiro, Phy. Rev. 82 (1951), 307A. 

8) Y. Fujimoto and S. Hayakawa, Prog. Theor. 
Phys. 4 (1949), 502. 

9) M. Schein and P. S. Gill, Rev. Mod. Phys. 11 
(1939), 267. 

R.e. Lapp, Phys. Rev. 69 (1946), 32. 

4 This is also true quantitatively for small shower- 
ages. 

* We take Fe (s=1) as a correction factor in 
Table 1, because the critical energy of the 
material Pb and Fe was determined experi- 
mentally by Lapp comparing with tne data of 
the Fe alone. 


Statistics of two-dimensional Ising 
Lattices of Chequered Types 


T. Utiyama 
Department of Physies, Osaka University 
August 26, 6951 


For the case of vanishing field, the pro- 
blem of two-dimensional Ising lattices” made 
up of “vertical” and “horizontal” bonds. 
with two step periodicity can be treated 
unitarily and the results are exceedingly simple 
for lattices of “‘ chequered type” :. we denote 
by this name, all the lattices which are ob- 
tained by replacing black squares of chess- 
board by one and the same “ elementary 
figure” (=E.F.), the latter being assumed 
to be a rectangle with y “ vertical” cross-- 
pieces. In the F.F., the vertical, the upper 
and lower horizontal interactions are number- 
ed, from left to right, by B(=-1), Bow+i3 
B°* and Boy (=, 1, ---v) respectively, where 
some f’s may be 0 or +00 (with B=J/2k7, 
J/2 being the interaction energy, + or —, 
etc. See Fig. 1). For example, v=0: p= 
+00, B,=0 (or 6,=8) represents the 4- 
(square-) lattice, 8,=0 or +00 corresponds. 
respectively to the 6-(honeycomb-) or the 3- 
(triangular-) lattice; v=1: B,=+00 or Bs. 
=0, to the 3-6-(Kagome-) or the 4-8-lattice ; 
y=3: B,=B;=+©, B.=f;=0, to the 3-12- 
lattice. 
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The partition function per atom 4 of 
infinite lattice of chequered type is, in usual 
approximation, given by 

2(2Qv+1)—nw](27)*InV4/V 2) = 

eal ate 0,, to.)dw,da, , 

C5 R= 1S 7aCS*) A OS) 24+ St 
—cos(@, Fw.) —{S)° + (S”)*— (S’)” 
—S7+1} cos(w, +a.) —2 {S,S’ 
—S,S*} cos w, —2 {S,S8’ + S,S7} €98 wo]. 

In this formula, all the quantities can be 
written down by mere inspection of the ELF. : 
Neo=total number of infinite bonds in the 
DVS RTT ON OE ee 


na 


F,=Il sh 28™ sh 2B, , Fo=II sh2(B)e, 
w= 


where FF is the product Of no sh2(B)o's 
which correspond to infinite interactions. The 
most important four parameters S;, S,, S}, 
4S* are determined by this rule (in the fol- 
lowing prescription, f’s are treated as algebraic 


quantities regardless of their signs and 
magnitudes) : 

2y ; 
S3= D1} Leh (B+Bi +--+ Boy-1—Bovs1) X 


x ch(B°*+ Bo*)ch(B*+Bo*)ch( )-- x 
xch( )sh(B*+B,,*)], 

where, we write first, the “leading factor” 
 CEF.y: ch(B+::++Boy—1—Bov+,) 3 -second, 
all the (2-2) eh(---)’s which are. derived 
fromthe L.F. by alternation of signs before 
#’s. corresponding to the crosspieces, i.e. 
Boo41(0=0, ++, y—1) ; third, the -(y+1) 
“asterisk factors’ of each term which are 
ch(B?"* + 8.,*) or sh(B°** + Boy*) according 
as the signs before B.,-, and Bou+, are equal 


or opposite; at last we sum up ail terms, 
S, is of the same structure with the LF. 
ch(B+---+Boy-1+fBov+1)- In the same manner 
we get S1 and S* with the L.F.'s sh(B+B, 
+ Boy-1+Bove1) and sh(B+By--+Boya— 
Boy+;) respectively, but this time, the argu- 
ments of asterisk factors being (B°**--Boy*)’s. 
For practical calculations, it suffices to know 
only oge of the two set (4;, S*) and (&,, 
S*); the other can be obtained by simple 
substitution ¢t having the properties:.t: Boy+, 
>= Bovis Bev Bev bh Bey Bara, 


j=t(n/2)(2I+1) T being an integer ;) t S387] 


=SyS*, —t[(S*)?+837]=(S*)7-+8)7, t 11831] 
=|". 
Example: v=0: S'!=sh(P+8,) x 


Xeh(B*—B,*), Ss=ch(B—B,)-sh(B™+8,"). 
2SyS1= (1/2) (sh 28+ sh 2B,) x 
X (sh 28°*+ sh 28,*), 
2SyS? =t [2S3S1] 
= (1/2)(sh 28—sh'2),) x 
X (sh 28°%—sh 28,*). 
(S)P-+8,° = (1/4) [(ch 2(B+8,)—1) x 
x (ch 2(B*— Bo") +1) 
+ (ech2(B-B,) +1) x 
X (ch.2(p* +8)*)—-1)], 
(8?) ?-+8,?= —t[ (8S)? +857] 
= (1/4)[ (ch 2(B—B,)—1) x 
xX (ch 2(B*—B,*) -1) x 
+ (ch 2(B+8,) +1) x 
x (ch.2(B*+Bo")+1)]. 
Generally, the Curie point 7’, is the root 
of the Eq. in 7: |S,|=|S*| or |S,|=|S?I. 
(When some J’s are +00, we equate the 
coefficients of the highest powers in 
exp(+00); we can not enter into details 


Letters to the Editor 


here, the situation being rather complicated 
for the case of mixed signs of J’s.) Even 
if all the J’s are equal and positive, 7’. is 
not determined only by the number of near- 
est neighbours, the gd-relation proposed by 
‘Onsager being characteristic for the case y 
=0.° By the way, the values of exp (2B) 
at 7’, of the 4-8- and the 3-12-lattices with 
positive equal J’s are 4.01 and 5.07 respec- 
tively. On examining the structure of S’s, 
we can show the existence of the Curie point 
under fairly general conditions and when 
there is no infinite J, the symmetry proper- 
ties for the reversal of signs of all J’s. (In 
the opposite case, the eventual disappearence 
of transition point is connected with the fact 
that, after the limiting process, sh( ), ch( ) 
become exp( ) and even their absolute values 
lose the sign symmetry in argument.) 

In the Euclidian space where the 7‘*’s 
are plotted against their argument % and the 
absolute temperature 7’ (7): half of the 
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real parts of the eigenvalues of the even 
rotation, and 0<¢<2z7), the value at LERO 
in(A) is, apart from analytic additive term 
and constant factor, equal to the area on 
tYe plane 7’=7', between the $-7-plane and 
the 7-surface. Roughly speaking, the 
Curie point can be characterized intuitively 
aS a temperature where the 7‘*)-surface has 
a cusp, resulting from the fact that a 7,‘ 
of odd yoiation crosses the $-7-plane and 
that a 7,‘ is equal to |7)“| at all 1empe- 
ratures, Using this image, we can under- 


stand the reason why the infinity appears 
first in the specific heat and the relation be- 
tween the degeneracy of the maximum eigen- 
value and the order disorder transition. 
Coming 
grateful to the Yukawa Foundation of Osaka 
University. 
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$5. Derivation of the fourth order adiabatic potential 


Now we will derive the adiabatic potential from the equation (22). For the 
sake of simplicity and experimental evidences, we restrict our subject to the 
spinless meson theories. 

We express the wave function of the meson fields by the notation: 


br (L=1, 2, 3,4) 


where all ¢’s are real, and the suffices 1 and 2 correspond to the charged fields, 
3 and 4 to symmetrical neutral and pure neutral respectively. The corresponding 


isotopic spins are written as 
T Es (Lt) 29s, 4) 
especially 7,=1. 
We regard the suffix Z as a dummy index. Then the commutation relations 
for the meson fields are given by 
[$.(X), p(X") = 28, nd (X—-X"). (24) 
We decompose the meson field into positive and negative frequency parts, since 
it is necessary for our calculation : 
b,(X) =) (X) +97 (YX), (25) 


where positive (or negative) frequency parts are annihilation (or creation) opera- 
tors of the mesons. We obtain the following commutation relations : 


[b¢(X), bn(X") J=—t8,04d. (X—-X"), (26) 


other commutators=0, 


where 
4,(X) = (1/2) (A(X) +24 (X)). 
The interaction between nucleon and meson fields can be written in the following 


form: 


H= POP br. (27) 
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For instance, in the case of Ps( fv), we have 
Or = 1(9/*) Po utr Pw» 


where D, is a differential operator applied only to the meson fields. 
With these notations, the expressions for R and 7’ are 


—— —£\tF0.#, Olu! \(bidn! + 47h )EX", 


T= — 4 | [POs J Oud" G78 + $5183) 4X". (28) 
Inserting the above expression for R into (23a), we ‘see 


V(X) =—2{R(X), [R(X AX ew 
J faxfaxr | dX" [pOrg. H Ons} (F" One" HU OgH 
= 


x [br bn’ +9790 O78" +07" 90" 
=a fax faxn( aX" [GO, LY, J Oly "|, [p/ One”, "Og f"7}} 


x [oOo (ok) a CX — XM") +49(X—X") 4(X'—X")) 
+000 yp(4(X—X") 4 (X’—X"’) + 4g” (X—X'")4(X'—X"))]- 
(29) 

We integrate this equation in the adiabatic approximation. 

As an example, we shall consider the case of EP): The choice of pu- 
coupling is due to the following three reasons: 

(1) Ps(ps) theory gives an ordinary force in the 4th order, and therefore 
does not fit the experiments.” 

(2) Ps( pv) is more favourable than /’s( fs) to explain other phenomena.*?.) 

(3) Ps(pv) is prefered, for the 2nd°order potential can be derived in the 
Schroedinger approximation, and thus the 4th order potential has a comparatively 
definite physical meaning. 

Now since nucleons are almost unable to move in the adiabatic approxi- 
mation, their freedoms are limited to spin orientations and charge states, and of 


_ course the freedom of changing the energy signs are prohibited. In the case of 
Ps(pv), the nucleon part of the coupling is 


iby pP=(¢*o¢, p* a). 


The spatial part contributes to the nuclear force in that it may change the spin 


orientation, while the temporal part can only change the energy sign which is 
considered to be prohibited in the present discussion. 


The ratio of the order of magnitude of the spatial part to the temporal part, 
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taking into account of the meson wave functions, is given by 


on oy x 
(2 -|@ \:(2) -g~l: —, (for low energy meson) 
c c M 

where v is the nucleon velocity and (q, q) the momentum energy four vector 
of the meson. Our adiabatic approximation is concerned only with terms of 
order (x/J/)°, therefore only the spatial part survives and we drop the temporal 
part from our calculation. Inserting the expression of 4-function (12) into (29), 
in virtue of the formula: , 


A(X) A) + A AD = Gn [Ge Cerny sin ovo 30) 
(27)° Ry a 
we have 

V, (X) =n lex'|a cn (ax nsiai ee 


x {[P*(O7 )rid, b*! (OV) ex,9"], [be (OP")r 20", b*!! (GP""") tof!"]} 


x Gaayy durdue |G ng me = 2) ite = 29 sin hy (t—0") 442") 
0 0 


+ | Ah dl ince — x!) + il (x — x!"') sin (2,(2’ —2"’) +4(¢-0")) | 
hea to 
(30) 
where the operator V in (GV) should be understood to be applied only on the 
meson part. Well, we can regard the bilinear forms of the nucleon wave func- 
tion to be time independent in the adiabatic approximation and so the time 
integration is performed referring only to the meson part. 
The time integrations are 


1 


fae faer(aen sin (2,(¢—2"") +/,(¢t’—?""’)) ms s 
0 


where the following definition of the time integration is employed : 


feos agile sin £pf, [isin kf dt'= hen Rot. 

kh, hy 
Also in this approximation of stopping nucleons, the spatial coordinates referring 
to the same nucleon can be equated, i.e.. aco’, a=”, and this substitution 
is guaranteed by the occurrence of d(a—a’), and 0(a”—a'”’) from the nucleon 
commutators, so that we may put = 0'=x,, 0! =a!" =a, and #,—%=”. Then 
(30) is rewritten as 
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ae aay a dae!" dell! 
XN) = Lette? N doe dae!" de 
V(*) 32 (27) *x4 
x {[f*o,t 1, f*' atu], ale Me Ae fate" lI 


dk al ns, aoe I 
Cera ate a Laila 
(PrP ie ae 13(Iy +o) 


tk al it 3 
Onno le Da 8H The (lad gee ees wep ( 1) 
is ae hY ky ty ( a4 ) AACREAY 


In order to replace the form (44/7) by the differential operator, we distinguish 
the r’s appearing in the forms kr and 07, i.e. we make the substitution 


(k+l)rokr +h". 


Thus the problem of integrating (31) is reduced to the following integrals: 


il LIS) Lt eee 1 
& a. y = j = eh cikr+ilr => = 
if ) (27)V ky Ly (4 +o) 
il Gia il 
G, ss ry’) = a Syne gikr +ilr’ : (32) 
- \ : (27) , Ry lh, Lk %q + hy) 


We insert these functions into (31) and omit da!’ to obtain the potential instead 
of the interaction Hamiltonian density. 


V(r) = q & asl dae! dal" 


x (Iredmal | Y* (OV) ti, POV") ru", [P*" (OP) th", Y"(OV) tof" VG, 1’) 
+908 url [P*(OV) 71, * (OV) oy", [AW"OP) ee", SOP el" VG, 7) promos 


where PV, VY’ are operated on the variables y and ¢’ respectively and the substitu- 
tion 7*=r must be done after differentiations. The occurrence of two distances 7 
and r’ corresponds to the interchange of two mesons. Transforming the above 


expression from quantized field operators into the configuration space representation, 
we have 


he a 
Vimo eb ug Pe (OP )e,, (OP’)cu][ (OP) tp, (6P") 6] 


x (G(r, #1) sailca 7s PAP Se » (33) 
or in the original expression (27), 
1 , , 9 
V= 101 OnJ[Ors On) (G(r 1) Gal, PY) rae (34) 


where the upper suffices refer to the number of nucleons. 


As for the concrete expressions of the functions G, and G,, it will be 
discussed later in detail. The next task is the computation of V4, which in a 
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completely analogous way to V,, is given by 


V(X) = (ILA), [Cray eax) HLA” 


= = Lau ela x"\ax" \"aX"" 
=e x3 


x {[P* (OP) ti, $*'(OV") ru’), [COP enh", Pe" (OP) ta" }} 


1. idk. dt ; ayes Bey} he 
x Ops Ou j -——¢ih( — x1) + ix! —2'") sin B(¢—z') «cos 1,4’ — 2"). 


(2m) ko hy 
(39) 
We define the following function G;: 
L af dhl ny: 
G tr, 7! = \ 4 ikr +ilr’ i 3 
cel iced pare (36) 


Then 4, in the configuration space representation is given by 


Fs 
Vo 28 08 nq 129982 | (@P)e4y (OP") eu” U(P) #05 (OP") #6) LPs Pan 


(37) 
Corresponding to (34), we have 
y= [On Ou) (Oz, Onl? Gs(%1 1) rer - (38) 
Now put 
G(r, r') = G, (7, vr’) a G,(7, 7’) aC 3G,(7, vr’) , (39) 
then the whole 4th order potential is 
Y= Ward yg 22220 (OP e1, (OP") ea] UCP) Fos (OP) F6]"™ Gran 
(40) 
or generally 
v= 101 41 [Ox Ou] GC evar (41) 


This form of potential agrees with the results obtained by the S-matrix method. 
For the sake of completeness, we will write down the 2nd order potential 


Y= 8,I29% (67,0;)® (OPitn)®—, Ps pr) 
An x r 


2 


or generally 
1 


a 
7 


—x*r 
DA ¢ 
— OP OP 
r 
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§ 6. Physical interpretation of nuclear forces 


The method of canonical: transformations employed in this paper provides 
means to analyze the mesonic self field around a nucleon so that we will invest- 
igate how the meson clouds contribute to the nuclear forces by an intuitive 
method. First the 2nd order potential is of the, form: 

GO# 


V~GOo- 
~FOp- 2 


Now: it comes into question how to interpret this potential. The bare 
nucleons have no direct interaction between themselves in the original form, but 
once they are clothed with meson clouds the overlapping of meson clouds induces 
forces between clothed nucleons. 

As is seen from the above expression, the one nucleon is bare and the other 
clothed. Thus we interpret the 2nd order nuclear force as such a phenomenon 
that one bare nucleon rushes into the meson cloud of the other nucleon and 
intends to carry away the clothes, which is interrupted by the owner. (fig. 5) 


2nd order nuclear force (V9) 


Fig. 5 


Meson cloud (U4) 


Meson cloud (U,) 
4th order nuclear force (V4) 


Fig. 6 


4th order nuclear force (7%) 


Fig. 7 


On the Adiabatic Nuclear Potential, IT 917 


Next, the 4th order potential V7, is derived after two canonical transformations, 
i.e. One nucleon is doubly clothed. The second clothes consist of mesons pro- 
menading always in couples around a nucleon. Il, is interpreted as such that 
one bare nucleon rushes into the second clothes of the other nucleon just as in 
the case of V,. (fig. 6.) Finally, the nuclear forceY, can be induced only by 
the first Bloch-Nordsieck transformation, nevertheless interchanges two mesons. 
Therefore it must occur by the collision of two singly clothed nucleons. (fig. 7.) 
These figures are essentially spatial in contrast to the temporal descriptions by 
Feynman diagrams. This difference corresponds to that between the canonical 
transformation method and the S-matrix method. 


§ 7. Adiabatic nuclear potential 


In this section we will push forward the discussions in previous sections and 
derive explicit forms of potentials. For this purpose, we have to calculate the 
integrals defining the function G. 

A. Derivation of the function G(r, r’) 

First we calculate G,—G;: 


1 eet kyl 
_— (E =_ al theat FA Lt alge tA) A 42)) 
Or = Bay Rae +h) \ 


We decompose the ar ee into the es form: 


1 
tee tz aoe = - ra ee 


and calculate the following integral which pp to the second term in the 
above decomposition, while the third is of the same type. 


1 ee eee 


Qn) Ai? PoP 
_ (Az) Ae kdk {, Idi sin kr | sin ate: 1s 1 
7 (x) 0 2k hy Jo 22 ¥ lap 148 
= Jad [- a Val sin kr + sin nS a (43) 
2(22)*rr! J-= ky-@ Ly" l—-k It+k 
We first integrate with respect to /, by means of Cauchy method, i.e. 

weld ( ee es CA hr! —e-™" 
ee ly f— l+k: Vs 


Inserting this result into (43), we have 


(27)? | ° kak 
2 (Qn) *rr! 


-un(” kdk 


cos Rr’! sin kr —e —. al EE ar 


-o £3 -« #, 
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EG eee F 26-™' Fr) }, (44) 
« py? 
where 
i Ry "ae sin AR: (45) 
(2n)Jo 


Multiplying (44) by 2 we have the second term, and exchanging the arguments 
vy and r’ between them we have the third term. The integral corresponding to 
the first term is 


il adkat : 1 _ gikrt+ ilr’ 
(27) 6 Lae Va _ L 


Sets |. hkdk ° tal sin kr-sin Uy’ A (46) 
(27) *r7' J- ee hy k—P 
First integrating with respect to %, we have 
i dp —_© —sinkr=acoslr, (r>0) 
-» #—[* 
which gives when inserted into (46) 
Z “aia sin yr’ cos lr 
(Qn) vr! Jo 13 
= _{F(r+7) -F—r) }. (47) 
2rr’ 


Thus we have the whole expression of G,—G,: 


G,—-G,= m5 {f{r+r) —F(r—r) + Fr!) +F(r—r') —2e-*" F(r) } 
+ 53 (Pr +7’) —F(r—1')—2e-""F(r) —e-"" Fr’) }. 


1 a aN 
ere +7) —2e-*"F(r') }. 
The function G; is readily integrated by the separation of variables, and yields 
1 
Gs=—¢""F(r’). 

3 ape (7") (48) 

Therefore we have 
G=G,—G, +365 oF +r) (e* F(r') —e*"F(r')). (49) 


The integral (45) can be expressed by the modified Bessel function,” i.e. 
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FR =a yale R), (50) 


where the function K is connected with Hankel’s function by the following relation : 
x (2) =Z exp (7 5 ‘). A her). 


Since the expressions of the 4th order potential (40) and (41) are symmetric 
with respect to the differential operators V and PV’, terms which survive after the 
substitution r=7’ are only the symmetric part of (49). 


So effectively 
ane Rieke | 51 
Pog r’). (51) 
This is the fundamental function of the 4th order potential,” ~*” -just as the Yukawa 
function e~*/x in the 2nd order. 


B. Symmetrical scalar theory 


As the examples of the theory, we take up only the symmetrical meson 
theories, since the charge independence of nuclear forces® seems favourable 
from the analyses of the mirror nuclei® and the nucleon-nucleon scattering.” 

We first illustrate by the symmetrical scalar theory. 

In this case 


oO; = fT 1. 
and the 2nd order potential is given by 


Pex pal (Og) Es 
4n rv 
The 4th order potential is written as 


V=—= flew ta] P[tes tu]OCH 7)- sie 


Noting the relations: 


[ez, ta)’ Lez, Ta]? = ae se 


Clr, =F Or) = K,(2xr), 


Ga ‘hg 


we obtain the final result : 
V== —(£Y re) 4K (Gar) : 
4n Rid 7 


Thus the 2nd plus 4th order potential is equal to 


920 kK. Nisyiyima 


= — (77) [f— oe (£) = “K(227) ( (93) 


Ta 


The ratio of the 4th order to the 2nd at the force range xr=1 is given by 


(2) ~ =f, © Kio) — = 050 
Vy wr=1 Art nt 

This is a fairly small value, and we may suppose that the perturbation theory has 
its validity in the scalar meson theory. We see from (52) that the 4th order 
potential survived because of the charge correlations between mesons, i.e. the non- 


commutativity of isotopic spins. 
So it is easily understood that the 4th order potential vanishes in the neutral 


scalar meson theory since no correlation due to spin or charge exists provided 
that nucleon recoils are neglected in the adiabatic approximation. 


C. Symmetrical pseudoscalar theory 
In this case, we put 9,=9.=9J;=9, 94=0, then the 4th order potential is 
given by 


= (2) (oP) eu (OF) eu1C(OP) em (P)tu\COrs ere (A) 


The commutator is calculated as follows: 
[COP )e1 (OV) ru] L (GP) e 1, (OP!) ey JC (4, Mrmr 
=—4[2(07)2(2r) +3 (6, 7, D!) (6, 7, DY IG(rs Poray 


a Rey eee 2 1) (2) O° 
[se s (G ot aha) al ie pigs orar’ 


(1), (2) iS 
+19 (6%) _(¢ r) (o Yr) ) 1/0 + fe) * ay | 
( r r te or’ Or Or" CG Petar 


In the above consideration the derivatives of the function XK, arise which can be 
reduced to the linear combinations of X;’s by means of the following formulae : 


Kyat Ky1= SEG 
Kea 


Performing the above differentiation, we get after tedious calculations 


Veax( 2 —\[(% 2), (2r) +(GG) U, (ar) + SU g(2r)], (55) 


where 


(1) (2), 
So= 3(¢ “Ks ”) — (6%), 


U.= (8/2) (—A,+24,—44,424,) <0, 


: 


——, ’ 7 


On the Adiabatic Nuclear Potential, 17 921 


U,— — (8/2) (2A,—2.A;+ Ay) > 0, (56) 
= (4/2) (24,—5A,+4A,) <0, 
and 
Gites arctgan Kye) tage Ks" O22) Ki (22) 
x ; x : , thle 


These functions have singularities of 7°, and numerically 
Ue~|U2|~ 1/2) 031. (57) 


Thus obtained 4th order potential in Ps( gv) has a completely different form from 
the ordinary force in Ps(fs). For the sake of completeness we write down the 
2nd plus 4th order potential: 


Var \(z2m| 2 (95) +(5 += 1 =); |Z 


By. nl 
+ (2) [ere )U, + (66) V+ SU). iis) (58) 


For the comparison with the 2nd order potential, we will give their rough 
numerical values at the force range x=xr=1, 


U,V) =—dl, Vo(1) =2.7; Up(1) ==2.6,,€77/4(1) = 0.37. 


As is seen from the above values, the 4th order potential has a large possibility 
of being comparable with the 2nd order one if suitably superposed, and this is 


‘really the case. 


Thus the validity of the weak coupling theory becomes quite doubtful in 
this case. Now we will distinguish the potential (58) in various cases. 
(a) Singlet even state 
Substituting (66) = —3, (rr) =1 into (68), we have 
V= —xnuV+x0(U,—30,), (59a) 


where we have put 


Ve ae a=, 
ue 4r 


Since U,—3//, <0, both the Qnd and the 4th orders are attractive, and at the 
force range x=1, the ratio of the 4th order to the 2nd order is 


(Vi/Vo)en1~394. 
Even for u=0.1, this ratio has a large value 3.5 and we cannot neglect the effect 
of the 4th order potential. 
(b) Singlet odd state 
In this case, (60°) =—3, (e%r®)=—3 and 
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V=3xaY—3x07(U,+Uc)- (59b) 
Since U7, +U, <0, both the 2nd and the Ath orders are repulsive, and the ratio is 
(Vi/V2)r1~T. 
This value is comparatively small. 


(c) Triplet even state 


1 1 I 
(ava) = i (eM o) => =o Aa ase Pe 
V= —x0(V43S,,AV) +2x0°[—3U,4+ Vet SV 7]. (59c) 


In this case, the 2nd order central force is attractive and the 4th order central 


force is repulsive, and the ratios are 
| V, V4 


2 


~a for tensor part. 


p= 


*~49u for central part, | 


2 \jc=1 


In this case too, the 4th order is very large. 
(d) Triplet odd state 
CSG" = 1, (77° y=1, 


pe x = V+S,A v) +xut(U, 405 4S,072): (59d) 


The 2nd order central force is repulsive and 4th order attractive. The ratios are 


ade iv for central part, mae 
2 


c=1 


~3« for tensor part. 


z=), 


2 
In the 4th order potentials, U’s are superposed in the same sign in the even states 
and in the opposite sign in the odd states. 

We will not touch here the comparison with experiments since it is a very 
tedious complicated problem, they will be discussed elsewhere. 


§ 8. Concluding remarks 


From the previous calculations we may conclude that the convergence of the 
perturbation theory in the scalar meson theory is fairly good, while it is quite 
doubtful whether the perturbation calculation is meaningful or not in the pseudo- 
scalar case. This conclusion does not seriously depend on the value of the 
coupling constant. 

Although the 4th order potential becomes quite large as compared to the 
2nd order one, it is generally believed that the perturbation method gives rather 
larger values than the true ones if it is not a good approximation. The 4th 


order is larger than with the 2nd order even at the neighbourhood of the force 


range. Thus, if the higher orders are also large, we have to svppose that 
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xo = 18 


The value of 7¢ is insensitive to the choice of the coupling constant, and in this 
case we must abandon the hope of both weak and strong coupling theories and 
depend on the intermediate coupling theory. 

The nuclear force can roughly be separated into static and non-static parts, and 
we discussed in this paper only the cases when the former is supposed to be 
larger than the latter, i.e. the cases in which we can calculate only on the 
Schroedinger approximation but not Pauli approximation. But as is seen in the 
calculation of the case Ps(pv), the higher orders, consequently the non-static part, 
will give larger contributions than are predicted before. 

Thus the physically meaningful potential will be only the velocity dependent 
one, and the representation of the phenomenological potential in the form of 
static nuclear potential will have a meaning only as a suitable average of the 
velocity dependent one. 

Such a point of view will play an important role in the saturation ‘problem. 
For the present phenomenological potential determined from the scattering data 
cannot satisfy the saturation requirements so long as it is expressed in the form 
of a static potential, while the velocity dependent potentials are capable of 
explaining the saturation properties. There the idea of the velocity dependent 
potential may be a key point together with the non-linear meson theory. 

In connexion with this problem, the many body force must be analyzed, but 
it is of the higher order in the nucleon velocities and thus vanishes in the adiabatic 
approximation as is seen from the expression (41). 
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Appendix 


Renormalizations in the Adiabatic Approximation \n the text, we picked up 
only terms corresponding to the diagrams (A) and (2). (Cf. fig. 4.) According 
to Watson and Lepore, other diagrams do not contribute to the 4th order nuclear 
force in the low energy region. But as we have employed a different type of 
coupling Ps(pv), we have to prove this fact again. We shall prove that other 
diagrams give only renormalizations of the coupling constant and the rest mass 
of a nucleon in the adiabatic approximation. In this appendix, we illustrate it 
only by the diagram (Z), but as for other diagrams we see completely the same 


situations. 
Picking up terms corresponding to the diagram (Z) from H” (X) in (20), 


(HX) ),= +1), [acenaxy [Aen ax Hd, 
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= A UduGoelaxe("ax"| aX" 


8 X4 


x [(3/2) bred srllPOid, P'One Pp" Ore} bh Oe" p” 


1 le ik(x- x") sin h(t—-2'”’) - je dU jit’ -*") cos L(t —t”’) 
“Gay ; 


aie iy teat Lies P/ Ond' WW "nd ) Ow 


0 


ed ik(x—x') sin & (¢—2") ee Cla Ls Mis Mk Oe 7 La 
(en)! ly 
Performing the time integration in the adiabatic approximation, we transform it 
into the configuration space representation. 


For the symmetrical Ps(p~v) theory, we obtain 


Sag 1 ( ie oe 
=ae) Careers br sie O4Et 


x [[oke-r,, Ol- ty |ol-cp] - (oh&- zg) 


Sih ee je. GK ity (OR: 7,) (Ghz) 
2° (2x) he x! 


= (divergent constant) x V,. 


This gives just the renormalization of the coupling constant. 
In a similar way, the diagram (S) gives the renormalization of the nucleon 
rest mass, but (7) vanishes from the beginning in this adiabatic approximation. 


Thus we see that other diagrams than (A) and (8) give nothing but 
renormalizations in the low energy regions. 
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On the Energy-Momentum Tensor of Bopp-Type Non-Local Field 
Yoro Ono 
Department of Physics, Hokkaido University 
(Received September 10, 1951) 


‘Expanding the characteristic function e(”) in the Lagrangian in derivatives of (+) and applyiag 
the variation principle of general relativity, we obtained the symmetrical energy-momentum tensors 
for the Bopp-type non-local fields. They are free from the defects accompanying the expressions 
proposed by Bopp and Heisenberg and can be ragarded as the most natural extension of the local 
fields. 


§ 1. Introduction 


In his series of papers Bopp considesed the field whose Lagrangian is given 
by the form 


La) ={ o@)ee—a")o(a de", 


where ¢(x) is a field variable of certain type (scalar, vector or tensor), and e(%) 
the characteristic non-local function.* Concerning the energy-momentum tensor 
of this field investigations have been performed by several authors.” But the 
expressions proposed in concrete for each type of the field involve serious defects 
and cannot be deemed satisfactory. 

For the extension of electromagnetic field, Bopp” proposed the following: 
Fourier component of the tensor : 


toe 1 al As AS x 
o ae | Toe {-2 PGT AGEN a tee 
Fou) = he ype | [PoE {-2E—AIE—#D, 


(ABRAM) RR) 
( Sy ie 


$49, 0-2) BLEW) | (1.1) 


where 9,() is the potential.** Owing to the field equation 


a (A—22') (A—22"), 


* In this paper we adopted the notation of Bopp. g(x) and e(x) represent the function of four 
space-time variables x, and the integral j dx denotes the quadruple integral 5455 dx, dx dx3 AX). 


** The Fourier components Gp(&) and (2) are defined by 
1 ia i ast) \ as vs, WER 
Qp(x) cae \ dk Op (4) exp thax, (4) =n dh e(h) exptkyxy 


and are the functions of four components 4). The integral §d& denotes the quadruple integral G§S§ dz, x 
x dhe dha dky. The suffix appearing twice in the same term indicates as usual that the summation must be 
performed with respect to the suffix, £ means hy hy=h?. 


926 Y. Ono 


(0) G,(0) == 5, (Bs (1.2) 

this tensor satisfies the required condition 
iby Fs B= — ene | al BEY MARE) EE), 18) 
or in the #-space Bee =~ fous : (1-3') 


But, in the first place, this tensor is not symmetrical in y and », due to the last 
term of (1-1)—ertra inhomogeneous term—, which seems, indeed, to have been 
added ad hoc to satisfy (1-3). In the second place, the tensor reduces, in the 


limit of local field, i.e. when e(4)=0(%) or e(£) =1 to 


Fale de vine (2 Bene 5M noi 8 
In other words, even when the extra inhomogeneous term is excluded, it does 
not tend to the usual Maxwell energy-momentum tensor. Finally, the expression 
(1-1), which is constructed from the potentials, is not gauge-invariant. 
In our opinion, the tensor should be constructed only of the field quantities 
Jus, and the equation (1-3) should be deduced only from the field equation, which 


‘is also described by f,,; that is, the extra inhomogeneous term should be dis- 
- pensed with. 


For the spinor field, Heisenberg® gave (in our notation) for the free field 


= I gel 
Tyv{2) = >. (27)! 


jae (—#)i(—22) yr, ar B= 22). G(2), (1-5) 


Bab) = (Fyn (2) +7T,,(2)). (1-6) 


When (2) =ihypyt+x, this reduces to the usual Dirac case. He claims that, 
owing to the field equation, the equation of coutinuity 
: ik, Ty, (k)=ik, 6,,(&) =0 (1.7) = 

is satisfied. It is to be noted, however, that in the spinor case e(/) (and e(x)) 
contains in general Dirac matrices 7,, so that it does not always commute with 
7s. The difficulty arises first from the definition of the fraction 

e(k—2) —e(#) 

th— 2) 7-187 
which may be interpreted equally well as 


e(b—R)—e(#) 9 
a CET ESTE a GA-#)artikhir) 


On the Energy-Momentum Tensor of Bopp-Type Non-Local Field 927 


- or 


e(k—k') —e(#’) 


ae ee r Oy ee 
(2( B) 7. +thira) ay ak? 


or the like, which take in general mutually different values. The second more 
serious difficulty is that for the very same reason (1-5)(and (1-6)) does not 
in fact satisfy the equation (1-7) (see section § 5). Heisenberg’s claim is true 
only when e(£) is not a matrix, ie. e(&) =f(#) x unit matrix, or when (2) is 
linear in 2&,7,, including the Dirac case. . 
In this paper it is attempted to get the energy-momentum tensor, which is 
free from the above-mentioned defects. . . 


§2. General method 


Let the Lagrangian Z(7) be considered as a scalar in general relativity 


transformations, and denote 
g=(7(2) Vg (a) dx, yet | Gory 


where g is the determinant |g,,| of the metrical (gravitational) tensor {y.. 
Then, as is well-known, 2/“g times the functional derivative of & with respect 
to g*¥(x) is equal to the symmetrical energy-momentum tensor’ of the field’ 


0,6) =Bi Vem (2-2). 


Y 5-v 
ag 


and is essentially equal to the usually defined tensor at.a point where the space- 


time is flat, i.e. 


Cay ops VE 
When the Lagrangian is of the type 
L(x) =f ee) 9d @:3) 
(vector field, for example), it seems natural to take 


825 [[ OP +%0FO) ye( (as) Vg @ae Vea ee". C4) 


8 (ze!) . . . . . 
In this expression, \ ds is the length of the geodesic line joining the space- 


$ (a) 


.time points ¥ and x’, and can also be written in the form, with ¢ as the para- 


meter of the line: 


* We select the sign of Z such that @44(~) is equal to the minus of energy density 7. 
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ta!) dx! dx 
J hg le eye 
{A d|sn(2 ) dt dt 


y,(x) is the covariant component of the field vector, and G’(x) is defined as the 
e : - . 

contravariant component of the vector, which undergoes parallel displacement from 
x! to x along the geodesic line. Explicitly this is given by 


2 YE 
t(xr) , ax 
t(a 


Br(x=—r(a')+ | meg 


at, 


where J",f denotes the Christoffel three index symbol. The general invariancy of 
(2-4) is thus evident. We should therefore be able to obtain the tensor using 
(2-4), at least in principle. Nevertheless, it seems very difficult to calculate the 
functional derivative of &. 

In this paper we adopted, the procedure given in the paper of Pais and 
Uhlenbeck”, expressing the non-local function ¢(4) in the form: 


e(x) =>}, 78) =F(LD)8(2), (2-5) 


where [] is the D’Alembertian, and 4, a pure number*. The Lagrangian (2-3) 
becomes 


L(e)=D4,9,(4) Pe.(2)=3 4L(2). (2-6) 


We then apply to each term Z™(x) the equation (2-2). The problem is thus 
separated into three parts: First, to find the expression [],,.. in the general 
relativity corresponding to the D’Alembertian [] for each type of the field; 
second, to obtain the tensor 692(%) for L(x) ; third, to carry out the summa- 
tion with respect to # and obtain the expression in terms of e(x) or e(A). 
Using the equation (2-2), Chang” has already derived the general formula 
of the tensor when Z contains any higher order derivatives of field variable. But 
his obtained expression is inconvenient for applying it to the actual cases, since 
he did not put any restriction on the form of Z. In our case where Z is of the 


definite form ZL”, the tensor can be calculated in a simple manner, and the sum- 
mation easily carried through. 


§ 3. Scalar field 
As is well-known, we have in this case 
Lay 04 re 6.) 
SS IETS! (EVAR Se | . 
| : el Fr Vv ar oS Es . (3 1) 
Adopting the charged field ¢*, yg, we then put 


* For the spinor case see section § 5. 
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= (oe eve dr. (3-2) 
In deriving the functional derivative, the following formulae are utilized : 


ibe 
Palais 15 tame ara de wes 
ag» eet et ON 


Here it is further to be noticed that at the point where the space-time is flat 
oY 


9. Gs Vg =l 


and the derivatives of gy, or g*” vanish. 
Then we obtain 


p-l 
08 (2) =—¢9* D9 nt (OO e* Oe +L" ge OP" Pe) Ouy 
pep oh to, (eee eal. (8) 


where g, means 0¢/0%,. This tensor has as its Fourier component 
igs (4) =) [ae HUB) 9H) (“HY 
(27)? 


al 
$f — Behe Opy + (2—B) uit (Beha (— BBY HY], 4) 


Making use of the relations 


p-l APB? 

AO BPE = , Dyas 
= i (3-5) 
14, (—#)?=F(—#) =e), (3-6) 
p=0 ‘ 


we get finally 


6,,(2) area kaha ) ae)| (H) By tba Bogut A uk 


oe pemy pyar ae @) 3.7 
(RR Ye (ake |. (3-7) 


Returning to the #-space, we get the formula 


6,0) =— fot (eee 292") de! Bart faster on oD 0(2") * 


Saige 2 8 8 8 8 ob aa 
“ea vt ” ais ’ ” (x ee ies ae ) : 
| Sal Aas Axle. 1 kd Bau, Btn OFp 1 7 
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e(2’) —e(2”) 


prom we e iki (4—2!), exp 1hY (4— 2"). 
pe pI 


| 
Zena, 2-2") = Gay |e” | 


In case e(v)=(—L]+*)0(#) or e(k) =f 4x, the formula (3-7’) reduces © 
to that of the local scalar field : | 


a) FA) g* 0g ay* 0g 
Ay, (4) =— ne ae +x9 *9) Ov, +2 t, Ben" Ax, Oty 


This was not the case with Bopp’s formula”. 
For the neutral (real) field, (3-7) becomes 


Bue) = > anil’? (EB) BH) | ER) Oy 
| ae 5 t(h— Fh) 8 (2) 
+ (haha Suy—2(h—2') why) oe a | 4 (3-7") 


In the case when the field satisfies the inhomogeneous equation 


fe(e—2) oad’ =p(@) (3-8) 
or me, yf 
| eA) G(E)= p(é), ¥ (3-8") 
the equation of Seatein: becomes | 
ik, O hi po(k—k) G(R) (3-9) 
or . 
06, Oy 
her y ed 
Ox, OX, ( ) 


which is just the same as the equation (46) of Bopp’s paper”. Thus in our 
case it is not required to discriminate between O62? and 62°", and the equation 
(3-9) has been derived solely. from the field, equation. 


§ 4. Extended ett aa ene field 


The Lagrangian in this case is given by 
(HOF eg aren Ae) fol2)ydel*. (4-1) 


where f,, is an antisymmetric tensor ancien the relation 


* . = «* . * ; 
In this section we adopted the Heaviside unit in order to compare the result with that of Bopp. 
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Diaevy Op Ofs 
+= or =(. ; 
Ax, OX, 2 AX, C2) 


In order to derive [](,.. we first take the covariant derivative of fos : 


Ofee 
Firas= Fas! Te Ay Te Bifay 4 A Par, 4-3 
Ox 


where the Christoffel three index symbol /}% is given by 
a oat Ae ’ i wk a en eer OMe ee 


1/38 0 Og 
} Be ees Mw Sane OS da ) 
ee aN ee f. ax* axe /- 


Putting then A eo SoM 
| a he ere te Bi (44) 


we can define 
Deer = Frias i 
a SEL TgRg-TARA TARE OD 
The &® is given by 
w= _| et fe fos: Vg dk. (4-6) 


Noting that the Christoffel symbol and its derivatives vanish on a flat space- 
time point, the similar but rather tedious procedure as in the foregoing section 


leads to 
8% ( = 1 PF oO 1 p aye A D 

py *)=— 16x OP Aes Tvs gn 70 Suc 
sie (1 Oe OL ae he tS al CS 

Sa one Ay ax, mae fos Ax, Ne ier 

“3 ) aL] OOI"fas ‘BS aoe Age es AE a Se at) 
OX. Ot 
Se ee ean Ae W oontyoarolay 


Transforming to the Fourier component and carrying out the summation, we get 


E(k) fon #) Ouy 
Oa b= a5 ca — fale P) EO Fa®) 


+ Fall wyeWyfall) + fae Wie Fa#) 6 a 
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+2 faa ER fas W) (— Rn ie > be eb gn) 
+ fab © fin (#') ha(b—28') » 


me (z& =e BY fos (2 ka (k— 2k! )+} ae tare E (4 ; 8) 


In the limit of local field, i.e. €(#)=1, this reduces to the Maxwell energy- 


momentum tensor 
6 () = ul Smadie = or TosSas Ogg : 
he 4a 167 


When the source of field s,(+) exists, the field equation is deduced from the 


variation of potential in the Lagrangian 


TH Ly eee (4-9) 
c 
where L(x) is given by (4-1). That is, 
U 
fee») Beil) ag) Os (4-10) 
OX c ; 

or 

cree 4n ~ 

thse (k)fas(&) = Z Ot (4-10’) 


Using this and (4-2) or its Fourier component 


he fag (t) + hs fra(h) +e for(2) =9, (4.2/) 
it is verified that 
ik, Bu(#)=——__ (def (k—#Ys,(2) (4-11) 
c(27)' By v 
or 
On Aaa 
Ox, nape Sk | (4-112) 


| Mgreover, since (4-8) is constructed exclusively of the field quantities Jute 
gauge-invariance is self-evident. be | 


§5. Spinor field 


In this a the general method of §2 must be slightly modified: Let the 
spinor field and its conjugate be denoted by $(x) and $*(x) (=¢*(#)7,) respec- 
tively. The scalar which is bilinear in these quantities is then given by 
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+ o2\h 
b —)¢. 
? (73 seed ry 
Thus the Lagrangian must be in general of the form 
L(x) =|" (a)e(e—e (eld! (5-1) 
= cen 10 O\% 
=A ARES) ee= ay?) 0 De 
e(x) oy (ir ae (x) F(7, =) 0(2) (5-2) 
or 
e(k) =F (ik,7,). (5-2) 


Consequently, e(%) (and e{£)) is in general a matrix, constructed of Dirac 7’s. 


We have now to find the expression (7 =~) in the general relativity 
437 (92) 
corresponding to (7 =) This has been done by several authors?, whose 
aN 


result is 


a) a fe) 1 1 re) we iN ‘ 
a Oe ey _ hy). 5.3 
(7 Ox,/ (oe) Te e yas 202) Ox" é ) ; 7) 


}® is the local coordinate vector, which is related to the metrical tensor by 


(p) 
Av h*=g"" 
(p) (Pp) 


and to its conjugate vector 2, by 
(p) 


\ 
KY h= 2? lp =Ony. 
(p) (p) (H) () 


Incidentally, 


At a point where the space-time is flat these vectors reduce to 


hi =hy, = Ova ’ 
(p) (Pp) 


and their derivatives vanish. 
Finally, to construct the energy-momentum tensor from 
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we use instead of (2-2) the following relation: 


Lowel O85 0s i 
Neat ee fe et) a) ee (5-4) 
Ol 2= 5 ve (sek tp i) me (Typ) + Tan 2)) 

(A) (A) 


Thus, from the Lagrangian 
p 
L()=b'(n 2) ¢. (5-5) 
O43 
we obtain 


1 hess a... Vals 
(p) a * 2 ce b 
Toy, (2) = { (a Sania ( ae Oy 
= sa (-2 y( Se. Were ata 
Rare i 32,10) \T = Mas a 


Ral Pepe rr) (—14)(7 di aaah (5-6) 


OX, OX, 


The Fourier component is 


ss len re “yy Hs, 
TE O=F Gayl EP E-PMAG I)? + ELD aT)"t Bay 


p-l ; wish ee 
—t(k—28'), (¢(2’—2£) a7.) "7. GA)? | p(k). (5-6') 
Now, we put A=a,7,, B=6,7, where a), 4, are ordinary numbers. Then, 
p~-1 
aye 
=7, BP 14+ Ap, BP r+ + AP, Ba Ary, 
tt ee eee oe Hi?-78 4. Ala) 
p-1 
te 2 AO Be nC (5-7) 
m=0 
where 


A’ =7,4Ar,= (— a+ 2a, Oy) 7.**. (5-8) 


Since A and & do not mutually commute, C cannot be expressed in the form 


* The di iation in (12 4)” 9 | 
fferentiation in ( A Tr or pre tv) is to be interpreted as to operate on gt. 


*K i 
Throughout the following we must not take the summation with respect to the suffix y 
‘ ? 


ne even when 
it appears twice in the same term. 
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Alv — Be 
AB 


as in the foregoing cases. But it holds that 


A'C—CB= A’®—B?. (5-9) 
In this sense we write 
Al? — 
5-10 
mas (5-10) 
> < 


which means: multiply C by A’ from the left, and by & from the right, and 
subtract, then we get A’?—Z?, In order to obtain the explicit value of C, we 
multiply C by A’ from the left, and by 4 from the right, i.e. 


A°C—CB=A' (A’?—B?) + (A??— BB. 
But since A” (=a?) and 4” (=43) are no longer matrices, we can write 


A! (A?—B?) + (A? —B?)B 
A? B 


(A”— 5?) (A’ +B) 
a ee ee 
ax— bx 


C= 


(5-11) 


Applying these formulae to our case where a,=1(#/—k), and 4,=7k;, and 
carrying out the summation, we get for the term 


p-1 
Pay (A(R —) avr) "Ta ECS ada 


the expression 


F(r,t@—2)ana ev —F(ikx7a) ; 
yt (Bl —R)aPaTp—thata 


Vp 


But, since we have, from (5-2’) and (5-8), the relations 
F(ikin) =e(%), 
F (tpi Bl —2)atatu) =e((2-#) 2 (4 -F y Pay) 


we obtain after all 


Fst) = 1b Lae $e (-#)| — CRB 46H) Foe 


z Or is 
—1(k—2k’) vip 


(BH) 2b # ba) — EH) ]ie. (5.12) 
i((A—#),—2(2— —h)y Bun)T9— 2h. 


As the field equations for the free field are given by 
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e(A)G(A)=0, P*t(he(—4) =0, (5-13) 


the 6,, term in the integrand drops away. When e(£) =th,7,+%, (5-12) reduces 
to the Dirac case, except for the 4,, term which is zero. It is to be noticed 
that in the free field the formula (5-12) coincides with that of Heisenberg (1-5), 
if the term (£—2/),—2(4—2') 9, is replaced by (A—#),. As will be demon- 
strated below, the term —2(4—2/),0,, cannot be dispensed with in order that 


the equation of continuity may be satisfied. 
We first put 


é(4) = Flin) =fl(—#) +h(—P)ithira®s (5-14) 


where 


co 


fi(—P)= 3 dn (2), 


fol —#)= 3 dng (— FY 
remembering that 
(Gan)i=—#. 
Then owing to (5-10), (5-11) and the relation 
(tpi —2) arate) = GH —2)arr)™=(— (#—2)9)", 
the integrand of the expression i#,7,,(£) becomes 
bb # ru Ai &—4)) A 2") Het UB atatetieira} 
+1 fo(— (4 —2)") (i —2) ante) 
Sl Miki tet @ arate thin GO) 
=P (h—R YN A(— (4 —2)") fol — #2) 42-2) ara} x 
X12) Trtutipthara} 
—1rthinn til —2£)a para} x 
x {A(—2") +fa(— kiki HG) 
=Ph— eM — iW —) nrtreteinrat GE) 
—P RRM) ryikinn tie —b) aire} RDG), 


which. vanishes according to the equation of motion (5-13). Thus 


ik, T,,(&) =0 


7 : tame : 
Precisely it should be written that J\(—4") +1 instead of A(—A2), where 1 is unit matrix 
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and also 
ik, 9u,(&) =0 (5-16) 


has been proved. 
It can be easily verified, on the other hand, that the proposition (1-5) by 


Heisenberg does not satisfy (5-16), when f.(—2*)40, that is, when e(&) con- 


tains odd powers of 7&,7,, except in the case e(&)=A,+4,ik,7, including the 
Dirac case. 


§ 6. Conclusion 


It has been proved by Iskraut” that the symmetrical energy-momentum tensor 
cannot be uniquely determined when the Lagrangian contains the unlimted order 
of derivatives of field variables. It is true, also in our method some ambiguity 
might be introduced in the process >}, but the formulae (3-7), (4-8) and 6-12) 


P 
may be considered as a most natural extension of the usual ‘fields, inasmuch as 


they are characterized by the following features, which do not all belong to the 
propositions of Bopp and Heisenberg : 

i) They are symmetric in y and ». 

ii) They are gauge-invariant. 

iii) In the limiting case they tend to the usual tensors. 

vi) They satisfy, due to the field equation, the equation of continuity, 
irrespective of the existence or non-existence of the source in the 
field. That is, the extra inhomogeneous term is not necessary to be 
introduced even when the source is present. 

The present work was stimulated by the discussions with Mr. M. Sugawara, 
whom I wish to express my cordial thanks for the interest he has taken in this 


work. 
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Addendum 
When we put in the expression (4-8) e(£) =14+- 2/2 or e(x) = (1-L//¥) (4), 


which corresponds to the case of Bopp’s first paper*, we obtain 


1 ] 
ERS () ae Ga feta Tea fel Os, 


I eb viet I 
= ze [- eg fon Cut en fae t oo hel us 


9 


Lot Ofus 0} ceiesuleat hs aman. \-s 
a kal = + —— as Ou 
oe, ax, Ox, 2 Ox, (4 : ce.) _ 
9 (Bf jy Ur p,) 8 (5, fo fy Me )]. 
ae Apri OX, fs Axe (Fos Ax, ie ax, /)_ 
Bopp gave as the tensor for this case 
Fe (4) =O, (4) — 62,.@), \ 
1 1 5 
Cus ras eee — a Pig lo Deay , 
1 1 (b) 
aoe ares Vas vat 7 Oe; 
1 1 
——— 0,0 4,0, — U0. 
Libra i Phage ‘ 


where 


a VS ’ late fas . 


Pn =fes + Cass C= TF ° 
x x OX, 


This also satisfies all the conditions mentioned in § 6. Sugawara** has already 
proved, using the relation (4-2), that (b) reduces after all to (a) except for the 
divergent term 


, , — 1 ) Epes Ch Ce On“, Osun 
6 v —6 v a a eh | i va =e as a @ aie 
me) Pe) 8rx ax, Is 0X5 see OX, ahi OX, a Ox, 
fas ES 
+ (fix hu thar 4h) Out - (c) 


Nevertheless, the total energy and momentum can be easily verified to be the 
same for both cases: 


| Oa7=| 6.07. (a) 


* F. Bopp, Ann. d. Phys. 38 (1940), 345. 


** M. Sugawara, unpublished. 
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The pressure dependence of the second sound velocity in liquid helium II is explained by 
taking account of the phonon entropy on the basis of the models of Tisza and Landau. To calculate 
the velocity. we make use of the generalized formula derived by Gorter and Usui, according to 
which, however, the second sound velocity at the absolute zero of temperature in Landau’s model 
is 7/3/4 times the ordinary sound velocity. The discrepancy between this value and that predicted 
by Landau is due to the different assumptions made on the entropy and the relaxation time. 


§ 1. Introduction 


The phenomenon of the second sound wave is well known as a characteristic 
of liquid helium II and its behavior above 1°K has been successfully explained 
by the two fluid theory. According to the recent measurements the second sound 
velocity as a function of temperature exhibits successively a maximum and a 
minimum and increases sharply with decreasing temperature.” It is also well 
known that Landau’s theory” based on the roton and phonon model of liquid 
helium II explains this aspect qualitatively and that in its original form ‘Tisza’s 
theory® does not so. In our previous paper,” however, we have shown that the 
minimum of the second sound velocity can be explained by Tisza’s model as well 
as by Landau’s, if one takes into account the contribution of the phonon entropy 
as pointed out by Landau and Tisza and calculates the velocity by means of the 
formula of the second sound velocity introduced by Gorter-Kasteleijn-Mellink® 
and Usui® (Eq. 4). 

On the other hand, Maurer and Herlin? have investigated the pressure 
dependence of the second sound velocity to examine the phonon effect on second 
sound and obtained the results that the minimum of the velocity goes to lower 
temperature with increasing pressure, as shown in Fig. a. 

As seen from the Debye theory of the vibrational specific heat, the entropy 
due to the phonon is inversely proportional to the cube of the first sound velocity, 
which increases with pressure in liquid helium II. Therefore, the shift of the 
minimum of the second sound velocity to lower temperature with increasing 
pressure is expected to be attributable to the diminishing of the phonon effect on 
second sound. From this standpoint we calculate numerically the second sound 
velocity as a function of temperature and pressure using the experimental data of 


the entropy and the first sound velocity, etc. 
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Now Atokins and Osborne? have measured the second sound WAOCIy in a 
vicinity of the absolute zero of temperature and found that the velocity oe O°K 
is nearly equal to ¢c,/~3, which has been predicted by Landau, where 4 1s the 
first sound velocity in liquid helium I]. However, if one uses the formula of the 
second sound velocity obtained by Gorter-Kasteleijn-Mellink” and Usui.” the 
velocity at O°K in Landau’s model is equal to the ordinary sound velocity divided 
by 4/VW3, instead of V3. 

In the case of Tisza’s model, as the temperature dependence of the normal 
fluid concentration of liquid helium II is given by an empirical formula only above 
1°K, it must be extrapolated below 1°K to investigate the behavior of the second 
sound velocity in the vicinity of O°K. If the normal fluid concentration at O° 
vanishes faster than the fourth order of temperature, the velocity at O°K tends 
to infinity. 


§2. The second sound velocity based on Tisza’s model 


In Tisza’s theory,” the entropy per unit mass of liquid helium II at temperature 
T is given by the following expression : 


s= $56; a Spr.» (1) 


where €=p,/o is the normal fluid concentration, s, is a constant independent of 
temperature and s,, is the phonon entropy which is given by the well-known 
Debye formula as follows : 


FAT? 
pcs 
where & is Boltzmann constant, % is Planck constant, p is the total density of He 
II and ¢, is the first sound velocity. Eq. (1) is well known as Tisza’s relation,’ if 
we neglect the second term. The meaning of this relation in the two fluid model 
has been previously examined by us.” 

The temperature dependence of the normal fluid concentration € in Eq. (1) 
would be obtainable from the measurements of the viscosity using the method of 


oscillating disc, or the measurements of the thermal conduction. 
€ is expressed by an empirical formula 


se 17 as . (3) 
where 7} is the transition temperature. 

Among various quantities in the right hand sides of Eqs. (1), (2) and (3), 
the pressure dependence of p, 7, and c, are determined directly by the use of 
experimental data.” 5, is determined as a function of pressure from the values 
of the entropy at the transition temperatures. Then, using Eqs. (1}, (2), (3) 
and the observed values of the entropy, ~ is determined at each temperature. 
Fig. 1 represents the results in which » is calculated by both data of Kapitza™ 


Spr. = 34.642 


=aT?, (2) 


Usually, however, 
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and Gorter-Kasteleijn-Mellink® under the vapour pressure. 
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It contains also the 


points which are estimated from the measurements of the viscosity of Andronika- 


shivilli® by means of Eq. (3). 


From Fig. 1 


it will be concluded that the 


approximation of ¢ as a constant power of 7/7, such as Eq. (3) has no justifi- 


cation. 
9.0 
+ —— Gorter’s data. 
_[__]~*— Kapitza’s data. a 
[|_| © _Andronikashivilli’s. [| _]] 
8.0 Peels let Jetviter| se lurspeael. ofr t| sd] 
pp ttt dH 
Bedie lait Ag beeiol| oil siienle Jef 
oe eS ee ee ee ea 
Ee ee eer ees 
= 7.0 at i 
Gi Le Seat Ree 
NES Ss So a ee OS ae Ba ed 
Ey SARE Soe ey eae 
CS SS LE De ee a a | A 
6.0 ER SiS ee De oe es ee 
SERRE 
== x x 
al ine! Gs 0 Gt el ee 2 ee 
ES he ee ee ee ee PS 
re | ad as SG ee Oe 
1.0 1.2 1.4 1.6 1.8 2.0 2.2 
Temperature °K 
Fig. 1. The values of ~ in Eq. (3) calculated 


from the experimental data of entropy of 
Kapitza and Gorter-Kasteleijn-Mellink and 
the data of viscosity of Andronikashivilli. 


WALLET 


Ais 
\ 


Second sound velocity m/sec. 


aa 
Ea 
aa 
bake 
i 
er 
a 
aa 


Table T 
| ie Sy 50 ax 108 
ieee ae I g jean mje ae 8 oe 8+ aN iS 
5 8 
v. p-| 2.19 | 0.145) 280.0 0.405 0.386} 1.85** 
2.5 | 2.16 | 0.149] 355.7 0.393 0.380} 1.31 
5.0 | 2.13 | 0.153] 276.0 0.385 0.376} 1.01 
10.0 | 2.06 | 0.159] 303.4 0.373 0.366} 0.717 
25.0 | 1.84 | 0.174} 367.6 0.358 0.356] 0,377 


‘ 
* ¢, at higher pressure is calculated from the value 


of compressibility. 


** The value of @ which has been taken up in our 


preceding paper) is underestimated and corresponds to 
the case of 10 atm. 


EA\NGEEE 


DESRE)a 
LTT 


HEGRE 


———Exp. (M. FH.) 


Tisza’s model. 


Temperature °K 


Fig. 2a. The second sound velocity based on Tisza’s model. 


Now we can compute the temperature and pressure dependence of the second 
formula which has been obtained by Gorter- 


sound velocity using the following 
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Kasteleijn-Mellink and Usui assuming that the normal- and superfluids of liquid 


helium II are always in local equilibrium : 
Os aT 4 
p=6a-9(2) - (Ze). (4) 
2 ‘ ) Oo 7p \ OS /P 


Fig. 2a represents the results which are calculated by means of the numerical 
values in Table I and the extrapolated values of 7 below 1°K in Hig.—1,—For 
simplicity, it is assumed that 7 is not altered by pressure. This assumption may 
be allowed in view of the fact that the values of the entropy given by Eqs. (1), 
(2) and (3) coincide well with the experimental onés as long as the pressure 


is not so large. 
As stated previously,” c, tends to infinity as temperature decreases to O°K, 
if y>4. This result seems to be contradictory with the results of Atkins and 


Osborne.” 


However, owing to the lack of the experimental results giving the 
temperature dependences of the normal fluid concentration and the entropy, we 


cannot regard this discrepancy as a defect of Tisza’s theory. 


§ 3. The second sound velocity based on Landau’s model 


Landau has considered the normal fluid as composed of the phonons and 
rotons and represented the normal fluid concentration and the entropy of liquid 
helium II respectively as follows :? 


4 £ Tr aN 
f= ee ha OO a ) . TY? . p- Ale? : 
3 er p onk g ® (5) 
and 
= 4 UR oe 1/2 kT —Ak? 
S=Sprt+ alee) i (1 Bh eA ae ; (6) 


where £,, is the internal energy of the phonons, y is the effective mass of the 
roton and 4 is the gap energy between the lowest energies of the phonon- and 
roton-spectra. 

To eliminate » and y in Eqs. (5) and (6), we normalize € and s so that 
€=1 and s=s, at the transition temperature 7,. Then Eqs. (5) and (6) can be 
rewritten as 


Exalxt+ 22 (1—o! . 8-1/2) ; 
and ) , (5') 


s=aly'x' + (s,—aT,°) ee ee CE « BU-U2) 

2B+5 ; 
where +=7/T7,, B=A/&T, and a’=aT,‘/c" with a in Eq. (2). 
In these expressions s5,(f), T,(/), (~) and a(p) are determined’ ex- 


perimentally as before. The energy gap 4 may be dependent of pressure, but 
for the sake of simplicity we fix it as B=4/k7,=4. 


(6") 


Pressure Effect on the Sccond Sound Velocity in Liquid Helium IT 943 
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Landau’s model. 
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Temperature °K 


Fig. 2b. The second sound velocity based on Landau’s model. 


Using these expressions of ¢ and s, 
Eqs. (5’) and (6’), the temperature and 


pressure dependence of the second sound 
velocity will be obtained by Kq. (4). 
The results are shown in Fig. 2b. and 
Fig. 3. The value of the second sound 
velocity at O°K is calcu ated from Eq. 
(4) as V 3¢,/4, but since the extrapolated 
value of the ordinary sound velocity is 


used in our computation the computed 


Second sound velocity m/sec. 


values in Fig. 3 have not so_ serious 


significance. : 


; ‘ea 
The shift of the minimum of the 0 O14 02 03 04 05 06 07 0.8 


velocity to lower temperature with in- Temperature “i 


creasing pressure is represented by this Fig. 3, The second sound velocity at the = 
model as well as by Tisza’s model. The 
flatness of the velocity below 0.5°K under vapour pressure is related with the fact 
that the contribution of the rotens becomes negligibly small below this temperature. 
The pressure dependence of the second sound velocity in this temperature region 
is expected, in Landau’s model, to be identical with that of the ordinary sound 


velocity. This expectation, however, has not yet been experimentally assured. 


vicinity of O°K. 


§4. Conclusion 


From the present analysis of the second sound velocity, we obtain the 


following conclusions. Firstly the shift of the minimum of the second sound 
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velocity can be explained by Tisza’s model as well as by Landau’s, if one takes 
into account the phonon effect on the entropy of liquid helium II. Secondly a 
finite value of the second sound velocity at O°K is due to the fact that the 
normal fluid concentration contains the term proportional to 7* such as the phonon 
part in) Eq. (9). 

From the first result we may conclude that the eigenstates of liquid helium 
II at lower energy is represented by the quantized wave field of ordinary sound. 
As for the values of the second sound velocity at O°K in Landau’s model, it is 
to be noted that our value “3c¢,/4 is based on Eq. (4), which is valid if the 
fluctuation of the normal fluid concentration is instantaneously followed by that 
of temperature. On the other hand, Landau’s value ¢,/¥ 3 is obtained, if one 
assumes that the normal fluid concentration fluctuates independently of temperature 
and that the partial molal entropy of the superfluid vanishes. 
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Adiabatic potentials corresponding to 62 ‘electronic states, arising ‘from various configurations 
of the C,-molecule which consists of two carbon atoms with two 2/-electrons each, are calculated 
taking into account the effect of 2s-shells. The complete adiabatic Hamiltonian of eight electrons, 
but not a so-called interaction operator, is used, and direct, exchange, higher permutation, and 
overlapping integrals are all taken into account. The same effective charge x is assumed for 2s, 
270, and two 2/7 orbitals, and the minimum electronic energy is obtained by varying x for each 
nuclear distance. It is found that 2s-shells repel 20 electrons and attract 2z-electrons. Thus 
(sto2, s%62)151,+ state, which was found to be attractive and deepest when the effect of 2s-shells 
was neglected in the previous paper, becomes very higher and repulsive. The results of the present 
calculation are that the deepest state is (s*ex, °oz)!49 and that (Son, .2087)145\gt+ and (s°or, 
ng)1T,, are next and third respectively. 


Introduction 


In the first part? (which will be referred to in what follows as 1) of: this 
paper we discussed the interaction between 2-electrons of two carbon atoms in 
their ground states. The purpose was not only to separate the contribution of 
p-electrons to the binding energy of the C,-molecule from other effect: but also 
to study the general character of the interaction between /-electrons in the 
complex molecule with double bonds due to /f-electrons. It was found that the 
deepest attractive state was (2p0°, 2p0°)'3}7 in contradiction to Pauling’s theory” 
which does not allow atoms with fully occupied orbitals to bind. The reasons 
for this result were that the binding energy is mainly supplied by the Coulomb 
energy and the effect of exchange and permutation energy is small owing to the 
large value of effective charge involved in the 2p-orbitals, and that the Coulomb 
energy is the larger the more c-orbitals involved in the wave function. The same 
phenomenon was observed in the result of calculation by Bartlett® on the single 
pp-bond. This shows that Pauling’s theory can not literally be applied to any 
simple model for complex molecules. This was an important result of the study 
in the first part as well as Bartlett's result that the triplet state is deepest in the 
single gpy-bond in contradiction to Pauling’s fundamental ideas” 

We shall consider the effect of 9s-shells in the present paper in order to see 
the general character of interactions of a closed s-shell with po- and pz-electrons 
as well as the quantitative contribution of these interactions to the binding energy 
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of the C,-molecule. For this purpose we shall examine 62 eo oie states 
of the C,-molecule taking into account all integrals and varying the effective charge 
of 6rbitals for each nuclear distance. 

The effect of inner shells on the binding of the Li,-molecule was studied by 
James. He found that there is a large repulsion between a_ s-electron and a 
closed s-shell. It may be imagined from his result that the closed shell repels 
the valence electron in general. This is in accord with the fact that there is a 
repulsion between two He atoms or He and H atoms. It is more natural, 
however, to consider that the nature of the interaction between a valence electron 
and a closee shell is different when the valence electron is different from a 
s-electron. We shall find in what follows that the latter is true. We shall see 
in fact that the closed 2s-shell repels o-electrons whereas it attracts z-electrons. 
This is one of the important results in the present paper. Owing to this peculiar 
property of the interaction the rearrangement of the order of potential curves 
occurs when the 2s-shells are taken into account for the calculation of the elect- 
ronic energy of the C,-molecule. The deepest state is replaced by (2s°2fe2gzr, 
2s°2p02pT)'4, instead of (2p0°, 2f0°)*>)7. 

In order to find the deepest electronic state of the C,-molecule we have 
further to take into account the effect of Is-shells. This will be postponed in 
the future research. We may consider that the property of the interaction between 
2f-electrons and 2s-shells is exggerated in the present calculation because we use 
a more diffuse function as the 2s-orbital. If the effect of the Is-shells is similar, 
the result of the present calculation may include the effect to a certain extent. 
If this consideration is adequate the present result can be considered as representing 
an approximate property of the electronic state of the C,-molecule. On this 
assumption the above mentioned result for the deepest state may be interpreted 
as corresponding to Penney’s model of the C,-molecule in which the double 
bonds consist of a ¢6-bond and a za-bond. 


Reduction formulas and numerical values of integrals which appear in our 
calculation will be published in the third part. 


$1. Method of Calculation 


In order to examine the effect of 2s-shells on the electronic states of the 
C.-molecule we represent a carbon atom by a simplified model which consists of 
two 2s-electrons, two 2%-electrons, and a nucleus of atomic number 4. The C,- 


molecule is considered as consisting of two atoms with such a structure. The 
effect of 1s-shells is still omitted except for their 


effect of complete screening of 
nuclear charges. 


The adiabatic Hamiltonian of the molecule is thus given by 


I 4 gil 2H5 Lie dé 
A=—>i(—4 es 1 rare 
pall y) z make k=jt+l es Te 8 Spe 
where all quantities are Seat dt in atomic unite, 


and notations are the same as 
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those in I. The following calculation will be carried out employing this complete 
Hamiltonian but not a so-called interaction operator. Therefore our result will 
not include any error which arises from employing an interaction operator. 

2s- and 2f0-orbitals are denoted by s and a respectively. Two 27-orbitals 
are distinguished by z and @. We assume the same radial part for all orbitals 
for the sake of practical convenience. Thus they are given by 


s=Ny exp (—xr/2) o=N,2 exp (—xr/2) 1 2 
m=NV,(4+iy) exp (—2xr/2) @=WN,(4—zy) exp (—2r/2) aba 


where JV,, VV, and 4, are normalization constants, x is an effective charge, 4, y, 
and g are Cartesian coordinates, the origin of the coordinates is an atomic nucleus, 
and y is a distance of (%, y, z) from the origin. The better approximation can 
be obtained if we employ a different effective charge for the 2s-orbital. The 
above assumption makes the 2s-orbital too diffuse.” Consequently the effect of 
Qs-shells is exaggerated. This may compensate for the error due to the neglect 
of ls-shells to a certain extent, because the effect of Is-shells may be similar to 
that of 2s-shells. 

The 2s-orbital given by (1.2) is nodeless and its polynomial part does not 
contain a constant term. The reason for this assumption is mainly to reduce 
the labour of computation. The omitted part of the function is large at the 
immediate vicinity of a nucleus. We are interested in the region at the vicinity 
of the equilibrium distance between two carbon atoms. In this region the neglected 
part gives a small-effect on the one hand, and the error of its neglect may be 
compensated to some extent by a large norm of the nodeless function on the 
other hand. 

62 electronic states arise from the present configuration. They are the same 
as those in the case discussed in I. The multiplicity, parity, reflexion symmetry 
and axial quantum number of the states can be determined in quite the same way 
as in I. The wave functions of these states are represented by the similar 
expressions as those in I. Only the difference is that the wave functions contain 
more one-electron functions, s* and s~, besides those in 1. 

The matrix elements of H between different configurations are still neglected 
whereas direct, exchange and higher permutation integrals are all taken into 
account. The numerical evaluation of these integrals is carried out by the aid of 
the tables given by Kotani, Amemiya and Simose.™ The secular equations are 
at most cubic, as is seen from Table II in I, p. 142. Four examples of formulas 
for energy eigenvalues or secular matrices will be shown at the end of the third 
section. 

The cigenvalues depend on & (a nuclear distance) and x (an effective charge). 
Therefore we denote them by W,(R,x). We seek for the minimum value of 
W,(R, x) by varying x for a definite R where the variation is begun with x=4. 
The value of x for which W,(X, x) takes its minimum value depends on &. We 
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denote it by x(R). Some examples of x,(R) are shown in Fig. 5. That?2; 
depends on R means that orbitals change as two carbon atoms approach each 
other. The better approximation would have been obtained if we had further let 
orbitals deform as two atoms approach, but it may be practically impossible. 


We denote an adiabatic potential 
between two carbon atoms by W(R). 
This function is given by W,(R, x,(2)) 
which means a minimum of electronic 
energy at a given R. The dissociation 
energy of the C,-molecule in a given 
state is equal to W(c.)—W(R,) where 
WR,) is a minimum of W(X) with 
respect to X&. For attractive states 
W,(R, 4) — W(R) for R=2~3 au is 


smaller, in general, than W,(co, 4) 


— £in atomic units 


— W(co), therefore the dissociation energy 


— sjtun orm0je ur AS10uq 


for x=4 is larger than its value calculated 
by the variational method. The absolute 
energy is of course lower in the varia- 
tional case. 


§2. Outline of the Result 


In order to see the general property Fig. 1. Effect of 2s-shells on adiabatic potentials 
of the interaction between 2/-electrons Dotted curves: 2s-shells are neglected. 

and 2s5-shells we first compute W(R) for Faull curves: 2s-shells are taken into account. 
Di-states assuming x=4. By. comparing ap (0, Wee Pl a3 Get, wat Za0? 

the resulting potentials with those ob- ate) pith ie bs Gri ie ee 
tained in I we find that 2s-shells repel : pa at : 
pa-electrons whereas they attract pa-electrons. Such phenomena are found in /J 
and 4 states too. The typical examples are shown in Fig. 1, where W(R)— W700) 
is plotted. 

The (6°, 0°)"D}; state was attractive and deepest when the 2s-shells were 
neglected. The corresponding (s°o’, s%s”)431+ state now becomes very higher and 
repulsive when the 2s-shells are taken into account. The (e7, o@)*>}> state was 
attractive and had a shallow minimum whereas the corresponding (s'or, s°o@) 
*Dig State is repulsive. The (1@, ™@-)'S\* state has only a very shallow minimum 
whereas the minimum of the corresponding state becomes deeper owing to the 
effect of the 2s-shells. We see in Fig. 1 that the repulsion between /o-electrons 
and 2s-shells is large and effective over all range of R whereas the attraction 
between gz-electrons and 25-shells is large only in the narrower region of R. 


Next, in order to determine the relative order of the potentials we calculate 
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R=2.5 (1) 


The left column: 


The middle column: 


The right column: 


y, 
a ay 


ws 
wae ey; ( // a 


Fig. 2. 


R=2.5 (II) 


Si, 4, and J-states 


Electronic energy at R=2.5 au in I 
Electronic energy at R=2.5 au in the present calculation 
Electronic energy at R=co in the present calculation 


Corresponding states are joined 


1) (962, s*2@)1D,,+ 

2) (262, s®27@)IS\g+ 

3) (s26%, 5x2) 14, 

A) (s%g%, s2a2)ID9+ 

5) (sen, 5208") Dou 

6) (stan, %0%)9Dy,* 

7) (Sen, P67) Ay 

8) (52%, 5?2®)1d9 

9) (er, s20B°)3S\9* 
10) (an, 20%) FD 
11) (ez, 0) Su 
12) (sen, 8°68)? Dut 


(sor, S2an)*4, 


14) 
15) 
16) 
17) 
18) 
19) 
20) 
21) 
22) 
23) 
24) 
25) 
26) 


(sa2, 5°x@) > Du 
(fon, %ae)IDigt 
(an, s2an)14g 
(5202, 5°28) ®Si9— 
(s?or, 5°96 B) 5519 + 
(stan, S207) do 
(8°77, 5°?) 1S‘ + 
(s%n?, 5°@) do 
(s°*7B, 5°7B)IS\g+ 
(Son, 520%) D) 9 
(s*o7, oar Gis 
(Stan, 5°02”) <o— 
(s'an, s°07)%Ag 


aS 


(s?727, S°7) 1, 


(sx, 52x) ®S\o— 


(22@, 5°28) S\o* 
( 27°, 5*2@)8 do 
(5272? 5°) 14, 
(2x, s°2@) 4, 


{ (s*n@, 5°nB)®D\.- 


(s* 72, 52g?) 151 
(s*2@, 5*2B)®S\,* 
( 2B, S27B) W\gt 
(on, °0%)1D\9* 
(s'en, °o7)1dg 


949 


950 


4 


R=25 (1) 


(s°6%, on) 1IT,, 
(s26%, s°o7)3IL,, 
(s?6?, Som) VT 
(x262, S07) 379 
(Pon, °ne) ID, 
(3222, 527) 30, 
(Son, xe) 5I7,, 
(52772, 2or)1 0, 
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Fig. 3. ZT and @-States 


9) 
10) 
11) 
12) 
13) 
14) 
15) 
16) 


R=2.5. (I) 


(on, 522%) 5], 
(soz, ere) Ty 
(Pon, sx@) Ty 
(8°22, s°9B-)1IL,, 
(Yon, °nB-)5II, 
(s°x®, 5268) 3J1,, 
(27?, 08) 11g 
(on, xB) 3 Ig 


17) 
18) 
19) 
20) 
21) 
22 

23) 
24) 


=e 


(en, xB) 311, 
(s?72, S268") 3 IT 9 
(9772, S"e7) 1 Og 
(Son, °nB)3 IT g 
(on, xt) 3]1g 
(°on, sn) Ig 
(ex?, S67)3 Og 
(Son, s*x@-)1I7,, 
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the energy minima at R=2.5 au and R=oo by varying x. The result is shown 
in Fig. 2 and Fig. 3. Levels shown in the middle column of the figures are the 
energy minima at R=2.5 au, those at R=oco are shown on the right, and the 
levels obtained in I are shown on the left. The absolute values of the results in 
I and in-.the present calculation can not directly be compared in these figures. 
Two cases are joined so as to agree at R=oo for (0, o*)'3!%. Differences 
between these adiabatic potentials are roughly computed for other values of &, 
and it is ascertained that the order determined at R=2.5 au does not change in 
the region of smaller R and in the vicinity of larger R within each of Fig. 2 
and Fig. 3. We find that the deepest competing states are (som, s°o7)'d,, (s°o7, 
sn@)iIT, and (s*er, *o@)*>"F. 

We calculate W(R) more carefully at other points for these three states. 
The result is shown in Fig. 4 and Fig. 5. The final conclusion is that "4, is 
deepest. Its dissociation energy is 0.75 au (20 eV) and its equilibrium distance 
ter b9 sau -{ 1.0 Ay Mulliken™ discussed electronic levels of the C,-molecule on 
the basis of empirical data. According to him the order of the low energy 
electronic levels is given by Table 1, where energy is measured from the deepest 
level, R, is an equilibrium nuclear distance, electron configurations mean those in 
his molecular orbital theory, the orbitals xo,, yo,, and zo, are linear combinations 
of 2s and 2/0, and va, and wz, are those of 292. His lowest three states ‘a 
1], and zo,yo,,w7,24%0;"S\7 correspond to three states in Fig. 4. His 20, \Oy Wy 
151* corresponds to the (s*7@, s'@)'dig state (No. 34) in Fig. 2. Vhese 
results of Mulliken are in qualitative agreement with our result. The 267yo,/wt,;x0, 
3/7, state is one of the lowest states in Mulliken’s result whereas the corresponding 
(sox, s*x@)*/1, state (No. 17) is repulsive in our result as is seen from Fig. 3. 

To completely discuss the ground state of the C,-molecule the following 
effects should further be taken into account: (i) the effect of the configurations 
in the first and second columns of Table II in I, p. 142, (ii) the effect of lIs-shells, 


\ — RF in atomic units 


2.2 


— sjrun ormtoye ur AS10uy 


Fig. 4. Adiabatic potentials for the lowest three states 
(Son, ne), (or, SB?) Sgt Sar, an) 'Ag 
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(iii) the deformation of orbitals, (iv) the effect of inti npr anne de hae 
the effect of other atomic configurations. It may be possible that the ee ee 
makes (s’e7, s°t@)'/T, or */1,, deepest because these contain less o-or oe ae 
the latter has been considered as the final state of the Swan bands. : e a 
and Poeshel™ considered that last effect made *//, deepest.* Our result ie e 
dissociation energy is too large to compare with experiment (the re ee 
energy for */I, is estimated at the order of 5.0 eV cies the niles : ands. ) 
This discrepancy may be due to the neglect of the repulsion by Is-shells. 


46 
s 
2 A4 
co 
2 ENO 
ish 
40 
oO 
T 38 

3.6 

3.4 

— £& in atomic units 
Fig. 5. Effective charges as functions of & 
(en, @ne) I, (san, 0B)'S\9+ (son, sar)! Ag 
Table 1. 

States Energy in eV Ro (obs.) in A Electron configurations 
3.17 g 3 1.266 257 26 g VO WT yRXO g* 
3,15. 3 1.240 20 9° VOW yAXG 9 
PAG > \ ome Nos 0 —- 26 920 2WTy 2X6 g® 
Dee 0 1.313 1.318 26 9°VOy2WHySXO g 
San 0 1.243 20 9°VO y WT yt 


SSS SS 


§ 3. Energy Formulas 


The general formulas for electronic energy are very complicated and lengthy. 
To write down here their complete expressions is therefore given up, but some 
examples for the states, which are important in the present study, will be illustrated 
in what follows, where the adiabatic electronic energy will be denoted by W. 


* Erratum. I, P. 152, the second line from the bottom, for 2s-electrons read the 5S state of the 
C-atom. 
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For a non-degenerate state (see Tablle II in I, p. 142), W is given by 
W=(¢, HD) /(¢ #) | (3.1) 


where ¢’ denotes a wave function of the state and the parenthesis means a 
Hermitian inner product. For a doubly degenerate state W is given by 


W= (B+ V B°—4AC) / (2A) (3.2) 
where 
A=4,,45— di C=, An—He (3 3) 
B= H+ Sool — 249 . 
fis= (Pus EH;); Aing= (Pus 5) k=l, 2 (3.4) 


and ¢, and ¢, are two linearly independent wave functions of the state. 
The (s°ez, s*7@-)*/J, and *JI,, state are trebly degenerate. The secular equa- 
tions for these states have following form: 


Hy—AyW Hy—4,.W Liys 
y— 41.W LT x — 4ygW FZ, =0 (3.5) 
Fi; Foy 1 y3—A5,W 


Our numerical calculation shows that Hj, and H,, are small. For example, in case 
of */], (x=4, R=2.5 au) we have 


Hy »=—9.4868 au, H»=—8.4384 au, Ha= — 7.0732 au 
Hy= 0.3884 au, Ay,=—0.0444 au, Ay= 0.0239 au (3.6) 
4, =Aop=0.7229,  — dgg= 0.7509, 4 = —0,0280 


In order to obtain approximate roots of the equation we first neglect /7;,; and //2;. 
Then the problem reduces to those in the case of non-degenerate and doubly 
degenerate states. The approximate roots show that these states are not competing 
with the deepest state. Therefore we give up to obtain more precise values of 
the roots. 

In what follows, examples of Wor Hy and 4,; are given for the states (s°o°, 
Se)33, (Sor, Sa®)* dF, (som, sx@)I],, and (sox, s°o)'d, The first state 
was deepest in I and becomes higher and repulsive in the present case, the last 
state is deepest in the present case, and the middle two are competing with the 
deepest. 

Wave functions are denoted by abbreviated symbols. For example, Sa%a%a%a 
5p5,0,2y Stands for sa( 1) 5a(2)¢q(3) Fa(4) 55 (5) 5o(6) 707) @,(8), and 7,(4) means a 
z-orbital which belongs to the a-atom and contains coordinates of the fourth 
electron as its argument. A Hermitian inner product of two functions ¢ and 
is denoted by (¢, #). Integrals given by (gpyrénto, Helf'y'esyCe') are 
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divided into four classes which are distinguished by Ov Sie (b=, Bil 3, 97)5 
and @. @Q is a direct integral, 7, is an integral which does not vanish when H 
becomes unity, WV, is an integral which becomes including a factor of a vanishing 
overlapping integral when H becomes unity, and integrals of having two such 
factors are gathered together in A. 

The overlapping integrals of two orbitals are denoted by 


So= (Oa Gy) S\= (Tq Ts) — (Pa @y) (3.7) 
S = (So) O== (Sas. Oy) 

The notations of Kotani, Amemiya and Simose® are used : 
I y= (Las 1p “Py) (3.8) 
Joy= (Pas 75 'Yo) Kou (Lar rs Pa) 


Courn= (ar rig Sha) Dove, = (Gao ria'S ah) 
Poesq= CA Fin Gale) Lown = (Pata rin'F ao) 


where /,y and Fyy., were not defined by Kotani, Amemiya and Simose. fgyy 
ane F’yy, are atomic integrals which can be represented by Slater’s /, and G,.°? 


(i) So, sot Ss 


W=(O+ f+ H4QA)/S° areignt0) 
where ( is the norm of the wave function of the state) 

p=(1—#)?— S21 S)PP2S(S=25,0 (3.11) 

Q= (SS aFaFaSp5vF0Fy1 1 SySaFaFaSv51F 40) (3.12) 


PHS t Sot MS tht t)ithitle) +2 At SottIatlottstJu) 
—4( At Hot Sith +Jin tJ) —2 (Jor +See tHe + Jost Jes) (3.13) 
=8(N,+ Ni4+N34+N,4+N,+M,) —16(NV,+N,) 
—8 (M44 M+ Mut Mit Mist Mit Vy5+ Mig) (3.14) 
BA=4Droo| D(F—SyS) — 20°(S3—S?) } —4¥raon{ & —26°(S,2—S?) } 
(3.15) 


In order to reduce the explanation of the notations as simple as possible the 
abbreviation such as 


(SaSaFaFa5p%4F5S,, H FF oSpFaSaSeFaSa) = (FoF oSpFaSaSyFaSa) (3.16) 


is used in the case (i), where the operand of H is only shown in the abbreviated 
formula and H and the function on its left is omitted because it is the same 
throughout the case (i). In this way /, and JV, are given by 


S = (6595536 a5a5nFaSa) J 2= (6654547 yFaSaSaFa) th= wr SF aF aSbF0Sa) 
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Ji= (asa Sies) F.= "(sere tise ee) J PAL peel 
J1= (S55305FaFa%aSaF) J, 00s, SaTsFF as SaFa) "555, Out ase siOaes) 
JRO PASS Tes 806F 2 5.5,070%) = 0) 
J 3= (FF 0 0SpFaFaSaSa) Fs (S080F0FpSaSaFaFa) Js (CSF aFaSb50 Fr) 
V= (SSF vFaFaSv8a%) — Srz= (FoF oSrFaFaSoSaSa)—— Ass = (Sov FaS aS FaSa) 
ST 9= (SoF%0FrSvFaFaSa8a) Jy = (S007 0FaSa8aFa) = (S0SaFaFaSa'vTF0) 
S22 = (F508sFaFaSaSaF 0) To, = (SpSaS8xFvFaSoSaFa) T= (S05aF 0F0SaS0FaFa) 
J os= (F505pFaSaSaFaFo ) (3.17) 
ELA EB, F 859505) Ve Era Sosaee) | IN 5 Opti gSakc®s) 
DV PEA eG Kid 8,955,) — IVa (Sis s tee) NV, = (Spa) 
N= (6S aSa80%iSa) Ns =(OsSa8s%SaFa0i0,) | Ng = (Cal OsFaSn5nSaSa) 
Mtg) BVO SpipOaSihaFs%s)  Nagee (O80 rd aSnSeSa0) 
Nig= (6505p FSc8FrFa) — Nig= (CS 0OnSs8p5aP a) Nis= (OrFaSeSpSaSaF as) 
DV p= (656 SeFoSsSFaSa) (3.18) 
(ii) (sen, Sae@)'>3 
4n= 0 4+S,) (924+ 29) 4¢=49—352/2 4yp=—4)/2 (3.19) 
Hy=O4+2(F + fo) +444 Ae) +A: ee 
H=O+23 1 — fot 4H 1-21. + Cy i atte ae 
where 
9,=1—08—S? A= SHS ye So (3.21) 
O= (SaSaFaTa5o50Fn Po, H SaSaFaTa5450Fn@v) (3.22) 
Bixht)er Set ttl tet J) (2— SortJatJu+Sa) 53) 
Brrr Jit Sot IntSatIatIut Ss) /2— Sot Jut Jot Ta) 
IL=N, +N, (N AM AN, EN)» Me=aNgtM—(MA+M, + Mot Nin) (3.24) 
and, using notations &® given by (3.11) and 
D,=1-0—-S,S (3.25) 


Qy Cy, and Q are given by 

Fi ae (2— 8) D,+25,(1—S2) Bi} + Gonoed S:Di(2SS) +8) +2559, 
482,579} + 2C sone: (D,+ 55s) S98 2Grano( SDs + 51)8—Conno(1—-S*) D; 
— Crone (I= S°) Si 1+ Conan (D1 53) + Doowl2S(1 +5) 51 
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—F( 24S? + SE+4S°S,) | + Dasen{25B1+ (25S, 48 gba) | 
42D... 5S, 861— Datel S) Sipe Daman ert (ee ane 
—2Faef (2+ 52) 91+ 1-S? *\ b,— 0} — Facaokl — 3°) oy 

+ 2L ans 25D, +25H,(1—S*) +0 B;}—2L sont (28). D,4+255;}S; 

+2(Lnoen + Linton) (SD, + 51) S8—2Lrana(Di— SH) 6 29) SS till 

SOE le 5 eo ee (3.26) (a) 
Che = C20) Dt b— 20 Pt Ge 250 Dy — See (SS,+ POS; 

HOC, I — S2) D, Sb SOF ICS Dye ee 

—{ ConnoD1—2C conv S11} (1—S*) — Cyaan (L—S*) db — 5°} /2 

+ Doses S52,+(1—S?) (1— S$) (f&— SS,) +6°—2S*8} 

=D A Sb = SSHOp4 OS S)O1S 2 ee se 

—Droox(1—S?) S,51:4+Dnaen{ D+ (1—S*) 5}/2 

Fae tO EUS?) (1455) —F (1429S? 255) 

OF cane L— 9°) Dy t WL 91-0 Det OD + Ole | 

— QLD rsa (S18 Do— BD + SO 1— (1+ S,)S7S,0}S; 

— BL room| 1+ 1—S*) (S,—S)}S10 +2L non (Sa By) 5:6 

— 22 inno ( D1 — SH 1)b+2Lonns{ D+ (1—S*) D.}8—2Loana(1—S?) 5, 

2h co I= S*) SD, (3.26) (b) 
A= — (3/2) Curns® — Crone { (D.—0) SS, + S?+ S,S5,0+ (S,—8) (S,6/2) }8 

+C ahi S Dot (5,5) S425 07) Sid 

—Corno{2SD,+ 5, + (1—S*)(S,—S) $d 

+ (3/2) Conna(1—S*) D,— (3/2) Coone(1—S?) S151—Doon (S?+ 52/2) 8 

+ (3/2) DasonS{ O18" + Drosn{ Dit (1— S*) D,—284,}S,0 

+ (3/2) Dacon (1—S*) S151 4+ FroosD10°— (3/2) Fonno(1—S*) D, 

—L sem (1—S,) { B+ (S—S,) S32 

+ (Laosn—Lnson) {SD +25,+ (1—S*) (Sy—S) }.S,6 

—Leanal (L—S*) Dot SB }9—Lonnst By+ (L-S*)D2+S54}9 (3.26) (c) 


In order to explain 7, and MV, the abbreviation such as 


(SaSaFaTaSp5sFn Ps, H SaSo8pT aF gSaF4 2s ) ear (saSp5¢TaFaSaF42"4) (3.27) 


is used in the case (ii), where the meaning of the symbol is similar as is in the 
preceding case. 
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Fe (SBR S25) Fe (GSS STs) FER CPR LEO DA ar) 
S's = (SaS5p%Fa5aFp Pa) J, = (45572 Ss5.2>) Ts = (SpSpFaTaSaSaFy Bs) 
Sy = (SaSaF07505pFaPa) hg = (S565 7s8 BILD.) To = (G55 g5s% sSaF aS P%n) 
Fp \(SaSa% eB Sp SpFn@,) Fp (SsSh On MS ahi g Oy) Fl (Op 8e5p aus oh, Ste) 
S 13= (SaSeFa% 505% Ba) Fea Gis Shes Oa) Sg = Sx SiFiFn5p5q Oh) 
Sie= (SaFsFaT aSp5pSa®s) I Sa8nFa% Sp SnF Ors) Tg (Sp FpMeSc8oFa Pn) 
J 9= (455555T pSa5aFaPa) Ja= CES. Ps) JF (GpSp5ySaS Ps) 
Joo (SpSaF aT pSa5Fs Pa) Fes (SeSc80%pFahe Os Oa) (3.28) 


Ni = (SaSpFaTaStFpSa2>) 
N,= (GaSaSs7Sa5¢7r Pa) 


N, i (GaSpSeTaSaSaF Ps) 


Ny as (S35aF 0% SaFa5p Pra) 
N; = (Gq SsTaSaSo5a®"o) 


Ns, = (G5SaSaT55050Fq Pra) 


N= (Fa5pF oT aSpSaSaPs) 
Ng = (6p 5a507 pSaFaSp Pa) 


N, = (pSaFoTaS05pSa®p) 


N= (Fa5p8p%pSaSqFp Pra) (3.29) 


The integrals Q, 7, and 1, can be expressed in terms of those defined by (3.7), 
(3.8), and (3.9). 


some typical examples : 
O= (2x%°/3) + (16/R) —8(%+ Koo t+ Kan) —16.Ki, +4 (Doses + Deora +Drnsn) 
amen © Ocguat naan LOL cat 2! ance 
Jw={ (2/4) + (16/R) —6x—12K,,—4 Koo — 8. Kae | PW — 24/059 

(OD DDS oF oD inex + Dawn + Donon + Leas tf onon)o 
Tr={ (16/R) —4x—8 Ko —S Kz | S4 +4] ¢— 8 Jon — Lee) S? + 6 CossoS? 

+' (Dooce + Dawne + 2D ncn + 2h exon) 5 + 8( Lost Lnens) 2° (3.31) (b) 
Ta={—(2/2) + (16/R)—2x—8 K+ Daaene } S4Sy +4 (*/ee— 8Jea— Lea + 2L sus) S°So" 

$2 (2}o0—8 Joe + 2L nono) S*Sy + 6Cs5s55? So? FBC ro105°Sy + Cocos’ — (3,31) (c) 
Jp={—2€+ (16/R) } S48 2S P44 (es — Ses Lon) S?S 9S? +2 oa Boa) S*Sy Sy" 

42 (2en— Jom) 54S 2S, + (6 Coes S? Sy +8 Cpos05°Sy + CoaaeS*) Sy" 

(de ls Ra Covad BCA oC WO Sey (3.31) (d) 
N,= (4Keo + Desso + Dooos + Dena) SO Losss9 + Lso0sS (3.32) (a) 
N,= (—4. Keo + Desos + Denon) S?S:9+ 2L 05559 + (Lsa008 + LossoS0) S* (3.82) (b) 
Nyo= (4Kvo—Deooe) 5°59 + (LsaosS— 3L 5059) S°Sy —2L eon S S19 (3.32) (c) 


In these examples Jus Jo Jw and j, are of the second, fourth, sixth, and eighth 
degrees in overlapping integrals respectively, and 4, 3, and My are of the 


Since their complete explanation is too lengthy we here give 


(3.30) 


(3.31) (a) 
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second, fourth, and sixth degrees respectively. 


(iii) (Son, ne) IT, 
4,= (1 + Sy) (1—S”) (2,-S,4,) 
Aw= (1—S%){1—S2/2) D4 (1-28?) $,54/2 


Hy =Ot+23 4+ Pot 244+ Mot Q, 
Hyo=O+281— Pot 2% — M+ Ay 
Ay.= — (0/2) — Ar-H WH + A 


where 


Q= (SaSaFaTaSeSaTp Ory; H SaSaF aX aSpSo%4 Pp) 


Aialht Vet th) /2 —Sw— Sot Sint Sutss) /2 


A=), is ( hi th, +); +S) /2 Tee Se thi; ths + Sa) /2 
W1=N,4 N,— (N5+ N,) 


J 1 = (Sa%sF5%SpSaT Pra) 
S14 = (F05055% pSaSaTa Pra) 
SF, = (Sp50F al SaSaT a2) 
S v= (SvSaFaTaSa5oT%p Ps ) 
S 3= (Sa50 75% Sasa ha Pea) 
Si= (SaSa8a% SpFaTq Bs) 
S9= (FrSaSoTaSa5sT% ®,) 
N= (SaFaSsTaSpSaTp Bs) 
N= (SaFoSaTaSn5eT Pa) 
N,= (SeFa5yTpSaSaTa Ps) 


A=—C. 


To = (SpSaF oT aS a0 Pra) 
Ts = (SpSeFaT@aSaSa™ Ps) 
Ts = (SwSa5v75SaFaMa 2s) 
J r= (SaSvFaT5pSaTa Pn) 
Su= (O5SaSpTSaSpTaPra) 


Ju= (SaSaFs7aSp Spy Pra) 


N, eS (SaFs Say, SpSpTq @a) 
NV; = (s BF ASEM aSaSa™y @y) 


NV, ae (pF 5ST aSaSs% @,) 


Mo=N,+N,— (N+ N,) 


4,o= —4,,/2 


(3.34) 


(3.35) 


(3.36) 
(3.37) 
Fs SS EO Sen 
Is = Sha eh a?) 
do She ER) 
S12 (SaSaF 0753507 a Pra) 
Sis (SaSaSoTaFa5s™ Bp) 


Sa (SeSeetas Stee) 


(3.38) 
N= (SaFaSsT 0% pSa%a By) 
N; aa (SF sSa% SaSeTa Pa) 

(3.39) 


mien 2D (1—S)(1 + S7/2)— S,5,—-U+ S24 S24 SS,42S°S,(6/2)} 


+ Crsnt{ (D1—25,5,) SS, + (1—S?) SS,S 2+ (SAH,/2) 

+ (4+ Si'— SS,— SS?) (57/2) } — Coae(1—S2) (2552-4 S+S,/2)8 
+ Crone (1— S*) (1—2.SS,) 5,8/2 —Conen( 1—S2)?(1—2.S,2) /2 

+ Cosas: (1—S*)S1?/2 + Cram (1—S?)(S,5,—D,) /2 

= Pasco 1—S*) (14+25S,%) SS,/2 


— Penns (251 + 1/2) S5,—(D,+0/2)SS,+ 1S?) (0/2—S,S)S2 +2520} 
1 Dttn ( 1 Se) (4— S7)SOd a Dcon( 1— SY (4— SP)/2—Drasin (1 ST S,5,/2 
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—Fyaos{ (5/2) + (44+ S:) 914+ (14 S+ S2— SS) &/2—S, 53} 
—Foxno(1—S*){.5,+ (1— S*) /2} 
—Lenns{ 4SD,+ (1—S*) (24+ $7) S—2SS,.5,— (45+ S,+ 6SS? + S,S°) (F/2)} 
= Pees Dim, 42(15°)S, 3-25, Dh Baa VES OQ SSO? 
— Los (1—S*) (2S,—S) S,8/2 + Lenno (1 — S*) (2-4S?— SS,) 6/2 
el 1 Oe Lic ee Lncon/ 2) CRS) Oy 
= Lanes (1=S*) (Sd S;) (3.40) (a) 
= —c.,.i29,+0—S) A—S7/2) + (S,— 5/24 $2) 6,— Q-S°— S772 
ESS S752) 0 C2) SSP — (1-457), 51/2 4+ A—S) SSSr 
7S S, +4595. — 5° Spo 2h tl SY OSS S228 5) 0 
Lig tel LS APRISS NS OFT CH ESP Coad SP} aS)" 
SO ES) (SE 25.41) /24 Des 1 HS) A= 25) Ss 
+ Drom (1—S?) {25 (1—S?) —S1} —Denas! SS Duct 255 
gs 5S, 0 oS) ere La oue 2 
— Foes{ 2D, +L — SZ + SSp— Sy) + (S?+ S2/2)8"} = Forno = S'Y(D1— 8) 

4 Leena 45D, + AS?) (2— 5S?) S—2SS, 5 = (2S + S,/24+ SSP + S° 2, /2)0°} 

+ Liceen{25,D, +2 (1 —S2) SyS2— 1-487) Bate 2S+ Si + S*Sy 2551) H 
+ Lonns(1—S?)(2—SS;)6 + Laan (1—S*) 251+ S) 518 
ted 5a) 255,205; Oe Lag, (lS) (24-55,—-25,)8 
eee BAS 4 Lee OS) Oi A1)S; (3.40) (b) 
B= Coun{ D+ AS?) 14 S37) 2— S81 (S+ Sy) S772} 

+ Cane {(1 4252) 551+ (1—S*) SSS? = (2-91 +) S572 
= Coon (1—S*) (1—2SS,) $,9/2 + (Conn? — Canon 1) (1-S*) Si/2 
= Coong( 1 SVS 3/2 + Dior 1— S*) (1+ Si) S55 /2 
+ Deane} 14252) SH, + A—S*) (SS,+ 8°) SP — (29,46) SS,}/2 
+ Frost Dy + 1—S*) (1+ 52) — S:b1— + Si + SS,— SY 87/2} 
+ Fonno(1—S*) A fog 62-1412, 1+ (1—S) CO +5) S—2S55,5, 
— (Sy 42552 + SpS°)F/2} —Lnsont C1 42,2) 8,-2.5; 91+ (1—S*) SpS¥’ 
+ (1+S%) $,8°/2}4+- Loans (l —S°*) 2-55; ) 8/2 4+ Loon (1—S*) (25;—S) S38/2 
+ (Leano—Lnson) (I= S*) SS,8/2 + (Lacon — Linu) l= 3°) 51/2 
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+ Liman sy (S,2,—4,)/2 (3.40) (c) 
(iv) (soz, s°or)*4, 
A 5= 4); Hija ree HI) (3.41) 


where Ji) and HS? mean 4,; and //,3 in the case (ii) respectively, and £4, 


represents small deviations as follows: 
L£y= reer (D2 S? + S/) — Drawn) Di + a @! Se ak 
i Cie LS ) Sg, 2}, Ey= —Ey,/2 (3°42) 
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Introduction 


att o 2 . . ° 
In the first and second® parts of this paper we discussed the electronic 


energy of the C,-molecule. The numerical evaluation of various integrals were 


carried out by making use of Kotani, Amemiya, and Simose’s table.® In order 
to make use of the table for our calculation we had to prepare some supplementary 
formulas and tables for the integrals. We think some of these formulas and tables 
are useful for other calculation. For this reason they will be given in what follows. 


§ 1. Definitions 


The definition of orbitals and integrals in our calculation are somewhat 
different from Kotani’s. Therefore an account for this point will here be given. 
The orbitals in our calculation are defined by 

s = Ny exp (—#r/2) x= N,(« +iy) exp (—*r/2) 

ao = Nov exp (—#r/2) @ = N,(«—iy) exp (—*r/2) (1.1) 
where the origin of coordinates is at an atomic nucleus. We shall refer to this 
origin as the origin of orbitals. Two nuclei are distinguished by a and 4. If an 


origin of a 7-orbital, for example, is at the a-nucleus we denote the orbital by 
z.. In order to account for the relation between integrals in our difinition and 


a’ 


Kotani’s it is convenient to introduce new orbitals defined by 
E=2-7? (24+ @) y=27?(n—@)/2 (1.2) 


The angular part of these orbitals are proportional to + and 7 respectively. If 
we put x=20 we can represent orbitals in Kotani’s definition as follows: 


as=Sa b,=Sp aAg=Fa 6,=—% 
Ansa Pues ant =a Ont =Np (1.3) 


We define the Hermitian inner product of two functions by 


(Y, ?) =(fe)er Go Jor °°» gm) P94» Gos as Om) 4911899" *@9n (1.4) 
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where 91) 9a “> In( m=, OF 6) stand for x,y, 2 OF Ly) Vr» 21» Yor Vo Fe Further 
a product of two orbitals is abbreviated in such a way that 
GP =O(4 Iv 21)P Ae Iv &s) (1.9) 
In this way we define various integrals as follows : 
Sr (Sy O= (52, oy) (1.6) 
Sp=(Gan a) Si= (tw ™)= (Pa Po) 
Ioy= Yur 75°40) Ton = (Gur 100). Kou = Gus 75°40) (1.7) 


Couxr= Palo Vit 10Ca) 
Douxe= (Pao Ps Laed 
Fouxr= (Paar 1i2' Lala) (18) 
Louxe= (Pala 712 Xabs) 


where 7, is a distance between an electron and the 6-nucleus, 7, is a distance 
between the first and second electrons, and vy, $, y, or € stands for one of s,¢, 7, 
and &. 

The integrals defined by (1.6) and (1.7) have the general form (¢,, #2) 
where ¢ or d is one of @ and 4, and G denotes 1, 751 or 73%. This integral 
will be denoted by (g¢) for the sake of simplicity. The axial quantum numbers 
of Ag, and ga, are the same. Therefore g, and Fy, are orthogonal unless the 
axial quantum numbers of g, and #, are the same. Thus non-vanishing integrals 
are only (ss), (sa), (os), (a0), (77) =(@@), and the remaining integrals all 
vanish. For this reason we obtain, by making use of (1.2), the following relations 
between integrals in our and Kotani’s definitions : 


(6) = (49) = (22) = (@®) ce 
UBS AC 5, Si, 1/ cy, and. rope equal to Kotani’s. Seasons nt ec 
—~/,, tespectively. 

The integrals defined by (1.8) can be written in the form (Phar ia Arlo) 
where ¢, d, ~, or g is one of a and 6. This integral will be denoted by (g¢yC). 
It vanishes unless the axial quantum number of gy and yf are equal, for the 
same reason as in the case of (gf). We have therefore 


(SEES) = { (aamm) + (n@7@) + (A@ ez) } /2 
(E48) = { (aaa) + (mee) — (t@Br) } /2 (1.10) 
(Fnyf) ={ (ana) — (7&7) + (TH Sr) } /2 


The axial quantum numbers of @."(x)@a(x) and 2,*(x)z,(x) both vanish, 


namely they are axially symmetrical with respect to the molecular axis where x 


denotes a position vector of an electron. Therefore they are the same function. 


For this reason the three equations in (1.10) reduce to 


Electronic States of C.-Molecule, [iT 963 


(€€€€) = (aaaz) + (7@ 7) /2 
(Syfy) = (aam7) — (mez) /2 
(S978) = (ae er) /2 aa) 
and the inverse transformation is given by 
(amar) = (mere) = (FEE) — (Ene) 
= (F4Fq) + Gy7F) 
= { (6388) + Ent) 3/2 (1.12) (a) 
(w@ er) = (FF8F) — (EnFy) =2 (Fy75) (1.12) (b) 
Further if a and # represent s or o we have 
(Gu88) = (qun) = (nump) 
(u8E2) = (ugg) = (wep) (1.13) 


§2. Reduction Formulas 


In this section we give reduction formulas which were not written in the 
table of Kotani, Amemiya and Simose.” 


( i ) F af 00 joraalo 


Foooo= lot 4h s Fonon =f —2F, 
F pend lg td's Fieen=3ls 
| nS ae Fno0n = OF’ 


where /, F,, and /, are Slater’s®” /, and their numerical values are given by 
F,=0.181640625 x F,=0.040147569 x 
F,=0.0035156250 x 


Ms K taR (1, (ak ley 

eae Ec 2 eral 2 )+aS)} 
where R is a distance between two nuclei and A,(#) is a function 
defined by Eq. (10) of Kotani, Amemiya, and Simose.” 

(iii) In the following reduction formulas* for Leyye the functions Gi(m, 2, 
xR/2) and W(m, n, xR/2) are written in the abbreviated form 
Gx(m, n) and W%(m, 2) respectively. They are defined respectively 
by Egs. (19) and (17) of Kotani, Amemiya and Simose.” 


* In the private letter E. Ishiguro, K. Hijikata, and T. Nakamura communicated us that they 


obtained the same result. 
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4x (#R VT (1 p04) 2 (24) + M 4416 0 
Lon = =" 4 ait 5 W,(0,4) 2) at ’ ) aK ) at ) 
2 4 
2 W,(0,3) = Wal23) +24, abe, (1) 
9) 


= Pit oe se 
9) 


+ 8 1 W,(0,4)G,(0) +2, (0,3) G,(1) —27,(0,1) G,(3) 
—1,(0.0)G,(4)}| 
Bet xe) {-2 W,(4,1) +2W,2.1) SON GC) +G,(2)} 
+ 217%,(4,3)-2123) +2%0A)} G2) + G,(0)} 
—21,(42) +4 W, (2,2) — —217,(4,0) + 2 1V,(2.0) —-17,0.0)} 6,3) 


2 


+ {2M (4d) +2 (42) +217,(40) —SW(22) +511,(0.2)}G,(1) 


+ 5 W.(2)1) —SWA0r1 )} {G,(4) + G,(2)} 


3 
+ LACE 2) +, (2,0) —SW,0 OG, (3) 


+ 


' 
: 
rE 

ae {-= W, (2,3) +3 W,(0,3) | 1 Gx(2) + G0) } 
= AAC 4) +2 SW, 4) SW, 2) +2 =1(0, 2)}G, i») 
1 


+35 — 0.1) (G4) + G2) + (0,3) (G2) +G,0)) 


+ (= 17002) — W,00)) Ga(3) + (AO) + W,02))G,(1) 


Electronic States of Cy-Molecule, I1T 965 


Pah SCL efimes—fmceanjouors hoor faron}oan 


+{° 7, (1,3) 22. uae )}G, (3) +{3 W,(0,3) —Z MONG) 


5) 


32 


+P 2. W, (4,4) — eW(as 2) +2 17,(4,0) 1G, (0) 
+ {41,84 —2M 32 2) +217,8.0)} G1) 


‘ 2 
— {41,4 — 2.1.2) +.) 68) 
oy) é 


27,04) —SV,0.2 ) +217, (0.0) G,(4) 


‘ 


W438) += = Wed, le, OF {, W733) + WG1)} GL) 


W,(1,3) +S 1K, 1G, @)+{s W,(0, 3) +2 0. 1G.) 


wo | 


| 
f 
| +{3 
+{-217,(42) +514(40)} G0) + {2 148.2) + W.(80)} Gs) 

=i ral 2) +5 TAG! 0)}G,(8) = { 2170.2) +5 740.0) } G4) 


+50! W,(4,1)G,(0) +2W,(3,1) G, (1) 21,1) G,(3) 


— W,(0,1) GAA) | 


von peg) Ra Aa aCe) | cee 


2 417,33) - 2. 3)} G2) +G,0)| 


D 


3 


| 

{3 

+ {eM W,(32)-SW,(12) +5 417,30) 517,010) |) 

= A,GA) —Z INC) +5 W,(3,2)— “(1 2)} G,(1) 
a 


2W, (4, Dac! I+, TA DH 'G,(4) + G,(2)} 
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2W, (4, 3-2 W, (2,3) +517,(0:3)}{G,(2) +6,(0)} 


+ 


6 
2W, (4,2), —- SW, 2) —2W7,(2,0) +2, (4,0) +2 W,(0,0) | G,(3) 
o 


_ 


2, (44) = 2 (42 2) +3 S104) — M2. 2) +5 (0.2 2)ba,() 


W.3,1) +A WL DCCA) + G22) | 


He 


Le 


W383) +2 We(13) G2) + G0) | 


W,(3, 2) +5 WU, 2) +4y, (3,0) +5 1K OG, (3) 


W,(3,4) +5 W04) +582) +5 W1.2)1G,(1) 


He 


+ 


Lea io, {Gs(4) + G.(2)} 


417,(2,3) -21V,0, 3) }1G.(2) +6,(0)| 


5 


Oe Oe Wik Wik whe wr 


atts 
iN 


S122) 21,00) G,(3) 


Sy 


fe = W.(24)—5 


4) 


W,(0,4) + 212.2) —21V,(2.0)} G1) 
‘ — 
16 


£521,381) {G,(2) +G,(0) } 


LAW, 1) + W,(0,1) }G,(3) 
Fie W,(4,1) + W,(2,1) 1a) | 
DLGMAD-2ma2 24016) 


+f (84)— — S132) + 3%03.0)1 G1) 
+1 


SIC) +S mas 2) O) be, (3) 
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+{-3 sWC0t) +2 = 102) ~2 3¥.(0.0)} G, (4) 
‘ {5 w,(4,4) —® S742) +512(4.0)1G,0) 
+ .Gs) 2 W,(3.2) +5 530) }G, (1) 


+{-S17,0.4) + P17,0.2)-37.0.)} G8) 


es 


8 
3 
4 Se fae) 4 
7 {—317204) + W402) 3 (0,0) | G2(4) 
16 
3 


+181 —1%4.2)6,0) 27,82) G,(1) +22) 
+ 1(0.2)G,(4) }| 
Daa ON Ge 4 ; 2 on 
Lor (ET |2174(4.2) —Z2.2) + 5W.(02) | GeO) — Gol) 
+ (217,44) 4%2.A) 3144.0) + 512.0) ~ 57,00) G2) 


Ki {41%44.1) 37,21) +2101) G3) 


+ {417,4,3) 5 23) + 517,003) }Go) 


+ F722) — W0.2)} (4) — —G,(0)} 

+{- SWi2,4) +5 w,(0,4) +8 8 (20) 3 (0.0) G2) 
=i PW, 1) +2 8 7,(0, 1) 1G, (3) 

¥ {-1 W723) +2 W(0,3) | G20) 
= © 1(0,2) (GCA) —G,(0)) + ae W, (0,4) — W,(0,0) Gs) 
+54 W,(0,1) G,(3) + W,(0,3) G ay} | 


Tews) Ts Baile { W,(2,3) 2, (2, DH G4) —G,(0)} 
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Tier 


G. Araki and W. Warari 
# {oH 7 (A, 3-4 W,(4,1) — aw (0, stan, (0.1) G,(2) 


: ge 
fn, (1.3) C1, 1G.) ¥{, W,(3,3) uae) kaiee 


+{—21V, (24) +e 5 W,(22) 32, O11 G,(4)—G,0)} 


| 


H 
Or — —— i ~— fae 


20, (4d) + 242 +3 (0.4) 21,0, 2) 45 1, (0.0)}G,2) 


—4W,(A) —2 W012 2)— 2 17,(1.0) |G.) 


++ 


MW 34) eo : 27,03, 2)- Sr, (3.0) 16,(1) 


4 177,(2, +S 2 DG) —G.0) } 


4 4 4 
W,(4,3) +— W,(4,1) -—-W,(0,3) -— W, (0,1 2 
243) +5) WoL) = W2(0,3) — 5 WOs1)} Ga) 


He 


wet 3) +5 A, 16, (3) +f W,(3,3) +S WB1)} Gx) 


4 
Ww] CO | Core 


+ 


. W,(2,2) —W,(2,0) }{ G,(4) —G,(0) } 


is 


—={ W(4,2) — W,(4,0) — 17, (0.2) + W,0,0) }G52) 


+3 W,(1,2)—W,(1,0) }G, (3) 3 W,(3.2) — W,(3,0) }G,(1) 


£52 W,(21){G,(4) — G,(0)} + £2131) G1) 


= W,(11)G(3) #9 35 bl) — 170.1) 1G) | 


3%) {3 “W,(1A) +2W, 41 2)—2 1 OD} a4) +G,(2)} 


We 


-{-217,84)+2 Mibibidgce 


{2 2 W,(2,4) +2 W,(2,2) +5 W,(2.0) — 3/0 —F 7 0.0)} G,(3) 


fe 
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2 2 
—2 Ww. (4,4) +29 9,(4.2) 20,4) 4 2,2,2)—2 W2.0)| GQ) 
3 15 3 5 3 
4 


4 


Vil We) +212) —W(.0)}1G,(4) +G,(2)} 


zt 

{-3 

— {—S WA) +2132) —3 WB.) | Ga) + C0) | 
iz 

| 


3 
4) 8 4 4 
+{—W.2A4) + Wa 2)— FW, 0) S70, A)—3 W40.0)} G43) 


FWA) SW, 2) 2 17,(4.0) +5 W§22)—2W W4(2,0) G1) 


+3 35 ° W4(2.1){G,(4) + G2) Ii W,(2,3) {G,(2) + G,0) } 


+181 122) + Wi20) }Gi(3) — 551 2A) + 22) 1) | 


2) [Pp W, (4,4) 1, (2,4) +", (0, 4) 1160) - G2) 


+ [21,(4.2) —F172.2) + 02) GA)— GO} 


2 


+ {217,(4,0)—5 7,20) +2 17,00) }{ Go(2)— Gol) } 


_". 


ob 


8172.4) +817,04)}16,0)-Ex2)} 
W,(2.2) += W(02)1Ge(4) — G20) | 


W,(2,0) +o, (0, OL G2) arene ye 


+ 


~ 
wa are or ae 
D> 


fat ates hae 


31.2 0) —W,0,0)}G.4) +35 181 W,(0.0)— W(40) 1G) 


a { W,(4,0) — W, (2,0) 160) | 


a(S) 217, (42) +4 W(4,0 }G,(0 
Lan (EY | {EL W(4A) EWE) +7540) | GOO) 


+ 214) —$%B2) +580) }G) 


+13 
-f W,(1,4) —2W(12) +5 W(1,0) (3) 
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Ll = al 0,0) 1G, (4) 
— {,WOA) =W,(0.2) + ( 


be 1 Wy(4b) +2 Va? ) +5, 17.(4.0) G.(0) 


4 


—-W,(3,4) + 
+ ayes 


(_? W.(3,2) + 2.W.(3,0) 
| 3 ere) 21 ot 
2 4 2 
7 * W412 W,(1,0) Z 
= Vad) + AL )+5, Wel G,(3) 


)}Ga(1) 
4G 
jane 


—{-31, (0.4) + W,(0,2) + W, (0,0) 


ee 


+1 WA24) — W, (0.4) }G,(0) + {1 W,(2,3) — W,(0,3) }G,(1) 


As 


3.11721) — W401) G8) — Et W420) — WOO) ELA) | 


IDI Hen guran}cro+{-man + raa}aro 


Sect W813) 1G (2)+ {-Z 80, 1) + W73(0, 3)}G, (3) 


Tas 
9) 


+{—5 5 Wi. 3)+— ACH 1G 30) + een WO 2)+s w; 2.2} G.(1) 
+{— W312) +5 WO, n}G 732) +{- 3 W02)+ - 13(0,0)} G3) 
+ as! W3(,3)G30) + WE2)GEC)— WeA,DGs2)— W420, G33)} 


¥ 5731 MO3GL0) + 1720.2)1GAV) — W4O.NGI2)— W4O.0)G4(3)} | 


mola) (G0-Smam}1e0-G@) 


Ze) 
2 ‘ 4 

£15 0(32) = Wy(L2)H Gy(4)—GyO)} 
# (80) EI.) HG@)—6,4)| 


+ {217,(4,4) = 2 WGA) + IKON G, (0) —G,(2) } 
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+ {211 (42) 2, (2, 2)+2 WV (0.2) 1{ G,(4) —G,(0)} 
WV (40) — 217; (2 0) +217, 0.0)}16,2)—G,(4)} 


5) 


Ww (3.2) —5 W012 2)}1Gs(4) —G.0) } 


P 
e 
ot V3.0) —S 17 2(1,0) } G2) — G4) } 
aa a = W, 3.4) ~— 11.4) }{6,(0)— G,(2)} 
+5 {1,(0.2)— Is(2.2) H G(4) —Gs(0) 
+2{ I, (0,0) — 17,(2,0) }{ G,(2) —G,(4) } 
+={ W,(0,4)— W,(2.4) }{ G,(0) — Gs(2) } 


set (Ws (1,2) — W,01 0) }G.(4) 432 { H4(1,0) — W7,(1,4)}G,(2) 


ie 
£33 (LA) — (1.2) }6,(0) | 


Hi 

a 

Q 

2 
SE 
ee Ss 
|. 
—— 
fr — at 


ee c. c, | 

aponesieing seis GIR 

$4(3A) ~2 178.2) + V3.0) }Gyl2) + G0) } 

a 1.(2:4) = S22) —5 W. (0.2) + W,(0, 445M, (0.0)} G4(3) 

Bea ts 2) + L(4.0)— 51" 0(2.2) + Wal 20) 16 (A) 
2147 2s 9 

W (1A) ~W(1.2) es G4) + G,(2)} 

W,(3,4) -: W,(32) —+. 5 als 0) {Gy(2) + G.(0) } 


"aD ' seas th D 
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§ 3. Numerical Values of Integrals* 
Table I. 
ns a et ae A i ln TE oat tal TIE se AG I es eM POO ee SES Es 
xR A ai am A 40 | 45 | 50 | 5.5 


0.854102) 0.815019 0.773120) 0.729074] 0.683572 


948311 0.921317) 0.889732 
7 | 0.351484 0.225559| 0.109104, 0.005130) —0.084588 


85759 0.612926 0.482519 


0 
0 

Sy 0.907436) 0.861007 
0.27 


0.808847, 0.752839 0.694721] 0.636018, 0.578015] 0.521745 
3 0.276114, —0.849749, —0.386473, —0.429010 —0.463606, —0.488197| —0.503538) —0.510139 
aan. eee oe Ge ee ee 
xR 6.0 | 6.5 | 7.0 75 | 8.0 | 85 | 9.0 | 9.5 | 10.0 
Ss 0.687275) 0.590839, 0.544853| 0.499844) 0.456263 0.414481) 0.874790, 0.937402) 0.302459 
% _ |--0.159319| 0.219165 —0.264856| —0.297555 —0.318692 —0.329874 —0.332576| —0.328460 |—0.318929 
Sy 0.467998) 0.417347| 0.870170] 0.826676 0.286045, 0.250947| 0.218570, 0.189643) 0.163957 
3 —0,508779| 0.500421, —0.486131] 0.467008) 0.444131 0.418514 — 0.591080 0.362645 | —0.333905 


* More precise values for Dgyx¢ and Leyxx are obtained by FE, Ishiguro, K. Hijikata, and T. 
Nakamura though the result is not yet published. Related tablcs were published by several authors.@)—@% 
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Table II 
eR 2.0 2.5 oF hills ek) fis 4.5 50 | 55 
see F 591 581| 78158) 7239 
0.240608| 0.232998 —0.223387| 0.212602, 0.201159, 0.189551, 0.178158 0.167 
eS im | 0.077067} 0.084819 0.087999 0.087583 0.084590, 0.079930, 0.074332 0.068342 
Kou | O.274475| 0.273745, 0.268152, 0.258620, 0.246331) 0.232481) 0.217833 0.203277 
Kania | 0.223673| 0.212511) 0.201004, 0.189598, 0.178572 0.168116, 0.158320, 0.149221 
| | | FoF . 4-8 505 
0.235034 0.296443, 0.216157 0.204471, 0.191725, 0.178273, 0.164455 0.150580 
a 0.128897, 0.143229, 0.157005 0.165516 0.169294| 0.169008, 0.165378 0.159121 
“Tein | 0.053099, —0.065692, —0.076489 —0.085044, —0.091159, —0.094844 —0.096265 —0.095684 
Joolm |  0-153983| 0.114527) 0.076701, 0.041860, 0.011278, 0.014410, —0.035057, — 0.050859 
‘Tonia | 0.214596] 0.168464) 0.181293 0.103818 0.146613, 0.130102, 0.114577) 0.10022 
Jeejn2 | 0.081751} 0.078590 0.074377, 0.009389 0.063908) 0.058189, 0.052443 0.046836 
——____—— ~ = a | od 
xR 60 | 65 | 70 7.5 $0 | 85 L980 9.5 | 10.0 
Kien | 0.156958, 0.147398) 0.138586] 0.130511) 0.123141) 0.116425, 0.110310] 0.104740, 0.099659 
Keon | 0.062339| 0.056570} 0.051178) 0.046239} 0.041774 0.037774 0.034215| 0.031057| 0.028263 
Koo/x | 0.189241] 0.176027| 0.163795] 0.152607] 0.142454) 0.133237, 0.125034| 0.117610) 0.110930 
‘unix | 0.140817) 0.133083} 0.125981) 0.119463, 0.113485] 0.107994 0.102949} 0-098305 0.094024 
Tesin | 0.136914) 0.128677} 0.110883} 0.099124} 0.088017} 0.077766 0.068390! 0.059882 0.052219 
Josix | 0.150909) 0.141343) 0.130940, 0.120133) 0.109270] 0.098622 ~ 0.088390] 0.078718, 0.069699 
7eo/x | —0.093420 —0.089808| — 0.085175] — 0.079824] — 0.074022 — 0.067996 —0.061933] —0.055980 —0.050248 
Too/n | 0.062234 — 0.069723] —0.073921 —0.075422| —0.074789| —0.072528 —0.069084| —0.064831/ —0.060080 
anjx | 0.087127, 0.075327] 0.064799) 0.055487) 0.047315) 0.040192 0.034021) 0.028704) 0.024144 
fsix2 | 0.041489} 0.036485} 0.031875} 0.027682] 0.023912 0.020554 0.017589} 0.014990, 0.012727 
Table IIL 
Couns/x 
<= - - a - - 
: 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5D 
GPE 
553 0.162657| 0.153251] 0.142688, 0.181188, 0.119080, 0.108802 0.094613! 0.082797 
asss 0.052522; 0.064400, 0.068816 0.073251) 0.075164, 0.074734. 0.072280) 0.067947 
asas 0.118372; 0.091130 0.063872, 0.038438) 0.016135, —0.002270 —0.016465) —0.026569 
aass 0.013873, 0.001745, —0.010692 —0,022416| —0.032556, —0.040493, —0.046106, —0.049203 
asso 0.049642) 0.054316 0.059081) 0.063337} 0.066544! —0.068367| 0.068434) 0.066919 
mons 0.154831} 0.141568) 0.127540 (0.113057| 0.098686) —_0,084887| 0.072008) 0.060280 
n@ss |  0.036312| 0.031799} 0.028725| 0.025503| 0.022270 —-0.019141| 0.016208 0.013532 
nom 0.036709) 0.032337 0.029381) 0.026243) 0.028054) 0.019934, 0.016977! 0.014253 
goss | —0.035303| —0.032793, —0.025882) —0.015796| —0.004071|  0.007805| 0.018607} 0.027491 
nn 0.051897] 0.057591) 0.061812, 0.063224) 0.062162} 0.059108 0.054602 0.049178 
n&sa | 0.013854) 0.015456, —(0.016288/ 0.016352, «0.015791, _—«0.014762 «0.0 
5} 0.016283, 0. : 013415) 0.0118 
onns 0.016440, 0.018356, 0.019339) 0.019422, 0.018760) 0.017538 0.159411 OOLATaO 
aaaa 0.101655, 0.070995) 0.046784) 0.030544/ 0.021995 0.019687| 0.021636 0.025863 
onan -106945, 0.079640, 0.053649, 0.030770; 0.012011) —0.002310) —0.012393) —0.018765 
neraa | 0.002150) —0.001035| —0.003886| —0.006173| —0.007790| —0.008733| —0.009072| —0.008992 
noon 0.016047) 0.017790 0.019045, —0.019657| 0.0195 
47 ; ; 019589] 0.018898} 0.017703 0.016 
mmx | 0.149357) 0.133066 0.116038| 0.099214) 0.083808) 0.068801 0055968 O-osaas 
reer) 0.017002 0.015134 0.013181] 0.011252] 0.009429 0.007772 00063031 0.005004 
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SOG eae = 
6.0 6.5 7.0 Cas 8.0 8.5 9.0 9.5 10.0 
eO4E 
SSSS 0.071591) 0.061180! 0.051691) 0.043196! 0.035717] 0.029235) 0.023698) 0.019032} 0.015151 
osss 0.062913) 0.056878] 0.050478 0.044041) 0.037827) 0.032022) 0.026765| 0.022064) 0.017991 
OSGS — 0.032975 — 0.036245) —0.037017 —0.035926 — 0.033552) — 0.030391) — 0.026841) — 0.023202) —0.019687 
Gass —0.050043) — 0.048970) — 0.046408 — 0.042791) —0.038528| —0.033969| — 0.029395] — 0.025041) — 0.020962 
osso 0.063923 0.059722 0.054648 0.049046) 0.043233) 0.037479] 0.031994) 0.026923) 0.022358 
esTes 0.049840, 0.040716) 0.03 2896) 0.026299, 0.020816) 0.031642 0.012687) 0.009779} 0.007478 
RB SS 0.011 149 0.009072) 0.007296 0.005804) 0.004570) 0.003564) 0.002754; 0.002111) 0.001605 
SST 0.011805 0.009654! 0.007801) 0.006234) 0.004929 0.003859) 0.002968! 0.002302; 0.001756 
ooos 0.084013) 0.038080 0.039863) 0.039705! 0.038030! 0.035277} 0.031854; 0.028104) 0.024298 
TESTO 0.043309! 0.037383) 0.031686 0.026432 0.021720) 0.017609 0.014099) 0.011161) 0.008742 
TDSC 0.010325) 0.008789, 0.00737 8 0.006057) 0.004876) 0.003943) 0.003124; 0.002448) 0.001899 
Ons 0.012273 0.010450 0.008745, 0.007205) 0.005853 0.004693) 0.003719! 0.002915) 0.002261 
dado 0.030705| 0.034974! 0.037966) 0.039386) 0.039252) 0°037775) 0.035264 0.032058] 0.028471 
oxox |—0.022114 —0.023165) — 0.022588 —0.020960 —0.018738 — 0.016266) —0.013782| —0.011443 — 0.009335 
n@roa |—0.008413 —0.007665) —0.006789 —0.005869' —0.004968| — 0.004129) — 0.003376) — 0.0027 21| — 0.002164. 
Toor 0.014383 0.012537| 0.010718 0.009004! 0.007444) 0.006065) 0.004877 0.003874) 0.003043 
AUNT 0.035546! 0.027817) 0.021533 0.016502) 0.012527) 0.009430 0.007041} 0.005217) 0.003840 
tween) 0.003980 0.003423 0.002640 0.002016 0.001525) 0.001129) 0.000851 0.000628} 0.000460 
Table IV Dowxt/% 
xk 
2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 
PPLE 
SSSS 0.175969 0.172033) 0.168122) 0.163720 0.158907 0.153778 0.148421 0.142921 
OSSS 0.020342 0.024446 0.027958 0.030820: 0.033000 0.034508 0.035378 0.035664 
Sosa 0.177402 0.175122 0.172393 0.169219 0.165596 0.161547 0.157104 0.152316 
sags 0.029629 0.024659 0.019353 0.014021 0.008942) 0.004306 0.000253} —0.003140 
STS 0.174352 0.170488 0.165987 0.160970 0.155564 0.149896 0.144080 0.138223 
SST 0.036490 0.034628 0.032527 0.030265 0.027912) 0.025541 0.023210 0.020963 
Sdad 0.011340 0.014889 0.018622 0.022343 0.025840 0.028960 0.031556) 0.033638 
OmST 0.024843) 0.029225 0.032626 0.035059 0.036580 0.037283 0.037289 0.0367 27 
SOT 0.006592 0.009078 0.009943 0.010445 0.010609 0.010492 0.010146 0.009628 
ad00 0.187213 0.183599 0.180009 0.176487 0.172939 0.169346 0.165591 0.161584 
Mona 0.172497 0.170883 0.168585 0.165585 0.161923 0.157647 0.152859 0.147681 
moon 0.006305 0.004538 0.002766 0.001128) —0.000264) —0.0013894; —0,002248) — 0.002837 
UNNT 0.175280 0.170291 0.164688 0.158663 0.152385 0.146020 0.139691 0.133495 
TON D 0.018096 0.016641 0.015081 0.013486 0.011900 0.010389 0.008981 0.007699 
xk 
! 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0 
OPHE 
SSSS 0.137358] 0.131808! 0.126332) 0.120983 0.115805] 0.110828! 0.106077} 0.10 1560) 0.097289 
OssS 0.035441} 0.084791) 0.033799] 0.032546 0.031110} 0.029555) 0.027939) 0.026308 0.024697 
SOSo 0.147247| 0.141971! 0.136567) 0.131 110) 0.125678! 0.120329) 0.115120 0.110089} 0.105270 
Soos — 0.005859] — 0.007932) — 0.009407) — 0.01 0365] — 0.010890) —0.011061/— 0.010959) — 0.010653} —0.010203 
SmST 0.132415} 0.126727) 0.121215 0.115920! 0.110869) 0.106079) 0.101555 0.097296} 0.093298 
SST 0.018836} 0.016854! 0.015027} 0.013364 0.011861} 0.010517} 0.009320) 0.008259 0.007325 
SO00 0.034875} 0.085578] 0.035695 0.035301 0.034485, 0.033334) 0.031938) 0.030377 0.028721 
Onstt 0.035725] 0.084398} 0.032850 0.031168} 0.029422) 0.027666 0.025940) 0.024274) 0.022685 
MSO 0.008992) 0.008286) 0.007548 0.006810} 0.006100; 0.005419 0.004793] 0.004243] 0.003706 
goood 0.157269) 0.152628) 0.147679) 0.1 42476| 0.137088) 0.131594 0.126075) 0.120607) 0.115253 
ond 0.142236 0.136643) 0.131010 0.125429! 0.119972! 0.1 14996} 0.109641) 0. 104829 0.100279 
noo |—0.003194) —0.003361)— 0.003373) — 0.003274) — 0.003096) — 0.002870} — 0.002619] — 0.002358 —0.002101 
RINT 0.127505| 0.121769) 0.116318 0.111166) 0.106318} 0.101770 0.097512) 0.093529 0.089808 
reen| 0.006551 0.005541} 0.004663) 0.003908 0.003264) 0.002721) 0.002265 0.001883} 0.001567 
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Table V Lown! 
e 
S. 26 25 3.0 3.5 4.0 4.5 Bo aly 
obat | ) Sayre ae 4 HEF 
ne 5 50272) 2085) 0.138334 0.124305) 0.11507 
S555 0.170373) 0.164569 0.157821 0.150272 eer: : sists 0.017496! 0.017439 
0.009994) 0.012217| 0.013984, 0.015414) 0.016476, (0.017161 Cee) thease 
os 0.045167| 0.054764| 0.063056, (0.069841 et 9 mete OiGeron hoes 
0.064506, —0.077387) 0.088124) —0.096511| —0.102828, —0.105750| —0.106722 — 0.106004 
S580 . : 2908 339) 0.004751) —0.000229| —0.004454. 007565 
0.028028 0.022326 0.016298) 0.010339 
SSOO Va | 
Pe 7 3, 0.022866, 0.001625} —0.016415, —0.031212 
pie eet eee Bore poser 0.035328, 0.034236! 0.033065 0.031486 
aass : See A Oram ae “151694 38691 0.135522] 0.126785; «0.1178 
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The hydrodynamic equations of the degenerating ideal Bose-Einstein gas are derived, assuming 
that the distribution function of gas atoms has a singularity of d-type in momentum space: 
S=N8(p—-P 5) +fn 
For fa, a particular approximate solution is proposed, in which the mean momentum of the normal 
atoms is different from the momentum of the condensed atoms, P,. The resulting thermohydro- 
dynamic equations are very similar to those of the two fluid model of liquid helium II. In both 
* cases, for instance, the two component fluids exert the frictional forces on each other. Nevertheless 
the degenerating ideal Bose-Einstein gas does not exhibit such peculiar properties as second sound, 
fountain pressure, etc., because of the vanishing chemical potential in this case. 


§ 1. Introduction 


In its recent development, the two fluid theory has accomplished successfully 
a consistent description of such peculiar properties of liquid helium II as second 
sound, fountain effect, anomalous heat conductivity, etc. The theory however, 
should be regarded, at least from the formalistic point of view, as a phenomenological 
model. After having analyzed the most of important phenomena, we are now 
to attack the problem to justify the two fluid model on the basis of the molecular 
kinetic theory. 

As F. London” explained in detail, the theory of the degenerating ideal 
Bose-Einstein gas played historically the suggestive role in the development of 
the two fluid model. It is well known that the ideal B. E. gas begins ‘“ the 
condensation in momentum space” at a certain temperature. That is, the number 
of the atoms existing at the lowest energy level begins to increase rapidly with 
decreasing temperature. This condensation in momentum space can also be 
interpreted as a kind of equilibrium between two phases and the degenerating gas 
as a mixture of two component fluids, separated not in ordinary space but in 
momentum space. Let V, be the number of the excited atoms per unit volume 


at temperature 7, then we have 


N,=2.612[2amk/eP2T , (1.1) 


where & is Boltzmann’s constant, 4 Planck’s constant, and m the mass of the 
single atom. The remaining atoms are all condensed at the lowest energy level. 
Only the excited atoms make contribution to. the thermal properties of the gas. 
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For instance, the entropy per unit volume is given by 
2 = S5lV5 (1.2) 
S, is a constant given by 
S = (5 x 2.612/2 x 1.341) V2, 


where AV is the total number of atoms per unit volume. Thus, as for the 
thermostatic properties, one can find certain parallelism between the degenerating 
ideal B. E. gas and liquid helium II. The parallelism might presumably be due 
to the feature of symmetry peculiar to Bose-Einstein particles and be retained 
also with respect to the thermodynamic properties. No molecular kinetic theory, 
however, has been developed which derives rigorously the two fluid model from 
this feature of symmetry. It will certainly be a very difficult problem. As the 
first step to the solution, it may therefore have some importance to examine the 
thermohydrodynamics of the degenerating ideal B. E. gas, which is the purpose 
of the present paper. 

There exist indeed the theories of Landau” and Green,” in which B. E. 
statistics does not necessarily play an essential role. The recent experiments on 
the properties of the isotope He*, however, indicate that B. E. statistics should 
decidedly be important. As for the quantum effect due to the small mass of 
helium atoms, the zero-point motion in He* is more violent than that in Het. . In 
fact, the recent experiment” shows that He® is also the quantum liquid. That is, 
under the ordinary pressure, He*® remains as the liquid even at the absolute zero. 
of temperature and the pressure necessary to solidify liquid He® is higher than 
that in the case of liquid He*. On the other hand, there is no indication of 
superfluidity or the lambda transition of liquid He*. We should therefore conclude 
that one can not explain the peculiarities of liquid helium II by consideration of 
the quantum mechanical zero-point motion alone and without taking account of 
B. E. statistics. 

In §2, we formulate the equations of motion in the two fluid theory in the 
form suitable to be compared with those derived in the succeeding sections. In 
§ 3, the thermohydrodynamic equations of the degenerating ideal B. E. gas are 
derived, assuming that the distribution function of gas atoms has a singularity of 
d-function type in momentum space. In §4, a particular approximate distribution 
function is proposed and the results are compared with the two fluid model 


formulated in § 2. 


§2. The two fluid model 


We shall formulate the two fluid model by means of the method of Tolman 
and Fine.” We consider liquid helium II as a sort of fluid mixture consisting of 
the normal and the superfluids. Let the density and the velocity of the normal 
fluid be p, and V,, those of the superfluid p, and V,. The total density is given 
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by p=(nt, and the velocity of the center of gravity by V,= (n/p) Vat (/P) Us 
For the entropy s per unit mass of liquid helium I, Tisza” assumed that 


C= 5. (n/p) » (2.1) 


where s, is a constant representing the entropy at the lambda point (2.19°K). 
The detailed discussion of the assumption was given elsewhere.” Empirically the 
assumption is justified for the temperature range from the lambda point to 1I°K, 
while below IK it is in contradiction to the experimental result of second sound. 
The general formalism of the two fluid model without the use of the assumption 
(2.1) has been also developed by Gorter? and Usui.” For the sake of simplicity, 
however, we assume here “ Tisza’s relation” (2.1). 

The chemical potential g in general should be regarded as a function of 
pressure f, temperature 7, and the normal fluid concentration € = oi py? Ia 
thermal equilibrium, € is the function of p and 7, which is determined by the 
condition 


(99/0) pp=0. (at) 
We assume that this condition is always satished everywhere, even in non-stationary 
states. 
From the assumption (2.1), the partial entropy of the superfluid vanishes 


and that of the normal fluid is equal to s,. Hence the reversible flow of the 
entropy is given by 


POn Vg — pee ae (2.3) 


From the assumption (2.2), the partial enthalpy of the superfluid is equal to g 
and that of the normal fluid to g+ 7 s,, Hence the flow of the enthalpy is given 
by 


Vet (G+ Ts.) PuVa= (outp) Vi + esT(V,—V,), (2.4) 


where ~ is the internal energy per unit mass. Thus, the first and the second 
laws of thermodynamics take the following forms : 


Lae Srl ey Oey 5 q 2 
By 3 Pan thes tm) + 3G tala Vast S0.VeV ag 


a5 (pu +p) Vit Ts Vaj— V5) ae Gj 3e Vtg =, (2.5) 
fe) fe) 24 aS 
af pu tdi (5 de’ Sa, 


where m* is the viscous stress tensor, g the heat current, and (0S/0é);. the rate 
of irreversible production of entropy. The suffix 7 or J distinguishes the three 
cartesian components and one should as usual sum over double indices 

The conservation law of mass is decomposed into ; 
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OOn fe) do 3 
— + —— (Pa Vag) =P, P+ NEES 
Be az, f. aT ae Daa E (2.7) 


where /’ is the rate of transformation from the superfluid to the normal one. 
From Eq. (2.7) and the conservation law of momentum, 


0 . 
5 (bal net Poa) + (Pm Vae Vag + Ve Veg + Pog + Bj") =0, (2.8) 
Z 
we have 
ZV. a a + 
Ps at s + On as tr oh a Be +1 ( hae Vs) =0. (2.9) 


F] 


From Egs. (2.5), (2.6), (2.9), and the thermostatic relation 


du=Tds+ ( p/p") dp, (2.10) 
we have 
AV ys Pp; OP a7 VRE 
; ws Zee : =P Alaa V, 2M 
Nd dt 0 ax, + 5p ax, 2 UY ni 4) +f; ( ) 
and 
as GOL Syne ’ 
Too eS Sy (SP + (Ves Ve). 2.12 
at in T ax; * Ox; ( ) Sica 


f; is the separation parameter, which is, from the phenomenological point of view, 
undetermined except that 


Si Vaa— Ver) 20. (2,13) 


In our previous paper,” we have assumed that f, gives the mutual friction between 
two fluids, which was introduced by Gorter. There is another possibility pointed 
out by Zilsel.” That is, we put 


f= (0/2) (Pa Va)- (2.14) 
Then, from Eq. (2.11), | 
we ents Dah (2.15) 
at Ox 
and, from Eq. (2.9), 
a oe tit i - ~sp.22 = gp en iar Ml (2.16) 


In this case, the mutual friction arises from the term representing the transfor- 
mation from one component fluid to the other, since from Eq. (2.13) it must 
“be that 
Pe0. (2.17) 
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In our phenomenological derivation, however, it is uncertain whether the condi- 
tion (2.17) is really satisfied. 


§ 3. Hydrodynamics of the degenerating ideal B.E. gas 


We shall consider the ideal B.E. gas. The number of atoms, which are 
situate in the volume element dr and have the momentum lying in the range ap, 
is equal to f(x, p)drdp//® by definition. The change of the distribution function 
f is governed by Boltzmann’s equation 

Of es OT asdf (3.1) 
Ot ° mm” O%; 
where we consider for simplicity the case of no external force. 4f on the right 


of Eq. (3.1) represents the change of the distribution function arising from 
collisions and is, in the case of B.E. statistics, given by” 


Sp=lAC PAs PPL PFA) A4L(A)) A+/(A)) 


—f (PF (DA) A +F(P2)) A +4 2s) ) |do,dodo,, (3.2) 


where A is the transition probability of the collision p+f—2f.+f5, and 
dw=dp/h . 


As we have seen in § 2, the distribution function of the degenerating gas in 
equilibrium has a singularity of d-function type in momentum space : 


h=N.0(p—P) +fu(p—P), (3.3) 


where 


Jm(D—P)=lexp {| (p—P)?/2mkT }— 1]. (3.4) 
In fact, substituting Eq. (3.3) in Eq.. (3.1), the right hand side of the latter 
vanishes (see § 4). If the number WV, of the condensed atoms, temperature 7, 


and the mean mementum FP of the gas are all constant in time and uniform in 
space, the left side of Eq. (3.1) also vanishes. 


Ms shall assume a@ friori that the distribution function in general has a 
singularity of 0-function type in momentum space : 

f= NO p—P)+ fa. (3.5) 
NV, 


» is the number of the condensed atoms per unit volume and P, is their 
momentum, which is not necessarily equal to the mean momentum P of the total 
atoms. We define the mean momentum P, of the normal atoms by 


NP.=| pido, Kee | fatter. (3.6) 


N : 
ow we multiply Eq. (3.1) by 1, ~, and (2°/2m) respectively and then 
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integrate them in momentum space. From the conservation laws, 


\4-do=0, [eAfrdo=0, | (/2m) 4f-do=0, (3.7) 
we obtain the following results: 
C] e) 
— (NV, + XV, == NP NP) = 
BN, +N) +2 VoPay t Nila) =0, (3.8) 
C) 
2 (NaPat + NePa) +2 (NaPnePast NPP Fe) =0 (3.9) 
J 
re) ( 1 a! ; e971 
—(—N,,P2 + —N,P2 + E )+—( FP. 
ar \2m 2m B3 + Ax,\2m as 
+ LN, Pi Py EX + my Ee + 95)=0. (3.10) 
2m m m 
Here 
niy=((1/m) (Pe Pat) (Py Pas) fad (3.11) 
is the stress tensor. 
re | [(p—P,)?/2m | fado (3.12) 


is the thermal energy per unit volume. 


os= [UP Pa)*/2m] (Ps Pas) me face (3.18) 


is the heat current. These quantities are defined in reference to the distribution 
and the mean momentum of the normal atoms. Similarly we define the entropy 


per unit volume by 


S=k\afado, (3.14) 

where 
o=fyin (1+f,) t+1n (A +fn")- (3.15) 

Now the equation for the distribution function f, takes the form 
Ofn 4 Pi fn y, (3.16) 
Ot mM Ox; 

where 

y= 4f—[(8/at) + (p)/m) (0/845) N08 (p— Pr). (3.17) 


| We multiply oe (3.16) by o and integrate it in momentum space. Then we 


_have 
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oN ofatot © dies ps Of n dw=\r ‘In 1 4+f,)do, 


which is transcribed as 


oe LS et ik) (3.18) 
SRN I pe EES, : 
al m ’ es ivr 
where 
¥,=h[(a/m) (py Pas fudo, (3.19) 
(2) =#\r-in (L4 fa") deo (3.20) 
OL / irr 


If f is equal to f, given by (3.3), gj, 2; and (0S/0t) ir» vanish, # is equal to the 
internal energy per unit volume in thermal equilibrium, and 7, is the unit tensor 
multiplied by the hydrostatic pressure p= (2/3) &. 


§4. A particular approximate distribution function 


In the first place, we shall show that the force acting on the condensed 
atoms vanishes generally, so long as the distribution function has the form (3.5). 
Substitution of (3.5) in (3.2) gives the expression having the singularity of 0d- 
function type. On the other hand, substitution of (3.5) in the left hand side of 
(3.1) gives the expression containing the derivative of d-function, the coefficient 
of which therefore necessarily vanishes. Thus we have 


aP, , Py aPy 
of WM Ox; 


=0, | (4.1) 


Now the conservation law of mass, or is decomposed into 


ON, 
o¢ 


56 NePas) = i, mae + rs (VP ge Sane (4.2) 


where /” is given by integration of (3.17). From Eqs. (3.7) and (4.1), 


OL m Ox; 


)a(p— —P,) dw 


= NAP, Ps pop) +a (2)) 1A) 
fa P2)fn( bs) dodo; (4.3) 


NAP» As Po 2) UCP) A +f 29) 144) 
—U+/. (4) fn (D2 fn ps) ldo dodo, 


From the conservation law of momentum, (3.9), and Eq. (3.1), 
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Ce, 4 Pas e) ed 
NA ark j ke 5 i pete Ear Fi) 0. (4.4) 


WM 


Comparing (4.1) and (4.4) with the corresponding equations in § 2, we see that 


there is no fountain pressure proportional to temperature gradient in the dege- 
nerating ideal B.E. gas. 


Now we introduce here a particular approximate distribution function 


f= ft +h (4.5) 


where 


Sot =N0(p—P,) +fu(P—Pr). (4.6) 


Su (P— P,) has the same functional form as (3.4) with the mean momentum P,, 
instead of P. fay Tepresents a small correction term. The definition of Pa, (3. 6), 
gives the restriction on fy; 


Ke b:— Pu) fudo=09. (4.7) 


We shall define the parameter 7 contained in f,. through the condition 


ja /2m) (p—P,)? futlo=0. (4.8) 


Hence the thermal energy £ is the same function of temperature 7 as in thermal 
equilibrium and the stress tensor takes the form 


745 =/po;; ay Tes", 
where / is the hydrostatic pressure given by (2/3) & and 
mgt =| (1/m) (p.— Pu) (25 Pas ade (4.9) 


To the first order of fy, the entropy (3.14) is calculated as 


s=a{[in (14 fin) + Fug In + fos) do 


$2) fr (1+ faa" (P= Pa) a. 


The first term represents the entropy in thermal equilibrium, while the second 
term vanishes because of the condition (4.8). Thus, the thermostatic relation 
(2.10) still remains valid. 


‘The flow of the entropy in (3.10) reduces to 
B= A fas in (14 fea" Pa)) re) (Py Pas) 
=9;/T. (4.10) 
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Finally the flow of the enthalpy is, from (3.10), equal to 
(E+ p) (P,/m) = (G+TS.Nn) (P,/m)- (4.11) 


This has just the same form as obtained in §2, since the chemical potential 
G=E+/—TS in the degenerating ideal B.E. gas vanishes. 


We can therefore apply the method of Tolman and Fine to the conservation 
laws (3.8), (3.9), (3.10) and (3.18), and obtain the same results as derived in 
§2. In fact, if we put g=O0 in the equation (2.15), then we have the equation 
(4.1). The equation (2.16) also agrees with the equation (4.4), since in the 
degenerating gas 


(89/Ax;)= (1/p) (06/04:) —s(0T/Ax,) =9. 
The lack of second sound or fountain pressure in the ideal B.K. gas may there- 
fore be attributed to the fact that the chemical potential vanishes in this case. 


Now we calculate explicitly the rate of irreversible production of entropy, 
neglecting the terms of higher order in fy. From (3.20), 


aS | dng bi 
——) =2£\7 ln (1+fa0)do—2\-——— " rdo. 4.12 
To compute the second term, we may put 
7~{ (8/02) + (p/m) (0/945) \fao(P—Pra). 


Then, taking account of the conditions (4.7) and (4.8), the second term reduces 
to 


a/1 )- IP ty” OF ns 
area TA Tovey Bye 


The first term of (4.12) is calculated by means of (4.7) and (3.17). The results 


are summarized as 


Tae) ae ha Pa ) Gor at OP. 


yo , Ay FS 
Or trr 2m fe Ox, mM ax, (4 ) 


which agrees with the result obtained by the method of Tolman and Fine in § 2. 
aeuen It 1s not easy to prove the positive definite character of [” in general, 
the proof is very simple in the case of the particular distribution f,*. We put 


_Su=fu(P—P,) in Eq. (4.3), then we have 

V=Ne\A(Po Pes Po Ps) Sao Ps) fol Ps) * 
x [exp { P,—P,)*/mkT } —1|deder, (4.14) 
NAACP 115 PoP.) fa PD fol Pedfoa Ps) % 


xexp {(p,—P,)°/2mkT ilexp{ (.P,—P,,)°/2mkT }—1]du,do,du,, 
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since the probability A does not vanish only when the conservation laws of 


energy and momentum are satisfied. We can see that r=0 tf P.=P, and [>0 
otherwise. 


§5. Summary 


The distribution function of the degenerating ideal Bose-Einstein gas in 
thermal equilibrium has a singularity of é-type in momentum space. 

Even if the distribution of the normal atoms with reference to their mean 
momentum remains unaltered, the deviation of the latter quantity from the 
momentum of the condensed atoms does cause the irreversible process, in which 
the mutual friction acts between the two fluids. 

The deviation in the functional form from equilibrium distribution gives rise 
to the ordinary irreversible processes such as viscous flow, conduction of heat, etc, 


My grateful thanks are due to Drs. R. Kubo and Y. Yamaguchi for their 
valuable suggestions. I should like to express my deep appreciation to Prof. K. 
Ariyama, who allowed me to stay at Physics Department of University of Tokyo 
with the help of the financial support kindly given by The Chubu-Nippon News 
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Recently Yang has treated with new interaction terms of Fermi type, considering the so-called 
pseudo spinors. In this paper we want to give some remarks about the representation by pseudo 
spinors. 


The spinor representation of the rotation or the Lorentz group is on the 
one hand “two-valued’”’ and on the other hand ‘“ up to a sign” representation. 
These two kinds of representations are quite similar but not of the same idea. 
Corresponding to an aibitrary group element a=(a,;), there exists a spinor 
transformation .S, satisfying the relation 


SP, S7!=Sa;P, Cy 
j 

where P,, ---, P, are appropriate matrices obeying to the commutation relation 

PPA P P= 285 - (2) 


The correspondence a—S(a) constructs the so-called spinor representation of the 
group. From the relation (1), if S(@) corresponds to a, all pS(a) also correspond 
to a, where p is an arbitrary number. The correspondence 


a—>pS(a), or all S(a) of (1) (3) 


forms a many valued representation, or the so-called ray representation. But this 
can be reduced, at most to the two valued representation by the condition 


(det S(@))?=214 (4) 
In this case the correspondence is 


This is a two-valued continuous representation of the group and a one-valued 


continuous representation of its covering group. On the other hand correspondence 
a—an arbitrary S(a) of (1) €6?) 


constructs a representation up to a factor, in the sense that 


S(a) S(6) =wS(ab) GiD 
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where w is a number. This representation is one valued but “im Grossen Panel 
continuous. Also in this case we can confine w, at most, to +1, by the 
condition (4), so the correspondence 


a—S(a) (8) 
constructs a representation up to a sign, in the sense that 
S(a) S(6) = + S(aé). Uo) 


This representation is also one valued but not continuous. We can not construct 
one-valued continuous spinor representation of the rotation or the Lorentz group 
because of the topological nature of the group. 

First let us consider the case of the rotation group. This group consists of 
the two not connected branches, proper rotation a* and improper rotation a~. Let 


us consider the two sorts of correspondence 


a*—S* (or => 5 a —S~ (or +S) (10a) 
and 
at—S* (or BS*), 2 —S™ (or FS"). (10b) 


To distinct between these two sorts is meaningless in the sense of two valued 
representation. But it has meaning in the sense of the one-valued continuous 
representation of the covering group. or of the one-valued not continuous re- 
presentation up to a sign of the group. Thus in the latter two cases we can 
admit the so-called pseudospinors. Next the Lorentz group consists of four not 
connected branches, 

at: orthochronous proper Lorentz transformation, 


at: antichronous proper + af . 
az: orthochronous improper 5, ze ; 
az: antichronous improper uA * 


Now let us take the following matrices as Py, «+» Ps 


pa( Op) Ba Sp'?) Po Seif) Re(2e'8) 


where 
Ov! uy AY LN Lay oe i ‘ 
P=(q po) O=(—3 jy R=(9 <1) 2=(0 1): 

In the case of the orthochronous proper trensformation at, spinor 


(Dy Pn En C=» tei Hs ¥) (13) 


transforms as 


st=(9 5.) ae 
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where a B 6 —y 
—[@ = awatale 15 
s=(’ #) Slope, . (15) 


‘Dates 
det i P) — det ( ag )eh 

ee ae (is. “ 
In the case of typical transformations in other three branches at, ay, @, spinor 


transforms as follows. 
(a*) space and time inversion: 24;>—41, %y>—4q Xy>—4q, Te —%» 


(5 eel (16) 
(F087, FF, F.>—-F, Fp?) , 
(G>b» $d» Po—¢g, Po>—¢') . 
(az) space inversion: 23> —44, 4 —2%q) 4s > — 43, Fy 145 
seers (17) 


(V,-%,, F398, Fi 38, F.>F,) , 
(19, $9), ody Pdr) . 
(az) time inversion: 4,;24;, XoXo, Xe >Xq, Ly O— 4X4 
==(25 0. , AIR 
(F,-%,, F-%, Fi>-FT,, Fi -®.), 
(D9) bog, goby gods) . 
Such as there are two sorts of spinor transformations (10a) (10b) in the case 
of the rotation group, there are four sorts of spinors, in the sense of one-valued 
continuous representation of the covering group of the Lorentz group, transform- 


ing as follows according to at, at, az, az respectively. 
Spinor of the first kind ¥!: 


a 


(o's) ($9.9, (5 : —5, 6). (19a) 


Spinor of the second kind Y™: 


0 —S 
imal iB ae ee S. ma) So Oe Sele 
Spinor of the third kind Y™. 


(6's) (O'S): (88): (8,70). (se) 
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Spinor of the fourth kind YY: 
Sy 0 —S, 0 OS ud ie 
0 5) ( 0 Sel (5, =a (5.0 (19d) 
But (19a) and (19b) as well as (19c) and (19d) have the same trace of transforma- 
tion matrices, so the representations by ¥Y! and Pas well as those by #™ and 
PY are respectively equivalent. 


Indeed, if we indicate with A~# that A transforms as 4, the following 
relations hold between these four sorts of spinors. 


CPE OP, EL OS Fs, Pe), (20a) 
(a BY, p Y, pV, Y JV) Vey, yp au. Leos =e 2) (20b) 
or 
Prop yp, 
TAPES 8 death (21) 
where 
Ee ; 
P= O72 # = —1P,P,P;F,. (22) 
As P,¥™ is a spinor of the first kind, we can put 
P= pi L (23) 
and then 
PP wI=V'O," (24) 


(¥ is contragradient to ¥). 


Therefore ¥'P,"™ is not a new form of invariant at all. But if spinors must be 
solutions of a certain wave equation, another circumstance will arise. When 2" 
is a solution of the given wave equation, the corresponding spinor @=p,E™ is 
not always another solution of it and may be different from the solution Ph So 
only when 9 is not a solution, or when the wave equation is not invariant under 
the transformation P, of representation bases, @'P,w"™ becomes a new form of 
invariant. 

If we look upon the spinor transformation as a one valued but not continuous 
up to a sign representation of the Lorentz group, we can take at random the 
signs of S in (16), (17), (18), and there are many more sorts of spinors. 

Finally we wish to mention that the same discussion as above made about 
the first rank spinor is also possible about any higher and odd rank spinor and 
expinor. 

In concluding the author should express his thanks to Prof. K. Husimi, 
Prof. G. Araki and Prof. S. Watanabe for their kind interests and useful discussions 
to this problem about the so called pseudo spinors. 
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Note on the Bloch-Nordsieck’s Method 


Gyo Takepa, Yasutaka Tantkawa, Tosiya TANIUTI 
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and 
Keiiti SAEKI 
Faculty of Education, Kobe University 
(Received October 27, 1951) 


The Bloch-Nordsieck’s method has been applied to mesonic systems by several authors. Here 
we examine the convergence character of this method and show that it is about the same with that 
of the current perturbation method. So the B—WW’s method will be unsuccessful if the current 
perturbational treatment is uncorrect for mesonic systems. 


§1. The Bloch-Nordsieck’s method applied to mesonic systems 


Since the Bloch-Nordsieck’s method” was successfully applied to radiative 
processes in order to overcome the infrared catastrophe of electromagnetic systems, 
this same method has been applied also to mesonic systems.” But, in latter cases, 
careful attention was never made about the applicability of it. So we want to 
inquire how is the case compared with the current perturbation method. 

Here, as an illustration, we take up the symmetrical pseudoscalar meson 
theory with pseudovector coupling. Employing the same notations with those of 
the previous paper,” the Hamiltonian becomes 


H=a-p+mB+1/2 >. ~0,(Pret Oo 
+ (2/2) dian (22) ra O-R+7,0n)(Oan cosk:-r—Pap sink-r).. (1) 
ihe B-N’s method consists essentially in replacing uncommuting quantities a, f, 


t, 6 by their classical representatives. To do this, we introduce three operators 
A, T and S, given by 


= 
A=f, T=t-t, S=s-o (2) 
where s and £ are classical unit vectors. All of them have pioehvalues 1 and 


—1, so we can divide the wave function ¥ into eight parts according to signs 
of their eigenvalues 


P= (g**, Oty o-*, o--, vat | wiry yt ¥77) ‘ (3) 
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@ and y belongs to A=1 and —1 respectively. The first suffix on right shoulder 
of the wave function ¢ and y corresponds to the sign of the eigenvalue of 7, and 
the second to that of S. 

From the Schrédinger equation 


(H—E)¥=0, &4) 
we can make eight equations 
1+A 1+7 1+S 
5 ae (H—£)¥=0. (5) 


For example, prefering plus signs one and all, we have 


{m+ (1/2) Senn Pert Qen) —£ 
+ (¢/2) dan (220,4)- 0, (8+ R) (Qasr cosk-r—Pap sink -7)}9** 
=— (g/p) Sap (22g) (Onn cosk-1—Pax sink -7) 
x (t,(6+8-Rk)b*~ + (lett) (S*R)G ++ Gette) (Gts-k)P} 
—7,(s-p)x**— {7,(s-p) + (2D) XL 
— (2/2) Sar (wp/22)'” (Cen cosk-v—Puz Sink) 
x {75tay* +75(¢atTa)X *} - (6) 
Other equations can be deduced from Eq. (6) by each combination of the follow- 
ing transformations : 
(i) m—>—m, $y and 7-9. 
(ii) #—+—t and change of the sign of first suffixes. 


(iii) s—>—s and change of the sign of second suffixes. 
When we attend to ¢**, the B-N’s approximation is to omit other parts 


of @ and solve Eq. (6) without the right side. 
In this approximation, a wave function and an proper energy corresponding 


to a single nucleon are as follows: 


$+ tt Q-1? expi {Slap dap Sink: 1 Qart (1/2) Az, cosk-r)} 
0 


x Ie.) (Que t+ Aan CoSk-7) ; eh) 
E,=m+ dyo,k(Or/2) 79 (1/2) Mann Auk ’ ( 8 ) 

where 
(9) 


Aae= (g/P) (2204) ta(s +) 


and w*t* is a unit spinor. 
As an appraisal of errors intro 
norms of other parts of ¥ and calculate them in the first approximation. 


Then, solving Eq. (5), we obtain 


duced by this approximation, we shall adopt 
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(1/122) (2/40) (K,/p)'> [po (Ot 
S (1/62) (2/47) (K,/1)? exp {— (1/32) (92/42) (Ke/ 1) 
lo" ~ (1/32) (g2/4a) (K/1)* (10) 
ly" tf ~ (1/24a) (2/40) (Ke/p)(Ke/m)2, lye P~ (1/2408) (g/4m) (K/m)? 
lot PY (L/16n) (42/40) (Ken) "(Ki/m)*, lao P=0- 


K, is a cut-off meson momentum, and we have used a relation 


m>K,> Bp; 


which is not satisfied in practical cases but sufficient for rough estimation. Exact 


expressions for |¢*~|? and |¢~*|’ are 
Gar | =e mele. (Maemeiuner ain) ts 10) A ee imetneke Sladen: Meret eee ee 
with 
(nus tape) =— sen tenOn)) Sele / pp) lan) 
Xt (T—S, k)u**K(—Agp, Nek ; ak, Tar) lap K\— Aas: Nak Our) ’ 
G¥ ees Merbijie.) =— ep ta kOr) dian (2/22 Og) 2G 
x (tTa—e) (s-k)ut*K(Aag, Hoek ore lea) In K(—Aer: Be Hgts Our) P 
(12) 
K(—Aak, ter; Aaks Mar) is the same quantity used in B-N’s paper. 
If we replace 3}, 2%an@, by # in Eqs. (12) and make summations of Eqs. 


(11), we obtain the upper limit of |g*-|? and |g-+|?. And the lower one is 
obtained by limiting the summations to those terms which satisfy a condition 


, 
Nak tMarkrtoor=l. 


We have already employed these limits in the first equation of (10). 


§2. Comparison with perturbation method 


i; 24 j iti 
Next we consider a nucleon state at rest, with positive energy, O- and c- 


spin parallel to s and ¢£ respectively, by the usual perturbation method. Then, a 
norm of the first approximation is 


~ 8/48) (87/42) (K./p)? + (8/322) (g°/42) (K,/ 2)? (K,/m)’, 


of which the second te i 
: : ! 
m comes from a negative energy part. Comparing with 


Eqs. (10), we shall find each of them has the same order of magnitude, 


tive of the magnitude of g*/4z, irrespec- 


Note on the Bloch-Nordsiech's Method 997 


Now, the wave function of the S-M’s method including higher approxima- 
tions can be written as follows: 


$=Pot Pit bet (15) 


and if it is admitted to develop ¢, in g, 


Lo=PootsPortE Posts 
P=  BPytePiat->» 
== Loot, 
peters) apd nap warteees cade «pr : (16) 


Poo is just the same with the corresponding perturbational wave function of 0-th 
approximation. So both wave functions, Bloch-Nordsieck’s and perturbational, 
which are solutions of Eg. (4), have about the same region of convergence includ- 
ing g=O and coincide with each other in the limit of g-0. This means that 
the B-N’s method cannot improve the perturbational one and is rather injurious 


in its complexity. 


§3. Discussion of results 


Before discussing the above results, we make similar estimation for an electron 


wave function. The results are 
\p,|2>~f(v) (2/42) (K,/m)? +8 (v) (@/42)? (Ko/m)? (17) 
in B—W’s method, where 


fv) = (1-0) /4n, 


16v?/9n? for v<l, 
gvj= é ; ae ' (18) 
(1—)/z"| log(1—v*) |? for 1—-v<l, 


and, in the perturbation methods, 
Ihy|?~ (1/4) (1—v°/3) (2/42) (K/m)? + (207/37) (e°/47) log(K./Kmin) - (19) 


Kym is a cut-off momentum of the low frequency side, and the last term of (19) 
is related to the well known infrared catastrophe. Here we have considered a 
electron with an average velocity uv, because radiation fields around it are produced 


principally by its mass motion. 
But, in cases of mesonic fields, it is no matter whether a nucleon is at rest 


or in motion. 
This infrared catastrophe destroys the convergency of perturbatio 
ng coupling between an electron and low frequency photons. 


n method 


and is due to a stro 
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That is, the Fourier decompose of interaction Hamiltonian contains a factor a) 
and the energy difference between an initial and final state combined by this s 
w, if both of them belong to the positive or negative energy state. So transi- 
tions between positive energy states or those between negative energy states aS 
produced very oftenly by low frequency photons and we cannot neglect them in 
O-—approximation. ; 

In B-N’s method, by replacing a@ by its average v, we have succeeded in 
introducing these transitions in O—approximation. So remaining transitions are only 
positive to negative, or negative to positive transitions, and energy differences as 
large as 2 m eliminate the infrared catastrophe. 

Now we are in a position to answer the question ‘‘ Why the 4-V’s method 
doesn’t improve the perturbation method when applied to mesonic systems ?”’ 
In the first B-N’s approximation we have neglected states $*~, $°* etc., each 
of which contains many different states characterized by numbers of unbound 
mesons. We shall denote them by $*7 (a), $°*(%e,) and so on. And in the 
next approximation transitions to these neglected states can occur, probabilities 
of which depend on (I) the magnitude of the energy differences between initial 
and final states and (II) the aspect of mesonic bound fields around a nucleon. 

As for the latter point, the origin of the bound fields Q,, of ¢** are shifted 
by A,,coskr as seen in Eq. (7) and those of ¢*-, @-*, y*~ and y+ by —Agy, 
coskr. This difference brings a damping factor exp {—(//37) (g?/4z) (K,/p)*} to 
the corresponding probabilities between the former and the latters, for example, 
o** (on) to $*~ (%ex), while many states with different 7,, can be excited. 

These two competing effects are just compensated in electro-magnetic cases, 
but this time circumstances will not be so simple. 

In Table I we tabulate transition schemes appearing in the next approxima- 
tion with the differences of energy and those of the aspect of bound field between 
initial and final states. Even if the damping factor reduces transition probabilities 
from $** to ¢*~ and ¢-*, we can easily see that the presence of @-~ transition 


Table I. Transition Schemes 


Initial state Final state Energy difference | Aspect of bound field 
$*- (aR) Dep vap oR x 
—* (Hap) DS ivopon” Se 
6—~ (lex) OR O 
** (op) ~** (leg) ~2m O 
tm (Hop) ~2m x 
x—-* Cte) ~2m x 
%-~ (forbidden) ~2m @) 


paerorets of bound field of a final state is shifted to the same or opposite direction with that of 
a Initial state g++, according as its corresponding transition scheme has a sign © or x. 
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makes B-N’s method as worse as the perturbation method. 

Until now, we only consider the symmetrical pseudoscalar theory with pseudo- 
vector coupling. But B-N’s method is unsuccessful for any of other meson 
theories except the neutral scalar and pseudoscalar ones in which cases mesonic 
radiations are only produced by mass motions of a nucleon. 

We are very grateful to the Science Research Fund of the National Edu- 
cational Department for its financial aid. 
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Meson-Nucleon Scattering 
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Osaka City University 
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Using the symmetry properties in the charge space, the relationships between various modes of 


meson-nucleon scattering are discussed. The connection between our formalism and meson theories 


is also given. 


§ 1. Preliminary notes about the charge space 


Let r be the isotopic spin of a nucleon, the components of which are denoted 
by 74, T, Ts For the sake of simplicity, we describe the proton and neutron 
state by charge wave function # and x, respectively : 


T3P=P, T= — 1, 


suppressing the other coordinates specifying the momenta and ordinary spin. The 
isotopic spin of a meson is denoted by @, whose components @,, w, and w, obey 
the same commutation relations as the components of angular momentum operator. 
The charge wave functions for z-meson are denoted by 


m* at 
m for z"-meson, 
mM To 
with 
wm =m", wow =0, om =—m. 


Explicit representation of the w’s is as follows: 


oes a bea 10 0 

OS cs LORS Ua), ips 3 0) 2 =O. OO 
D V2 ree 

Od Oiay 0: “fad 00-1 


and that of c’s: 


n=( 1g | ae Tans 
Ce toe ’ T= ; —_— 
if @ 2 i 0) 3 ieee 


Let us consider a system composed of a nucleon and a meson, and put 
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1 9 
SE OF ee T?=T(T+T1), T=0,t Ft 


The eigenvalues of Z and 7; are 
T=3/2 and 1/2 7,=3/2, 1/2; —1/2 and —3/2, |7)< 7; 


and the total charge number of this system is given by 7;+1/2. The projection 
operators for the state corresponding to 7=3/2 and 1/2 are given by 


1— (wr) 


Psy2 _ (wr) +2 and Pig= . 


3 


respectively. 


§2. The scattering of “symmetrical “ mesons by nucleon—— 
The charge independent case 


The scattering of a meson and a nucleon is characterized by the scattering 
matrix R, which involves the momenta, spin and isotopic spin of the partaking 
particles. We assume first of all that 2 is, apart from other variables, charge 
independent*, i.e., R is commutable with each of the components of T. (More 
general cases are discussed in the subsequent sections.) Then R is expressed in 
terms of two parameter matrices a and 4, which describe the scattering amplitudes 
for the charge states corresponding to 7=3/2 and T=1/2, respectively : 


R=a.Py2+ 6.Pypp= fake + ae (wr). (2.1) 


From this expression we readily get the scattering amplitudes for various scatter- 
ing modes, at the same incident energy (and if necessary, the same angle). The 
results are listed in Table I**. The differential cross section per unit solid angle 
is given by |R?. We see from the Table that there are very close connections 
between the various cross sections, some of which, such as those for nt+p—> p+", 
a +p—>p+n and tT +p—>n+7°, are indeed observable at laboratories, and 
hence may serve to check our working hypothesis of charge independence. The 
charge independence hypothesis, though fairly well established in other phenomena 
like nuclear forces and offering a very important and fruitful guiding principle to 
reduce ambiguous possibilities or to predict some new results to be observed, is 
itself a mere hypothesis at the present stage, and remains to be checked by 
further experiments. The meson-nucleon scattering considered here thus gives us 


* In this paper, we do not take into account the Coulomb forces and the fine structure in the mass 


values of nucleon and meson. In practical comparison with experiments, especially at low energies, these 


effects must not be neglected. ; 
** Mr. Kinoshita has kindly informed us that the same results were derived by W. Heitler, Proc. 


~ Roy. Irish Acad. 51 A (1946), 33. 
Also see, K. A. Brueckuer and K. M. Watson, Phys. Rev. 85 (1951), 1. 
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a very effective means for this purpose. 


Table I 
a 

————— SSS : — ——— 
Scattering Amplitude 


Scattering Mode 


nt+p pnt, Bote ee a 

Ro+p pra Rt tre RF (1/3) (a+2%) 

n-+p—>ont+n, ntt+tn— +7° (V 2/3) (a—4) 

nmt+n—>ptn-, ntporntnt (V2 /3) (a—d) 

n+: —>ntn, n°+p—>ft+n° (1/3) (22+4) 

§3. The scattering of mesons by a nucleon——More general case 


Next we drop the restriction that was used in the preceding section, i.e., the 
charge independence, and assume only the conservation law of total charge. 
Then the scattering matrix R is only required to be commutable with the operator 
T,, so that R in its most general form can be written, for example, as follows: 


R=A+42,4+ Cw,+ Do? + Lo,7;4+ F(wet) + clexth 4+ Hoit 
Zt 


W.( MT) + (Wt) w. V,°|\WX Tlo+| UX Tl,- Ws . 
ae ( a ) ay fe [w lethal Js as (3.1) 


where the ten parameters A, 4,..., L (really matrices) are some functions of spin 
and momenta of nucleon and meson. That there are ten and only ten linearly 
independent parameters can be shown as follows. The total charge degree of 
freedom for a system composed of a meson and a nucleon is 3x2=6. Of these 
six states, the states 7;=1/2 and —1/2 are doubly degenerate, corresponding 
to £=3/2 and 1/2. Hence the most general matrix commutable with TZ has 
1+4+44+41=10 non-zero matrix elements. Since no other restrictions are con- 
sidered, they can be chosen independently. The eq. (3.1) corresponds to a special 


decomposition of the general matrix R in terms of w and ct. The matrix elements 
are listed in Table II. 


Table IT 
a etn eg ge 

he rst am A+ BLACHD+E+PEHIV EK 
mt+n—>utnt A—BECELD—E—F—H—V Fk 
D+ Le > p+n? A+B 

m++n—p+7° VOP-G+R-L 

ie ea od VEPLGHKAL 

eg V2P-G-K=L 

mT +p >n+7° VOFLGLR-L 

TO +n > n-+70 woR 

a Sere A+B-C+D-E-FY HAV EK 


T +2 —>n+7- A~ Bae: Di. Ba) ee a 
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Under some conditions it may happen that A acquires certain extra symmetry 
properties in the charge space. They are, for example, as follows: 

I. Ris invariant against the inversion or interchange of the states # and x, 
and m* and m™. 


R= OR Gee Fr =0. (3.1) 


Physically this means that, e.g., the scattering amplitude for the process 7*+4+f— 
p+7* is equal to that of 7 +4+nu—>n+7. ‘ 

Il. & is antisymmetrical with respect to the above mentioned procedure. In 
this case, 


A=D=E=F=L=0. (3.11) 


The scattering amplitude for 7*+f—/+7* is equal to that for 7 +nu—>n+7" 

except for a sign. 
IN. R is invariant with respect to all rotations in charge space. This is the 
charge independent case considered in the previous section and is characterized by 
A, B = 0, and others=0. ; 


A and F are related to the constants in section 2 by 


Aa 204 yan tae, 


’ 


Introduction of 


§4. The generalized charge space 
neutral meson of neutral theory type* 


In the preceding discussions the neutral meson nm was treated on an equal 
basis as the charged z+; that is, the transformation properties of charge wave 
function of z* and 2° are essentially those of the spherical harmonics of the 
first degree in the ordinary spaces, .or what amounts to the same thing, 7* and 
x together form a vector in the charge space. In this respect we can say that 
these mesons are of “symmetrical type”’, However, the charge state of a neutral 
- meson can also be described by a “ scalar” wave function (or spherical harmonics 
of degree zero) in the charge space. Such a neutral meson may be regarded to 
represent the neutral meson which appeared in Bethe’s neutral theory, and will 
hereafter be denoted by 7’, and the corresponding charge wave function by m’. 
Both z° and z’ can coexist, and are supposed to be distinguishable, if equal in 
other respects, at least by their “ transformation properties ”’. 

The inclusion of z/-meson is achieved by the generalization of charge space 
to a four-dimensional one. The 1, 2,3-axes bear the same meaning as before, 
while the new fourth dimension concern the z’-meson. Then the operators A, 
wy etc. appearing in the preceding section are now expressed in the form 


* We are indebted to Messrs. Aizu, Kinoshita and Utiyama for their valuable discussions on the 


formulation in this section. 
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( \0 \ _ 
| | 
A= 4 : , Orgy me ’ in StE- 
= aia 
000.0 000 0 


The generalized space thus obtained and the transformations in this space have, 
as will readily be noticed, similar structures to those of the Minkowski space 
which is a generalization of the three-dimensional Galilei space. But since here 
only those transformations which preserve the third axis 3 have a definite physical 
meaning, it is immaterial whether the generalized four dimensional space is really 
Minkowskian or Euclidean, and either of them may be adopted without loss of 
generality. 

In the four dimensional charge space, the operators W(w,, @», w,;) may be 
regarded as the space-space part of a six-component antisymmetric tensor 2, the 
space-time part of which, denoted by w’(w!,, w’,, w’,), now describes transitions 
between 7’ and the original z*-, 2°-mesons : 


D4 p—> p+qn’, tT +A >n+7", etc. 


The tensor 2 plays the role of infinitesimal rotation operators of the four- 
dimensional charge space for meson. <A different analogy is obtained by compar- 
ing 2 to the electromagnetic field quantities, w to the magnetic and w! to the 
electric field. 

The concrete representation of w! is easily found in standard text books on 
group theory. We adopt here the following representation : 


Gott Ceo ordlgey (49 OnvOns Ke bevy \ 
ligt Cede 8 Ty ae Oe 
oO, = ae 2 = 
TSO Ty RG es YF gg Q.. (0.0) SOrosyeaz or te 
I i : = 
——— 0 — O To on — 2 
7% 5 6 Merc ate: 


Further we define an operator 


000 {0 

yy Se 
000)\0 
0101/0 
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Assuming the commutability with 7, (charge conservation), that part of the 


scattering matrix which describes processes involving z’ turns out, in its most 
general form, as 


fey wae rag 
R= A’14+-6'17,4 Co! +pie olen be Ie 3 Oh lemme ate) 


, Ul / te / 
os Gr lw! th; pie x ww! |,—[w! x w |s = )W(W'T) + (w't) Ws 
ae 27 iat V2 


“at 


/ / / 
pe -[w xt), +/w X T]5- Ws 
e a7 at (4.1) 


where A’, 5’..., L’ are, as before, some functions of spin and momenta. The 


matrix elements corresponding to the various scattering modes represented by R’ 
are listed in Table III. 


Extra requirements on the symmetry properties of R’ can also be invoked 
as in the previous discussions. Thus, 


I A’ is symmetrical with respect to the inversion ; 
Bai = M=ff=l/=0. 

Il AR’ is antisymmetrical with respect to the inversion ; 
AaC=D—G ==... 


III 2’ is invariant with respect to all rotations in the (three-dimensional) 
charge space ; 


at we. all othercsac(). 


Table IIT 


tT! +p > p+n/ A’ + 8B! 


T/ +n > n+r/ A! — B! 

n+p —>n+nt —V2 F/G’ + KI-L/ 
n/ +n —> p+n V2 —GIEKIFL 
nl +p > p+n° COD + EI 4+ +H 
n/+n—>n+n? Cl42 Dl — BE! — Fl =H! 
n+p —> ttn! C/—D/ +E! + HH! 
n° —> 2+ 7! C/—D!/ —E/ — P+’ 
a+ fp > nth! V2FI+G/ + KI —L!/ 
nt p+n! —V QI AG ERI FL 


§ 5. The relation to meson theories 


Interaction Hamiltonians appearing in meson theories can be expressed in the 


typical form: 


1006 Y. Nampbu and Y. YAMAGUCHI 


» fit5Oi2y 


where ¢,'s describe meson field and O,s mean the source density of nucleon 
(O; may contain the derivatives operating to Y;)- 
The so-called symmetrical theory is specified by the well-known relations: 


Kaas Om O52 Oss fa=9. (5.1) 


Assuming a single type of neutral meson, “un” symmetrical meson theories con- 
sisting of charged meson and some type of neutral meson can now be classified 
in two kinds: 


(i) (charged meson) + (7°-meson) 
fi=fe O,= 03; f:=9; (5.i) 
Gi) (charged meson) + (z’-meson) 
Pe ORTON. fg=0: (5.ii) 
The symmetrical theory is the special case of (i). In the case (i), 
R’=0 (5.i) 
corresponding to the requirement that z’ must be completely eliminated. While 
insthes case \(4i}, 


Al ee, 
CEN hE ye Dh ibe Wy fel 


in order to eliminate the z°-meson. 


: (5.ii) 


As is well-known, the symmetry properties of Hamiltonian are preserved in 
any results derived from this Hamiltonian. Thus a charge independent Hamil- 
tonian in the symmetrical meson theory must lead to a charge independent 
transition matrix for, e.g., meson-nucleon scattering. The cases of less symmetrical 
theories are already stated. These correspodences may give some definite c.iteria 
for deciding among the existing meson theories. Unfortunately we have not yet 
sufficient experimental results to derive any definite conclusions. We must, there= 


fore, leave further detailed, undoubtedly interesting discussions to future program. 


A remark may be added on the nature of the scattering matrix A. As is well known, it is related 
to the S-matrix by 


S=1+R. 
- is neither hermitic nor unitary, and so are the coefficients A, &,.... Since the only observable quantity 
is the cross section or the square of modulus of #, the number of cross sections necessary to determine 


the magnitude of the coefficients is in general larger than that of these coefficients. 
theory, for instance, the three cross sections 


xz++p—p+nt, 

Zales 

2+ 7°, 

are only just enough to determine |4|, |B| and the relative phase of 4 and ZB. 


In the symmetrical 


+p 
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General types of the mesonic correction to the B-decay are obtained from the invariance 
requirements. Explicit calculations are performed, using Feynnian-Dyson method, up to the 
second order of meson-nucleon coupling constants for the symmetrical pseudoscalar meson theory 
with both pseudoscalar and pseudovector couplings. It is shown that the mesonic correction is 
small and does not affect the selection rules and spectra in the Konopinski’s forbidden theory. 


$1. Introduction 


Of late years, experiments on th f-decay have made the remarkable progress 
and the following facts have been confirmed : fé-values of #-decay fall into several 
groups, that is, ~10? (mirror nuclei), 10°~10" (other allowed transitions), 10°~ 
10° (first forbidden, A[=1), 10°~10° (first forbidden, 47=2), 10% ~10" (second 
forbidden), ~10" (third forbidden), and this classification by the ft value is con- 
sistent with the shape of spectra predicted by Konopinski’s forbidden theory and 
the results are in good agreement with Mayer's shell model.”~® 

But, it seems rather difficult to classify the transitions of the elements of ft 
~10° to be the first forbidden ones in contrast to the transitions of the a@ shape 
values of .which are known to be the distinct values ~10*. There 
Rak-decay, the shape of which has not 
orbidden theory. The f¢-value (~10°) 
which is expected to be the 


spectra, /é- 
remains, moreover, only one transition, 
yet been explained by the Konopinski’s f 
of C™ decay cannot be explained su iciently, 


allowed transition.” 

And there are several proble 

Does any of these five types of interaction really exist ? 

Don't the higher order radiative and mesonic corrections to the #-decay 
affect the Konopinski’s forbidden theory ? 

Recently it has been shown that either of the tensor interaction or vector 
and pseudovector interactions are necessary to explain the shapes of all the ex; 
perimental @-spectra. But does it remain unchanged, if we take into account the 


ms which remain to be investigated, that isis 


= ig 
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higher order radiative and mesonic corrections ? 

The spectrum of RaE cannot be explained even if more than two inter- 
actions may be introduced and no~ new suitable interaction may explain the 
spectrum since the RaE f-decay is probably the first forbidden transition. 
Recently, radiative correction was investigated by Hanawa, Miyazima, Nakano and 
Watanabe” and Merzbacher®. According to them, radiative correction does not 
affect the Konopinski’s forbidden theory and so give no transition of new shape 
of the spectrum. 

Does the higher order mesonic correction affect the Konopinski’s forbidden 
theory? This is one of the purpose of our present work. But our calculation is 
accompanied by the divergence difficulties and moreover the conclusions obtained 
are somewhat ambiguous since the results can be obtained only in the interaction 
representation. 

Robson” has experimented recently on a neutron decay and concluded that 
the half-life of neutron is 12.8-+2.5 minutes and its shape of energy spectrum is 

of allowed type. 

Avs this is the elementary process, the decisive conclusion may be expected, 
in contrast to the case of nuclear P-decay in which we encounter the ambiguities 
relating to the nuclear structure. Other purpose of this work is, therefore, to 
estimate the order of magnitude of the mesonic correction to the -decay of the 
neutron. 


§2. Evaluation of the correction terms 


We shall start from the equation of the interaction representation of the 
form 
{Hint + Hine— 10/00} ¥[a]=0, 


3 , e . . . 
where 7, is the interaction energy density between nucleon and lepton and Ain 
is the interaction energy density between nucleon and meson. We assume the 
five types of Fermi interaction between nucleon and leptonje Then Fig sis 


Hn =G(G (Br px (x)) (O(x) Be (x)) +conj, (1) 


where ¢#(x) describe the nucleon field, g(x) and ¢(+) the neutrino field and 
electron field respectively, G the coupling constant, ® and B the sedenions charac- 
_terizing the type of interaction, given in the following table. 


Type of coupling Scalar Vector Tensor Pseudovector Pseudoscalar 
G G Gy. Gs. Gs 2 (dai 
B i Gian Ouy edu ars (2) 
B I i, Daa Ul zI, 


We assume the pseudoscalar meson with the pseudoscalar and pseudovector 


couplings with nucleon. Then HH, is 
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Hie= Df ail sew) Law) + Sy) & De) aP ye PD. (3) 


=) pt Ly, 


The field quantities, of course, satisfy the usual field equations and the com- 
mutation relations for free fields, of which the mass parameters are taken to be 
the observed ones, since they are assumed to have already been renormalized. 


We evaluate the #-decay probabilities, in accordance with the Dyson's 
formula, 


oo 
a, 


— = ta °\n 1 
at O,= Za (—7) [der ae PH (41): 7@n))- 


n= 
The first order transition matrix element, V,, for the neutron decay can be 
written immediately, 


U,=c(P(F)Brpxh (1) OA) BE) (4) 
where C=—iGé6(I—q—p—F) /4(22)’. (5) 


T and F are the initial and final nucleon four-mementa and / and g are the 
electron and neutrino four momenta, respectively. 

Here, we shall consider the general properties of matrix elements Un41'S. 
It is easily shown that the isp Aor Ge) order matrix element Ux So Can ae 
written, in the momentum space, as follows ; 


NO (f, 0) CGE Bera (L)) GC A)BECO)) (6) 


where V°(f,v) includes the f™ (or g™) and the powers of v(ak—h). BS 
are the functions consisting of /, # and I’ and have the same rotational properties 
as that of B and §. Any matrix elements obtained from the scalar, vector, 
tensor, pseudovector and pseudoscalar interactions can be reduced to the linear 
combinations of the fundamental several types of the component matrix elements, 
given in the Table (I).* 

Thus it is shown that Uy,41’s can be rewritten by the suitable linear combinations 
of the component matrix elements, and that the possible types of matrix elements 
in any higher order mesonic corrections are limited only tot the above types. 

We restrict ourselves to the terms U, and U,, To find U, we must consider 
the Feynman-Dyson graphs shown in Fig. lL. 

Here the neutral meson can contribute to the graphs (a) and (c), and the 
charged meson can contribute to the graphs (4) and (c). The contribution from 
the graph (c) corresponds only to the mass and charge renormalizations. Thus 
U, may split into two components as U,=U,+ U,. 

Writing the matrix elements for the pseudoscalar coupling of the pseudoscalar 


* The definition of the “component ” matrix element and the analogous discussion for the y—z process 
have been given by Z. Koba, T. Kotani and S. Nakai®). 
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Table (1). 


Type of Component matrix 
niga element (pseudoscalar coupling) ‘b 
dees | ( 7 ) 
¢? wal aoe. Nol (aa 
Scalar 1 7 a) « —0.16 v2/ AT? : peg rele hese 
Sr ee tony, i a eoOmoe : 
Vector vp| AL : ms 
Z>\pyly/ AT a ee : - ot ihe! s.. _ ae 
ae a ~~ 0.20 -v2/Al2 0 
Suv 0 
(wD —vy Tu) |AZ —0.16 0 
Tensor om {T.(Tv)l,—-T,TvTe} 0 0 
Z( ful, —F, lu) [Al if fw — 0.82 0 
7TsTp —0.01 v*/|M> 0 e i t 
Pseudoyector Top. 1T 0.37 — (2/3) (v?/ (2+ p*)) 
7D 5>\uvo, | AZ 0) ‘ 0 
Pseudoscalar ‘T's 0.16 v2/AT2 (1/6) 404] (AZ? (v2 + ps?) )} 
’ 
2 
J j / : 
/ 7 a - A 
‘ ’ , a 
’ 1 ; A 
if Hi re 
oe ' / a i 
. ie fy 
* \ . / N, 
S \ ; y 
iN \ s we 
N: \ \ \ 
\ \ \ 
\ \ Ni, = 
X 
(a) (b) (cy) (co) 
: nucleon ~~ > meson ------: electron —-—--—--— : neutrino 


Fig. 1. The mesonic correction of the B-decay of the neutron. 


m-meson with nucleon arising from the graphs (@) and (6), and performing the 
integration over coordinates, we obtain the following expressions. 


Ta= No (frye) APPT )) GCA) Be(Q), (7) 


Tr= NS (A vye(Gl Apo (L))(b( 2) Be(9))> (8) 
- where 
AOR Dye 7 Nai, Ae Dee pe ee 
) eal tL 5ts (F—1)? 40? PN (ree ie Pte ’ (9) 


BT yee atl oes jaes ee 1-M p iE(t+v)—M | 
(27) PN ope 2p 24+ VM? Tpy (+0) + z 5° NP 
(10) 
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and Mand yp are the nucleon and meson mass respectively. The mass difference 
between neutron and proton is ignored when calculating the mesonic corrections. 
The finite parts renormalized in company with the divergent term and contracted 
out of only the constants, JZ and yp, are consistently defined for the graph (a) 
by the terms which are remained if the initial four-momentum / is equal to the 
final momentum /. For the graph (4), the regulator method is used, because it 
is difficult by using the above method to distinguish the. required finite correction 
from the divergent part. The results obtained are given in Table (1). Each 
component matrix element is small as compared with the first order matrix 
element, (4), e.g. 1/1890, and the selection rule is not changed as will be shown 
in §3. The numerical factors of these corrections are, as a result, sufficient to 
know the order of magnitudes in spite of some ambiguities. 

In the case of the pseudovector coupling we adopted the method which is 
progressed by Koba, Mugibayashi and Nakai”. It would then seem that the 
second order mesonic correction due to the pseudovector coupling of the 7-meson 
with the nucleon is split into two terms, one of which is equivalent to that due 
to the pseudoscalar coupling. The other contains both the divergent terms, which 
can be renormalized for the graph () or dropped by the regulator method for 
the graph (0). 


§3. The selection rules and the energy spectra 


We have calculated in interaction representation, then, when we want to 
apply this results to the B-decay of nuclei, we must transform it into the Schr6- 
dinger representation. But it may be permitted to apply it directly in the appro- 
ximation in which the effects of nuclear binding is ignored. In the following we 
will proceed on this assumption. 

As shown above, the matrix elements of Gf” order correction are written 
in the form (6). 

Since Bl’s have the same rotational properties as that of B’s, then the same 
selection rule is deduced from this transition matrix elements of Gf order cor- 
rection as that deduced from the matrix elements of the first order perturbation. 
On account of this facts, the selection rule of the former forbidden theory is 
preserved even if we take into account the higher order mesonic correction. 

Moreover, as shown in §2, possible types of matrix element which appear 
in the higher order mesonic corrections are limited. Among these, the terms 
including the factor v, or FH 1,F are negligibly small. The resultant terms 
e all the same as that in the first order perturbation. Then the higher order 


ar 
e shape of energy spectra which are predicted 


mesonic corrections do not affect th 
by the former forbidden theory. 3 

Above considerations seem to be legitimate in the case of allowed transitions. 
But in the case of forbidden transitions it is mentioned that in the above consi- 
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deration the results obtained in the interaction representation are, as it stands, 


regarded as that to be obtained in the Schrodinger representation. 


§ 4. Discussion 


As shown above, the selection rule and spectra predicted in the forbidden 
theory are not affected by the higher order mesonic and radiative corrections, and 
this fact confirms the recent success in the Konopinski’s forbidden theory. 

But, on the other hand, the more confirmative the Konopinski’s forbidden 
theory is, the more difficult to be explained the remaining problems become. 

In the case of higher order correction which has been considered here, we 
must consider the nuclear binding effect ; e.g. the effect of Pauli exclusion principle 
for the virtual states of nucleon in the nuclei and the fact that the nucleon in 
the nuclei exchange the meson with other nucleon. We can treat this effect as 
the shift from the free nucleon decay and show that these effects do not affect 
the selection rules and the shapes of the energy spectra. 

Here, as already mentioned, we must notice that in our consideration the 
matrix elements in the interaction representation are, as it stands, regarded as 
that in Schrédinger representation. In spite of this approximation, our conclusions 
about nuclear #-decay can be regarded as plausible. 

The above calculation has confirmed the smallness of the mesonic corrections, 
and so we shall discuss the B-decay of the neutron with confidence by using the 
five Fermi interactions without the higher order correction. This discussion will 
be published in the near future. 

Two of us (T. K. and S. M.) wish to express our thanks to the ‘ Yukawa 
Yomiuri Fellowship” for the financial aid. We wish to acknowledge our apprecia- 
tion to Mr. H.. Umezawa for many helpful discussions. 
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In this paper we attempted to give wave 
equations in de Sitter space, applying 5- 
dimensional spinor analysis which we obtained 
formerly.” As it was shown by Robertson, 
de Sitter space can be described, by a suitable 
variable-transformation, as a 4-dimensional 
hyper sphere of radius R 


ay +a +45" — 24 +25°=R° C2) 


in a 5-dimensional flat space, whose metric 


1S 
ds? = dx,? + di.” +dx3” — dx,’ +dz;”. ( 2 ) 


According to the postulation of the re- 
lativistic invariance, our wave equations must 
be invariant under linear transformations in 
de Sitter space namely under those which 
leave 


nya bas? — ty +25" ( 3 ) 


invariant. One of such operators along de 
Sitter space, which is invariant under the 
transformation in the space, is the rotation 
operator 


Myy =U Py — Cy Pp. ee 

where 
ie Tot ie 
Pu=Gp (#12, 3,5), = Ge 


Near the point (0, 0, 0,0, R) de Sitter space 
approaches to Minkowski space. So near such 
point our equation must approach to the well 
known wave equation in Minkowski space. 
The operator approaches near such point to 


the followings : 


Myy>0 (4, v=5), 


Men = —Mys rl Dye 


(5) 


Now we propose the following equation as 
the wave equation in de Sitter space which 
approaches to the wave equation of Bhabha’s 
type in Minkowski space near the point (0, 
OF 0) O78: 

{a"” myy—2Rx} p=0, (6) 
Pps hae! nC ge) 
where I#” is the representation matrices of 
infinitesimal transformation of the group of 
linear transformation which leave (3) in- 
variant. This equation is relativistic invariant 
because of the tensor character of J*” and 
myy- Near the point (0, 0, 0, 0, R) this 
equation approaches to Bhabha’s wave equa- 
tion 


{a*pytz}y=0, a®=1" (8) 
on account of (5). 
For the field of the first rank spinor, (6) 
becomes 
{a" a’ myy—2Rx} p=, 
a”a’+ara"=2g"" (9) 
which was proposed by Dirac formerly,” 
because we can put in the case. of spinor 
representation Dc/2, 1/2) 


T*¥=aq"a’. (10) 


For the case of the representation Daj) by 
the symmetric spinor of the second rank, we 
can calculate by means of our spinor analysis 
in five dimensions, and (6) becomes 


may Fuv—Myp Lua =Peb yy (IT) 


where F',, are antisymmetric tensors such as 
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OMe MER ee Fs \ 
OF. fea Fes | 
0 Fs4 Fos 
0 F,; 
0 —Pss Psa Pir —iPys 
0 =d33 Pre —tgys 
= 0 oo —tHo, |. (12) 
0 =i, 
0 


These tensors become near the point (0, 0, 


O05 Aras 
0 —G, Gs F, 
0 —G, F, 
(Puy) 0” F; 
0 


aU, 

iU, 

iU;, (13) 
iU, 

0 


and the equation (11) becomes Yukawa’s 
equations for the vector meson. 

For the case of the representation Dao) 
also we can calculate in the same way, and 


(6) becomes 


Me, Jy hg; (14) 


where U, is a five dimensional vector and 
has the following relation with the anti- 
symmetric spinor of the second rank. 


(Uy Us; UG; We Us) 


=(Pis, Pia: Pos, Poa —U(PistGss)). (15) 


This vector splits in a 4-vector and a 4 
scalar near the point (0, 0, 0, 0, R) as 


(U,)>(CU,, Us, U3, Us, aU), (16) 


and the equation (14) becomes Yukawa's 
equations for the scalar meson. It is a quite 
interesting fact that the wave equations for 
mesons have very symmetrical forms such as 
(11), (14), and these splits into several 
equations when the space becomes flat. 


In concluding, we wish to express our 


thanks to Professor K. Husimi and Dr. R. 
Utiyama for their kind interest and discus- 
sions to our work. 


*) This paper was read at the Meeting of Physical 
Society of Japan on May 1948. 

1) K. Goto, Prog Theor. Phys. 5 (1950), 42., 

2) P.A.M. Dirac, Annals. Math. 36 (1935), 657. 


¥—Particles and Nuclear 
Phenomena* 


S. Oneda 


Institute for Theoretical Piysies, 
Kanazawa University 


October 29, 1951 


In the preceding note,” a possible theory 
of V-particles was discussed. Thereafter, 
there appear many experiments” on these 
particles. According to Manchester group® 
their decay schemes are; (A) V°+P+z, 
my? =(2203+12)m, (B) t°+2*+a7, m,° 
=(T96427)m, or Putty, m°=(705 
+32)m. Pasadena group® also proposed 
another possible scheme based on the follow- 
ing symmetrical three-particle processes ; 
V°—>nucleon+meson+meson, m°y~2600 m. 
But as yet there is no evidence for the 
existence of neutral secondaries and the 
momentum spectra of primary V-particle 
provide some evidences against these inter- 
pretations (see reference (3)). At present, 
V°—particle and t—meson being in subsidiary 
position with hardly any apparent reason for 
existing at all, we proceed the discussion and 
try to make them play some role in nuclear 
phenomena. Here we shall discuss the 
phenomena associated with the fairly strong 
interactions responsible for V and rt produc- 
tion. As regards the interactions such as (2) 
in the reference (1) which lead to V and 
t—-decay, there may be many alternative ones 
which were discussed by Nambu et al.» in 
detail. Moreover, the attempt to regard V 
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as nucleon—t—meson system™ is very interest- 
ing, though relativistic treatment of bound 
state has not yet been established. The main 
results of such a theory, however, will be the 
same as those obtained from our theory which 
treats V—particle as elementary particle. 

(A) the strength of the coupling V— 
N=t 


The possible interactions are as follows: 


G,{gog. U}+C.C. such as V°+>p+t-, 
G.{pog. U*¥}+C.C. such as V8>n+r’, 
G3{goy. U*¥}+C.C. such as Vt—>p+r’, 
G{pog. U*}+C.C. such as V*->n+r*. 
According to the coupling G and g (NN« 
interaction), the production processes of V 
and t are ; 
(a) N+N->N+V+r through Gg’ or G*, 
(b) N+N>V+V through G’, 
(c) r+N>V+t through G;. 


Namely, V and 7 appear as V—r pair or 
V—V pair., Such pair-wise productions 
should be examined but present experiments 
seem not so certain as to reject them. The 
threshold energies of the incident nucleon or 
pho‘on in the laboratory system are given as 
follows in each case : 


(a) Ey ={m,(1 +my/my) +m,"/2my 
+1/2my 
x (my +3my) (my —my) } 
xce°~1.5 Bev., 

(b) Ey={2(my +my) (my —my)/my} 
xe°~0.9 Bev., 

(c) E,={(my +m)? —my"}/2my 
x¢~0.9 Bev. 


These threshold energies are much larger 
than those of z-meson production in the 
corresponding reactions. So the intensities 
of parent nucleon or photon for Vand Tt 
production will be smaller than one-tenth of 
those for production, considering the power 


energy spectra of the ancestor nucleon or 
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photon components in cosmic rays. More- 
over, the largeness of the mass of V and 
t—-meson will increase the energy denomi- 
nators and decrease the cross-section for 
these processes. 
to assume that at least G' must be greater 
than 1/10 g or rather comparable with g in 
order to explain the abundance of V and t- 
mesons. As regards the charged heavy un- 
stable particles, details have not yet appeared, 
but Manchester Group suggested that they 
are probably the charged counter part of t°— 
meson. If it were true, the coupling G and 
G, are unnecessary. Then G', is responsible 
for V° and charged t-meson and G, for 
V° and r°-meson. It should be noted that 
in our theory negative proton will only ap- 
pear as Vani >p "+2", and the production 
of V°anti. will be very small compared with 
V°, so negative proton will not appear in 
the decay products of V° particle. 

(B) Contributions to the nucleon mo- 
ments 

When we take G~g, V particle and t- 
meson will have some effects on nucleon 
Case’s calculations” show that the 


These arguments tempt us 


moments. 
anomalous magnetic moment of nucleon will 


not be so sensitive to the mass of meson, but 
the possibilities of the change of the meson 
clouds around the nucleon due to V-—particle 
should be investigated. Here we checked 
the tendency by the lowest order calculation. 
Taking V-particle wave function different 
in reflection property from that of nucleon, 
the V—N—r interactions become iGgr5¢.U* 
+0.C., and t-meson behaves as pseudo- 
scalar coupling even when t—meson is 
scalar meson. Using renormalization technique 
the anomalous magnetic moments due to T— 
meson as a function of A4=my/my and d= 
m/my are given by 

p,! =1/8r* he {— Gs By + GiB}, 

pn! =1/82°he { — GB, — GB} 
where 


Bag t (RA 8) 
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—{(—22+A+6") (?-1-6") 
+67} In(a/d) 
+[1/2(0?-1—-6) {(-2+A+0") 
x (7-1-6?) +0°} 
—0?(—2°7 +140") ] 

V5? — (R?—-1—6")*/4 
See Cr 


B,=1+ (—2? +4460") In (4/8) 
—1/2(—22-+A402) (2-102) +0} 


i! 
V8 G10) 4 


se cosm1{ (O74 a) 4 
If we put A=1 and m.=m,, these results 
(case (a)) agree with Case’s ones. Chang- 
ing the sign of 4 in the above expressions, 
the values when both V and nucleon are the 
same spinor (case (8)) are obtained. The 
value of B, and B, are for example for the 
choice my =2200m, my =1800m, m,=900 m 


(a) B,=0.32, Be=0.20. 
(8) B,=—0.60, B,=—0.53. 


Case’s values for the symmetrical pseudo- 
scalar meson theory are w,°) =g"/82°he x 0.11 
and y,~%=—g"/8n*ke x 0.82, where meson 
current contributions are not so great as 
desired. This situation is fairly improved in 
the fourth order calculation) where 


Bp” ={9" [827 he} x 0.83 
and 


LpO=— {97/82 he}? x 0.18. 


The fourth order corrections of our theory 
(case (a)) will show approximately the same 
tendency as the above result obtained for z— 
meson. ‘Taking G, and G, nearly as large 
as g and omitting G and Gy, the coupling 
G, will contribute to increase the anomalous 
magnetic moment of proton and quantitative 
agreement with experiment may have some 


Letters to the Editor 


hope. The interaction G;, if it exists, will 
give the same tendency when we consider 
the fourth order correction. At present there 
is no reason for the necessity of the coupling 
G,, (G@, predicts the pairwise production of 
charged V and charged t-meson). Of 
course, the doubt for the convergency of the 
perturbation theory prevents us from decisive, 
conclusion. On the other hand, G interaction 
may contribute to neutron-electron interaction 
but we may not expect any quantitative re- 
sults from this problem at present stage. 

(C) Other nuclear phenomena 

As regards the nuclear forces G interaction 
appears firstly as the fourth order effect. 
The force range due to t—meson will be 
about one sixth of that due to z-—meson, 
and t-meson will not contribute to the 
phenomena outside the nuclear force range. 
But from the high energy nuclear events 
such as high energy nuclear scattering the 
criticism of V—N-—r interaction and the 
choice of G may be offered. Moreover there 
appear the view points which treat the V— 
N—r interaction as modified cohesive interac- 
tion introduced by Pais and Sakata.” This 
theory was already discussed by* Sawada. 
The experimental evidences are not so clear 
and we cannot go into more details. In 
meson theory, we have accumulated fairly 
correct knowledge about z-meson, but it 
cannot be said at present confidently that the 
nuclear phenomena can be solved by the 
single existence of z-meson. The appearance 
of V and t-meson may shed some light 
on the future theory of the elementary 
particles. The author wishes to express his 
sincere thanks to Prof. S. Ozaki for his 
encouragement throughout this work. 


1) |S. Oneda, Prog. Theor. Phys. g (1951), 663. 
2) R. Armenteros, K. H. Barker, C. C. Butler, 
A. Cachon and A. H. Chapman, Nature 167 
(1951), 501; C. B. A. McCusker and D. D. 
Miller, Nuovo Cimento 8 (1951), 289; R. W. 
Thompson, H. O. Cohn and R. S. Flum, 
Phys. Rey. 85 (1951), 175. See the references 
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in the previous letter. 

3) “The properties of Neutral V-tracks.” by’ R. 
Armenteros, K. H. Barker, C. C. Butler and 
A. Cachon. (unpublished.) We wish to thank 
Prof. Y. Nambu for giving the opportunity to 
read these papers. 

4) R. B. Leighton, S. D. Wanlass and W. L. 
Alford, Phys. Rev. 83 (1951), 843. 

5) Y. Nambu, K. Nishijima and Y. Yamaguchi, 
Prog. Theor. Phys. 6 (1951), 615, 619. 

6) ibid. H. Suura, “Soryushironkenkyu” (in 
Japanese) 3 (1951), 280. 

7) K, M. Case, Phys. Rev. 76 (1949), 1. 

8) K. Nakabayashi and I. Satéd, Scie. Report. 
Téhoku, Univ. 24 (1950), 169. 

9) A. Pais, Phys. Rev. 68 (1945), 227; S. Sakata 
and ©. Hara, Prog. Theor. Phys. 2 (1947), 
30. 

10) K. Sawada, Prog. Theor. Phys. 6 (1951), 
626. 


Nucleonic Components at High 
Altitudes 


K. Sakihama and S. Takagi 


Department of Physics, 
Kyoto University 


November 1, 1951 


Recent many expeiiments have clarified 
some aspects on the nucleonic components 
at high altitudes. Especially, Lord” shew 
larger neutron-proton ratio in high energy 
nucleon components than that expected from 
the nucleonic cascade theory” which assumed 
the primary cosmic radiation consists of only 
proton component. According to Bradt and 
Peter's experiments, almost equal number 
of nucleons as the number of proton com- 
ponent come into the top of the atmosphere 
in the forms of a particles and heavier 
nuclei, so it is of some interest to inquire 
whether or not we can explain the high 
energy neutron-proton ratio in terms of the 
contribution of primary a particles. 

Following the current treatment of nucleonic 
cascade theory, we postulate as the number 
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(or probability) of emerging nucleons of 
energy (E’, E’+dE’), when a nucleon of 
energy FE collide with air nuclei passing 
through the unit atmospheric depth, 


VE, E)dE =V(EE)GEE. (1) 


As for the corresponding quantity for 4 
particle, we assume 

WE, EF) dE =W(E'|E)dE’/E 

=4(0n/l.) VE! (BA) )d E'] (EA), 

(2) 
where J,, and 7, are collision mean free path 
of nucleon and a particle respectively. This 
means the neglect of correlation between the 
constituents of @ particle and that we con- 
sider a-air-nucleus collision as four inde- 
pendent nucleon-nucleus collisions. 

Let p(E, x), nC, x) and a(#, x) be the 
numbers of protons, neutrons and a@ particles 
with energy E found at depth a respectively. 
Then the diffusion equations are, neglecting 
the ionization loss, 


PED —— p(B, 2) + | tip 2) 
#E 
+h’n(E’, 2) }V E/E) d E/E’ 
+5 [ae ») WED AE| EY, 
4 


ao 


hE 8) yen B, 2) + [Hole 2) 


Ox 
z 


+ikn(E’, 2)}V (E/E) dE’ /E" 


+5 | aC’, x) WEE) AEE’, 


4n 
aE, 2) _ _ gq (B, 2) 
0x 5 ’ ’ 
(3) 


where we take collision length as unit (we 
assume collision length being equal to 65 
g/cm?) and assume that a components de- 
crease with depth with constant absorption 
coefficient a. & and k’ are the probabilities 
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that emerging nucleons from air nucleus are 
protons (neutrons) and neutrons (protons) 
when colliding nucleon is proton (neutron) 
respectively. 

Experimentally,» proton—a ratio in pri- 
- mary flux is 4:1 and primary a@ spectrum 
has a resemblance to that of protons. Primary 
spectrum of protons has often been assumed 
to be power spectrum, which is not correct 


strictly. But, for simplicity, we employ this 
assumption and put 
(4/5) 7H, [/E'** E>, 
E<bo, 
00 NE ‘ee 
aE, Oy {VT [E Ee, 
0 JERE, 
(4) 


where E, and é, are latitude cut-off energies 
for protons and a's respectively. Under the 
initial conditions (4) we can solve (3) and 
get for H>e, > E, 


p(>E, 2) = |p, 2dE 
BE 


oe n/2 

s | an{ 2np(E, x/cos0)sin 6 do 

VE ) 

=n (E/E) "((4/5) (f(Ax) +fCux)) 

+ C/5) (€6/ Eo)" Wor+1) (6 +V (7 +1) 

SOO On y= fis) )\, /D) 
n>, «) =n (E/E) (4/5) (fax) 

—fCua)) + (1/5) (eo/E,)* 

x Worth o4+VG~4+)-1)-! 

x (fx) —f(ux))], 


where 
1 


a Geel) =[eVeoae , 


0 
1/4 


Wr ae 1) ae fu W(w)dw 


0 


lat ea \ 
Tare a iia as C6) 


A=1-Vi7+1), 

uw=1—-(k-k Vt), 
and 

f(z) =e *+2#;(—-2) . 
Thus, 


pC, z)—n( >, 2) 
p>, 2)+n(>£, x) 


wi f(ux) 
~ Fx) {1+a—flox)|fAx))} ’ 
CT) 
where 
ee W(rt+1) 
og Sh bpp as Bagar-« 
— ln ( fe Vip ea) 
be o+Vi7+1)—I1 
bn of s ae é 
qe (-# (8) 


To explain the altitude variation of nucleonic 
components, we must take 


=I-VGtD=y (9) 
corresponding to the absorption mean free 
path~130 g/cm’. 

If 1,[l.=8, o =65/40», (10) 


we have at geomagnetic latitude 54°N (E,= 
1 Bev, e,/4=0.35 Bev) 


0.4201 for ;=14, 
0.2237 for y=1.7. 


In Fig. 1 we have plotted f(uax)/f(Ax)- (with- 
out taking into account a particles in 
primaries) and (7) for w=1 (k=k’=1/2) 
and w=7/6 (k=1/3, k’=2/3) taking y=1.1 
which brings larger effect than that for higher 
y. ‘The experimental points have been taken 
from the Lord’s data and Bristol’s. L(>16) 
mean (p—n)/(p-++n) of the stars with more 
than 16 prongs in Lord’s, and B (n,=2), 
B(n,;=3) and B(>16) those with two or 
more than two shower particles, three or 
more than three shower particles and more 


ame 0.85)" ={ 
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than 16 prongs in Bristol’s, where p and n 
are the numbers of stars induced by charged 
and neutral particles respectively. If we 
consider the charged particles contain 7* 
mesons, the empirical values of (p—n)/ 
(p+n) would be reduced. Although, as is 
easily seen, Lord’s data are in disagreement 
with Bristol’s and we cannot draw a decisive 
conclusion on high energy neutron-proton 
ratio at high altitudes on account of low 
accuracy of experiments, it seems difficult to 
explain high neutron-proton ratio of Lord's 
experiments at least, as the effect on neutron- 
proton ratio of a particles in primaries is 
rather small in our treatment. 

Our conclusion essentially depends on the 
assumption (1) and (2). 
power spectrum is rather insensitive for 
neutron-proton ratio, since (7) for a=0.2237 
(y=1.7) is not appreciably different from 
that for a=0.4201 (7=1.1). Numerical 
values (10) would not be different from true 
values so that our conclusion is not altered. 


Assumption of 


1) J. J. Lord, Phys. Rev. 81 (1951), 901. 

2) H. Messel, Phys. Rev. 83 (1951), 21. 

3) Bradt and Peters, Phys. Rev. 77 (1950), 54. 

4) U.Camerini ct al., Phil. Mag. 40 (1949), 1073. 
R. H. Brown et al., Phil. Mag. 40 (1949), 862. 


‘Infra-red Catastrophe” -like 
Divergency in Meson-Decay 
Process* 


Tem Giro 
Physics Institute, Tokyo Bunrika University 
November 12, 1951 


It is well-known that no “ Infra-red 
Catastrophe” is able to appear in the pro- 
cess of meson-bremsstrahlung by deflection of 
a heavy particle in an external field. The 
reason is readily understood if we take into 
account the fact that the “Infra-red Cata- 
strophe” originates from the poles due to the 
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vanishing energy denominators in the pertur- 
bation formulae of the transition probability, 
but in the corresponding meson-process the 
energy conservation in intermediate states can 
no longer be satisfied on account of the non- 
vanishing mass of the emitted meson. 

Instead of the ordinary emission of 
meson by the heavy particle, if we consider 
a decay process of the heavy particle into 
more lighter one and a meson, the conserva- 
tion of energy in the intermediates states 
becomes possible, because of the possibility 
of real meson-decay processes. Consequently, 
the integrals of the total transition probability 
of this process will be divergent as in the 
case of the infra-red catastrophe appeared 
in the bremsstrahlung in quantum electro- 
dynamics. 

The problem of the infra-red cata- 
strophe has been discussed by many authors”, 
and clarified that the infra-red divergence 
appeared in the bremsstrahlung is cancelled 
out by that of the radiative correction of the 
elastic scattering process. Recently, T. Kino- 
shita? analysed this problem in more detail 
and showed that this cancellation can be 
accomplished for each one of the Feynman- 
diagrams of corresponding processes. 

It is the aim of this note to demonstrate 
that the “ Infra-red Catastrophe ”-like diver- 
gency in the meson-decay process can be 
treated in same manner as in the case of 
ordinary infra-red divergence. 

In accordance with Kinoshita’s results, 
we confine ourselves to the discussion of 
cancellation only upon a special term of the 
transition probability, represented by Feyn- 
man’s diagram in Fig. 1. 


Using the following simplest model : 


U(a): 


heavy charged scalar field, 


(mass JM) 
@(e): light charged scalar field, 

(mass m) 
?(@): neutral scalar field, (mass y) 
Ve): external field, 


| 
| 
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H(x) =g(U¢+qgU)¢, 
K(2)=UUYV, (1) 
K’'(«)=$9V, 


the transition probability w4, of the decay 
process is calculated as 


2 / 
We OF ae 1 wa dK ( aP" ,. 


~ A(Q#)5 E, €x=a €x » Cpt—z 
[BYE es ee ee 
(2) 
vine (& |= sire rn (oe | Bean 
and 8 (E,,—epr-1— €x) =0-function, which 


guarantees the energy-conservation in process 
si i 

The integrand has two poles. One of which 
corresponds to the energy conservation in the 
intermediate state B, and the other corrés- 
ponds to the conservation in the intermediate 
state C. In the vicinity of these two poles, 
wa takes following asymptotic forms 


wa(B)= 


gi 1 aKde’ 
A(27)® Ei 2E, Cpr —KEx 
(€x~L pr —¢ pr-z) 
PM see POL. O(E, = Cpl — p—€;) 


Cpt —kt Ex — Lap! 


go (3) 


2 
Cpt—k =e 


pees Gite! dKdP’ 
wa(C)= 4(2zn)* E, J 2ep— lp! —KEk 
(¢pr—n~ep—k) 
ry 2 ” — 
ea oh 0 (Ep—epr—k Ex) (4) 


In analogy with the theory of ordinary 


Cpt — a Cp—k 


infra-red divergence, the transition probability 


of the elastic scattering w, must be con- 
sidered, and is calculated as follows 


9° 1 ie dB (ee 4 
= aon E, €x=H €, 3 Ep 
[Vier = PP 
piles. te (Ep 8 Aleut arg LL 
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xd (Eig—Epr). (dD) 


Two poles of this integrand correspond to 
the conservation of energy in» two inter- 
mediate states A and B respectively, and the 
asymptotic forms are 


g 1¢_ dKdP’ 
we(A)= - 4Qn)§ om 2! €pr— Ex 
(€4~Ey~Cyr-8) 

We Lic? ae Pt 0(Ey— Fepr) 


5 0) 


pe k a he kh Cpt Ex —. 49) 


gy dar 
4(27)° E, 2 Ept€p~ Ex 
(€x~Zp—ep-h) 
oa Poy 0 (Ey— Fp) (Th) 
Cp-nt+ €r— Ey : 


we(C)= 


2 
Fe Cn—k 


In this case, we must calculate the transi- 
tion probability we of the process of meson- 
decay accompanied by double scattering. 
This process corresponds to cutting of the 
diagram in Fig. 1, at the vertical line C. 
we is calculated as 


= g ul Elec, dK ( dP’ GP y. 
Wo A OQn)® E,lex=u Cex + op-k 
\V(P-P’)|? 


6(B,—ep—1n— Ex) ; 


(8) 


and two asymptotic forms at A and B are 


LE we Lg Lepr hie Cp zd 


g° 1 dKdP’ 
wo(A) = 40ny BE) Dep — Kept —hek 
(€ pr— n~ep-h) 
en © P')|? 6( Ep ep-2— Ex) (9) 
| a Cpt-h—Ep—b 
g 1 \ dKdP’ 
A(2Q7)* Ly 2 Eprp—r€ x 


(€4~E pr —ep-k) 


wo (B) = 


aA ies atl a i 


2 2 
Cpr k nk 


0 (Ey—ep-n— Ea) PP EI0) 
Ep —ep—4Ek 
Comparing the asymptotic forms of 
divergent integrals of these transition proba- 
bilities, we can easily find out a kind of 
“reciprocity relations” ; 


i 
q 
B 


wa(B)=—w,(A) 
wWre(C)=—we(B) tal 
We(A)=—walO), 
holding between them. 
From view-point of the asymptotic forms 


of divergence, we can summarize the above 
results as follows 


My a2 Wa (B)+wa(C), 
Wp~wWp(A) +w,(C), (12) 
We~we(A)+we(B). 


From these asymptotic forms and the 
above reciprocity relations, the “ Infra-red 
Catastrophe’’-like divergences in the meson 
decay process can be cancelled out by 
simultaneous consideration of the processes of 
elastic scattering and of decay with double 
scattering. 

The detailed account will be given in 
the later issue of this journal. Author ex- 
presses his cordial thanks to Dr. T. Miyazima 
for the interest he has taken in this work, 
and to Miss. M. Yamazaki and Messrs. H. 


Tanaka and M. Ishida for their kind dis- 
cussion. 


*) .The contents of this letter are read at the 
annual meeting of the Physical Society of Japan 
held on October 9th in 1951. 

1) F. Bloch and A. Nordsieck, Phys. Rey. 52 
(1987), 54. 
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110 (1938), 560. 
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On the Divergence of the Transition 
Probability due to Energy 
Conservation in Intermediate States 


D. Ito 
Physics Institute, Tokyo Bun tka University 


November 12, 1951 


In the previous Jetter” we have observed 
that the “Infra-red Catastrophe ”-like diver- 
gence in the transition probability of meson- 
decay process can be avoided just in the 
same manner as in the case of ordinary infra- 
red catastrophe, and that the reason why 
this method is successful consists in the 
“reciprocity relations” holding between the 
asymptotic forms of divergent integrals. This 
method will be successfully extended to the 
more general cases if we are able to give a 
proof of validity of the reciprocity relations 
in more general form. 

In this letter, we shall give a brief ac- 
count of the validity of the reciprocity rela- 
tions in sufficient generality, and by which, 
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Fig. 1 


—oo (A) 


Ep) =Vpe+M; , 


we show that the divergence of transition 
probability due to the energy conservation 
in intermediate states will be eliminated just 
in the same manner as in the case of infra- 
red catastrophe. 

The most general form of Feynman's 
diagram” for transition probability is illustrated 
in Fig. 1., there, G,, G, and G represents an 
arbitrary. graph, respectively. Referring to 
this graph, we can formulate the “ reciprocity 
relation” as follows: ‘The asymptotic form 
of divergence wa(B) due to the energy con- 
servation in intermediate state “B” of the 
process “A”, which is obtained from the 
diagram by cutting at the vertical line A, has 
just the same form and opposite sign as the 
asymptotic form w,(A) of similar divergence 
due to conservation in “A” of the process 
3G 

Using same model as in the previous 
letter, we can obtain following asymptotic 
forms after some elementary calculations. 


me dp, nda 
= x 
ee ir| E;(pi) g=1 J €5(q;) 
(Le~LA) 


x LP» E\(py) > Uy €:(M)3""") x 
3 e5(4i) — 24 E;(pi) 
j= i=1 


x 6 (Ejnitia — 2423 (ai); 


(B) 8 
es(QN=V qFtms? 


m dp; n dq; 

A) ; 

uni A) Ho de lenees 
E~ Xe) 


x LP» FE, (py) 3-735 yy, 61 0G) 32) 
24 Ese) — 21 6s(a) 


x 


X Oinitia 2 Es (pi) - 
i= 


These results show that the reciprocity rela- 
tion ; 


wa(B)=—w,(A), 


holds for the most general cases. 

The possibility of the cancellation of 
divergence due to energy conservations in 
intermediate states by simultaneous considera- 
tion of related processes is an immediate 
consequence of this reciprocity relation. 

The detailed accounts will be given in 
the later issue of this journal. 


1) D. It6, Prog. Theor. Phys. 6 (1951), 1020(L). 
2) T. Kinoshita, Prog. Theor. Phys. 5 (1950), 
1045 (L). 
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Divergences arising from 
Nuclear Forces 


T. Nakano and K. Nishijima 
Department of Physics, Osaka City University 


November 24, 1951 


To our regret the renormalization method 
which has provided us with a powerful means 
so far in the quantum electrodynamics has 
lost its validity once applied to the meson 
field theory. Thus because of the absence 
of any standard procedure to manage diver- 
gences together with the lack of any satis- 
factory method, we are 
confronted with hard difficulties in the meson 
theory much more seriously than in the case 
of electrodynamics. 


approximation 


Under such circum- 
stances, it will be of some importance to 
analyse the forms of divergences not explored 
yet. 

Here, we shall call our attention to the 
divergences arising from the fourth order 
nuclear forces based on the symmetrical 
pseudoscalar meson theory. The interaction 
Lagrangian between nucleon and Ps-meson 
fields including both pseudoscalar and pseudo- 
vector couplings is given by 


Jb —iferstj-0;—i(g/x) x 
XP utstsd+ (065/42), (1) 


where j denotes a dummy index with regard 
to charge coordinates, and runs from 1 to 3 
in the symmetrical theory. 

In order to evaluate the fourth order S- 
matrix, it is convenient to utilize Dyson 
transformation, by which the Lagrangian (1) 


is transformed into the following eran 
form” ; 


L=L,4+L.+1,+--- (2) 


where 


Ly= —tF Yr st ip P;, (F=f- 


the Editor 


Re A raed i 
eo (2) p, Dip an [rats] @, 


L.=% (2 ) 2 {Or 


x{ri(tat ph. 


Now the desired S-matrix can be written as” 


+} OT sTnX 


S= >2e (das) S (darn) x 


x P*(L(@,)-L(@,)). (3) 


Since the second order S-matrix is well known, 
we shall be concerned only about the fourth 
order terms. They are given by 


c= i | (de) 4 San 
x P*(L,(x,), Ly (a2), Ly(xs), L,(xa)), 


Sc= 57) (dn) (das) x 


Ne de PRE ie (29), L,(23)), 
S,=— si | (de) ) (dite) x 


P*(L,(#,), L(x.) yy 
8.=—§(dx,) | (dx. P*(Ly (a), Ly(a2))- 


The first type S; has already been computed 
by Watson and Lepore®), and it is known 
that all divergences occurring in S; can be 
eliminated by means of the mass and coupling 
constant renormalizations. The last one S, 
vanishes identically as easily be verified. 
The other two, S, and S,, bear an essential 
divergent character outside the scope of the 
renormalization technique. 


We shall write down these divergent 
terms : 


(a) (L) @) 192 He) O@) tit W@) 


x (logarithmic divergence), (5a) 
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Fig. (a) 


p g += - 
(b) (2) PU) ut P(x) P(x) 7 yt P(e) 


x (quadratic divergence), (5b) 
cab sh 
(2) Os(P(a) ryt ro(z)) xX 


XOr(G (2) rut 1G (2)) 


x (logarithmic divergence). (5c) 


The first two terms are of the same Fermi 
type interaction, and the last one is of a 
more singular type one that is no more 
allowed to exist in the canonical formalism. 

Therefore it is clear that these divergences 
cannot be removed by the renormalization 
technique in the frame of the present field 
theory. Moreover, the occurrence of such 
interactions: indicates that singular terms in 
higher orders will be larger than in lower 
orders as the energy increases even if the 
divergences were removed by a suitable 
technique. 

Thus the perturbation method breaks 
down at high energies, and the convergence 
radius will be determined by an unknown 
parameter such as the universal length.” On 
the other hand, the strong coupling meson 
theory cannot be applied at. high energies 
because of the failure of its relativistic treat- 
ment. 

The delta-function type interactions 
(5a) and (5b) expressed in the momentum 
space correspond to 7° singularities of the 
nuclear potential, so that (5b’) corresponds 
to r~® singularity in conformity with the pre- 
vious calculations.” 

And this is an example of the statement 
that the higher the order of approximation, 


Fig. (b) 
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Fig. (c) 

the more singular the nuclear potential. To 
conclude, the applicability of the .Ps-meson 
theory is severely limited below some critical 
energy determined by an unknown parameter, 
which fact means, if translated into the 
language of the coordinate space, that our 
knowledge about the nuclear forces is restrict- 
ed only to the outside of some characteristic 
“ critical range.” 


1) F. J. Dyson, Phys. Rev. 73 (1948), 929; K. 
M. Case, Phys. Rev. 76 (1949), 14. 

2) Z. Koba, Prog. Theor. Phys. 5 (1950), 696; 
K. Nishijima, Prog. Theor, Phys. 5 (1950), 
405. 

3) K. M. Watson and J. V. Lepore, Phys. Rev. 
76 (1949), 1157. 

4) W. Heisenberg, ZS. f. Phys. 101 (1936), 533; 
113 (1939), 61; J. R. Oppenheimer, H. Snyder 
and R. Serber, Phys. Rev. 57 (1949), 75. 

5) L. Rosenfeld, Maclear Forces, (1948) p. 323. 

6) M. Taketani, S.Machida and S. Onuma, Prog. 
Theor. Phys. 6 (1951), 638; 6 (1951), No. 5 
(in press); K. Nishijima, Prog. Theor. Phys. 
6 (1951), 815; ibid. No. 6 (in press). 


On the Plasma-like Oscillation 


T. Nishiyama 
Department of Physics, Osaka University 


November 29, 1951 


Recently Pines and Bohm” have con- 
cluded that the lowest unit of the energy 
loss in the Cerenkoy-like radiation is given 
by the plasma frequency, evaluating the 
density fluctuation classically. 

Such a plasma-like frequency is also ob- 
tained? as a normal mode of the coupled 
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Fig. 1 


oscillators, which were given in our paper® 
and derived by selecting out the linear terms 
of the exact equations to result in the neglec- 
tion of the direction interaction that diverts 
electrons excited in a direction to another 
direction. The normal modes are given as 
the characteristic values of the matrix of the 
form 


977 1 9 9 
Ter) = eran Geo? — 8°) 05: 


PES TIE 


which is positive definite. The characteristic 
values are demonstrated in the following 
graphic curve :° 


f@, r= SWE yy __sN 
ee ae i ho 8") 


which shows that the almostly continuous fre- 
quency distribution is shifted slightly and the 
largest value is shifted to a value larger than 
'P=NG(k)/m. 

_ This formulation fails to give the angular 
dependence of the electron excitations as has 
been pointed out by both Professor Tomo- 
naga and Professor Wentzel. The author 
would like to express his thanks to them for 
the valuable discussions and the same grati- 


tude to Professor Husimi for his interest in 
this problem. 
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1) D. Pines and D. Bohm, Submitted to the 
Physical Review. The writer thanks to Pro- 
fessor Tomonaga for bringing his notice to a 
copy of their manuscript. 

2) G. Wentzel, private communication. 

3) T. Nishiyama, Prog. Theor. Phys. 6 (1951), 
366. 

4) S. Tomonaga, Prog. Theor. Phys. 5 (1950), 
544. 


5) K. Husimi, from a conversation with him. 


A Commentary to Yosida’s 
Theory on FeS, 


S. Miyahara 
Department of Physics, Hokkaido University 
November 29, 1951 


Recently K. Yosida proposed a theory” 
to explain elegantly the unordinary magnetic 
properties of FeS,. I think, however, the 
theory of FeS, must clarify the fact, that the 
ferro-para transition due to the sulphur con- 
tent is almost independent on temperature. 
An experiment” shows, that the paramagne- 
tic (at room temperature) FeS,, containing 
the utmost sulphur does not become ferro- 
magnetic at the liquid nitrogen temperature. 
This fact cannot be explained by the gradual 


Ako 


, 
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lowering of the Curie point according to the 
decrease of sulphur content, as Yosida’s 
theory shows. 

On the other hand, from the pure 
theoretical standpoint, the Madelung energy 
(M.E.) must increase according to the number 
of Fe*** ions and vacancies without electric 
charge. ‘The M.E. would be smaller, if all 
Fe ions were divalent and each vacancy took 
two positive holes making the M.E. same to 
that of perfectly stoichiometric FeS. Gene- 
ration of Fe*** ions caused by the jump of 
positive holes from vacancies to Fe** ions, 
must increase the energy. Besides, the in- 
crease of energy depends on the distribution 
of Fe*** ions and vacancies. 

For convenience it is assumed, that the 
increase of energy is given as a linear func- 
tion of the number x of Fe*** ions and 
simply dependent on the inequality p of the 
distribution on two sub-lattices. Then we 
must add a positive energy term of a type 


ba(1—2p)’ (1) 


to Yosida’s expression (6), where 6 is a 
certain constant. 

The energy expression containing both 
(1) and Yosida’s negative term formally 
coincides to that of the theory of ferro- 
magnetism of semi-conductor based on the 
band structure, where we take the positive 
energy due to the excitation of electrons to 
a higher band and the negative one propor- 
tional to the square of total spins. 

Above mentioned improvement of 
Yosida’s theory alters the expression of the 
Curie point as 


If we take }6/a=0.05, we can easily show 
that the pyrrhotite containing less sulphur 
than FeS,,1 is always paramagnetic. 


1) K. Yosida, Prog. Theor. Phys. 6 (1951), 356. 
2) S. Miyahara, Proc. Phys.-Math. Soc. 22 (1940), 
358. 
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Generalized Furry’s Theorem 
for Closed Loops, II* 


K. Nishijima 
Department of Physies, Osaka City University 


November 30, 1951 


Previously we have discussed the gene- 
ralization of Furry’s theorem, especially con- 
cerned with the parities of Dirac matrices, 
but not touched upon the isotopic matrices. 
So it seems instructive to examine the rdle 
of isotopic matrices in full detail. 

We shall employ the same notations with 
(1) throughout this letter. First let us re- 
member the following relation : 


Cy ,C=—-7r,p". (1) 


Since this relation is very useful in the theory 
of closed loops, we shall define an analogous 
matrix ¢ in the isotopic space by 


er,e=—t,". (L=1,2,3) (2) 


For the most usual representation of the 
isotopic matrices, i.e. 


=a 0. Anylanges (ib Osms 
a Tae SO ee Po 
Fag 
ra=( eel iey (3) 
we can put as 
C= ane (A) 


What is necessary for us is only the existence 
of such a matrix ¢ that satisfies the equation 


(2). 
In (1), we defined two quantities a and 


@ for closed loops C' and C' by 
a=Sp(T,T,:-T x); 
a=Sp(T,,°:: TT). 
In the meson-nucleon system, each 7’ is 


equal to one of isotopic matrices T,, Ts, Ts 
and 2, so that we have with the aid of 


equation (2) 
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a=Sp(L0eT Ty) 
=Sp(T Tot Tn) 
=(—1)"-"Sp(e"" Tyee tT'.¢°--: ec! Tc) 
=(—1)"""a, (Db) 
where m is the number of the isotopic 
matrix 7, namely the number of pure neutral 
mesons. 
Thus the factor which is responsible for the 
selection rule becomes 


at+(—1)%a 
=a(14- (=1)¥t#5"). (6) 
So the case 
N+n—m=odd (7) 


is forbidden. 
theory 


Especially in the symmetrical 


N+n=odd (8) 


is forbidden since m=0. 

And we see in symmetrical meson theories 
with even couplings such as (S), (Ps) and 
(Pv) that the contributions from graphs con- 
taining odd order closed loops identically 
vanish, because in the above case we know 


N=0. 


On the other hand, if the coupling is odd, 
ie. (V) or CT), we have no selection rule 
from the above argument since N=n. 


* K. Nishijima, Prog. Theor. Phys. 6 (1951), 614. 
This paper is cited as (1) in the text. 


On the Short »-Meson Tracks 
from z-Meson Decays 


T. Nakano, J. Nishimura* 
and Y. Yamaguchi 


Osaka City University and Kobe University” 
November 30, 1951 


Recently Fry has found the following 
anomalous mode of z-# decay events with 


photographic emulsion (200 micron Ilford 
C2-plates)” : (i) Among 3018 z-y events 
there were four cases in which s-meson tracks 
are unusually short (about. 200 microns). 
Two of them might be interpreted as due to 
the decay in flight of the z-mesons. Thus 
the relative frequency of anomalous decay 
events with short #-meson track among the 
normal z-y decay is estimated as ~2x 1074, 
taking into account the finite thickness of 
emulsions. 

(ii) Furthermore 20 cases of short s-meson 
tracks with ranges between 480 and °520 
microns were also found, and they were re- 
garded as the examples of extreme straggling. 


Of course there remains the possibility. 


that these events are quite different from z-y 
decay, e.g., at least either parent or daughter 
particle may not be an usual (z or sp) 
meson. However, according to Fry, both of 
parent and daughter particles. seem to be 
really usual mesons. Let us, therefore, try 
to interpret here these anomalous events as 
decay but different decay mode from usual 
one: { 


tm*+>p*+y° (1) 
where v° is the neutral counter particle and 


P(E) x 108 


to. to IR OW GS ST OO Re. OS 


fo eee ee eee 
0.765 0.770 0.775 0.780 0.785 0.790 | 


E E Mz + vip? 
eal ll 
a a= 


Hig wall 
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probably neutrino. 
We first tentatively assume the following 
two particle decay mode : 


Tt pt+ py? 2 


The mass of neutral particle 4° can now be 
determined from the range of corresponding 
p* and it should be as large as ~40m, (mz. 
electron mass). However, as there is no 
other positive evidence for existence of such 
neutral particles, this interpretation does not 
seem to be reasonable. Moreover the range 
of the w*-mesons are somewhat widely dis- 
tributed and are not favorable.to the two 
particle decay mode. 

We then next assume the three particle 
decay. mode : 

Tepe + py + pe’; 
where ,° and y,° are neutral particles, and 
one must be a fermion while the other a 
boson. If we do not demand new unknown 
particles, it is easily concluded that f° and 
Zo? should be neutrino v° and photon 7 con- 
sidering masses and energy balance : 
mtyptty +7. (2) 

In other words, this decay mode is a so- 
called radiative correction for normal 7-y 
decay (1). If we assume the direct coupling 
between pseudoscalar z-field and spin 1/2 
(y*,v°) field*, the probability of (2) relative 
to ordinary one (1) is readily found by. the 
well-known Feynman-Dyson method : 


1-223 


ne {> PUDdE, 


% 


ow 
- 
f Maes A + TSS 1 
XSL) = x Anhe (—x) (1+x%) * 
: 6(1—x°) 
x p|2+a yg oR 


E-—x#?+ p 
E—x*— p 


+8-#)ing— pF} | (3) 


ee {@E-1in 
a 


Fy? : 
X=my/mMa23 P= VE? — x? 5 
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where my, and m, mean s- and z-meson 
mass, respectively, and m7 denotes the total 
energy of w-meson (including rest energy). 
The energy distribution P(E) of u-meson is 
shown in Fig. 1. The probability that the 
kinetic energy of y-meson is smaller than 


$ ma( $e -2) (m5 is the total p- 
meson energy in the case of (1)) is ~107%, 
which is in. excellent agreement with Fry’s 
result. PCE) shows catastrophic raise at E 
wt Le 
eT 
as the infrared ‘catastrophe in quantum 
electro-dynamics and can be removed by the 
same device as there”. But we do not enter 
into its details. Anyhow there should be a 
few number of y-tracks with ranges larger 
than 500 microns. Nevertheless, theorétical 
investigation for straggling shows that the 
number of such tracks are negligibly small 
compared with ones caused by straggling. 

O'Ceallaigh has found an event’ which 
may be interpreted as 2-# decay accompany- 
ing electron-pair’ produced by photon, and 
séems to be favorable’ to our assumption (2) 
(though O’Ceallaigh’s opinion concerning this 
event is different from ours). 

There remain ‘other ‘possibilities to ex- 
plain these anomalous decays, e.g., the four 
particle decay, etc. However, the decay 
modes involving more than four daughter 
particles seem’ to be ‘excluded because they. 
lead too low energy for s-mesons to agrée 
with Fry’s results. We believe that our ex- 
planation (2) is the most reasonable among 
many possibilities. 


, which is due to the same origin 


1) W. F. Fry, Phys. Rev. 835 (1951), 1268 (1). 

2) D. Ito, Soryushiron-Kenkyu, H1-5 (1951), 28. 
“Also see T. Kinoshita, Prog. Theor. Phys. 5 
(1950), 1045 (LL). ~D 

3) C. O’Ceallaigh, Phil. Mag. 41 (1950), 838. 


* Tf we adopt other models for coupling between 
m- and p-mesons and other elementary particles 
(cf. S. Nakamura et al., Prog. Theor. Phys. 5 
(1950), 140), we get slightly different results. 
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On the Z-Dependence of the Positive- 
Negative Ratio of the Mesons produced 
by Photons on Nuclei 


S. Machida and T. Tamura 
Department of Physics, University of Tokyo 
November 30, 1951 


Recently, Littauer and Walker” published 
a remarkable experimental evidence, iLe., 
minus to plus ratios of 50 Mev z-mesons, 
produced from nuclei bombarded by 3800 Mev 
X-ray, reduced with increasing mass number 
A and the results for symmetrical (D, C, O, 
S, and Ca) and asymmetrical (Be, F, Al, 
and Bi) nuclei were as were as was shown 
in Fig. 1. Theoretical values by Hayakawa” 
are also shown in Fig. 1 with dotted lines. 
He intended to explain the experiments by 
the differences between binding energies of 
the final nuclei after producing z~ or z*. 

It was necessary to take into account 
the effects of nuclear binding to explain the 
ratio between the photo-meson production 
cross section from carbon and the one from 
hydrogen target in energy region not much 
higher than the threshold»). Afterwards, we 
pointed out’ that the interactions between 
produced mesons and producing nuclei were 
important to explain the A’/s-dependence of 
the photo-meson production cross section®®), 
Since mesons are too fast to attribute Littauer 
and Walker’s result to the difference between 
interactions of z* or z~ with nuclei, we 
would again have to attribute it to the be- 
havior of nucleons assuming a suitable nuclear 
model. 

In the following we will treat symmetri- 
cal nuclei (excepting deuteron, of course) as 
a group of a-clusters and asymnietrical nuclei 
as a group of a-clusters plus zero, one, or 
two neutrons or protons. We will assume, 
further, that the binding of a-cluster is so 
tight that the recoil energy is divided 
uniformly among all nucleons constituting 
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the a-cluster which produces z-meson. In 
the final state, therefore, four nuclecns will 
be all in excited states or some of them will 
go out from nucleus, and the probability for 
protons being in nucleus will be reduced 
compared to the one for neutrons by the 
effect of Coulomb potential barrier. This 
reduction of the probability for the final state 
is more effective in the case of z~-produc- 
tion than in the case of z*-production, since 
in the final state there are three protons and 
one neutron for the former case compared to 
one proton and three neutrons for the latter. 
Moreover this reduction effect increases with 
Z, sO we can expect to obtain qualitative 
agreement with the experimental results. 

To obtain quantitative results, we will 
adopt the formula given by Menon et al® 
for the probability, P(E), for one of four 
nucleons (which constituted the a-cluster just 
before the z-production) having kinetic energy 
4, when the total kinetic energy available 
for four nucleons is EK, (in rest system of 
the a-cluster) ; 


aR po-sny2 PL (8n—3)/2} 2 
PGES Exo) PEGE eT 


oO LG J OD atime FOR (1) 


where, in our case, n=4 and Enax= (3/4) Ep. 
From equation (1) we can obtain the pro- 
bability, P(q’), for one of the four nucleons 
having the momentum 9q’=g9/pmax in the 
laboratory system (the rest system of bom- 
barded nucleus) as follows : 


P(q col 1-2" + F? + (1/3) H’"] 9/2 de’, 
for 0<q’<1—P’/A, 
P(q') ool 1-2 F’ + F) A+ fmin) 
C1 = F%) (Lyre) (2) 
+ 1/3). A’? (1+ pin?) ] 9/2de’, 


for! Ge Peg <14+- P74, 


where 
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F’=q?2+P"/16, H! =q' P22, 


Pmin= (1—F")/H’, (2’) 
Pi = P/Pnax, Pmax = (2MEmax)"!?, 
P=(y—-p)’, 2") 


and »y and # are momenta of photon and 
meson respectively. 

Probability, (2), reduces for proton by 
the effect of Coulomb potential barrier as 
mentioned above. Therefore, if we write 
“yf.” (reduction factor) for the ratio between 
the equation (2) integrated over the interval 
0<q’<1+P’/4 to the cases of proton and 
neutron, 7.f. is smaller than one evidently. 
If we designate the z~/x* ratio from bare 
proton and neutron by “&”, then &( r.f)* 
are the ones for symmetrical nuclei. The 
results are shown in Fig. 1 with full line 
normalized at carbon, as the value of & is 
not yet known exactly. The agreement with 
experimental results is excellent. 

For the case of asymmetrical nuclei, we 
may treat a-clusters as above and extra 
neutrons as has been done by Hayakawa”, 
and, afterwards, average them with the 
weight of their numbers and efficiencies. 


I Experiment 
-- Hayakawa 
= ‘Ours 


040-7 


a”) ou dou 
——_ assy number (lng scake) 
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Since it is almost impossible to calculate 
theoretically the efficiency of a-particle for 
photo-meson production because of the lack 
of detailed knowledge of the internal wave 
function of a-particle, we estimate this effici- 
ency, @,, as follows; we normalize na /n*- 
ratio for Be® derived as mentioned above to 
the experimental value of 2.25, assuming the 
absorption mean free path of m-meson pro- 
duced from a-cluster to be about equal to 
the radius of Be® nucleus. Then we obtain 
a,=:1/38.1. According to our model, this a, 
must be equal to the efficiency of a-nuclei. 
Since experimental value of efficiency of 
carbon for this energy is about 1/3”, above 
value for a, is quite consistent. 

The results obtained for asymmetric 
nuclei are shown in Fig. 1 with full line, 
and are in good agreement with experiments. 

The fact, that our results are better than 
Hayakawa’s, seems to suggest that we must 
assume suitable sub-unit (e.g. a-cluster) to 
account for high energy nuclear reactions. 
Such features were also pointed out by the 
discussions of Tamor about 2~-star®, of Chew 
and Steinberger about a~/m* ratio from 
nucleon-nucleus collision®, and of Yoshida! 
and Levinger™ about high energy (7, p) 
reaction. 

As equation (1) underestimates the pro- 
bability for low value®, our results might 
have been reduced than the ones given above, 
if we had used the correct equation for P(E). 
However, this effect would be cancelled out 
and our results would not be altered at any 
rate, if we correct the assumption that the 
nuclei are composed completely of a-clusters, 
which would be an overstimation of the 
clustering effect. 

We have not calculated anew for Bi, 
because Hayakawa’s calculation agees rather 
well with experiment and it will not be 
suitable to treat such a heavy nucleus with 
large neutron excess from the standpoint of 
a-model as above. 
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1) R.M. Littauer and D. Walker, Phys. Rey. 82 
(1951), 746. 

2) §S. Hayakawa, to be published. We are indebted 
to Mr. Y. Yamaguchi for communicating us 
Hayakawa’s calculation. 
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On the High Energy Nuclear 
Photoelectric Reaction 


S. Yoshida 


Department of Physics, University of Tokyo 


December 1, 1951 


Recent experiments? have revealed that 
the high energy protons produced from nuclei 
irradiated by high energy photon have a 
marked forward asymmetry. The pourpose 
of this note is to explain these angular dis- 
tributions, and we calculated it by a similar 
method as was used by Chew and Goldber- 
_ ger” for the neutron pick-up process. 

We assume that the nuclear photoelectric 
reaction takes place in. a nuclear subunit 
which is consisted of m nucleons in the nu- 
cleus and this subunit emits one proton by 
absorbing y-ray. Since we treat high energy 
nuclear phenomena, we use the plane wave 
for photon wave instead of decomposing into 
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multipole radiations. Summing over all pos- 
sible final states of remaining nucleus, the 
differential cross section that a proton is 
emitted in a given solid angle is 


1 e*  fty bP 
o(O)dQ= ae n—1 E£; 2M 7 
x p(x—k) sin? 0dQ, (1) 


and the energy conservation is given as follow, 


x n hr, 


ig eo Aa md eee 


(2) 

where € is binding energy of emitted proton, 
x and KE, are the wave number and energy 
of photon, » and & are relative distance and 
relative wave number between one proton 
and remaining nucleus, @ is the angle between 
x and k, p(q) is the probability that the 
emitted nucleons has momentum g in the 
ground state of the subunit composed of n 
nucleons. In order to compare the angular 
distribution of protons with experiments we 
must transform the cross section to laboratory 
system and average over. X-ray spectrum. 
If we write KF, for the proton energy, @ for 
angle between the directions for the emitted 
proton and incident photon, and q for x—k 
all in the laboratory system, then we get the 


cross section ¢(@) that a given energy proton 
is emitted into a given solid angle as follow, 


5(0)dE,aQ=—F, 0(@) 2-4 
“Tt 


sin’ @ 
do dE, 
x69 dE, dE,dQ (3) 
where 
n 
; FS a ee 
a=IN Mer 


We must now determine o(q) by the 
empirical method. For this pourpose it is 
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convenient to choose p(q) so that the 
differential cross section for @=90° may 
agree with the experimental curve. For 0= 
90° we get from (3) and (5) 


(90°) — ae Gan) (ap +€) 
n—1 


2X 


2M 1 
x =e Ey 2 0(q), (6) 


where 


E,= oy ie 


@) 


On the other hand the experimental cross 
section for @=90° is described as follow by 
Levinthal and Silverman” for carbon irradiated 


by the 800 Mev X-ray 


6(90°)~E,-*, S=1.740.1. 


Substituting the expression into (6) we get 


o(q)=C(qg?+a’*)*q* 8 (8) 
where 
—1 OM 
pe ee Bene 
Wee Ee 


and © is a constant. This momentum dis- 
tribution is shown in Fig. 1 with the Chew- 
Goldberger’s distribution for comparison. 
These curves are normalized to 1 at 40 Mev. 
We see in Fig. 1 that both curves agree 
fairly well. 

By using this p(q) we calculated the 
angular distribution for n=2, 4, 12 correspond- 
ing to the deuteron model, a-particle model 
and the one particle model for carbon includ- 
ing the recoil of the remaining nucleus, 
respectively. The results are shown in Fig. 
2 for E,=40 Mev and 90 Mev with experi- 
mental values. These curves are all 
normalized to 1 at @=90°. From these 
figures we see that at the lower energy (40 
Mev) the curve for n=4 and 12 are in better 
agreement with experimental data than the 
one for n=Q, but at the higher energy (90 


p(y) (Relative value) 


Calculated from 
Proton Spectrum 


Chew 
Guldberger 5 


Fig. 1. Momentum distribution. 


Relative Cross Section 


Ep=40 Mev 


Experimental 


Values by D Walker 


6 Ep=90 Mev 


* Experimental 


Values by G Levinthal ctal 


180°@ 


0° 45° 90° 135° 
Fig. 2. Angular distribution of proton. 


Mev) experimental values lie between the 
curves for n=2 and n=4. This would show 
that at the lower energy one particle model 
is a good approximation but at the higher 
energy a-particle model and deuteron model 
become better approximation. 

Recently Levinger published his detailed 
investigation concerning the nuclear photo- 
effect®. He calculated the proton energy 
spectrum and angular distribution using the 
deuteron model similar to the one which was 
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used by Heidmann®. The energy spectrum 
of proton calculated by him does not seem 
to show very good agreement with the experi- 
mental data. This is because the a-particle 
model are better approximation than the 
deuteron model especially at lower energy. 
Therefore we can say that the high energy 
nuclear photoeffect can be explained if we 
assume the nuclear subunit, and the subunit 
varies as the energy of reaction changes. 

In conclusion the author wishes to thank 


Messrs. Y. Fujimoto, H. Horie, T. Tamura 
and H. Miyazawa for their valuable discus- 
sions. 
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